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In this study, we present a novel framework for the sixtic B-spline collocation approach in n-dimensions. Building upon previous
research that focused on developing B-spline functions in n-dimensions to solve mathematical models, this work represents an
extension of those efforts. We provide formulations of the sixtic B-spline collocation algorithm in one-dimensional, two-
dimensional, and three-dimensional settings. These structures play a crucial role in solving mathematical models across diverse
fields of study. To showcase the efficacy and accuracy of the proposed method, we employ a range of test problems in two and three
dimensions. These examples serve as demonstrations of the effectiveness and precision of the suggested approach.

1. Introduction

Academics across various disciplines, including physics and
fluid mechanics, have made attempts to solve mathematical
models in n-dimensions using analytical and approximative
methods. However, many of these models pose challenges
for analytical solutions, prompting researchers to explore
numerical approaches. One such numerical strategy is finite
differences, as exemplified in [1], which can be employed to
tackle n-dimensional models. Additionally, researchers have
endeavored to adapt techniques designed for one-
dimensional models to handle n-dimensional problems,
such as spectral methods [2, 3]. Yet, spectral methods have
proven to be challenging when dealing with most nonlinear
models. To address specific two-dimensional issues, Gardner
et al. investigated a two-dimensional version of the bi-cubic
B-spline finite element method [4]. Arora and colleagues
utilized the bi-cubic B-spline collocation approach to nu-
merically solve a second-order two-dimensional hyperbolic
problem [5]. Another study by Mittal and others employed
modified bi-cubic B-splines within the framework of finite
elements to examine a two-dimensional diffusion problem
[6]. A modified cubic B-spline differential quadrature
method was employed by Elsherbeny and colleagues to

investigate the 2D-Poisson equation [7]. Kutluay et al.
utilized modified bi-quintic B-splines to solve the two-
dimensional unsteady Burgers’ equation, Poisson equa-
tion, and diffusion equations [8-10]. Further advancements
were made by Raslan et al., who explored the generalization
of B-spline functions in n-dimensions for solving partial
differential equations. They discussed extended cubic B-
splines [11], n-dimensional quadratic B-splines [12], as
well as three- and four-dimensional cubic and trigonometric
B-spline collocation methods [13, 14]. The n-dimensional
quartic and quintic B-spline collocation methods were in-
vestigated in separate studies [15, 16]. Boundary value
problems have been studied using B-spline methods in many
papers [17-20]. The B-spline collocation approach has been
widely employed in numerous articles to solve various
mathematical models. This study contributes to the ad-
vancement of research on B-spline collocation functions by
describing the sixtic B-spline collocation algorithm in n-
dimensions. Additionally, a substantial number of numer-
ical examples are provided to illustrate its application.

The following is the structure of this article: In the second
section, the formulas for the sixtic B-spline are presented for
use with n-dimensional space. In the fourth section, nu-
merical examples are presented for the first time. The final
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part of this investigation presents the conclusion that was
reached throughout.

2. N-Dimensions Sixtic B-Spline Functions

The n-dimensional sixtic B-splines are displayed for your
review in this section.

2.1. Sixtic B-Spline in One Dimension [21]. Let us assume that
I<X <mand &, (%) are the sixtic B-splines with knots at the
locations X;. After that, the series of sixtic B-splines
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G 5(%X),8,(X), Gy(%),...,. 851 (X), 85 (%), Ty, (%),
Zn43> serves as the foundation for functions given over
a range of values. The following provides the G~ (¥X) ap-
proximation to G (X):
N+3
GN(®) =) o %,(%), (1)

i=—3

where ¢/; unknown term and ¥, (%) is a function given by

[0, = (- %, +3n)", X, <X<X,,
a,=a, -7(X-%;+ 2h)6, X, ,<¥<X,_,
a;=a, +21(X-%,+h)°, X _ <X<X,
1| as=as-35(2-%,)°, X, <X¥<%,,
(%) = h (2)
by =b, +21(X-%,-2h)°, X, <X<X%,,
b,=b, -7(X-%,-3h)° X,<X<X,,
b, = (X - X, - 4h)", X ,<X<X,,
| 0, otherwise.
We use equations (1) and (2) with substitution by col-
lection points to find G;,dG;/ d%,d*G;/d%” as follows:
1
Gy = (5 + 72260, + 105430, + 23548, + 10543,y + 7225 + o .5),
dG;, 3
% = o (is 23650 + 1445, | — 14450, - 236, — ), (3)
&G, 15
ST IRt (A5 + 745 + 79| — 308 + 79,1 + 74 ;5 + A ;,3).

The following theorem can be derived from the analysis
presented above.

Theorem 1. From equation (1) the approximation functions
to G;,dG,/ d% and d*G,/d%* are given in terms of the o/ at
equation (3).

2.2. Two-Dimensions Sixtic B-Spline. The subsection that
follows gives the formula for a two-dimensional sixtic spline
function on a rectangular grid with regular rectangular finite
elements on both sides. By using the knots (X;,%),), where
i=0,1,...,Nand r=0,1,..., M, we can obtain h = AX

and k =A%). The following gives an approximation of
GN(%,9) to G(X,9):

N+3 M+3

GNEY =) ) o,P, (%), (4)

i=—3 f=—3

where of;  are the amplitudes of the sixtic B-splines,
P, (X,9) are determined by the following formula:

P (%,9) =9, (X)7, (D). (5)

Find the peaks on the knot (x,.,g)j) and ;(X), 9, (9)
that have the same shape as the one-dimensional sixtic
B-splines. When this occurred, the formulations of
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G,;,0G, /10%,0G, /09, 0°G, 10%X?,0°G,,/09*,0°G, ,/0%0
9), ... are given by

G-:l(,szf

— + 7224
BT 4096 3

i3 i—ap—2 T 105439/, 5 | +235484/; 5 + 105434, 5 .,

+ 7226l 5y ¥ iy + 722 oy + 521284y - + 7612046,

+170016564;

iy + 7612046, , ., + 521284, , ., + 722,

i-2,F+3

+10543; 5+ 76120464/, _, + 1111548494/, | | + 248266564/, .

+ 11115484944,

i1 pe1 + 7612046, ., + 10543/, 5 + 235481,

+170016564/; ., + 248266564, ., + 554508304,  + 248266564,

+17001656; ,,, + 235485, ,,3 + 105435/, 5 + 7612046, , _,

+ 1111548491, ,_; + 248266564, , + 111154849, | + 7612046, ,.,

i+1,F

+ 10543 1,1 5 + 7225 5 + 521284, + 7612046, .,

+ 170016564 ;

i,y T 76120469, g + 5212849, n + 72205 i3 + A

i+3,F-3

+ 7225, + 1054355, + 235485,

+10543 ;5 1 + 722 145,10 + 5271'+3,F+3)>
aG;, 3
% =~ 1oah (i 5ps+722e; 5, ,+ 10543, 5, | + 235484, 5,

+ 10543, oy + 7228 5y + iy 43 + 236y, 5 + 1703928,

+2488148,_,,_| + 5557328,

1oy 2488148, , ., + 1703924,

i—=2,F+2

+236; 5,5 + 14459, , 5 + 1043290, , ,_, + 152346355/

i-1,F— i-1,F— i-1,7-1

+34026860/,_ , +152346359/,_, ., +1043290,_, ,,, + 14455, ,

i-1,F+ i—1,F+

— 14454,

ie1pos — 1043290,

g — 15234635,

i1 po1 — 340268607

i+1,F

— 152346354 1043290 14459/ 2369

i+L+1 i+LE+2 i+LF+3 i+2,F-3

- 1703924,

a2 — 2488148,

a1 — 55573284,

12y — 2488148,

i+2,F+1

- 170392"5271'+2,/:+2 - 2:"P’6°521i+2,,r+3 - di+3,p—3 - 722‘in+3,/:—2 - 10543'97143,/:—1

—235484;

i+3,F 10543'%143,/:“ - 722di+3,,r+2 - '%i+3,,r+3)’



oG
0%

9°G,

bE
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3
(553 +236; 5, ,+ 1445, 5 |

— 1445905 )~ 236 3,00 — A1y s + 7226,y + 170392, ,

13

+1043290;_,,_; — 1043290

iop — 170392,

i pe2 — 722

i-2,F+3

+105435/,_ 5 +2488148/,_ |, + 15234635/, ,_, — 15234635/, .,

~ 2488148, ,,, — 105435/,_, 5 + 235481, ,_; + 55573284/, + 34026860, ,_,

3

- 34026860, ,,,

— 55573284

ipa — 23548905 + 105434/, + 2488148,

i+1,/-2

+ 152346354 — 152346354 — 24881484 105434/

i+1,r-1 i+1,F+1 i+1Lp+2 i+1,F+3

+722e 5,5 + 1703921, _, + 10432908/, | — 1043290, .,

- 1703924/ 722y s+ iz, s + 23645, + 1445

i+2,F+2 T i+2,F+ i+3,— i+3,7— i+3,7-1
- 144-'.-"Q[z‘+3,/.'+1 - 236'Q{i+3,p+2 - 'Q{i+3)/:+3)’
(6)
15
Py (i 5ps+722e; 5, 5+ 105435, 5, | +235484, 5,

+105439f; 5 4 + 722, 5 0+ Ay + T4, 5 + 534284,

+780182,_,,_ +780182,

| + 17425524, iape1 T 534284, 1s

—-2,F

+ 74y o + 799y 5+ 570385,y + 832897, | + 1860292, ,

+ 832897,y 1 + 57038,y ,py + 795,y 13 — 3085,y — 222376,

— 32472444,

i1 — 72527844, — 32472444,

a1 — 2223769

i,F+2

- 3084,

iL,F+3

+ 8328974,

+ 79 01,3 + 57038 1 ,_, + 832897, ,_; + 18602924, Ll

i+1LF

+ 570385 1y 1 + 79 1 pu3 + TAH 1y s + 5342815, + 7801828,

+ 1742552, , + 780182 1,5 oy + 534280 1y + T4 1y i3 + A 3,5

i+2,F

+722 5,5+ 105438l,,5 ., + 2354815, + 10543,

i+3,F i+3,F+1

+ 7229[i+3,;+2 + "di+3,/f+3)’
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’G;, 15
W 10 (i 5ps+ 74 5, 5+ 79, 5, =308, 5, + 79 ;)
+ T4 gy ¥ Ao + 7225y 5+ 53428y, + 57038y,
— 22237601, , + 570388, 1 + 53428, .y + 7228, 5 + 10543,
+ 780182/, + 832897/, | — 32472441, , + 832897, .,
+ 7801828/, ., + 105435/, 5 +235485,,_ + 1742552,
+ 1860292, — 7252784, + 18602924, ., + 174255241 ., + 23548/, 5
+ 1054351, ,_5 + 7801821, ,_, + 832897, ,_, — 32472441, ,
+ 8328975,y 0y + 780182,y + 1054350,y o5 + 722, s
+ 534281, , + 570388, | — 2223764, + 570381, .y
+ 534280 15 14y + 722 115 s+ Higap s ¥ 74D s + 79 115
- 308‘dz+3 F 1 79&[”3 st 74'9{”3 szt 'Q{HS F+3)
(7)
N+3 M+3 R+3
The following theorem can be derived from the analysis GN (%, 2,3) = Z Z Z A oBire (%9, 3) (8)
presented above. i==3 p==3p=-3
Theorem 2. From equation (4) the approxzmatzon functions Vgher((ex , ) arel. dt}ll)e sixtic  B-spline  amplitudes
0 Gi;,0G,,/0%, 3G, /29, 3G, /0%2, 0°G, /09%,8°G, /o  Dirw(%: 3> 3) supplied by
X0%), ... are given in terms ofthe &i . at equatzons (5) and (6) B, ,(%,9,3) = C,(X)%,. (9%, (3). (9)

2.3. Sixtic B-Spline in the Three-Dimensions. We now have
the sixtic B-spline in three approximations on a structure
that is divided into a small number of side components. The
knots determine the values i = AX, k = A9, and g = AZ. If
i=0,1,...,N, r=0,1,...,M and p=0,1,...,R, then
(%X;,9,, 3,) can be interpolated in terms of piece-wise sixtic
B-splines. If the equation G(¥%,%), 3) is a function of X, ),
and 3, it can be demonstrated that the expression
GN (%,9), 3) has the following unique approximation:

1
G =
PPP 262144

(i 5y 5ps+722ed; 5, 5, ,+10543ed, 5, 5, +23548,

In addition, the shapes of ; (%), &, () and ?p (3) are
the same as those of sixtic B-splines when seen in one di-

mension. The compositions of G;,,,0G;, /0%, 0G;,,/
09),0G,, ,/03,0°G,, ,/0%X>, 0°G,, 109°,0°G,, /03", &

G, ,/0%09,0°G,, /0X03, ..., are given in terms of the
'ng,,c,p by

i-3,F—3,p0

+ 10543&;’1-_3;_3{, T 72252?,-_3*_3,@ ot eszfi_3>F_3,p 3t 722‘9{1‘—3;—2,@—3



Journal of Mathematics

+ 5212844,

3202 + 76120464/

i3 21+ 170016564, 5, 5,

+ 76120464,

32041 T 521284di—3,f—2,p+2 + 722.5271-_3{_2,“3 + 10543'971‘—3,F—1,p—3

+ 76120464 5, 1, 5 + 111154849, 5 , | + 248266564, 5, ,

+ 111154849/, 5y 0y + 7612046 5, 1 ,0p + 105432, 5, .

+235484, 5, , 5 + 17001656, 5 . , , + 248266564, 5, , |

+ 554508304,

i3y + 248266564, 5, .\ + 17001656,

—3,F,0+2

+23548, 5, oo + 105438,y o 5 + 7612046, 5, 5 + 111154849, 5 .y

+ 248266564,

s + 1111548497,

3 + 7612046

i-3,F+1,0+2

+ 1054344,

i-3,F+1,0+3 +7224

5+ 5212849/ , + 7612046

i=3,F+2,0— i=3,F+2,p0— i-3,F+2,0-1

+170016564;

iaprag + 7612046, 5 1y oy + 521284, 5 s 0

+ 7224 5300003t Dispisp s+ 72285 5,055, +105439 5 15,

+ 235484,

i3,pe30 T 10543 5 300 + 7225 503 00+ i3 03003

+7220; 5, 5, 5+ 5212848l, 5, 5, o+ 7612046, 5, 5,

+ 170016564 ;

iapap T 7612046, 5 . + 521284,

i-2,F—3,0+2

+ 7224 ;

2y aprs + 521284 3 +376367048, , . ., 5

i=2,F=2,p—

+ 54958972124

22 + 5495897212,

| + 122751956324/, 22041

—2,F=2,0

+ 376367048, 5, 5 p0r + 521284, 5 5 oo + 7612046, 5,y 5

+ 5495897212527,~_2)F_1,KJ_2 + 8()253800978&2?11_2*_1’?_1 + 17924845920852{,;2*_1,@

+ 80253800978 5,y yy + 5495897212 5 1 oy + 7612046, 5, 1 15

+ 17001656, 5,5 5 + 12275195632, 5,  + 179248459208, , ., |

+4003549954884/;

fapp+ 1792484592084/, .\ + 12275195632,

i=2,F0+2

+ 170016564

2 e 76120469

a3 + 54958972124, 5 1y

+ 802538009784,

2l + 80253800978,

1 + 1792484592084/ i-2,F+1,p+1

i-2,F+1,0

+ 5495897212, 5, 1y + 76120469, ., 5 + 521284 5 s ) s

+ 376367048, 1,y 5 o + 54958972120 5,5, + 12275195632, 5,5,
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+ 3763670484,

iaprapen + 5212849

L+ 722 345212849, 5 s

i=2,F+2,0+ i=2,F+3,0—

+ 76120464,

2 peag- + 7612046,

| + 170016569/ 23t

i=2,F+3,0

+ 521284 5 sy + 722 5 gy + 10543y 5, 5 + 7612046, 5, 5

+ 1111548494/, 5, | + 2482665649/ + 111154849/

i-1,F-3,0 i-1,F=3,p0+1

+ 76120469, 34y + 10543,y 5 .5 + 7612046, 5,

+ 54958972129 5, 5 + 802538009784/, , 5, | + 179248459208, ,

+ 80253800978, 1, 5y + 54958972128, 5 y0r + 7612046, , 5 .5

+ 1111548494,

i1 13 + 80253800978/

112 + 1171905573007,y , ;0

+ 2617474384252,

11 + 1171905573007,

i1y 11 + 80253800978/

i-1,F—1,0+2

+ 111154849, | | .5 + 2482665649/, , 5 + 5495897212, , .,

+1792484592089/;_,  , » +26174743842524/;_, . , | + 58461810490724/;_, .,

+ 2617474384252*97;‘-1,;,@1 + 17924845920&527,—_1%erz + 24826656452?,~_LF,W3

+ 111154849, ., 5 + 80253800978, , .1, 5 + 1171905573007, , ..y ¢

+26174743842524;

i1penp + 1171905573007, 1, 0y + 80253800978,

i-1,F+1,0+2

+ 1111548494,

i Lpr1ges + 7612046

3 + 54958972124

i—1,F+2,0— i—1,F+2,0-2

+ 80253800978«

Lrizg- + 80253800978,

| + 179248459208, R

—LF+2,0

+ 54958972128y [ 5 r + 76120460, 5 oy + 10543y 5, 5

+ 7612046y, 5, 5 + 1111548491,y 5, | + 248266564, , .5,

+ 111154849, | 3y + 76120460y ;5 y0r + 10543y, 5 s + 23548, 5,

+ 170016565, 3., 5 + 248266564, . 5, | + 554508304, , 5,

+ 248266564, 5,y + 170016569, , 3,y + 23548, 5 .5

+170016564;

b2 T 122751956324

, + 179248459208/

i,F—2,p0— i,F—2,p0-1

+ 4003549954884/,

bpap + 179248459208,

bpapn T 122751956324

i, F=2,0+2

+ 17001656.§27i)F,2)p+3 + 24826656452?1»,F,1)P,3 + 179248459208di)F,1)p,2

+ 2617474384252,

+26174743842524,, |, | + 5846181049072/ ——

LF=Lp
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+ 179248459208,

o Lpr T 2482665649/

5 + 5545083045

i,F=1,p+ i,Frg0—3

+ 400354995488&271-%(@_2 + 5846181049072&@*@_1 + 13057561542592.52?1-%p

+ 5846181049072, ., +400354995488.d/, , , + 554508304, .5

+ 248266564&71»,“1)9,3 + 1792484592089[:‘,“1,@—2 + 2617474384252.52?1-,“1)@,1

+ 5846181049072

oL + 2617474384252, ., ., + 1792484592085/

i,F+1,0+2

+ 248266564, ;) ,3 + 17001656, , 5 + 12275195632, ., ,

+ 179248459208.Qii’prz’{p_1 + 4003549954884/, + 17924845920&&271-’”2’erl

LF+2,0

+ 1227519563244,

spaaper + 17001656

i,F+2,0+3 + 235489{1‘,/&3,(@—3

+170016564;

ipe3pa T 2482665649/

| + 554508304.5/

i,F+3,0— i,F+3,0

+ 248266564, ;3 1) + 17001656, 3 51y + 23548, 5 5 + 10543, 5,

+ 76120468, 5, 5 + 1111548491, , 5, | + 248266564, , 5,

+ 111154849, . 5,y + 7612046,y , 5,5 + 10543, 500

+ 76120464, 5, 5 + 5495897212, , 5,  + 80253800978, , 5,

+ 1792484592085/ + 802538009784, , 5,1 + 5495897212

i+1,r-2,0 i+1,F-2,0+2

+ 76120464,

iipapes + 1111548490/

3 + 80253800978/

i+1,F—1,p0— i+1,F—1,0-2

+ 1171905573007 | +2617474384252.4 + 1171905573007 </

i+1,r—1,0— i+1,r—1,0 i+1,F—1p+1

+ 80253800978, , 1y + 111154849/, .o + 248266564, , , 5

+ 1792484592084, , ., , + 2617474384252l , , | + 5846181049072, . ,

+26174743842524l ., .y + 179248459208l , ., + 248266564, , .5

+ 111154849, .1, 5 + 80253800978, .y, 5 + 1171905573007.d 1 .,y 0

+ 2617474384252/ + 1171905573007, ;1 11 + 802538009789/

i+1,r+1,0 i+1,F+1,0+2

+ 1111548494

il pe1prs + 7612046

3 + 54958972124

i+ 1,420~ i+1,F+2,0-2

+ 80253800978

L+ 20 + 802538009784

1 + 179248459208 i+1,F+2,p0+1

i+1,F+2,0

+ 5495897212, ;.5 1p + 76120469 1, p iy + 105431, s s

+ 7612046, 35 5 + 1111548491, 5, | + 248266564, .3,
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+ 111154849, s oy + 7612046, 5 ,p + 10543, 30

+722el 15, 505+ 5212845 5 o + 7612046, 5,y + 17001656, 5,

+ 7612046 115, 5501 + 521284 15 500 + 72215, 5 00

+ 5212845, 5, 5+ 376367048, 5, 5 + 5495897212l 5, 5, 4

+ 122751956324

iaap 5495897212, 5 .y + 376367048505, 5 1o

+ 5212845, 5 o3 + 7612046, 5 + 5495897212, 1,

+ 802538009784,

+ 80253800978, , 1, + 179248459208, oLt

i+2,F-L,p

+ 54958972124

a1 + 7612046

i2p-1,p43 T 17001656, . 5

+12275195632ef 5 ., 5 + 1792484592081, ,, | + 400354995488, . ,

+ 179248459208 ., . ., + 12275195632, , .5 + 170016565 , .5

+ 76120469 1,5 11 5 5 + 54958972125 1 o + 802538009785 1 0y

+ 179248459208%i+2$+1,@

+ 80253800978« | + 54958972124

i+2,F+ 1,0+ i+2,F+1,0+2

+ 7612046 1,5 1 o3 + 52128415 5, 5+ 376367048l 5,5

+ 5495897212 5 , 5., 1 + 12275195632 + 54958972129/

i+2,F+2,0 i+2,F+2,p0+1
+ 376367048 1,3 1, pn + 521284 115 1 s + 722 11 15 s

+ 5212845 1,5 5 + 7612046 1,5 1,3, 1 + 17001656 1,5 1,3,

+ 7612046 ;5 13001 + 521284 15 15600 + 72215 p3 03+ A iz a0
+7226l 5, 50+ 105435 5y + 23548 15, 5, + 105435 5 0
+ 722815 5000 ¥ Disspspin ¥ 722 113065 + 52128415 0 5 s

+ 76120465, 5, 1 + 170016565, , + 7612046 1,3, 5 111

+ 5212845 5 00 + 7228 1155 g gy + 105435, s

+ 7612046515, 1, + 1111548495, 1, | + 24826656455, 1,

+ 111154849 ;5 g 0y + 7612046 15, 1 r + 10543 115, 0

+23548 1,5, 5 + 170016565, ,  + 2482665645, , |

+ 554508304.;

i3+ 248266564

i3 ppe 17001656

i+3,F0+2



10

aGi’ £

oxX

+ 235484,

iapprs + 10543 o+ 76120469

i+3,F+1,0-2

+ 1111548494/ | + 2482665649 + 1111548494/

i+3,F+1,0— i+3,F+1,0 i+3,F+1,0+
+ 7612046 5 ) 1y + 10543 113 10 s + 7228 115005
+5212845 1,3 1 5o + 76120469 1,5 o o 1 + 17001656 1,515

+ 7612046'Q{i+3,p+2,p+1 + 521284’di+3,;+2,g3+2 + 722'Q¢i+3,,r+2,p+3 + eQ{i+3,,r+3,

+ 722l 134300 + 10543 1 5y ) + 2354805 o + 10543l 5,

+ 722‘Q[i+3,p+3,g1+2 + 'Q{i+3,/:+3,g3+3)’

3
~ 65536h (i 5p3ps+722ed; 5, 5, +10543,

+235484l, 5, 5,
+722el; 5, g 5+ 521284, 5y, o + 7612046, 5, 5,
+ 17001656, 3, 5, + 761204660, 5, 5 o,y + 521284, 5, 5 1)
+722el; 5, 5005+ 105438, 5, 5 + 76120469

+ 111154849, 5, | + 248266564/
+7612046, 5, ., + 105432
+ 17001656 3, , , + 2482665649/
+ 248266564, 5, ., + 170016569/
+105438l; 3., 5 + 7612046
+248266564, 5,1,

=3 F=3,p-1

+105439; 5, 35,1 + 7229 5, 300+ A5, 303

i-3,F-1,p-2

sy + 111154849,
3 +23548, 5,
| + 5545083045/
s ppin 23548

, + 1111548494,

i-3,F-1,0+
i-3,p. 0 i3,
i-3,F,0+3

i-3,F+1,0—

+ 111154849, 5 .,

=3,F+1,p-1

|+ 7612046, 5,1 1)

+ 10543, 5,1 o3 + 7226 5,0 0 5+ 521284, 5,5 5 + 7612046,

+ 170016567, 3,5, + 7612046, 3,13 o0y + 521284 5,15 0

+ 7228 5 0003t A i pisg 3 7228500550 + 105435 05,
+235480; 3,5, 10543 5 13000 + 722 53500 + A i3 043,013
+2365; 5, 5 5+ 17039280, 5, 5, , + 2488148/
+5557328, 5, 3.,
$ 2360 5, 3005+ 1703926, 4, 5, 5 + 1230230245
+179644285651, ,, , , , + 401239081657, ,, , ,
+ 123023024, 0y + 17039261, 5 + 2488148, 1,

+ 179644285651, 5, |, , + 26232544364, ,, ,, | + 58590909104/
+ 26232544364,y oy + 1796442856, , ., + 2488148/
+5557328f, 5, , 5 + 401239081687, ,  , , + 585909091044/,

i-2,F -1
+ 1308639597441, . , + 585909091045, , . ., + 40123908165/

i-2,F=3,0-1
+ 2488148, 5, 5,01 + 170392, 5, 5 0

i=2,F=2,0-2
+ 17964428564,

i=2,F—

Journal of Mathematics

1

©—3

L0 +1

(10)

i-3,,~1,p+1

=3, F+2,p-1

i-2,F—2,0+1

i-2,,—1p

1,0+3

i=2,F0+2
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+ 55573284,

2 ppes 24881489

iaprps + 17964428564, , .y

+ 2623254436444 ;

2L + 262325443649/

| + 58590909104, 5 ., ,

+ 17964428569, 5, y1r + 2488148, .y s + 170392, 5 1r 5

+ 123023024, 5,5, 5 + 1796442856, ., , | + 40123908169/

i=2,F+1,0+1

i=2,F+2,0

+ 17964428569, 5 5 1y + 1230230241 5 ;5 1y + 170392 5 115 13

+ 2366, 5,45 3+ 1703926, .5, o +2488148, , 5

+ 55573284,

fapeng + 2488148, oo + 170392,

i=2,F+3,0+2

+ 2364,

fapeaprs + 14459 5 + 1043290/

i-1,F=3,p0— i—1,F=3,p0—

+ 340268604 ;

i1y g T 152346354,

i1y 3 + 1043290

i—1,F—3,0+2

+ 14450, ) 5,0 + 10432908,y , 5, 5 + 753255380,y , 5,

+10999406470;_, ,_» , + 24567392920 + 109994064704

i—1LF-20

+ 753255380, 1, 5 40y + 1043290y, 5 5+ 152346359, 1, 5

+ 10999406470y, ,, » + 1606187568054/, , | + 358745184980

1

+ 160618756805, 1 01 + 10999406470, ,, | ., + 152346354

+ 8012644992804

i1y + 358745184980/

i Lppe T 245673929204/

+ 340268604

i Lppes T 152346354,

s + 109994064709/

+ 1606187568054, ., | + 3587451849801, , ., ,

+ 10999406470, .y 0y + 15234635, 15 + 1043290

+ l0999406470&{1-,lﬁz)(@,1 + 245673929204 + 109994064704

i—1,F+2,0

+ 753255380, g gy + 10432908,y ;005 + 14455, s, 5

+ 10432908/, 5, 5 + 152346359, 5, 1 + 34026860, .3,

+ 152346354,

iLpsagel T 1043290y 15500 + 14459 5005 =

— 10432904, , 5, , — 152346354,

i1y p1 — 34026860,

i+1,F-3,0

— 152346351, 5 0y — 1043290y, 5500 — 14451, 5 005

+ 7532553804

i Lprap 2 — 10432904,

i1y 2p 3 — 7532553804,

, + 152346359/

+ 1606187568054,

14454,

i-1,F=3,0-1

i-1,F=2,p0+1

i-1,r—1gp

—1,F—1,0+3

i—1,F0+2

i-1,r+1,0-2

i—1,F+1,p0+1

i—1,F+2,0-3

i—1,F+2,0+1

i+1,F,—3,0-3

i+1,F—2,0-2

11
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— 109994064704

— 7532553804

— 1099940647044 ;

— 1606187568054

—340268604;

— 8012644992804

—340268604;

- 1606187568054

— 10999406470

— 1099940647044 ;

— 14459

i+1

— 340268604

- 2364,

i+2,F

— 24881484

—1230230244;

— 24881484

— 585909091044,

— 24881484,

- 58590909104/

— 40123908164

— 2623254436494

- 1703924/

—40123908164;

- 1703924/

— 55573284,

-3

i+1,F-2,p0-1
i+1LF-2,0+2
i+1L,F-10-2
i+1,F—1,p+1
i+1,F,0-3
i+1,F,40
i+1LF0+3

i+1,r+1,0-1
i+LF+1+2

i+1,F+2,0+1

i+1,F+3,0
33 — 17039241
i+2,F—3,0+1
i+2,F-2,0-2
i+2,F-1p-3 ~
i+2,F—1p0
i+2,F-10+3 —
i+2,F, -1
i+2,F0+2
i+2,F+1,0+1
i+2,F+2,0-3
i+2,F+2,0
2364

i+2,F+2,0+3 T

i+2,F+3,0

1043290

1043290/

— 152346354,

- 1703924/

5557328 1,5, 0 5 —

— 55573285, 13

1230230245 110 2 —

— 2488148, 3 511 —

— 245673929204

1

160618756805, , 1 1
— 109994064704/
— 24567392920,
— 3587451849805/
152346354,
— 358745184980, .1,

152346354

— 753255380 1,1 pi2p42 —

i+1

i+2,F-3,0-2

17964428564,

1796442856/

— 2623254436449 ;

i+2,F-10+1

— 130863959744/

— 17964428564

— 17964428564 ;

i+2,F+3,0-3

i+1LF+3,0-2

i+2,F—3,0+2

+1LF-2,043 1

i+1,F0-2

FHLp-3 T

i+1,F+1,0+3

SF3,p+1

— 24881484,

i+2,F—2,0-1

i+2,F-10-2 ~

i+2,F,0

—248

i+2,F+2,0+1

- 1703924/

i+1,r-2,0

i+1,r-Lgp+2 ~

i+1,F0+1

152346354

- 1043290'9{i+1,F+3,{J+2 -

- 2364

4012390816, ., 5

i+2,F+1,0+2

170392'52{i+2,/?+3,p+2

52346354

— 3587451849807, . , |

109994064704,

— 10432904/

i+2,F—3,p0-1

~ 4012390816, 5,

262325443645

- 58590909104

81484,

— 24881

17964428564

— 123023024 1,5 15 12

i+2,F+3,0-2

— 109994064704

152346354

— 245673929204

1043290, 1,3 13

i+2,F=3,0+3

17964428564,

i+1

i+1,F~1,0-3

— 3587451849804,

i+1,F

i+1,F+1,0-2

— 1606187568054

i+1,F+2,0-3

i+1,F+3,0-1

— 55573284,

1703924/

i+2,F

i+2,F+1,0-3

484

i+2,F+2,0-1

2488148

14454,
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SF=2,p+1

i+1,r—1,p

i+1,F—1,0+3

0+2

i+1,r+10+1

i+1,F+3,0+3

i+2,F=3,0

i+2,F—2,0-3

i+2,p~1,p-1

—Lp+2

i+2,F,p+1

i+2,F+1,0+3

i+2,F+3,0-1
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- 2364 A

i+2,F+3,0+3 — “Fi+3,r-3,0-3

— 235484 - 105434

i+3,F-3,0 i+3,7-3,p0+1

- 7224,

s — 5212844

— 170016564 — 76120464

i+3,F—2,0

— 105434,

i3 1p3 — 7612046,

— 2482665645, 1,

—1054344;

i+3,F~1,0+3 ~ 235484

— 170016564,

iapeap — 7612046

- - 7224

i+3,F+3,0-3 i+3,F+3,0-2

—1054344;

The following theorem can be derived from the analysis
presented above.

Theorem 3. From equation (7), the approximation formulas
to G,,,0G,,/0%,0G,;, /09, 0G,,/03,0°G,, /0%, O’

I’F’p’z lé’P 21’F’pz e 2
Gy /0, 9°G;,,/03%,0°G,, ,/0X0Y, PG, /0X03.. ...

are given in terms of the &Y,-W at equations (8) and (9). You

can find some other approximate formulas in Appendix.

3. The Numerical Outcomes

It is time to evaluate the accuracy and efficiency of this
strategy, which was created by displaying its constructs in n-
dimensions. This will make it possible to comprehend the
method’s operation better. This section presents a number of
numerical examples that cover a range of dimensions in
order to show the validity of this methodology. We give
a selection of the collected figures in addition to contrasting
our results with those that have previously been attained.
The Mathematica 12.1 software suite was used to create each
example, which was then executed on a typical machine
(Intel(R) core(TM) i7-351U, CPU@1.90 Hz 2.40 GHz). It is
crucial to remember this.

3.1. The First Test Problem: [3, 11]. Take into consideration
the problem in two dimensions using the structure below:

722&{1’1—3,/:—3,@—2 -

- 7224

i+3,F-2,0-2

i+3,F—2,p0+1

i+3,F—1p-2

— 1111548494/

i+3,F—1p+1

i+3,h0-3

i+3,F+2,0+1

105434

13

10543l 5, 5.

i+3,F-3,0+2 eQ{i+3,,r—3,p+3

76120465, 5,

— 5212844 7224

i+3,F-2,0+2 i+3,F—2,0+3

111154849 ;.5 . 1 0 4

— 76120465, 1 51

170016564 ;

i3 — 248266564,

i+3,F0-1

- 521284'Q¢i+3,/.'+2,p+2 -

7224,

i+3,F+2,0+3

—235484

i+3,F+3,0-1 43,7130

i+3,F+3,0+1 72252{i+3,;+3,p+2 - ﬂi+3,[+3,p+3)’

(11)

Xy (X,9) + %w(ae,g)) — sin(nX)sin(nY) =0, X,9 € [I,m].

(12)

The following is the precise approach that should be
taken to solve that problem:

sin (n%)sin (%))

P (13)

7 (%,9) =

In order to solve the third problem, we take the boundary
conditions in the following form:

Z(,9) =7 (%,]) =q,

(14)
Z (mY) = (X,m) =p.

By making the replacement from equations (6) and (7)
into equations (12) and (14), we are able to acquire the
numerical findings that are presented in the following table.

Table 1 shows the numerical results we reached by ap-
plying the method to the problem. These results were
extracted using 15 x 15 mesh grid points at ) = 0.4. It seems
to us that the results we have reached are largely acceptable,
and this appears before us through the stability of the ab-
solute error value, which indicates that this generalization
has borne fruit. To further confirm the good results we have
achieved, we have given some two- and three-dimensional
shapes to illustrate the comparison between the numerical
and exact solutions, the shape of the absolute error, and the
extent of its stability, and this appears in Figures 1-3.
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TaBLE 1: Numerical and exact results for the first problem at ) = 0.4, %,9) € [0, 1].

.4 Num. Ex Abs. error

0.2 —0.028321 —0.02832 3.85278 x 10710

0.4 -0.045822 -0.04582 6.23393 x 10710

0.6 -0.045822 —-0.04582 6.23393 x 10710

0.8 —0.028320 —0.02832 3.85278 x 10710

H (X,0.4)

0.00 [

-0.01

-0.02

-0.03

-0.04

-0.05

1.x 1012

8.x 10"

6.x 10"

4.x 10"

Absolute error

2.x10"

—— Exact — y=0.4
-8 App.

FiGure 1: 2D figure showing the numerical and exact solutions and the absolute error at %) = 0.4.

o [T T T

=)
=)
o
=)
~
o
a
=)
=
—
o

—— Exact
-5 App.

F1GUre 2: 2D figure showing the numerical and exact solutions at x = 0.4.

10

FIGURE 3: 3D figure showing the numerical results for the first test problem.
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TaBLE 2: Compare our results with some other results through the absolute error values.

Our method QBSM [11] MCBDQM [7] DQM [22] H- “[’;i’elet SCA [3]

3.852E-10 3.72E-5 211E-5 1.62E-4 3.08E-4 3.08E-4

We compare the results of the suggested method to those
from several other methods, including the Haar wavelet
method [2], the wavelet method [3], the modified cubic B-
spline differential quadrature method [7], the n-dimensions
quadratic B-splines [11], and the spline-based DQM [22]. All
of these are shown in Table 2 and use 15 x 15 mesh grid
points.

3.2. The Second Test Problem. Consider the following for-
mulation of the nonlinear issue in two dimensions:

K xx (X,9) + exp(X2) H gy (£,9) + sin (¥ (X,9))
_f(x>2)):0> x’we [Lm]:

(15)

where

f(%,9) = ex2(~(1 - el_x)fz(l - el_g))sin(xg)) —(1 - el_x)el_g) sin (X9)) + 2(1 - el_x)xel_g) cos(xg)))

—(1-eF)(1-€"?)Y sin(xY) - F(1-

+ 2e17x(1 - elfg))y cos (X9).

The following is the precise approach that should be
taken to solve that problem:

7 (%,9) =sin(PX) (1 - exp(1- X)) (1 - exp(1-9)). (17)

In order to solve the third problem, we take the boundary
conditions in the following form:

x(L,Y) = (X,])=q,

(18)
ZH(m,Y) =F (X,m) =p.

By making the substitution from equations (6)-(7) into
equations (15) with (18), we are able to obtain the numerical
results that are presented in the following table.

Table 3 presents the results that were obtained using the
two-dimensional spherical B-spline method for the value of
50 x 50. When it comes to the results, we may safely assume
that they meet our expectations. The numerical values for the
equation %) = 0.5 are displayed in Figures 4 and 5, and they
are accurate. A graph of the numerical findings is shown in
three dimensions in Figure 6.

3.3. The Third Test Problem: [11, 12]. Consider the following
formulation for the second test problem in three
dimensions:

Hxx(X,9,3) + Hyy (X,9,3) + X 33(%,9, 3)
-fEY =0, %9.3¢llml,
where
f(%9) = x93(e*¥'3) (39%3 + 9% + 3%
-5%X+39-59-53+9).

The following is an example of a specific solution to the
issue that was discussed:

(19)

(20)

el_g))sin(xg)) + sin((l - el_x)(l - el_g))sin(xg))) (16)

(%,9,3) =(X-%2")(9-9°)(3-3")"¥3 (@)

In order to solve the fourth problem, we take the
boundary conditions in the following form:

Z(1,9,3)=#(X,1.3) =7 (X,9.,]) =

(22)
%(mag)’S) = ?/(X,m,?)) = %(%,@,m) :ﬂ'

By making the substitution from equations (10) and (11)
into equations (19) and (22), we are able to obtain the
numerical findings that are presented in the following table.

Table 4 presents a comparison of the results that we
achieved with those that were acquired by utilizing the
quadratic B-spline technique and the cubic B-spline ap-
proach with meshes of 20 x 20. When it comes to the
findings, we may deduce from what we have seen that they
can be trusted, which is good news. At the point where
9) = 3 = 0.5, the numerical findings with exact answers are
displayed in Figure 7. A graph of the numerical data pre-
sented in three dimensions is shown in Figure 8.

3.4. The Fourth Test Problem: [3, 14]. In three dimensions, we
approach the test problem using the following form:

Hxx(X,9,3) + gy (X,9,3) + Z 33(%X,9,3)
— sin(nX)sin (7Y)sin(73) =0, %X,9,3 € [I,m].
(23)

The following is the methodical course of action that
ought to be done in order to resolve the problem:

sin (71%)sin (7%))sin (73)

- (24)

7 (%,9,3) =

In order to solve the third problem, we take the boundary
conditions in the following form:
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TaBLE 3: Numerical and exact results for the first problem at 9 = 0.5, X,9) € [0, 1].
¥ 4 Num. Ex Abs. error
0.2 0.079328 0.079371 428168 x 10~
0.4 0.105922 0.105956 3.39476 x 10~
0.6 0.094261 0.094287 2.61754x 107>
0.8 0.055914 0.055931 1.71553 x 107°
0.10 f 0.0010 |
0.08 | g 0.0008 |
o 5
o 0.06 F 9 0.0006 |
% =
g 0.04 | S 0.0004 [
#A 0
002} f < 0.0002
0.00 f4 0.0000 E 3
0.0 0.2 0.4 0.6 0.8 1.0
X
—— Exact — y=0.5
-5 App.

into equations (23) and (25), we are able to obtain the

%(1)2)’3) = %(x>l)3) = %(x’g)’l) =«
#(m,Y,3) =% (X,m,3) = (X,9,m) = .

FIGURE 4: 2D figure showing the numerical and exact solutions and the absolute error at %) = 0.5.

# (0.5,9)

0.10 f
0.08
0.06 [
0.04
0.02 f

0.00 fud”

—— Exact
-5 App.

FIGURE 5: 2D figure showing the numerical solutions at x = 0.5.

FIGURE 6: 3D figure showing the numerical results for the second test problem.

(25)

By making the substitution from equations (10) and (11)

numerical findings that are presented in the following table.

Table 5 presents the results that were obtained while
applying the sixtic B-spline method in three dimensions
while using a mesh 15 x 15. In terms of what can be ob-
served, it seems as though the outcomes are satisfactory. The
precise numerical findings are displayed in Figure 9, which is
based on the equation ¥ =3 =0.5. A graph of the nu-
merical findings is shown in three dimensions in Figure 10.
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TaBLE 4: Numerical and exact results for the first problem at 3 =9 = 0.5, X¥,9), 3 € [0, 1].

17

Num. results

Ex. results

Abs. error

Quadratic B-spline

Cubic B-spline

method [11] method [12]
0.1 0.016868 0.016898 3.00566 x 10~ 3.2494x107° 3.48009 x 10~
0.2 0.033142 0.033201 5.91862 x 107> 6.4994 x 107 7.05722 x 107>
0.4 0.060716 0.060828 1.11868 x 107* 1.2707 x 1074 1.41846 x 107
0.6 0.074136 0.074295 1.59332x 107 1.9233x 1074 2.24718 x 1074
0.8 0.060271 0.060496 225047 x 1074 3.0463x107* 3.82276x 1074
09 0.050423 0.037608 2.27691 x 1074 41116 x10™ 534402 x 1074
0.00035 £
_ 5 0.00030 £
g £ 0.00025
3 2 0.00020 £
% = 0.00015 F
T £ 0.00010 f
0.00005 £
0.00000 E E
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X
—— Exact — y=2=0.5
-0 App.

Fi1GURE 7: 2D figure showing the numerical and exact solutions and the absolute error at §) = 3 = 0.5 for the third test problem.

FIGURE 8: 3D figure showing the numerical results for the third test problem.

TaBLE 5: Compare our results with some other results through the absolute error values at 9 = 3 =0.5,%,%, 3 € [0,1].

L, of
.4 Num. Exact Abs. error our method L, [14] L, [3]
0.2 -0.01985 -0.01985 4.793x 1071 8.155x 107! 4.966 x 107° 8.922x107*
0.4 —-0.03212 -0.03212 7.756 x 10711 — — —
0.6 -0.03212 -0.03210 7.756 x 10711 — — —
0.8 —-0.01985 -0.01985 4.793x 1071 — — —

3.5. Discussion. This work demonstrates the challenges re-
searchers face when dealing with mathematical models of
multiple dimensions. The paper introduces new forms that
experienced users can utilize to achieve successful results. A
generalization of the shape of a sixtic spline in two and three
dimensions is provided, enabling the solution of

mathematical models and examples with a fifth or lower
order. The effectiveness and quality of the method are
supported by numerical results and error rate analysis in the
third section. Four numerical examples of mathematical
models in two and three dimensions are presented. While
concerns about the cost and time required by this method
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0.000 %
-0.005
-0.010
-0.015
-0.020

H (X,0.5,0.5)

-0.025
-0.030
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FIGUre 9: 2D figure showing the numerical and exact solutions and the absolute error at ) = 3 = 0.5 for the fourth test problem.
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FiGgure 10: 3D figure showing the numerical results for the fourth test problem.

are acknowledged, the focus is currently on finding a solu-
tion. Future efforts will explore approaches to minimize time
and effort. It should be noted that many researchers may
require additional assistance to effectively utilize these highly
effective features.

4. Conclusion

This investigation addresses the challenges researchers face
when working with mathematical models in multiple di-
mensions. Our study aims to contribute significantly to
solving these problems. The importance of this research
topic has generated great anticipation among academics.
Through conversations with researchers who have explored
solutions to partial differential equations in one, two, and
three dimensions, we gained insight into the difficulties
encountered as the dimension increases. The researchers
presented their respective findings on partial differential

aGi,m 3
0% 65536k
+ 235484/,

i=3,F=3,p

(i 5y 3ps+722el 5, 5, ,+105432

equations in these dimensions, highlighting the need to
extend the original one-dimensional B-spline approach. It
became evident that a single additional dimension would not
suffice. To assess the accuracy and usefulness of the de-
veloped systems, we utilized numerical examples across
various dimensions. By comparing the numerical results of
the derived functions to the actual solutions, we were able to
evaluate their precision. Based on this evaluation, significant
progress has been made in addressing problems involving
partial differential equations in multiple dimensions. As part
of our ongoing research, we aim to generalize additional B-
spline forms to serve as solutions to differential equations in
n-dimensions. This will enable the creation of more intricate
and precise models.
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