
Research Article
Flat-Parallel Minkowski Space and β-Change with (α, β)-Metric

Brijesh Kumar Tripathi1 and Sadika Khan 2

1Department of Mathematics, L. D. College of Engineering, Ahmedabad 380015, Gujarat, India
2Science Mathematics Branch, Gujarat Technological University, Ahmedabad 382424, Gujarat, India

Correspondence should be addressed to Sadika Khan; sadikakhan013@gmail.com

Received 29 December 2023; Revised 19 April 2024; Accepted 7 May 2024; Published 22 May 2024

Academic Editor: Antonio Masiello

Copyright © 2024 Brijesh Kumar Tripathi and Sadika Khan. Tis is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the
original work is properly cited.

Te purpose of this paper is to examine the condition for a Finsler space with a generalized (α, β)-metric to be projectively fat. In
addition, we establish that the Finsler space with generalized (α, β)-metric is a fat-parallel Minkowski space and derive the
condition under which the β-change for the aforementioned metric is projective. We also explored the projective nature of
β-change for various signifcant Finsler metrics derived from the generalized (α, β)-metric.

1. Introduction

Let Fn � (Mn, L) be an n-dimensional Finsler space for the n-
dimensional diferentiable manifold Mn with a basic function
L(x, y). In 1972, Matsumoto [1] introduced the concept of
a (α, β)-metric, L(α, β). If L is a positively homogeneous
function of α and β of degree one, where α2 � aij(x)yiyj is
a Riemannian metric and β � bi(x)yi is a one form on Mn,
then a Finsler metric L(x, y) is called as (α, β)-metric L(α, β).
Te Randers, Kropina, and Matsumoto metrics are the three
most interesting instances of (α, β)-metrics.

A Finsler space Fn � (Mn, L) is called projectively fat, or
with rectilinear geodesic, if the space is covered by co-
ordinate neighborhoods in which the geodesics can be
represented by (n − 1) linear equations of the coordinates.
Such a coordinate system is called rectilinear. Te condition
for a Finsler space to be projectively fat was studied by
Berwald [2] in tensorial form and completed by Matsumoto
[3]. Hashiguchi and Ichijyo’s paper [4] gives interesting
results on the projective fatness of Randers spaces.

We have two important projective invariant tensors: the
Weyl tensor W and the Douglas tensor D. A Finsler space
with both of these tensors vanishes as a projectively fat space
that can be projectively mapped to a locally Minkowski

space. Randers spaces, Kropina spaces, and generalized
Kropina spaces with L � (β2/α) are examples of Finsler spaces
with (α, β)-metric L(α, β). Matsumoto [5] demonstrated the
criteria for the above spaces to be projectively fat.Te concept
of projectively fat Finsler space with the (α, β)-metric has
been studied by many authors [6–10].

Furthermore, Matsumoto [11, 12] defned a β-change
and fat-parallel Minkowski space with (α, β)-metrics in
1988 and 1991, respectively. He dealt fat parallelness of
Randers metric, Kropina metric, and their generalized form
in his paper [13]. Te fat parallelness of the Matsumoto
metric was studied by Aikou et al. [14].

In the present paper, we studied the generalized
(α, β)-metric [15]. Te purpose of this research work is to
study the condition for a Finsler space with the generalized
(α, β)-metric to be projectively fat using Matsumoto’s re-
sults. Furthermore, we proved that Finsler space with
generalized (α, β)-metric is a fat-parallel Minkowski space
and obtained the condition for a projective change
φ: α⟶ L � α(1 + (β/α))p. We also investigated how
β-change is projective for various signifcant Finsler metrics
derived from the generalized (α, β)-metric.

We used terminology and notations from Matsumoto’s
monograph [16] throughout this paper.
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2. Preliminaries

Let Fn � (Mn, L(α, β)) represent an n-dimensional Finsler
space and Rn � (Mn, α) represent the corresponding Rie-
mannian space, where α �

���������
aij(x)yiyj


. Let ci

jk be the
Christofel symbols with respect to α and the covariant
diferentiation with respect to ci

jk be indicated by (;). From
the diferential 1-form β(x, y) � bi(x)yi, we defne

2rij � bi;j + bj;i, 2sij � bi;j − bj;i � zjbi − zibj ,

s
i
j � a

ir
srj, b

i
� a

ir
br, b

2
� a

rs
brbs.

(1)

Ten, we consider the Berwald connection
BΓ � (Gi

jk, Gi
j, 0) of the Finsler space with the (α, β)-metric

L(α, β). As is well known, we have

G
i
jk � _zkG

i
j, 2G

i
� G

i
0 � G

i
ry

r
 , G

i
j � _zjG

i
. (2)

Ten, the previous paper [12, 17] gives the equation to
fnd the diference Bi

jk � Gi
jk − ci

jk:

LαB
k
jiy

j
yk � αLβ bj:i − B

k
jibk y

j
. (3)

We consider a locally Minkowski space Fn � (Mn, L),
that is, Mn admits a covering by coordinate neighborhoods
in each of which the fundamental function L is a function of

yi alone. We denote by R
r

hijk a Riemannian curvature tensor
with respect to ci

jk.

Defnition 1 (see [13]). A locally Minkowski space with
(α, β)-metric is called fat parallel, if α is locally fat (Ri

r

hjk �

0) and β is parallel with respect to α (bi;j � 0).

Theorem 2 (see [12]). A Fn � (Mn, (α, β)) is a locally
Minkowski if and only if Bk

ji are functions of x alone, and
Ri

h

r

jk of the Riemannian α is written as

R
i

r

jkm �
zB

i
jm

zx
k

−
zB

i
jk

zx
m + B

i
lkB

l
jm − B

i
lmB

l
jk,

R
i

r

hjk � −U(jk) B
i
hj;k + B

l
hjB

i
lk ,

(4)

where U(jk) denotes the terms obtained from the preceding
terms by interchanging indices j and k andR

r

is Riemannian α.

In this paper, we refer to the contraction of yi with
0 subscript, and the partial diferentiation by α and β of L

with α and β subscripts.
According toTeorem 1 of [5], a Finsler space Fn with an

(α, β)-metric is projectively fat if and only if the space is
covered by coordinate neighborhoods on which ci

jk(x)

satisfes

c
i
00 − c000y

i/α2 

2
+

αLβ

Lα
 s

i
0 +

Lαα

Lα
 

C + αr00

2β
 

α2bi

β − y
i

  � 0, (5)

where C is given by

C +
α2Lβ

βLα

⎛⎝ ⎞⎠s0 +
αLαα

β2Lα
  α2b2 − β2 

C + αr00

2β
  � 0.

(6)

By the homogeneity of L, we know that α2Lαα � β2Lββ;
therefore, (6) can be rewritten as

1 +
Lββ

αLα
  α2b2 − β2  

C + αr00

2β
  �

α
2β

  r00 −
2αLβ

Lα
 s0 . (7)

If 1 + (Lββ/αLα)(α2b2 − β2)≠ 0, then we can eliminate
(C + αr00/2β) in (5) and it can be written in the following
form:

1 + Lββ α2b2 − β2 

αLα

⎧⎨

⎩

⎫⎬

⎭

c
i
00 − c000y

i/α2 

2
+

αLβ

Lα
 s

i
0

⎧⎨

⎩

⎫⎬

⎭

+
Lαα

Lα
 

α
2β

  r00 −
2αLβ

Lα
 s0 

α2bi

β − y
i

  � 0.

(8)
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Tus, we have [18].

Theorem 3. If 1 + (Lββ/αLα)(α2b2 − β2)≠ 0, then a Finsler
space Fn with an (α, β)-metric is projectively fat if and only if
(8) is satisfed.

Remark 4. According to [19], if α2 contains β as a factor,
then b2 � 0 and the dimension is equal to two. Troughout
this paper, we assume that the dimension is more than two
and b2 ≠ 0, i.e., α2 ≢ 0(mod β).

3. Projectively Flat Finsler Space with
Generalized (α, β)-Metric

Let Fn be a Finsler space with the generalized (α, β)-metric
given by

L � α 1 +
β
α

 

p

, p≠ 0, 1, 2. (9)

In this section, we shall fnd the conditions for Fn with
the generalized metric (9) to be projectively fat. Te partial
derivative with respect to α and β of (9) are given by

Lα �
(α + β)

p−1
(α + β)(1 − p)

αp , Lβ � pα1−p
(α + β)

p−1
,

Lαα �
p(1 − p) −β2 (α + β)

p−2

αp+1 , Lββ � p(p − 1)α1−p
(α + β)

p−2
.

(10)

If 1 + (Lββ/αLα)(α2b2 − β2) � 0, then we have α2(1
− b2p + b2p2) + αβ(2 − p) + β2(1 − p2) � 0 which leads to
a contradiction. Tus, we can apply Teorem 3.

Substituting (10) into (8), we have

α2 1 − b
2
p + b

2
p
2

  + αβ(2 − p) + β2 1 − p
2

   α2ci
00 − c000y

i
 (α + β(1 − p))

+ 2α4ps
i
0 − p(1 − p)α2 r00(α + β(1 − p)) − 2α2ps0  α2bi

− y
iβ  � 0.

(11)

Te above equation is rewritten as a polynomial of sixth
degree in α as follows:

p6α
6

+ p4α
4

+ p2α
2

+ p0 + α p5α
4

+ p3α
2

+ p1  � 0,

(12)

where

p6 � 2p 1 − b
2
p + b

2
p
2

 s
i
0 + p(1 − p)b

i
s0 ,

p5 � p(1 − p)b
i
r00 + 1 − b

2
p + b

2
p
2

 c
i
00 + 2βp(2 − p)s

i
0,

p4 � β 1 − b
2
p + b

2
p
2

 (1 − p)c
i
00 + β(2 − p)c

i
00 + 2β2 1 − p

2
 ps

i
0

− βp(1 − p)
2
b

i
r00 + 2βp

2
(1 − p)s0y

i
,

p3 � − 1 − b
2
p + b

2
p
2

 c000y
i
+ β2(2 − p)(1 − p)c

i
00

+ β2 1 − p
2

 c
i
00 − βp(1 − p)y

i
r00,

p2 � −β(1 − p) 1 − b
2
p + b

2
p
2

 c000y
i
− β(2 − p)c000y

i

+ β2(1 − p)c
i
00 − β2 1 − p

2
 y

i
r00,

p1 � β2(2 − p)(1 − p)c000y
i
− β2 1 − p

2
 c000y

i
,

p0 � β3 1 − p
2

 (1 − p)c000y
i
.

(13)
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Since p6α6 + p4α4 + p2α2 + p0 and p5α4 + p3α2 + p1 are
rational and α is irrational in yi, we have

p6α
6

+ p4α
4

+ p2α
2

+ p0 � 0, (14)

p5α
4

+ p3α
2

+ p1 � 0. (15)

Te term which does not contain β in (14) is p6α6. Tus,
there exists a homogeneous polynomial W6 of degree six in
yi such that

2p 1 − b
2
p + b

2
p
2

 s
i
0 + p(1 − p)b

i
s0 α6 � βW6. (16)

Since α2 ≠ 0(mod β), we must have a function ui �

ui(x) satisfying

2p 1 − b
2
p + b

2
p
2

 s
i
0 + p(1 − p)b

i
s0  � u

iβ. (17)

Contracting (17) by bi, we have

2ps0 � u
iβbi, (18)

i.e., 2psj � uibibj. Furthermore, contracting this equation by
bj, we have uibib

2 � 0. Substituting this equation into (18),
we have s0 � 0. Tus, from (17), we get

2p 1 − b
2
p + b

2
p
2

 sij � uibj, (19)

which gives uibj + ujbi � 0. Contracting this equation by bj,
we have uib2 � 0 by virtue of ujb

j � 0. Tus, we get ui � 0.
Hence, from (19), we have sij � 0, provided that
2p(1 − b2p + b2p2)≠ 0.

On the other hand, from (15), we have 1-form v0 �

vi(x)yi such that

c000 � v0α
2
. (20)

Upon replacing s0 � 0, si
0 � 0, and (20) into (11), we have

α2 1 − b
2
p + b

2
p
2

  + αβ(2 − p) + β2 1 − p
2

   c
i
00 − v0y

i
 

− p(1 − p)r00 α2bi
− βy

i
  � 0,

(21)

by virtue of (α + β(1 − p))≠ 0. Ten, (21) is written in the
form Aα + B � 0, where

A � β(2 − p) c
i
00 − v0y

i
 ,

B � α2 1 − b
2
p + b

2
p
2

  + β2 1 − p
2

   c
i
00 − v0y

i
 

− p(1 − p)r00 α2bi
− βy

i
 .

(22)

Since A and B are rational and α is irrational in yi, we
have A � 0 and B � 0.

First, it follows from A � 0 that

c
i
00 − v0y

i
� 0, 2 − p≠ 0, (23)

i.e.,

2c
i
jk � vjδ

i
k + vkδ

i
j, (24)

which shows that the associated Riemannian space (Mn, α)

is projectively fat.

Ten, from B � 0 and (23), we have

−p(1 − p)r00 α2bi
− βy

i
  � 0. (25)

Contracting (25) by bi, we have −p(1 − p)r00(α2b2 − β2)
� 0, from which r00 � 0, provided −p(1 − p)≠ 0, i.e., rij � 0.
From sij � 0 and rij � 0, we have bi;j � 0.

On the other hand, it is easily verifed that (11) is
a consequence of (23) and bi;j � 0. Consequently, we have
the following.

Theorem 5. A Finsler space Fn with the generalized
(α, β)-metric (9) is projectively fat if and only if the associated
Riemannian space (Mn, α) is projectively fat and bi;j � 0.

4. Flat-Parallel Minkowski Space with
Generalized (α, β)-Metric

In [20], Kim and Choi defned a procedure to show that
(α, β)-metrics are fat-parallel Minkowski space.

Substituting Bk
jiy

iyk � Pi00 and (bj: i − Bk
jibk)yi � Qi0 in

(3), we have

LαPi00 � αLβQi0, (26)

where the index zero means, as usual, contraction by yi. It is
remarked that for a locally Minkowski space, Pi00 and Qi0 are
polynomials in yi of degree 2 and 1, respectively. If (26) gives
Pi00 � Qi0 � 0 necessarily, then we have Bk

ji � 0 and bj:i � 0,
and (4) shows that R

r

hijk � 0. Consequently, the Finsler space
with (α, β)-metrics defnes a fat-parallel Minkowski space.

In this section, we shall apply the above procedure to the
generalized (α, β)-metric (9).

Substituting (10) into (26), we have

(α + β(1 − p))Pi00 − α2pQi0 � 0. (27)

Since α is irrational in yi, (27) leads us to

Pi00 � 0,

−α2pQi0 + β(1 − p)Pi00 � 0.
(28)

Tus, from (28), we have Pi00 � Qi0 � 0. Hence, we
conclude the following.

Theorem 6. A Finsler space with the generalized
(α, β)-metric (9) is a fat-parallel Minkowski space.

5. β-Change with Generalized (α, β)-Metric

Let Fn � (Mn, L) and F
n

� (Mn, L) be two Finsler spaces on
the same underlying manifold Mn. If any geodesic of Fn is
a geodesic of F

n and vice versa, then Fn is called projective to
F

n and change σ: L⟶ L of themetric is called projective. It
is well known that σ is projective if and only if there exists
a positively homogeneous function P(x, y) of degree 1 in yi

satisfying G � Gi + Pyi.
On the other hand, we shall introduce β-change [13] as

follows.
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Defnition 7. Let L(α, β) be an (α, β)-metric. Te change
ϕ: α⟶ L(α, β) of the metric is called β-change.

If we denote by Rn the associated Riemannian space with
a Finsler space Fn with (α, β)-metric, then the β-change is
the change from Rn to Fn. Tere is a theorem between
projective change and β-change as follows:

Theorem 8 (see [13]). A β-change is projective, if and only if
we have

Lβψij + LββΩij � 0, (29)

where ψij � (bi;j − bj;i)/2, Ω � (piβ;j − pjβ;i)/2 and β;j � bi;j

yj.

Now, we consider a change φ: α⟶ L � α(1 + (β/α))p.
Ten, from Teorem 8, we can obtain the condition for
a change φ to be projective.

Substituting (10) into (29), we have

αψij + βψij + (p − 1)Ωij � 0. (30)

Since α is an irrational polynomial of yi, (30) leads us to
ψij � 0. Substituting this into (30), by virtue of (p − 1)≠ 0,
we have Ωij � 0. Further, contracting this by yi and using
piy

i � 0 and ψij � 0, we have bi;j � 0. Conversely, if bi;j � 0,
then it satisfes (30). Tus, we have the following.

Theorem 9. A change φ: α⟶ L � α(1 + (β/α))p is pro-
jective if and only if we have bi;j � 0.

From the above theorem and (30), we have discussed
three cases as follows: (i) p � 1, (ii) p � 2, and (iii) p � 1/2.

Case (i): p � 1
Let p � 1 in (30), then we have (α + β)ψij � 0. Since
(α + β)≠ 0, we have ψij � 0. From ψij � 0, we have
bi;j � 0. Conversely, if bi;j � 0, it satisfes (α + β)ψij � 0.
Tus, we have the following.

Corollary  0 (see [13]). A Randers change α⟶ α + β is
projective if and only if we have bi;j � 0.

Case (ii): p � 2
Let p � 2 in (30), then we have

(α + β)ψij +Ωij � 0. (31)

Since α is irrational in yi, we have ψij � 0. Substituting
ψij � 0 in (31), we have Ωij � 0. Further, contracting
this by yi and using piy

i � 0 and ψij � 0, we have
bi;j � 0. Conversely, if bi;j � 0, it satisfes (31). Tus, we
have the following.

Corollary   . A Berwald change α⟶ (α + β)2/α is pro-
jective, if and only if we have bi;j � 0.

Case (iii): p � 1/2

Let p � 1/2 in (30), then we have

2(α + β)ψij −Ωij � 0. (32)

Since α is irrational in yi, we have ψij � 0. Substituting
ψij � 0 in (32), we have Ωij � 0. Further, contracting this by
yi and using piy

i � 0 and ψij � 0, we have bi;j � 0. Con-
versely, if bi;j � 0, it satisfes (32). Tus, we have the
following.

Corollary  2. A square root metric change α⟶
�������
α(α + β)



is projective, if and only if we have bi;j � 0.

On the other hand, in Teorem 5, we dealt with the
condition that a Finsler space with the generalized
(α, β)-metric be projectively fat. By combining Teorems 5
and 9, we can give a more geometrical meaning, similar to
Matsumoto’s Teorem ([5], Teorem 2). Tus, we have the
following.

Corollary  3. A Finsler space with the generalized
(α, β)-metric (9) is projectively fat if and only if a change
φ: α⟶ L � α(1 + (β/α))p is projective and the associated
Riemannian space with metric α is projectively fat.

6. Conclusion

Te infnitesimal transformations in Finsler geometry, such
as conformal, projective, semiprojective, and β-changes, play
an important role not only in diferential geometry but also
in application to other branches of science, especially in the
process of geometrization of physical theories. In this paper,
we have obtained results concerning the projective fatness
and fat parallelness of the generalized (α, β)-metric (9).
Further, we have shown that the β-change φ: α⟶ L �

α(1 + (β/α))p of the aforementioned metric (9) is projective.
Also, we have discussed how β-change is projective for some
important Finsler metrics arising from the generalized
(α, β)-metric (9).
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