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In this investigation, we develop a theory for the hybrid boundary value problem for fractional diferential equations subject to
three-point boundary conditions, including the antiperiodic hybrid boundary condition. On suggested problems, the third-order
Caputo–Fabrizio derivative is the fractional operator applied. In this regard, the corresponding hybrid fractional integral equation
is obtained by the Caputo–Fabrizio operator’s properties with the Green function’s aid. Ten, we apply Dhage’s nonlinear
alternative to the Schaefer type to prove the existence results. Finally, two examples are provided to confrm the validity of our
main results.

1. Introduction

Many researchers have concentrated on looking into the
solutions of nonlinear diferential equations that incorporate
many fractional diferential operators to develop the feld of
fractional calculus, such as Riemann–Liouville, Caputo, and
Hilfer (see [1–4]). However, these operators have a power
law kernel and have limited ability to mimic physical
problems. A novel fractional derivative (FD) method known
as Caputo and Fabrizio (CF) [5] was created in 2015 to get
around this problem. Its lack of a solitary kernel makes it
useful for simulating a particular class of real-world prob-
lems that adhere to the exponential decay law. It was
attempted to be used by certain researchers to solve various
equations (see [6–11]). We also point out here some im-
portant results that dealt with the analytical solution of some
fractional diferential equations (FDEs) by using the optimal

auxiliary function method [12], the Extended Direct Alge-
braic Method, [13] the Laplace transform decomposition
method, and the variational iteration transform
method [14].

For further information on the existence of solutions to
FDEs of the hybrid kind, see [15, 16]. For example, Dhage
and Lakshmikantham [15] have investigated the following
hybrid classical.

d

d8

φ(8)

Z(8,φ(8))
􏼠 􏼡 � f(8, φ(8)), 0≤ 8<T,

φ 80( 􏼁 � φ0 ∈ R.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(1)

Following the similar approach of [15], Zhao et al. in [16]
expanded the analysis of hybrid (1) to the following hybrid
FDE of the Riemann–Liouville type.
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RL
D

β
0+

φ(8)

Z(8, φ(8))
􏼠 􏼡 � f(8,φ(8)), 0≤ 8<T,

φ(0) � 0, 0< β< 1.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(2)

Recent reviews of several results of hybrid-type FDEs can
be found in [17–24]. In this research, we investigate the
existence of the solution to the fractional boundary value
problem (BVP) hybrid-type:

CF
D

β+2
0

φ(8)

Z(8,φ(8))
� f(8, φ(8)), 8 ∈ ℧ ≔ [0, 1],

φ(8)

Z(8,φ(8))

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌8�0
+

φ(8)

Z(8, φ(8))

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌8�1
� 0,

φ′(0) � φ″(0) � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

where 2< β + 2< 3, CFD
β+2
0 is the Caputo–Fabrizio FD of

order β + 2, and f : ℧ × R⟶ R, Z: ℧ × R⟶ R × 0{ } are
continuous.

To our knowledge, the fractional order β + 2 ∈ (2, 3)

under Caputo–Fabrizio FD for the hybrid-type FDE with
hybrid boundary conditions has not been studied before in
the literature. Additionally, because this hybrid BVP is
broad, several fractional dynamical systems can be con-
sidered as special cases.

Setting Z(8, φ(8)) ≡ 1 as a constant function, the hybrid
problem (3) in this instance will be reduced to the following
problem.

CF
D

β+2
0 φ(8) � f(8,φ(8)), 8 ∈ ℧,

φ(8)|8�0 + φ(8)|8�1 � 0,

φ′(0) � φ″(0) � 0,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(4)

where 2< β + 2< 3, which is also not studied in the
literature.

Te third-order Caputo–Fabrizio fractional derivative
will be the subject of our interest in analyzing nonlinear
hybrid equations. Our analysis of this work focuses on
establishing some essential theorems regarding the existence
of solutions for hybrid BVPs (3) and (4) by employing
Dhage’s nonlinear Schaefer-type alternative.

Te structure of the essay is as follows. In Section 2, we
will mention certain lemmas that provide Caputo–Fabrizio
FDs and fxed point theory. Te solution formulation for
hybrid BVP (3) is obtained in Section 3. Ten, we present
our key results together with their proofs. Te paper’s major

results are shown by two examples in Section 4 before we
complete a section of conclusions.

2. Related Results

Here are the defnitions and notations we will be using in
this study.

Let ℧ ≔ [0, 1], R constantly represent real space, and
X ≔ C(℧,R) be the space of all continuous functions on℧.
Defne the supremum norm ‖·‖ in X by

‖φ‖X � sup8∈℧|φ(8)|, (5)

and a multiplication in X by (φψ)(8) � φ(8)ψ(8). Obvi-
ously, X is a Banach algebra with above norm and multi-
plication in it.

Defnition 1 (see [5]). Te Caputo–Fabrizio FD of order β
for the function φ is expressed as follows:

CF
D

β
0 φ(8) �

N(β)

1 − β
􏽚

8

0
e

− λβ(8− τ)φ′(τ)dτ, 8≥ 0, (6)

where λβ � β/1 − β and N(β) is a normalization constant
with N(0) � N(1) � 1.

Te corresponding integral can be written as

CF
I

β
0φ(8) �

1 − β
N(β)

φ(8) +
β

N(β)
􏽚

8

0
φ(τ)dτ, 0< β< 1.

(7)

Lemma 2 (see [5, 17]). If n≥ 1 and 0≤ β≤ 1, then
CFD

β+n
0 φ�CFD

β
0(Dnφ).

Lemma 3 (see [5]). If φ(k) � 0 for k � 1, 2, 3, . . . , n, then
CFD

β
0(Dnφ) � DnCFD

β
0φ, where D is the classical derivation.

Lemma 4 (see [5]). Let β ∈ (0, 1) and ψ(0) � 0. Ten the
problem CFD

β
0 φ(8) � ψ(8) has unique solution given by

φ(8) � φ(0) +
1 − β
N(β)

ψ(8) +
β

N(β)
􏽚

8

0
φ(τ)dτ. (8)

Defnition 5 (see [24]). Let n ∈ N and φ(k) ∈ H1(0, 1). Ten
Caputo–Fabrizio FD of order β and n is expressed as

CF
D

β+n
0 φ(8) �

N(β)

1 − β
􏽚

8

0
e

− λβ(8− τ)φ(n+1)
(τ)dτ. (9)

Also,

CF
D

β
0􏼐 􏼑

(n)
φ(8) � D

n CF
D

β
0φ(8)􏼐 􏼑 �

N(β)

1 − β
D

n
􏽚

8

0
e

− λβ(8− τ)φ′(τ)dτ, (10)
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where D is the classical derivative.

Lemma 6 (see [24]). Let n ∈ N and β ∈ (0, 1). Ten

CF
D

β
0􏼐 􏼑

(n)
φ(8) �

CF
D

β+n
0 φ(8) + e

− λβ8N(β)

1 − β

n

i�1
λβ􏼐 􏼑

n− i
φ(i)

(8).

(11)

Lemma 7 (see [24]). Let n ∈ N, β ∈ (0, 1) and g ∈ H1(0, 1).
Ten the solution of the problem CFD

β+n
0 φ(8) � g(8) is given

by

φ(8) �
1 − β
N(β)

I
n
g(8) +

β
N(β)

I
n+1

g(8) + φ(0) + 8φ′(0) + 8
2φ″(0)

2!
+ · · · + 8

nφ
(n)

(0)

n!
. (12)

In particular, if n � 2, we have

φ(8) �
1 − β
N(β)

I
2
g(8) +

β
N(β)

I
3
g(8) + φ(0) + 8φ′(0) + 8

2φ″(0)

2!
. (13)

Theorem 8 (see [25]). Let X be a Banach algebra X. For
some ϵ ∈ R+ consider an open ball Vϵ(0) and a closed ball
Vϵ(0) in X. Assume that two operators O1: X⟶ X and
O2: Vϵ(0)⟶ X satisfy the following conditions: (i) O1 is an
operator including the Lipschitzian property with a Lipschitz
constant L∗; (ii) O2 has the complete continuity property; (iii)
L∗M∗ < 1, M∗ � ‖O2(Vϵ(0))‖X � sup ‖O2z‖X: z ∈ Vϵ(0)􏼈 􏼉.
Ten either

(a) Tere is a solution in Vϵ(0) for the operator equation
O1zO2z � z, or

(b) Tere is an element v ∈ X with ‖v‖X � r such that
λO1vO2v � v, for some 0< λ< 1.

3. Main Results

Te Caputo–Fabrizio problems (3) and (4) are the subject of
some qualitative analysis in this section.

Lemma 9. Let 2< β + 2< 3 (n � 2). Assume that
φ⟶ φ(8)/Z(8,φ(8)) is increasing inR, for each 8 ∈ ℧ and
g ∈ H1(0, 1). Ten, φ is a solution of the problem (3) given by

CF
D

β+2
0

φ(8)

Z(8, φ(8))
� g(8), 8 ∈℧ ≔ [0, 1],

φ′(0) � φ″(0) � 0,

φ(8)

Z(8,φ(8))

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌8�0
+

φ(8)

Z(8,φ(8))

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌8�1
� 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

if and only if

φ(8) � Z(8, φ(8)) 􏽚
1

0
G(8, τ)g(τ)dτ, (15)

where

G(8, τ) �

1 − β
N(β)

(8 − τ) +
β

2N(β)
(8 − τ)

2
; 0≤ 8≤ τ ≤ 1,

1 − β
N(β)

(8 − τ) +
β

2N(β)
(8 − τ)

2
− Z0,φ

1 − β
N(β)

(1 − τ) +
β

2N(β)
(1 − τ)

2
􏼢 􏼣; 0≤ τ ≤ 8≤ 1,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(16)

and Z0,φ ≔ Z(0,φ(0))/1 + Z(0,φ(0))> 0. Here, G(8, τ) is
called the Green function of BVP (14).

Proof. Let φ be a solution function for the hybrid problem
(14). Ten by Lemma 7, we have

φ(8) � Z(8, φ(8))
1 − β
N(β)

I
2
g(8) +

β
N(β)

I
3
g(8) + φ(0) + 8φ′(0) + 8

2φ″(0)

2!
􏼢 􏼣. (17)
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It follows from φ′(0) � φ″(0) � 0 that

φ(8) � Z(8, φ(8))
1 − β
N(β)

I
2
g(8) +

β
N(β)

I
3
g(8) + φ(0)􏼠 􏼡. (18)

By using the boundary condition φ(0)/Z(0,φ(0)) +

φ(1)/Z(1,φ(1)) � 0, and

φ(1) � Z(1,φ(1))
1 − β
N(β)

I
2
g(1) +

β
N(β)

I
3
g(1) + φ(0)􏼠 􏼡, (19)

we have

φ(0)

Z(0,φ(0))
� −

1 − β
N(β)

I
2
g(1) +

β
N(β)

I
3
g(1) + φ(0)􏼠 􏼡,

(20)

which implies

φ(0) � −
Z(0,φ(0))

1 + Z(0,φ(0))

1 − β
N(β)

I
2
g(1) +

β
N(β)

I
3
g(1)􏼠 􏼡.

(21)

Replacing φ′(0) in (18), we obtain

φ(8) � Z(8,φ(8))

·
1 − β
N(β)

I
2
g(8) +

β
N(β)

I
3
g(8) − Z0,φ

1 − β
N(β)

I
2
g(1) +

β
N(β)

I
3
g(1)􏼢 􏼣􏼠 􏼡,

(22)

which implies

φ(8) � Z(8,φ(8))

·
1 − β
N(β)

􏽚
8

0
g(τ)(8 − τ)dτ − Z0,φ

1 − β
N(β)

􏽚
1

0
g(τ)(1 − τ)dτ +

β
2N(β)

􏽚
8

0
g(τ)(8 − τ)

2dτ − Z0,φ
β

2N(β)
􏽚
1

0
g(τ)(1 − τ)

2dτ􏼠 􏼡

� Z(8,φ(8)) 􏽚
8

0

1 − β
N(β)

(8 − τ) +
β

2N(β)
(8 − τ)

2
􏼠 􏼡g(τ)dτ − Z0,φ 􏽚

1

0

1 − β
N(β)

(1 − τ) +
β

2N(β)
(1 − τ)

2
􏼠 􏼡g(τ)dτ􏼠 􏼡

� Z(8,φ(8)) 􏽚
1

0
G(8, τ)g(τ)dτ.

(23)

On the other hand, one can determine if the given
function φ(8) is a solution to the problem by performing
some calculations.

Now, we need following assumptions on Z and f.

(H1) Tere exists bounded function ϑZ: ℧⟶ R+

such that
|Z(8,φ) − Z(8, φ)|≤ ϑZ(8)|φ − φ|, 8 ∈ ℧,φ,φ ∈ R.

(H2) Tere exist δf : ℧⟶ R+ and let Υ: R+⟶ R+

be a continuously nondecreasing function such that

|f(8, φ)|≤ δf(8)Υ(|φ|), 8 ∈ ℧,φ ∈ R.

(H3) Tere exists ε> 0 such that

ε≥
Z0H

1 − ϑH
, (24)

where Z0 � sup8∈℧|Z(8, 0)|, ϑ ≔ ‖ϑZ‖ � sup8∈℧
|ϑZ(8)|,H � ((1/N(β)) + (βZ0,φ/2N(β)))δΥ(‖φ‖),
and δ ≔ ‖δf‖ � sup8∈℧|δf(8)|. □
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Theorem  0. Suppose that Z: ℧ × R⟶ R\ 0{ } and f: ℧ ×

R⟶ R are continuous. Also (H1)–(H3) hold. If ϑH< 1,
then the hybrid problem (3) has at least one solution defned
on ℧.

Proof. Defne the set Vε(0) � φ ∈ X: ‖φ‖X ≤ ε􏼈 􏼉, where ε
satisfes (H3). Certainly, Vε(0)⊆X. By Lemma 7 and by
(15), we defne two operators O1,O2: Vε(0)⟶ X by

O1φ(8) � Z(8,φ(8)), 8 ∈ ℧, and

O2φ(8) � 􏽚
1

0
G(8, τ)f(τ,φ(τ))dτ, 8 ∈ ℧.

(25)

Te operator equation O1φO2φ � φ is satisfed by the
function φ ∈ X as a solution function for the hybrid BVP
(3). To show this, we establish the existence of such a so-
lution using assumptions of Teorem 8.

Claim 1: O1 is Lipschitzian on X.
Indeed, for φ,φ ∈ Vε(0) ⊂ X and by (H1), we obtain

O1φ(8) − O1φ(8)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � |Z(8,φ(8)) − Z(8, φ(8))|≤ ϑZ(8)|φ(8) − φ(8)|, 8 ∈ ℧. (26)

Ten, we take the supremum over ℧ to obtain

‖O1φ − O1φ ‖X≤ ϑ‖φ − φ‖X. (27)

Tus, O1: Vε(0)⟶ X is Lipschitzian on X with
Lipschitz constant ϑ.
Claim 2: O2: Vε(0)⟶ X is completely continuous.
We start by showing that O2 is continuous on Vε(0).
Let φn􏼈 􏼉n≥1 be a convergence sequence in Vε(0) such
that φn⟶ φ ∈Vε(0), as n⟶∞. Ten by Leb-
esgue’s dominated convergence theorem [26], we have

lim
n⟶∞

O2φn(8) � 􏽚
1

0
G(8, τ) lim

n⟶∞
f τ,φn(τ)( 􏼁dτ

� 􏽚
1

0
G(8, τ)f(τ,φ(τ))dτ

� O2φ(8),

(28)

for all 8 ∈ ℧. Terefore, O2φn⟶ O2φ, as n⟶∞
which proves that O2 is continuous on Vε(0).
Next, we show that O2 is uniformly bounded onVε(0).
Note that

max8∈℧|G(8, τ)|≤
1 − β
N(β)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+

β
2N(β)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+ Z0,φ

− (1 − β)

N(β)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+ Z0,φ

− β
2N(β)

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
<

1
N(β)

+
βZ0,φ

2N(β)
. (29)

Let φ ∈Vε(0). Ten by (H2), we obtain

|O2φ(8) | ≤ 􏽚
1

0
|G(8, τ)||f(τ,φ(τ))|dτ

≤
1

N(β)
+

βZ0,φ

2N(β)
􏼠 􏼡 􏽚

1

0
δf(τ)Υ(|φ(τ)|)dτ

≤
1

N(β)
+

βZ0,φ

2N(β)
􏼠 􏼡 􏽚

1

0
‖δf‖Υ(‖φ‖)dτ

≤
1

N(β)
+

βZ0,φ

2N(β)
􏼠 􏼡δΥ(ε) ≔ ε∗.

(30)

Tus, ‖O2φ‖≤ ε∗, for all φ ∈ Vε(0). Tis consequence
shows that O2(Vε(0)) is uniformly bounded set on X.
Finally, we prove that the set O2(Vε(0)) is equi-
continuous in X.
Let 81, 82 ∈ ℧ with 81 ≤ 82, and φ ∈ Vε(0). Ten

O2φ 82( 􏼁 − O2φ 81( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

� 􏽚
82

0

1 − β
N(β)

82 − τ( 􏼁 +
β

2N(β)
82 − τ( 􏼁

2
􏼠 􏼡f(τ,φ(τ))dτ

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
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− 􏽚
81

0

1 − β
N(β)

81 − τ( 􏼁 +
β

2N(β)
81 − τ( 􏼁

2
􏼠 􏼡f(τ,φ(τ))dτ

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ 􏽚
81

0

1 − β
N(β)

82 − 81( 􏼁 +
β

2N(β)
82 − τ( 􏼁

2
− 81 − τ( 􏼁

2
􏽨 􏽩􏼠 􏼡 |f(τ,φ(τ))|dτ

+ 􏽚
82

81

1 − β
N(β)

82 − τ( 􏼁 +
β

2N(β)
82 − τ( 􏼁

2
􏼠 􏼡 |f(τ,φ(τ))|dτ

≤
1 − β
N(β)

82 − 81( 􏼁81 +
β

2N(β)
8281 82 − 81( 􏼁􏼢 􏼣δΥ(ε)

+
1 − β
N(β)

82 82 − 81( 􏼁 +
8
2
1 − 8

2
2

2
􏼢 􏼣 +

β
2N(β)

8
3
2 − 8

3
1

3
+ 8281 81 − 82( 􏼁􏼢 􏼣􏼠 􏼡δΥ(ε)

≤
1 − β
N(β)

82 − 81( 􏼁81 +
β

2N(β)
8281 82 − 81( 􏼁􏼢 􏼣δΥ(ε)

+
1 − β
N(β)

82 82 − 81( 􏼁􏼂 􏼃 +
β

2N(β)

8
3
2 − 8

3
1

3
􏼢 􏼣􏼠 􏼡δΥ(ε).

(31)

We notice that the right side of the inequality converges
to zero as 81⟶ 82. Tus,

O2φ 82( 􏼁 − O2φ 81( 􏼁
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌⟶ 0, as 81⟶ 82. (32)

So, O2 is equicontinuous on X.

As a result, we conclude that the operator O2 possesses
the completely continuous property on X using the
Arzelà–Ascoli theorem.
Claim 3: Assumption (iii) of Teorem 8 is satisfed, i.e.,

M � ‖O2 Vε(0)􏼐 􏼑‖ X � sup O2φ
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌: φ ∈Vε(0)􏽮 􏽯 �
1

N(β)
+

βZ0,φ

2N(β)
􏼠 􏼡δΥ(‖φ‖) � H. (33)

With L∗ � ϑ, we obtain L∗δ < 1, and as a result, one can
see that all assumptions of Teorem 8 hold to both O1
and O2. Hence, either condition (a) or condition (b) of

Teorem 8 holds. Let us assume that φ satisfes the
operator equation φ � λO1φO2φ, for some λ ∈ (0, 1).
So, ‖φ‖ � ε. Now, one can write

|φ(8)|≤ λ O1φ(8)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 O2y(8)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤ λ|Z(8,φ(8))| 􏽚
1

0
|G(8, τ)f(τ,φ(τ))|dτ

≤ [|Z (8, φ(8)) − Z(8, 0)| + |Z(8, 0)|]
1

N(β)
+

βZ0,φ

2N(β)
􏼠 􏼡 ‖δf‖Υ(‖φ‖)

≤ ϑ‖φ‖ + Z0􏼂 􏼃
1

N(β)
+

βZ0,φ

2N(β)
􏼠 􏼡δΥ(‖φ‖)

� ϑ‖φ‖H + Z0H,

(34)

which implies ‖φ‖≤Z0H/1 − ϑH. Hence,
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ε≤
Z0H

1 − ϑH
, (35)

which contradicts condition (24). Tis proves that the
requirement (ii) of Teorem 8 is unsatisfed. Conse-
quently, condition (a) of Teorem 8 is satisfed, and the
fractional hybrid BVP (3) has a solution onVε(0). □

3.1. Particular Case. We present now a special case corre-
sponding to a fractional diferential equation under the
Caputo–Fabrizio operator for which the existence of

a solution can be proved. In the case Z(8,φ(8)) ≡ 1, the
hybrid fractional BVP (3) reduces to

CF
D

β+2
0 φ(8) � f(8,φ(8)), 8 ∈ ℧ ≔ [0, 1],

φ(8) |8�0 + φ(8) |8�1 � 0,

φ′(0) � φ″(0) � 0,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(36)

where 2< β + 2< 3.
Its Green function is

G(8, τ) �

1 − β
N(β)

(8 − τ) +
β

2N(β)
(8 − τ)

2
; 0≤ 8≤ τ ≤ 1,

1 − β
N(β)

(8 − τ) +
β

2N(β)
(8 − τ)

2
−
1
2

1 − β
N(β)

(1 − τ) +
β

2N(β)
(1 − τ)

2
􏼢 􏼣; 0≤ τ ≤ 8≤ 1.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(37)

Te corresponding solution of problem (36) is

φ(8) � 􏽚
1

0
G(8, τ)f(τ,φ(τ))dτ. (38)

Theorem   . Suppose that Z: ℧ × R⟶ R\ 0{ } and f: ℧ ×

R⟶ R are continuous. Also (H1)–(H3) hold. If ϑH< 1,
then the hybrid problem (36) has at least one solution defned
on ℧.

Proof. By setting Z(8, φ(8)) ≡ 1 in Teorem 10, and fol-
lowing the same proof procedures in Teorem 10, we obtain
the desired result. □

4. Examples

Here, we give two examples to demonstrate the outcomes
attained.

CF
D

9/4
0

φ(8)

8|φ(8)|/1 +|φ(8)| + 10
􏼠 􏼡 �

8

100
cosφ, 8 ∈ [0, 1],

φ(8)

8|φ(8)|/1 +|φ(8)| + 10

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌8�0
+

φ(8)

8|φ(8)|/1 +|φ(8)| + 10

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌8�1
� 0,

φ′(0) � φ″(0) � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(39)

where β � 1/4, n � 2, f ∈ C(℧ × R,R) defned by
f(8,φ) � (sin(8)/100)φ, and Z ∈ C(℧ × R,R\ 0{ }) defned
by Z(8,φ) � 8|φ|/1 + |φ| + 10 with Z0,φ � 10> 0. It is clear

that |Z(8,φ) − Z(8,ψ)| � |(8|φ|/1 + |φ|) − (8|ψ|/1 + |ψ|)|≤
8|φ − ψ|, for 8 ∈ ℧, φ,ψ ∈ R and |f(8, φ)|≤ 8/100, for
8 ∈ ℧, φ ∈ R.
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Example 1. Consider the following hybrid FDE:

Tus, ϑZ(8) � 8, δf(8) � 8/100 and Υ(|φ|) � 1. Hence,
ϑ � sup8∈℧|8| � 1, δ � sup8∈℧|8/100| � 1/100. By given data,

we getHϑ � 0.022 5< 1. Terefore, Teorem 10 implies that
there is at least one solution on [0, b1] for the fractional
hybrid BVP (39).

CF
D

11/5
0 φ(8) �

1
10 + 8

1
9

|φ(8)| +
1
6
sinφ(8) +

1
18

􏼒 􏼓, 8 ∈ [0, 1],

φ(0) + φ(1) � 0,

φ′(0) � φ″(0) � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(40)

where β � 1/5, n � 2, f ∈ C(℧ × R,R) defned by
f(8,φ) � 1/10 + 8(1/9|φ| + 1/6 sinφ + 1/18). It is clear that
|f(8,φ)|≤ 1/10(1/9|φ| + 2/9), for 8 ∈ ℧, φ ∈ R. Hence, δ �

1/10 and Υ(|ε|) � (1/9)|ε| + (2/9). Choose ε � 1/2, and we
get H � 0.02916 7< 1. Terefore, Teorem 11 implies that
there is at least one solution on [0, 1] for the fractional hybrid
BVP (40).

Example 2. Consider the following FDE:

5. Conclusions

Many researchers have been interested in the Capu-
to–Fabrizio FD due to its appearance in a variety of ap-
plications and its nonlocal and nonsingular kernel of
convolution type. Trough this fractional operator, our
work has produced a theory for the hybrid BVP for third-
fractional order diferential equations with antiperiodic
hybrid boundary conditions. Indeed, we have obtained the
equivalent integral equation for the problem at hand with
the help of Green’s function. Ten, we have proved the
existence results using Dhage’s nonlinear alternative to the
Schaefer type and by the minimum of hypotheses. Finally,
two examples were given to support the theoretical fnd-
ings. Obviously, the order of the fractional derivative α
determines the degree of the diferential equation. For
0< β< 1, it is noted that BVPs of integer order 3 can be
derived from fractional diferential equations of order
(β + 2). However, not all FDEs can be converted from
fractional equations to integer ones. In our future work, we
intend to investigate the Ulam–Hyers stability for the
current problem, and several classes of nonlinear fractional
equations can be extended to other types of equations with
used operators in our work. Also, one can study the re-
ported problem with mixed boundary conditions when
generalized to FD.
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