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In this paper, we present an identity for diferentiable functions that has played an important role in proving Hermite–Hadamard
type inequalities for functions whose absolute values of frst derivatives are s-convex functions. Meanwhile, some Hermi-
te–Hadamard type inequalities for the functions whose absolute values of second derivatives are s-convex are also established with
the help of an existing identity in literature. Many limiting results are deduced from the main results which are stated in remarks.
Some applications of proved results are also discussed in the present study.

1. Introduction

Inequalities have been proved to be the most efcient tools
for the construction of several branches in mathematics. In
the feld of classical diferential and integral equations, the
inequalities have played an important role [1, 2]. Charles
Hermite and Jacques Hadamard derived Hermi-
te–Hadamard inequality which is stated as follows.

1.1. Hermite–Hadamard Inequality. Let function ϕ: I ⊂
R⟶ R be a convex function and ω, ] ∈ I([0,∞) � I) with
ω< ], then the following inequalities hold:

ϕ
ω + ]
2

 ≤
1

] − ω

]

ω
ϕ(r)dr≤

ϕ(ω) + ϕ(])

2
. (1)

If ϕ is concave, then equation (1) holds in back direction.
Barsam et al. [3] introduced the integral identities associated
with Hermite–Hadamard inequality for s-convex functions.
Barsam and Sattarzadeh [4] found Hermite–Hadamard type
inequalities involving fractional integrals for uniformly convex

functions. Because of many applications of Hermite–Hadamard
type inequalities [5–9] and fractional calculus [10–14], it is
intended to study the Hermite–Hadamard type inequalities
involving fractional integrals. Mohammed [15] obtained the
inequalities via factional integrals of convex functions with re-
spect to increasing functions. Set [16] defned new Ostrowski
type inequalities via Riemann–Liouville fractional integrals for
s-convex functions. Abdeljawad et al. [17] introduced new
Simpson-type inequalities for (s, m)-convex functions. Işcan
[18] introduced some inequalities for s-convex functions in-
volving fractional integrals. Usta et al. [19] introduced trapezoid
type inequalities for s-convex functions with generalized frac-
tional operators. Butt et al. [20] obtained integral identity; by
using that identity, new inequalities were obtained via a general
form of fractional integral operators. Agarwal et al. [21] gave
Hermite–Hadamard type inequalities for generalized k-frac-
tional integrals. Sahoo et al. [22] obtained integral inequalities by
using k-Riemann–Liouville fractional operator for h-convex
functions. Sarikaya et al. [23] introduced the following Her-
mite–Hadamard type inequalities involving Riemann–Liouville
fractional integrals.
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Theorem 1 (see [23]). Let ϕ: [ω, ]]⟶ R be a positive
function with 0≤ω≤ ] and ϕ ∈ L[ω, ]]. If ϕ is a convex
function on [ω, ]], then the following inequality for fractional
integrals holds:

ϕ
ω + ]
2

 ≤
Γ(θ + 1)

2(] − ω)
J
θ
ω+ϕ(]) + J

θ
]− ϕ(ω) ≤

ϕ(ω) + ϕ(])

2
,

(2)

where Jθω+ϕ and Jθ]− ϕ indicate the left-sided and right-sided
Riemann–Liouville fractional integrals of the order θ ∈ R+ �

[0,∞) which are as follows:

J
θ
ω+ϕ (r) �

1
Γ(θ)


r

ω
(r − c)

θ− 1ϕ(c)dc; 0≤ω< r≤ ],

J
θ
]− ϕ (r) �

1
Γ(θ)


]

r
(c − r)

θ− 1ϕ(c)dc; 0≤ω< r≤ ],

(3)

respectively, and Γ(·) is the classical Euler gamma
function.s-convex functions are generalization of classical
convex function. It is remarkable that Özdemir et al. [24]
defned the s-convex function as follows:

s − convex function [24]. Let ϕ: R⟶ R be a function,
then ϕ is called s-convex function, if

ϕ(cω +(1 − c)])≤ c
sϕ(ω) +(1 − c)

sϕ(]), (4)

for each ω, ] ∈ R and c ∈ (0, 1), s ∈ (0, 1].
Hölder Inequality for Integrals [25]. Let p> 1 and
1/p + 1/p � 1. If ϕ and ξ are real functions on [ω, ]] and
if |ϕ|p, |ξ|q are integrable functions on [ω, ]], q≥ 1, then


]

ω
|ϕ(r)ξ(r)|dr≤ 

]

ω
|ϕ(r)|

pdr 
1/p


]

ω
|ξ(r)|

qdr 
1/q

.

(5)

Te following power-mean integral inequality is an
elementary result of Hölder inequality:
Power-Mean Integral Inequality [25]. Let q≥ 1. If ϕ and
ξ are real functions defned on [ω, ]] and if |ϕ|, |ϕ

����ξ|q

are integrable functions on [ω, ]], then


]

ω
|ϕ(r)ξ(r)|dr ≤ 

]

ω
|ϕ(r)|dr 

1− 1/q

]

ω
|ϕ(r)‖ξ(r)|

qdr 
1/q

.

(6)

Some authors applied classical inequalities such as
Hölder inequality and power mean inequality and also
applied the special functions like classical Euler–gamma and
beta functions to fractional integrals to get new integral
inequalities for the diferent classes of convex functions.
Qaisar et al. obtained some new Hermite–Hadamard in-
equalities involving fractional integrals for convex functions
[14]. Some refnements for integral and sum forms of Hölder
inequality were elaborated by Işcan [1]. Authors are moti-
vated by the results given in [3, 26].Te purpose of this paper
is to establish new Hermite–Hadamard type inequalities
involving fractional integrals via s-convex functions.

2. Hermite–Hadamard Type Inequalities
Involving Fractional Integrals for the Class of
Differentiable Functions

To prove our main results associated with Hermi-
te–Hadamard type inequalities involving fractional in-
tegrals, we need the following lemma.

Lemma 2. Let ϕ: I⊆R⟶ R be a diferentiable mapping
on Io and ω, ] ∈ Io with ω< ]. If ϕ′ ∈ L[ω, ]], then the fol-
lowing equality for fractional integral with θ> 0 holds:

ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 

�
r − ω
2


1

0
c
θϕ′(cr +(1 − c)ω)dc

+
r − ]
2


1

0
c
θϕ′(cr +(1 − c)])dc,

(7)

for all r ∈ (ω, ]).

Proof. Consider


1

0
c
θϕ′(cr +(1 − c)ω)dc �

cθ

(r − ω)
ϕ(cr +(1 − c)ω)



1

0
− 

1

0

θc
θ− 1

(r − ω)
ϕ(cr +(1 − c)ω)dc

�
1

(r − ω)
ϕ(r) − θ

1

0
c
θ− 1ϕ(cr +(1 − c)ω)dc ,

I1 � (r − ω) 
1

0
c
θϕ′(cr +(1 − c)ω)dc,

I1 � ϕ(r) − θ
1

0
c
θ− 1ϕ(cr +(1 − c)ω)dc.

(8)
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Substituting l � cr + (1 − c)ω in the above equation, we
get

I1 � ϕ(r) − θ
r

ω

l − ω
r − ω

 

θ− 1

ϕ(l)
dl

r − ω
,

I1 � ϕ(r) −
θ

(r − ω)
θ 

r

ω
(l − ω)

θ− 1ϕ(l)dl,

I1 � ϕ(r) −
Γ(θ + 1)

(r − ω)
θ

1
Γ(θ)


r

ω
(l − ω)

θ− 1ϕ(l)dl ,

I1 � ϕ(r) −
Γ(θ + 1)

(r − ω)
θJ

θ
r− ϕ(ω).

(9)

Now, consider


1

0
c
θϕ′(cr +(1 − c)])dc �

cθ

(r − ])
ϕ(cr +(1 − c)])



1

0
−

θ
(r − ])


1

0
c
θ− 1ϕ(cr +(1 − c)])dc

�
1

(r − ])
ϕ(r) − θ

1

0
c
θ− 1ϕ(cr +(1 − c)])dc ,

I2 � (r − ]) 
1

0
c
θϕ′(cr +(1 − c)])dc,

I2 � ϕ(r) − θ
1

0
c
θ− 1ϕ(cr +(1 − c)])dc.

(10)

SubstitutingI � cr + (1 − c)] in the above equation, we
get

I2 � ϕ(r) − θ
r

]

] − I

] − r
 

θ− 1

ϕ(I)
dI
r − ]

,

I2 � ϕ(r) −
Γ(θ + 1)

(] − r)
θ

1
Γ(θ)


]

r
(] − I)

θ− 1ϕ(I)dI ,

I2 � ϕ(r) −
Γ(θ + 1)

(] − r)
θ J

θ
r+ϕ(]).

(11)

Adding equations (9) and (11), we get

(r − ω) 
1

0
c
θϕ′(cr +(1 − c)ω)dc

+(r − ]) 
1

0
c
θϕ′(cr +(1 − c)])dc

� ϕ(r) −
Γ(θ + 1)

(r − ω)
θJ

θ
r− ϕ(ω) + ϕ(r) −

Γ(θ + 1)

] − r
J
θ
r+ϕ(]).

(12)

Te proof is completed. □

Remark 3. By replacing r with ] in equation (9) and r with ω
in equation (11) and adding the resulting equations, we
obtain the following equation:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
]− ϕ(ω) + J

θ
ω+ϕ(]) 

�
] − ω
2


1

0
c
θϕ′(c] +(1 − c)ω)dc

+
ω − ]
2


1

0
c
θϕ′(cω +(1 − c)])dc.

(13)

Substituting c � 1 − l in the second term of R. H. S of
the equation (13), then equation (13) becomes ([26],
Lemma 1.2).

Te following two examples show that the class of
functions whose absolute values are diferentiable s-convex
functions is nonempty.

Example 1. Let ϕ: R⟶ R be defned by ϕ(r) � r4, in this
case, the function |ϕ′(r)| � ϕ′(r) is a s–convex function for
0< s≤ 1. Because if for each ω, ] ∈ R, we put

ξ(c) �4(cω +(1 − c)]))
3

− 4c
sω3

− 4(1 − c)
s]3. (14)

It is easy to see that ξ″(c)≥ 0 for 0≤ c≤ 1 and
ξ(1) � ξ(0) � 0, so ξ(c)≤ 0, therefore

4(cω +(1 − c)])
3 ≤ 4c

sω3
+ 4(1 − c)

s]3, (15)

and that means
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ϕ′(cω +(1 − c)])≤ c
sϕ′(ω) +(1 − c)

sϕ′(]). (16)

Example 2. Let ϕ: (0,∞]⟶ R be defned by ϕ(r) � r −

r ln r, 0< s≤ 1, and 0<ω< ]≤ 1, then the function |ϕ′(r)| �

ϕ′(r) � − ln r is a s-convex function on the interval [ω, ]].
Because if we put

ξ(c) � ln(cω +(1 − c)]) − c
s ln(ω) − (1 − c)

s ln(]),

ξ″(c) � −
ω − ]

cω +(1 − c)]
  − s(s − 1)c

s− 2 ln(ω)

− s(s − 1)(1 − c)
s− 2 ln(])≤ 0,

(17)

so ξ(t)≥ 0, therefore

ln(cω +(1 − c)])≥ c
s ln(ω) +(1 − c)

s ln(]),

ϕ′(cω +(1 − c)])≤ c
sϕ′(ω) +(1 − c)

sϕ′(]).
(18)

Theorem 4. Let θ≥ 1 and ϕ: [ω, ]]⟶ R be a positive
function with 0≤ω< r< ] and ϕ ∈ L[ω, ]]. If ϕ is a s-convex
function on [ω, ]], then the following inequality for fractional
integrals holds:

Γ(θ + 1)
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ ≤ θ[[ϕ(]) + ϕ(ω)]β(θ, s + 1) + 2ϕ(r)β(θ + s, 1)]. (19)

Proof. Applying the s-convexity of ϕ, we get

ϕ(cr +(1 − c)ω) + ϕ(cr +(1 − c)])

≤ c
sϕ(r) +(1 − c)

sϕ(ω) + c
sϕ(r) +(1 − c)

sϕ(]).
(20)

Multiply both sides of equation (20) by cθ− 1 and in-
tegrate w.r.t c over [0, 1].


1

0
c
θ− 1ϕ(cr +(1 − c)ω)dc + 

1

0
c
θ− 1ϕ(cr +(1 − c)])dc≤ϕ(r) 

1

0
c
θ+s− 1dc

+ ϕ(ω) 
1

0
c
θ− 1

(1 − c)
sdc

+ ϕ(r) 
1

0
c
θ+s− 1dc

+ ϕ(]) 
1

0
c
θ− 1

(1 − c)
sdc,


1

0
c
θ− 1ϕ(cr +(1 − c)ω)dc + 

1

0
c
θ− 1ϕ(cr +(1 − c)])dc≤ϕ(r)

1
θ + s

+ ϕ(ω)β(θ, s + 1)

+ ϕ(r)
1

θ + s
+ ϕ(])β(θ, s + 1).

(21)

Now, substituting l � cr + (1 − c)ω in the frst term of
L. H. S of equation (21) andI � cr + (1 − c)] in the second
term of L. H. S of equation (21), we get


r

ω

l − ω
r − ω

 

θ− 1

ϕ(l)
dl

r − ω
+ 

r

]

] − I

] − r
 

θ− 1

ϕ(I)
dI

r − ]

≤
2

θ + s
ϕ(r) +[ϕ(ω) + ϕ(])]β(θ, s + 1).

(22)

Multiplying both sides of the above equation by θ, we get

θ
(r − ω)

θ 
r

ω
(l − ω)

θ− 1ϕ(l)dl +
θ

(] − r)
θ 

]

r
(] − I)

θ− 1ϕ(I)dI

≤ θ
2

θ + s
ϕ(r) +[ϕ(ω) + ϕ(])]β(θ, s + 1) .

(23)

Te proof is completed. □

Theorem 5. Let ϕ: I⊆R⟶ R be a diferentiable map-
ping on Io and ω, ] ∈ Io with ω< r< ] such that ϕ′ ∈ L[ω, ]].
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If |ϕ′| is s-convex on [ω, ]], then the following inequality for
fractional integral holds:

ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 




≤

r − ω
2

ϕ′(r)


β(θ + s + 1, 1) + ϕ′(ω)


β(θ + 1, s + 1) 

+
r − ]
2

ϕ′(r)


β(θ + s + 1, 1) + ϕ′(])


β(θ + 1, s + 1) ,

(24)

for some fxed s ∈ (0, 1]. Proof. Using Lemma 2,

ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 




≤

r − ω
2


1

0
c
θ ϕ′(cr +(1 − c)ω


dc

+
r − ]
2


1

0
c
θ ϕ′(cr +(1 − c)]


dc,

(25)

(since |ϕ′| is s-convex)

≤
r − ω
2

ϕ′(r)


 
1

0
c
θ+sdc + ϕ′(ω)


 

1

0
c
θ
(1 − c)

sdc 

+
r − ]
2

ϕ′(r)


 
1

0
c
θ+sdc + ϕ′(])


 

1

0
c
θ
(1 − c)

sdc 

≤
r − ω
2

ϕ′(r)


β(θ + s + 1, 1) + ϕ′(ω)


β(θ + 1, s + 1) 

+
r − ]
2

ϕ′(r)


β(θ + s + 1, 1) + ϕ′(])


β(θ + 1, s + 1) .

(26)

Te proof is completed. □

Theorem 6. Let ϕ: I⊆R⟶ R be a diferentiable mapping
on Io and ω, ] ∈ Io with ω< r< ] such that ϕ′ ∈ L[ω, ]]. If

|ϕ′|q(q> 1) is s-convex on [ω, ]], then the following inequality
for fractional integral holds:

ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 





≤
1

θ + 1
 

1− 1/q r − ω
2

ϕ′(r)



q

 β(θ + s + 1, 1)

+ ϕ′(ω)



qβ(θ + 1, s + 1)

1/q

+
r − ]
2

ϕ′(r)



q

 β(θ + s + 1, 1)

+ ϕ′(])



qβ(θ + 1, s + 1)

1/q
,

(27)

for some fxed s ∈ (0, 1].

Proof. According to Lemma 2,

I � ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 




≤

r − ω
2


1

0
c
θ ϕ′(cr +(1 − c)ω


dc

+
r − ]
2


1

0
c
θ ϕ′(cr +(1 − c)]


dc,

I≤
r − ω
2


1

0
c
θ

 
1− 1/q

c
θ/q ϕ′(cr +(1 − c)ω)


dc 

+
r − ]
2


1

0
c
θ

 
1− 1/q

c
θ/q ϕ′(cr +(1 − c)])


dc .

(28)
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Applying the Hölder inequality (5) in equation (28), we
get

I≤
r − ω
2


1

0
c
θdc 

1− 1/q


1

0
c
θ ϕ′(cr +(1 − c)ω)



qdc 

1/q

+
r − ]
2


1

0
c
θdc 

1− 1/q


1

0
c
θ ϕ′(cr +(1 − c)])



qdc 

1/q

,

(29)

(since |ϕ′|q is s-convex)

I≤
r − ω
2

1
θ + 1

 
1− 1/q

ϕ′(r)



q


1

0
c
θ+sdc + ϕ′(ω)



q


1

0
c
θ
(1 − c)

sdc 

1/q

+
r − ]
2

1
θ + 1

 
1− 1/q

ϕ′(r)



q


1

0
c
θ+sdc + ϕ′(])



q


1

0
c
θ
(1 − c)

sdc 

1/q

,

I≤
1

θ + 1
 

1− 1/q r − ω
2

ϕ′(r)



q 1
θ + s + 1

+ ϕ′(ω)



qβ(θ + 1, s + 1) 

1/q


+
r − ]
2

ϕ′(r)



q 1
θ + s + 1

+ ϕ′(])



qβ(θ + 1, s + 1) 

1/q
.

(30)

Te proof is completed. □

Remark 7. By applying the power-mean integral inequality
(6) in equation (28), then we also get the inequality (27).

Theorem 8. Let ϕ: I⊆R⟶ R be a diferentiable mapping
on Io and ω, ] ∈ Io with ω< r< ] such that ϕ′ ∈ L[ω, ]]. If
|ϕ′|q is s-convex on [ω, ]], then the following inequality for
fractional integral holds:

ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 




≤

1
θp + 1

 

1/p 1
s + 1

 
1/q r − ω

2
ϕ′(r)



q

+ ϕ′(ω)



q

 
1/q



+
r − ]
2

ϕ′(r)



q

+ ϕ′(])



q

 
1/q

,

(31)

for some fxed s ∈ (0, 1]. Proof. According to Lemma 2,

I � ϕ(r) −
Γ(θ + 1)

2
J
θ
r− ϕ(ω)

(r − ω)
θ +

J
θ
r+ϕ(])

(] − r)
θ 




≤

r − ω
2


1

0
c
θ ϕ′(cr +(1 − c)ω


dc

+
r − ]
2


1

0
c
θ ϕ′(cr +(1 − c)]


dc.

(32)
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According to Hölder inequality (5), we get

I≤
r − ω
2


1

0
c
θpdc 

1/p


1

0
ϕ′(cr +(1 − c)ω)



qdc 

1/q

+
r − ]
2


1

0
c
θpdc 

1/p


1

0
ϕ′(cr +(1 − c)])



qdc 

1/q

,

(33)

(since |ϕ′|q is s-convex)

I≤
r − ω
2

1
θp + 1

 

1/p

ϕ′(r)



q


1

0
c

sdc + ϕ′(ω)



q


1

0
(1 − c)

sdc 

1/q

+
r − ]
2

1
θp + 1

 

1/p

ϕ′(r)



q


1

0
c

sdc + ϕ′(])



q


1

0
(1 − c)

sdc 

1/q

,

I≤
r − ω
2

1
θp + 1

 

1/p

ϕ′(r)



q 1
s + 1

+ ϕ′(ω)



q 1
s + 1

 
1/q

+
r − ]
2

1
θp + 1

 

1/p

ϕ′(r)



q 1
s + 1

+ ϕ′(])



q 1
s + 1

 
1/q

.

(34)

Te proof is completed. □

 . Hermite–Hadamard Type Inequalities
Involving Fractional Integrals for the Class of
Twice Differentiable Functions

Dragomir et al. [27] defned the following identity involving
Riemann–Liouville fractional integrals.

Lemma 9 (see [27]). Let ϕ: I⊆R⟶ R be a twice difer-
entiable function on Io. Assume that ω, ] ∈ Io with ω< ] and
ϕ″ ∈ L[ω, ]], then the following identity for fractional integral
with θ> 0 holds:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 

�
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)]) + ϕ″((1 − c)ω + c]) dc.

(35)

To prove our results associated with Hermite–Hadamard
inequalities involving fractional integrals for twice difer-
entiable functions, we need Lemma 9.

Theorem 10. Let ϕ: I ⊂ R⟶ R be a twice diferentiable
function on Io such that |ϕ″| is s-convex function on I.
Suppose that ω, ] ∈ Io with ω< ], ϕ″ ∈ L[ω, ]], and
θ ∈ (0, 1], then the following inequality holds:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)
ϕ″(ω)


 + ϕ″(])


 [β(s + 2, θ + 1) + β(2, θ + s + 1)] .

(36)
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Proof. According to Lemma 9, we get

I �
ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])


 + ϕ″((1 − c)ω + c])


 dc,

I≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)]) dc + 

1

0
c 1 − c

θ
  ϕ″((1 − c)ω + c])


 dc .

(37)

Applying the s-convexity of |ϕ″|, we get

I≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  c

s ϕ″(ω)


 +(1 − c)
s ϕ″(])


 dc

+ 
1

0
c 1 − c

θ
  (1 − c)

s ϕ″(ω)


 + c
s ϕ″(])


 dc,

I≤
(] − ω)

2

2(θ + 1)
ϕ″(ω)


 

1

0
c

s+1 1 − c
θ

 dc + ϕ″(])


 
1

0
c 1 − c

θ
 (1 − c)

sdc

+ ϕ″(ω)


 
1

0
c 1 − c

θ
 (1 − c)

sdc + ϕ″(])


 
1

0
c

s+1 1 − c
θ

 dc.

(38)

Since cθ ≥ c, θ ∈ (0, 1], and c ∈ [0, 1], we have
− cθ ≤ c⇒1 − cθ ≤ 1 − c≤ (1 − c)θ.

I≤
(] − ω)

2

2(θ + 1)
ϕ″(ω)


 

1

0
c

s+1
(1 − c)

θdc + ϕ″(])


 
1

0
c(1 − c)

θ+sdc

+ ϕ″(ω)


 
1

0
c(1 − c)

θ+sdc + ϕ″(])


 
1

0
c

s+1
(1 − c)

θdc,

I≤
(] − ω)

2

2(θ + 1)
ϕ″(ω)


β(s + 2, θ + 1) + ϕ″(])


β(2, θ + s + 1)

+ ϕ″(ω)


β(2, θ + s + 1) + ϕ″(])


β(s + 2, θ + 1).

(39)

Te proof is completed. □

Theorem 11. Let ϕ: I ⊂ R⟶ R be twice diferentiable
function on Io. Assume that θ ∈ (0, 1] and q> 1 such that

|ϕ″|q is s-convex function on I. Suppose that ω, ] ∈ Io with
ω< ] and ϕ″ ∈ L[ω, ]], then the following inequality holds:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

(θ + 1)

ϕ″(ω)



q

+ ϕ″(])



q

s + 1
 

1/q

β1/p(p + 1, θp + 1)⎡⎢⎣ ⎤⎥⎦.

(40)
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Proof. According to Lemma 9, we get

I �
ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])


 + ϕ″((1 − c)ω + c])


 dc.

(41)

According to Hölder inequality (5),

I≤
(] − ω)

2

2(θ + 1)

1

0
c

p 1 − c
θ

 
p
dc 

1/p


1

0
ϕ″(cω +(1 − c)])



qdc 

1/q
⎡⎣

+ 
1

0
c

p 1 − c
θ

 
p
dc 

1/p


1

0
ϕ″|(1 − c)ω + c]|

qdc 

1/q
⎤⎦.

(42)

Since cθ ≥ c, θ ∈ (0, 1] and c ∈ [0, 1], we have
− cθ ≤ c⇒1 − cθ ≤ 1 − c≤ (1 − c)θ.

I≤
(] − ω)

2

2(θ + 1)

1

0
c

p
(1 − c)

θpdc 

1/p


1

0
ϕ″(cω +(1 − c)])



qdc 

1/q
⎡⎣

+ 
1

0
ϕ″((1 − c)ω + c])



qdc 

1/q
⎤⎦,

(43)

(since |ϕ″|q is s-convex)


1

0
ϕ″(cω +(1 − c)])



qdc≤ ϕ″(ω)



q


1

0
c

sdc + ϕ″(])



q


1

0
(1 − c)

sdc

�
ϕ″(ω)

q
+ ϕ″(])



q

s + 1
,

(44)


1

0
ϕ″((1 − c)ω + c])



qdc≤ ϕ″(ω)



q


1

0
(1 − c)

sdc + ϕ″(])



q


1

0
c

sdc

�
ϕ″(ω)

q
+ ϕ″(])



q

s + 1
,

(45)

β(p + 1, θp + 1) � 
1

0
c

p
(1 − c)

θpdc. (46)
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Substituting equations (44)–(46) in equation (43), we get

I≤
(] − ω)

2

2(θ + 1)
[β(p + 1, θp + 1)]

1/p ϕ″(ω)



q

+ ϕ″(])



q

s + 1
 

1/q

+
ϕ″(ω)



q

+ ϕ″(])



q

s + 1
 

1/q
⎡⎢⎣ ⎤⎥⎦. (47)

Te proof is completed. □ Remark 12. For θ � 1, inequality (40) becomes as follows:

ϕ(ω) + ϕ(])

2
−

1
] − ω


]

ω
ϕ(c)dc





≤
(] − ω)

2

(2)

ϕ″(ω)



q

+ ϕ″(])



q

s + 1
 

1/q

β1/p(p + 1, p + 1)⎡⎢⎣ ⎤⎥⎦.

(48)

For α � 1, Corollary 3.6 in [5] reduces to inequality (48)
and, for α � m � 1, Corollary 3.5 in [5] reduces to
inequality (48).

3.1. Comparison. Here, we have compared Teorem 11 with
Corollary 5.8 in [19].

For θ � 1, Teorem 11 becomes as follows:

ϕ(ω) + ϕ(])

2
−

1
] − ω


]

ω
ϕ(c)dc





≤
(] − ω)

2

(2)

ϕ″(ω)



q

+ ϕ″(])



q

s + 1
 

1/q

β1/p(p + 1, p + 1)⎡⎢⎣ ⎤⎥⎦.

(49)

Let ϕ(c) � 1/c, p � q � 2, s � 0.3, and ω � 1, ] � 3.

1/ω + 1/]
2

−
1

] − ω

]

ω

1
c
dc





≤
(] − ω)

2

(2)

2/ω3



2

+ 1/]3



2

s + 1
⎛⎝ ⎞⎠

1/2

β1/2(3, 3)⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

s � 0.3,

2
3

−
1.0986

2




≤ 2

4.005487
1.3

 
1/2 1

30
 

1/2
,

0.117367≤ 1.281875.

(50)

Similarly, Corollary 5.8 in [19] for θ � 1 becomes as
follows:

ϕ(ω) + ϕ(])

2
−

1
] − ω


]

ω
ϕ(c)dc





≤
(] − ω)

2

(4)

ϕ″(ω)



q

+ ϕ″(])



q

s + 1
 

1/q

1 −
2

2p + 1
 

1/p

.

(51)

Let ϕ(c) � 1/c, p � q � 2, s � 0.3, and ω � 1, ] � 3.

1/ω + 1/]
2

−
1

] − ω

]

ω

1
c
dc





≤
(] − ω)

2

(4)

2/ω3



2

+ 2/v3



2

s + 1
⎛⎝ ⎞⎠

1/2

1 −
2
5

 
1/2

,

2
3

−
1.09861

2




≤

3
5

 
1/2 4.27216

1.3
 

1/2
,

0.117361≤ 1.404197.

(52)
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Te diference of bounds of Teorem 11 is 1.164508 and
diference of bounds of Corollary 5.8 in [19] is 1.28683.
Hence, our result is more efcient.

Theorem 13. Let ϕ: I ⊂ R⟶ R be a diferentiable func-
tion on Io. Assume that θ ∈ (0, 1] and q≥ 1 such that |ϕ″|q is
s-convex function on I. Suppose that ω, ] ∈ Io, with ω< ] and
ϕ″ ∈ L[ω, ]], then the following inequality holds:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
θ(] − ω)

2

4(θ + 1)(θ + 2)

2(θ + 2)

θ
 

1/q

ϕ″(ω)



qβ(s + 2, θ + 1)

+ ϕ″(])



qβ(2, θ + s + 1)

1/q
+ ϕ″(ω)



qβ(2, θ + s + 1) + ϕ″(])



qβ(s + 2, θ + 1) 

1/q
.

(53)

Proof. According to Lemma 9, we get

I �
ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])


dc + 

1

0
c 1 − c

θ
  ϕ″((1 − c)ω + c])


dc .

(54)

Applying the power-mean integral inequality (6), we get

I≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
 dc 

1− 1/q


1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])



qdc 

1/q
⎡⎣

+ 
1

0
c 1 − c

θ
 dc 

1− 1/q


1

0
c 1 − c

θ
  ϕ″((1 − c)ω + c])



qdc 

1/q
⎤⎦,

I≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
 dc 

1− 1/q


1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])



qdc 

1/q
⎡⎣

+ 
1

0
c 1 − c

θ
  ϕ″((1 − c)ω + c])



qdc 

1/q
⎤⎦.

(55)

Simplifying


1

0
c 1 − c

θ
 dc � 

1

0
c − c

θ+1
 dc �

θ
2(θ + 2)

, (56)

(since |ϕ″|q is s-convex)

I≤
(] − ω)

2

2(θ + 1)

θ
2(θ + 2)

 

1− 1/q


1

0
c 1 − c

θ
  c

s ϕ″(ω)



q

+(1 − c)
s ϕ″(])



q

 dc 

1/q
⎡⎣

+ 
1

0
c 1 − c

θ
  (1 − c)

s ϕ″(ω)



q

+ c
s ϕ″(])



q

 dc 

1/q
⎤⎦.

(57)
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Since cθ ≥ c, θ ∈ (0, 1], and c ∈ [0, 1], we have − cθ ≤
c⇒ 1 − cθ ≤ 1 − c≤ (1 − c)θ.

I≤
θ(] − ω)

2

4(θ + 1)(θ + 2)

2(θ + 2)

θ
 

1/q

ϕ″(ω)



q


1

0
c

s+1
(1 − c)

θ
dc + ϕ″(])



q


1

0
c(1 − c)

θ+sdc 

1/q
⎡⎣

+ ϕ″(ω)



q


1

0
c(1 − c)

θ+s
dc + ϕ″(])



q


1

0
c

s+1
(1 − c)

θdc 

1/q
⎤⎦,

I≤
θ(] − ω)

2

4(θ + 1)(θ + 2)

2(θ + 2)

θ
 

1/q

ϕ″(ω)



qβ(s + 2, θ + 1) + ϕ″(])



qβ(2, θ + s + 1) 

1/q


+ ϕ″(ω)



qβ(2, θ + s + 1) + ϕ″(])



qβ(s + 2, θ + 1) 

1/q
.

(58)

Te proof is completed. □ Theorem 14. Suppose that ϕ: I ⊂ R⟶ R is a diferentia-
ble on Io such that ϕ″ ∈ L[ω, ]], where ω, ] ∈ Io with ω< ].
Assume that |ϕ″|q is s-convex on [ω, ]] with q> 1 and
θ ∈ (0, 1], we have the following inequality:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)

1
p + 1

 

1/p

ϕ″(ω)



qβ(s + 1, qθ + 1) + ϕ″(])



qβ(1, qθ + s + 1) 

1/q


+ ϕ″(ω)



qβ(1, qθ + s + 1) + ϕ″(])



qβ(s + 1, qθ + 1) 

1/q
,

(59)

with 1/p + 1/p � 1. Proof. According to Lemma 9, we get

I �
ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])


dc + 

1

0
c 1 − c

θ
  ϕ″((1 − c)ω + c])


dc .

(60)

Applying the Hölder inequality (5), we get

I≤
(] − ω)

2

2(θ + 1)

1

0
c

pdc 

1/p


1

0
1 − c

θ
 

q
ϕ″(cω + (1 − c)])



qdc 

1/q
⎡⎣

+ 
1

0
c

pdc 

1/p


1

0
1 − c

θ
 

q
ϕ″((1 − c)ω + c])



qdc 

1/q
⎤⎦,

(61)
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(since |ϕ″|q is s-convex)

I≤
(] − ω)

2

2(θ + 1)

1

0
c

pdt 

1/p

ϕ″(ω)



q


1

0
c

s 1 − c
θ

 
q
dc + ϕ″(])



q


1

0
1 − c

θ
 

q
(1 − c)

sdc 

1/q
⎡⎣

+ ϕ″(ω)



q


1

0
1 − c

θ
 

q
(1 − c)

s
dc + ϕ″(])



q


1

0
1 − c

θ
 

q
c

sdc 

1/q
⎤⎦.

(62)

Since cθ ≥ c, θ ∈ (0, 1], and c ∈ [0, 1], we have − cθ ≤
c⇒1 − cθ ≤ 1 − c≤ (1 − c)θ.

I≤
(] − ω)

2

2(θ + 1)

1
p + 1

 

1/p

ϕ″(ω)



q


1

0
c

s
(1 − c)

θqdc + ϕ″(])



q


1

0
(1 − c)

θq+sdc 

1/q

+ ϕ″(ω)



q


1

0
(1 − c)

θq+sdc + ϕ″(])



q


1

0
(1 − c)

θq
c

sdc 

1/q
⎤⎦.

(63)

Te proof is completed. □ Theorem 15. Assume that ϕ: I⊆ [0,∞)⟶ R is a difer-
entiable on Io such that ϕ″ ∈ L[ω, ]], where ω, ] ∈ Io with
ω< ]. Assume that |ϕ″|q is s-convex on [ω, ]] with q≥ 1 and
θ ∈ (0, 1], then the following inequality holds:

ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

4(θ + 1)
2 ϕ″(ω)



qβ(s + 2, θq + 1) + ϕ″(])



qβ(2, θq + s + 1)  

1/q


+ 2 ϕ″(ω)



qβ(2, θq + s + 1) + ϕ″(])



qβ(s + 2, θq + 1)  

1/q
,

(64)

with 1/p + 1/q � 1. Proof. According to Lemma 9, we get

I �
ϕ(ω) + ϕ(])

2
−
Γ(θ + 1)

2(] − ω)
θ J

θ
ω+ϕ(]) + J

θ
]− ϕ(ω) 





≤
(] − ω)

2

2(θ + 1)

1

0
c 1 − c

θ
  ϕ″(cω +(1 − c)])


dc + 

1

0
c 1 − c

θ
  ϕ″((1 − c)ω + c])


dc ,

I≤
(] − ω)

2

2(θ + 1)

1

0
c
1− 1/q

c
1/q 1 − c

θ
  ϕ″(cω +(1 − c)])


 dc

+ 
1

0
c
1− 1/q

c
1/q 1 − c

θ
  ϕ″((1 − c)ω + c])


 dc.

(65)
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Applying the Hölder inequality (5), we get

I≤
(] − ω)

2

2(θ + 1)

1

0
cdc 

1− 1/q


1

0
c 1 − c

θ
 

q
ϕ″(cω +(1 − c)])



qdc 

1/q
⎡⎣

+ 
1

0
cdc 

1− 1/q


1

0
c 1 − c

θ
 

q
ϕ″((1 − c)ω + c])



qdc 

1/q
⎤⎦,

(66)

(since |ϕ″|q is the s-convex)

I≤
(] − ω)

2

2(θ + 1)

1

0
cdc 

1− 1/q


1

0
c 1 − c

θ
 

q
c

s ϕ″(ω)



q

+(1 − c)
s ϕ″(])



q

 dc 

1/q
⎡⎣

+ 
1

0
c 1 − c

θ
 

q
(1 − c)

s ϕ″(ω)



q

+ c
s ϕ″(])



q

 dc 

1/q
⎤⎦.

(67)

Since cθ ≥ c, θ ∈ (0, 1], and c ∈ [0, 1], we have − cθ ≤
c⇒1 − cθ ≤ 1 − c≤ (1 − c)θ.

I≤
(] − ω)

2

2(θ + 1)

1
2

 
1− 1/q

ϕ″(ω)



q


1

0
c

s+1
(1 − c)

θq
+ ϕ″(])



q


1

0
c(1 − c)

θq+sdc 

1/q
⎡⎣

+ ϕ″(ω)



q


1

0
c(1 − c)

θq+sdc + ϕ″(])



q


1

0
c

s+1
(1 − c)

θqdc 

1/q
⎤⎦,

I≤
(] − ω)

2

4(θ + 1)
2 ϕ″(ω)



qβ(s + 2, θq + 1) + ϕ″(])



qβ(2, θq + s + 1)  

1/q


+ 2 ϕ″(ω)



qβ(2, θq + s + 1) + ϕ″(])



qβ(s + 2, θq + 1)  

1/q
.

(68)

Te proof is competed. □

Remark 16. For s � 1, Teorem 10 reduces to Teorem 2 in
[27] and Teorem 11 reduces to Teorem 3 in [27]. When
both θ � s � 1, then Teorem 10 reduces to Teorem 2 [28].

4. Applications to Some Special Means

Consider the following special means for arbitrary real
numbers f, g and f≠g as follows:

A(f, g) �
f + g

2
, f, g ∈ R,

H(f, g) �
2

1/f + 1/g
, f, g ∈

R

0
,

L(f, g) �
g − f

ln |g| − ln |f|
, |f|≠ |g|.

(69)
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Proposition 1 . Let ω, ] ∈ R, ω< ], ω, ]> 0, and s ∈ (0, 1],
then

A e
ω

, e
]

(  − L e
ω

, e
]

( 


≤
(] − ω)

4
e
ω

 + e
]
 [β(s + 2, 2) + β(2, s + 2)]. (70)

Proof. Tis statement follows from Teorem 10, by using
ϕ(c) � ec and θ � 1. □

Proposition 18. Let ω, ] ∈ R, ω< ], 0 ∈ [ω, ]], and
s ∈ (0, 1], then

H
− 1

(ω, ]) − L
− 1

(ω, ])


≤
(] − ω)

2

2
1

s + 1
2
ω3





q

+
2
]3





q

  

1/q

β1/p(p + 1, p + 1). (71)

Proof. Tis statement follows from Teorem 11, by using
ϕ(c) � 1/c, c≠ 0, and θ � 1. □

Remark 19. For α � m � 1 and r � 0, Proposition 4.4 in [5]
reduces to inequality (71).

Proposition 20. Let ω, ] ∈ R, ω< ], 0 ∈ [ω, ]], and
s ∈ (0, 1], then

H
− 1

(ω, ]) − L
− 1

(ω, ])


≤
(] − ω)

2

4
1
6

 
1− 1/q 2

ω3





q

β(s + 2, 2) +
2
]3





q

β(2, s + 2) 

1/q
⎡⎣

+
2
ω3





q

β(2, s + 2)  +
2
]3





q

β(s + 2, 2)

1/q
⎤⎦.

(72)

Proof. Tis statement follows from Teorem 13, by using
ϕ(c) � 1/c, c≠ 0, and θ � 1. □

5. Conclusion

In this paper, authors have established Hermite–Hadamard
type inequalities involving Riemann–Liouville fractional
integrals via s-convex functions by applying two diferent
techniques. In frst part, an identity is proved in which
a diferentiable function is presented in the form of Rie-
mann–Liouville fractional integrals of frst derivatives of
function. Furthermore, this identity is used to establish
Hermite–Hadamard type inequalities in which the absolute
values of frst derivatives are s-convex functions. In the
second part, an identity in which a function in the form of
integral of double derivative of function is used to establish
Hermite–Hadamard inequalities in which the absolute
values of second derivatives are s-convex functions. Te
limiting cases included some existing results in the literature.
Some applications of the obtained results are also described
in the form of means. Tis method can also be applicable for
other classes of convex functions.
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[24] M. E. Özdemir, C. Yildiz, A. O. Akdemir, and E. Set, “On
some inequalities for s-convex functions and applications,”
Journal of Inequalities and Applications, vol. 2013, no. 1,
p. 333, 2013.
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