Hindawi

Journal of Mathematics

Volume 2024, Article ID 4540992, 8 pages
https://doi.org/10.1155/2024/4540992

Research Article

@ Hindawi

MDS and MHDR Cyclic Codes over Finite Chain Rings

Monika Dalal (®, Sucheta Dutt

, and Ranjeet Sehmi

Department of Applied Sciences, Punjab Engineering College (Deemed to be University), Chandigarh 160012, India

Correspondence should be addressed to Sucheta Dutt; sucheta@pec.edu.in

Received 18 April 2023; Revised 17 November 2023; Accepted 20 November 2023; Published 25 January 2024

Academic Editor: Xiaogang Liu

Copyright © 2024 Monika Dalal et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This work establishes a unique set of generators for a cyclic code over a finite chain ring. Towards this, we first determine the
minimal spanning set and rank of the code. Furthermore, sufficient as well as necessary conditions for a cyclic code to be an MDS
code and for a cyclic code to be an MHDR code are obtained. Finally, to support our results, some examples of optimal cyclic codes

are presented.

1. Introduction

Coding theory aims to provide optimal codes for detecting
and correcting a maximum number of errors during data
transmission through noisy channels. Cyclic codes have
been in focus due to their rich algebraic structure which
enables easy encoding and decoding of data through the
process of channel coding. Cyclic codes over rings have
gained a lot of importance after the remarkable break-
through given by Hammons et al. in reference [1]. A vast
literature is available on the structure of cyclic codes over
fields, integer residue rings, Galois rings, finite chain rings,
and some finite nonchain rings [2-29]. Cyclic codes over
finite chain rings with length coprime to the characteristic of
residue field have been investigated in references [2, 16, 22].
Islam and Prakash have established a unique set of gener-
ators for cyclic codes over Z  in reference [4] and for cyclic
codes over F_ + uF_,u? = 0 in reference [5]. A. Sharma and
T. Sidana have studied cyclic codes of p°* length over finite
chain rings in reference [15], thereby extending the results of
Kiah et al. on cyclic codes over Galois rings [14]. Dinh
explored the structure and properties of cyclic codes of
length p* over finite chain rings with nilpotency index 2 [13].
However, in most of the studies, there have been some
limitations on either the length of code or the nilpotency
index of the ring. We do not impose any such restriction in
this paper. Salagean made use of the existence of a Grobner
basis for an ideal of a polynomial ring to establish a unique

set of generators for a cyclic code over a finite chain ring with
arbitrary parameters [18]. Al-Ashker et al. have also worked
in the same direction in the paper [28] by extending the
novel approach given by Siap and Abualrub [12] which pulls
back the generators of a cyclic code over Z, to establish the
structure of cyclic codes over the ring Z, + uZ, + -+ + uf!
Z;_1» uF = 0. They have also extended this approach over the
finite chain ring F, +uF, +---+ uk‘qu_l, uk =0 [24)].
Monika and Sehmi have given a constructive approach
to establish a generating set for a cyclic code over a finite
chain ring by making use of minimal degree polynomials of
certain subsets of the code [20]. We make some advance-
ments to this study by establishing a unique set of generators
for a cyclic code over a finite chain ring with arbitrary
parameters. It is noted that this unique set of generators
retains all the properties of generators obtained in
reference [20].

The paper is organised as follows: In Section 2, we state
some preliminary results. In Section 3, we establish a unique
set of generators for a cyclic code over a finite chain ring. In
Section 4, we establish a minimal spanning set and rank of
the cyclic code. We give sufficient as well as necessary
conditions for a cyclic code to be an MDS code. We establish
sufficient as well as necessary conditions for a cyclic code of
length which is not coprime to the characteristic of residue
field of the ring to be an MHDR code. Finally, we provide
a few examples of MDS and MHDR cyclic codes over some
finite chain rings.
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2. Preliminaries

Let R be a finite commutative chain ring. Let (y) be the
unique maximal ideal of R and v be the nilpotency index of y.
Let F, = R/<y) be the residue field of R, where g = p* for
a prime p and a positive integer s.

The following is a well-known result (for reference, see

(15]).

Proposition 1. Let R be a finite commutative chain ring.
Then, we have the following:

(i) charR = p°, where 1<a<v and |R| = |Fq|" =p¥

(ii) There exists an element { € R with multiplicative
order p*—1. The set T = {0, 1,(,(2,...,(‘7572} is
called the Teichmiiller set of R

(iii) Every r € R can be uniquely expressed as
r=ro+ry+---+r,y"", where r;€T for
0<i<v—1.Also, r is a unit in R if and only if r; #0

Remark 2. Letk(z) = ko + kyz +--- + k;z', where k; € R for
j=0,1,...,t is a polynomial of degree t in R[z]. By using
Proposition 1(iii), k(z) can be expressed as

k(z)=ay(z) +ya; () +---+ yy_lay,l (2), (1)

where a]-(z) €T[z] for j=0,1,...,v- 1.

We define a map ¢: R— T by ¢(r) =r(mod y) =7
for r € R. Clearly, ¢ is a natural onto homomorphism, and
therefore, R = T, where R denotes the image of R under ¢.
This map can be naturally extended from R[z] to T[z] by
Yk aiz-YX @z, where a; € R for 0<i<k.

Let us now recall some basic definitions and known
results.

A linear code C with length #n over a finite commu-
tative chain ring R is said to be a cyclic code if
(ch15Cor- - ->€pp) € C for every (cg,¢ys...5¢,.1) €C. It
is well established that C can be viewed as an ideal
of R[z]/{z"-1). The Hamming weight wy(c) of
¢ = (cy¢y---c, ) € Cis defined as the number of integers
i such that ¢; #0 for 0<i<n - 1. The Hamming distance
dy(C) of a code C over R is given by
dy; (C) = min{wy, (¢): cisanontrivialelementof C}. C is
said to be an MDS (maximum distance separable) code
with respect to the Hamming metric if |C| = |R|" (O
The rank of Cis defined as the total number of elements in
the minimal spanning set of C. C is said to be an MHDR
(maximum Hamming distance with respect to rank) code
if dy; (C) = n—rank(C) + 1. The it torsion code of C is
defined as Tor; (C) = {¢ (k(2)) €R[z]: y’k(z) € C}, where
0<i<v- 1. Then, Tor;(C) for all i, 0<i<v -1 is a prin-
cipally generated cyclic code over the residue field of R.
The degree of the generator polynomial of Tor;(C) is
called the it torsional degree of C. A polynomial in R[z] is
said to be monic if its leading coefficient, i.e., the co-
efficient of its leading term is a unit in R. The leading
coeflicient of a polynomial k(z) in R[z] is denoted
by lc(k(2)).
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3. Unique Set of Generators

In this section, a unique set of generators for a cyclic code C
of arbitrary length n over R has been established. For this, let
us first recall the construction given by Monika et al. to
obtain a generating set for a cyclic code C over a finite chain
ring R [20]. Let f,(2), f,(2),..., f,,(z) be minimal degree
polynomials of certain subsets of C such that deg(f;(z)) =
t; <n and the leading coefficient of f;(2) is equal to y'u;,
where u; is some unit in R, t;<t;,,, i;>i;,,, and i, is the
smallest of such power. If i, = 0, then f,(z) is a monic
polynomial and we have m = 0.

Lemma 3 (see [20]). Let C be a cyclic code having a length n
over Rand f ;(z), 0< j <m, be polynomials as defined above.
Then, we have the following:

(i) C is generated by the set {f] (2);7 =0, 1,...,m}

(i) For 0<j<m, f;(2) =yifhj(z), where h;(z) is
a monic polynomial over the finite commutative
chain ring having nilpotency index v—i; and
maximal ideal {y)

(iii) {f] (2);7=0,1,... ,m} forms a Grobner basis for C

The following results are straightforward generalisations
of reference [19] for cyclic codes over the class of Galois rings
to finite chain rings and have been communicated in ref-
erence [21]. These results are required to proceed further.

Lemma 4 (see [21]). We consider a cyclic code C of arbitrary
length n over R generated by {f(2), f,(2),..., f,.(2)} as
defined above. Then, for every (z) € Torij (C), deg(a(z)) = t.
Also, Torij(C) = (hj (z)) and t; is the i;h torsional degree
of C.

Remark 5 (see [21]). Let C = {f,(2), f,(2),..., f,.(2)) be
a cyclic code having a length n over R, where f;(z) for j =

0,1,...,m are polynomials as defined above. Then, we have
(i) Tor, (C) = Tor, (C) = --- = Tor; _,(C) = {0}
(ii) Tor; (C) = Tor; ,1(C) =--- =Tor; _,(C) ¢ Tor;
] j j-1 Jj-1
(Ctorj=1,2,...,m
(iii) Torio (C) = Torio+1 (C)=---=Tor,,(C) =Tor,_,
(€

Remark 6. For a cyclic code C with a generating set as
defined above, the abovementioned remark implies that

(i) for iy <i<v— 1, the i torsional degree of C is t,

(ii) for 1<j<m and i;<i<i,

j<i<ip, -1, the i torsional
degree of C is f;

Theorem 7 (see [21]). Let C be a cyclic code having an
arbitrary length n over R generated by polynomials
fo(2), f1(2),..., f,.(2) as defined earlier. If | T| = p*, then

we have
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IC| = ps(m/—(nim+t0k0+tlk1+-~~+tmkm)) (2)

where t; for j=0,1,.
Torij(C),

..,m are the torsional degrees of
o=v—ipandk; =i, —i; for j=1,2,.

Theorem 8 (see [21]). Let C = {f(2), f1(2),..., [ (2))
be a cyclic code as defined above. Then, dy(C)=dy

(Tor; (C)) = dy (Chy (2))).

Remark 9. Let y'k(z),y’w(z) € R[z] such that i>j,
deg(k(z)) > deg(w(z)), and w(z) is monic. Let a,b € R be

Y'si(2) -

for some s,(z) € R[z] such that deg(s,(2z))< deg(s, (2)).

the leading coefficient of k(z) and w(z), respectively. Then,
we have

- gy 1 pleg k(@) deg(w Y's; (2),

(3)
for some s, (z) € R[z] such that deg(s, (z)) < deg(k(z)). If

deg(s, (z)) = deg(w(2)), then by applying a similar argu-
ment as mentioned above on y's, (z), we have

Yk(z) -y Dy (z) =

Y e (s, (2))b 1deg (s1(2)) - deg w( Dyiw(z) = y's, (2), (4)

polynomials s, (z), s, (2), ..., s;(z) in R[z] with deg (s, (2)) >

Again, if deg(s,(z)) >deg(w(z)), then repeatedly apply the deg(s;(z)) > --- > deg(s;(2)) > deg(w(z)) such that
abovementioned argument a finite number of times to obtain
Visl (z) - Vi— e (s (Z))b—lzdeg(s,(z))— deg(w(z))ij(z) _ Yis (2), (5)

where s(z) € R[z] and deg(s(z)) < deg(w(z)). Now, by
back substituting all these values of y's;(2),y's;; (2), ...,
y's; (z) one by one, we finally get

Yk(2) - q(2)y’'w(z) = y's(2), (6)

for q(z),s(z) € R[z], deg(q(z)) <deg(k(z)) -
and deg(s(z)) < deg(w(2)).

In the following theorem, a unique set of generators for
a cyclic code C over a finite chain ring R has been obtained,
which retains all the properties as that of the generating set
obtained in reference [20].

For a positive integer t,
€T[z],suchthat deg(a(z))<t}.

deg(w(2)),

define B, ={a(z)

Theorem 10. Let C = {f,(2), f,(2),..., f,.(2)) be a cyclic
code having an arbitrary length over R as defined above. Then,
there exist polynomials w(z), u; (2),...,1,,(2) in C such
that for 0 < j<m, we have

-1
u;(2) = Y y'by,(2), (7

:lj

where b;,(z) €T [2] for i;<I<v-1, bj,ij(z) = h;(2), such
that h; (z) is the generator polynomial ofis-h torsion code of C
and deg(bj)i]_ (2)) =t;. b;(z) € %tj for
ij<l<ijy, bj;(2) € B, fori <I<i,_yand j—1>r>1, and
b;,(z) € B, foriy<I<v-1. Also, C is generated by the set
{uy(2), 1, (2),...,u,,(2)} which retains all the properties as

that of the generating set {f,(2), f1(2),..., f,(2)} and
u; (z) are unique in this form.

Furthermore,

Proof. Let C = (f,(2), f1(2),..., f,,(2)) be a cyclic code
over R such that f (z) are polynomials as defined above. By
construction, it is clear that f (z) is unique in C. Therefore,
fo(2) = 1y(z). Now, we consider that

v-1
f1(2) =) ay,(2), (8)

1=,

hy (z) such
that h, (z) is the generator polynomial of it" torsion code of
C,and deg(a,; (2)) =t, anda,;(z) € B, fori; <I<v-LIf
ay,(z) € B, for iy<I<v-1, then f,(z) is of the desired
form. Otherwise, suppose k<v—i;—1 to be the least
nonnegative integer such that a,;,.(2) ¢ B,. Then,

deg(ay; .k (2)) 2t,. By Remark 9, we have

where a,;(z) €T[z] for i; <I<v-1, al)il(z) =

Yo, (@ =y (g () +y" sV @), ()
for some polynomials q,il)(z),s1 (2) € R[z] such that
deg(s(l)(z))<t0 Let ylotks (1)(2) Y ,O+ky skl)(z) where
skl) (2) € ?8 for iy +k<l<v-1. We substitute this in
equation (9) and then back substitute the value of

yiO*kal,io+k(z) in equation (8) to get
v-1 . X
A@= Y Yayu@)+yh (e ()
I=iy I #ig+k
-1 (10)
+ Z yls,ill) (2).
I=iy+k

This implies that



ig+k—1

I k (1)
Y Yay @+ s (@)
I=i,
y—-1
)

I=iy+k+1

f1(2) = y°he (2)q" (2) =

V(ay(2) +s5) (2)).
(11)

Clearly, the term with content y** on the right-hand
side of the abovementioned equation now belongs to B, .

Following the same arguments as mentioned above for every
ay; . (2) ¢ B, , where k< k'<v—i,—1, we can obtain
a polynomial say u, (z) = Zlv;ibu (z) in C by subtracting
a suitable multiple of f,(z) from f, (z) which will satisfy all
the desired properties, ie., by;(2) €T[z], by; (2) = hy (),
by (z) € B, for i, <l<ij and by;(z) € B, forizg<l<v-1

such that C = {u(2), u; (2), f, (2),..., f,,(2)).
Now consider the following polynomial:

-1
fa(z) = Z a,;(2), (12)

1=,

where a,;(z) €T[z] for ij<l<v-1, ay;, (2) = W, and
deg(a,; (2)) =t, and a,; € B, for i <I<v- 1. Further-
more, if a,;(z) € B, for i, <I<iy and a,;(z) € B, for
ip<I<v-1,then f,(2) is of the desired form. Otherwise, let
there exist least positive integers k<v—i, -1 and r<i, -
i — lsuchthata,; ,(2) ¢ B, anda,; ,,(2) ¢ B, . By using
Remark 9 for a,; ;(z) and a,; ., (2), we have

igt+k

Yo ay, i (2) = Y0k (2)a (2) = s (2),

1
i1+rs(2) (Z) ( 3)
T >

i+

Y ay 0 (2) =Yy (297 (2) = y

such that g\” (z),5” (2),9? (2),s? (z) € R[z] and the
degrees of skz) (z) and 5(2 (z) are strictly less than that of ¢,
and t;, respectively. Let s, 2 (z) = 21 iy +ky Sk, l) (z) and
s?(z) = Zl llwylsr(% (z) for every s (z) s (z) in T[z].
Then, skl (z) € 23 for ip<l<v-1 and s (z) € 23[1 for
ip+r<i<y-1 Us1ng this to obtain the Value of a,; 4k (2)
and a,; ,,(z) and then back substituting these values in the
summand for f,(z), we get f,(z)-y"h (z)qrz) (2)
~yohy (2)g7 (2) Y1 Yay, (2) +Y’1” s\ (2) + Z;”kalﬂ)’
(azl(z)srl (2)) +Vl°+k5kz w (DXL lo+k+1V (azz(z) +5 (Z)+
sk . ) (2)). Clearly, on the right-hand side of this equatlon, the
term with content y"*" now has a degree that is strictly less

than that of t, and the term with content y** has a degree
that is strictly less than that of t;. Following the similar

arguments as mentioned above for every k<k <v—i; —1
and r<r <iy—i, — 1, we can finally obtain a polynomial
u,(z) = lv;l y'b,; (2) in C by subtracting a suitable multiple
of f,(2) and f,(z) from f,(z) and u,(z) satisfies all the
desired properties. Similarly, for every 3< j<m, we can
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obtain a polynomial u; (z) = Zlv;j b;,(2) in C by subtracting
suitable multiples of f;,(2),f;,(2),...,fo(2) from
f i (z), such that uj(z) is of the desired form and
C={uy(2),u,(2),...,u,,(2)). It is clear from the above-
mentioned arguments that these uj(z) have the same
structural properties as those of f; (), for every 0< j<m.
Then, we show that the polynomials u;(z), 0<j<m
obtained above are unique in this form. Let
C={uy(2),1,(2),...,1u,,(2)) ={wy(2),w;, (2),...,w
(2)), where u;(2) = X5 y'b;(2) and w;(z) = Y1y
dj,l(z), such that bj’l(z),d (z) €T[z] for i, <l<v—1

j<I<
bj)i]_ (2) = dj)ij (2) = hj (z) for the generator polynomial hj (2)

of the i;h torsion code of C, and deg(bj)l-j(z)) =
deg(djl (2) = t. Furthermore, bj)l(z),dj,l(z) € %tj for
ij<l<ijy, bj(2),dj;(2) B, for i,<I<i,_, and
]—1>r>1 and b;,(2),d;;(z) € B, for i<I<v-1

Clearly, w,(z) = fy(2) =uy,(z) by the abovementioned
construction. For 1<j<m, we consider the following
polynomial:

v—1
w;(2) -~ u;(2) = ;y’(dj,l (2)-b;;(2). (14

Let us denote the polynomials d]-,l (z) - bj’, (z) by €l (z)
for i;<l<v - 1. Then, we have

jsts
leyj

I=ij+1

w;(2) - u;(2) = ;) (2),  (15)
since d], (z) b]l (z) h (2), ie., e, (z) =0. We have
that ¢(Zl t+1V ]Z(z)) =ej; (2) € Torl +1(C). From
Remark 5 and Lemma 4, we have that Tor j +1(C) = Tor
; (O) = (h (2)y for i. jrL<ijg. Therefore, eji_ﬂ(z) €
] )

(hj(z)> but deg(ej,,-j+1(z))<tj which implies that
€ji, +1(2) = 0. By substituting this in equation (15) and ap-

plying the same arguments a finite number of times, we get
e;;(z) =0 for i;<I<i; ;. By substituting this in equation
(15), we have

j-1°

. v-l .
wi(z) —u;(2) =y Y yl_’f’lej,l (2). (16)

I=i;

We have gb(zl SV i 1eJ,(z)) =eji (2) € Tor (C).
By using Lemma 4, we get that e, (z) € (h 1 (2)). Then,
i (2)) < tj_

ej,,-jil(z) =0, since deg(e;, . By using this in

equation (15), we get

=1
w;(z) —u;(z) = yt! Z yl_’f’”leﬂ (2). (17)

I=i;_y+1

Again, we have ¢(},
€ Tor
that ejl +(2) € Tor; 0= Tor; |

1+1yl l) lﬂe (Z)) ]1 1+1(Z)
_+1(C). By using Retmark 5 and Lemma 4, we get
(C) =<hj_,(2)) for
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i] 1+1<z] ,. Then, ejl_lﬂ(z) 0, since deg(e +1(2)

|- By substituting this in equation (15) and repeatedly
applymg the same argument a finite number of times, we get
ej;(z) =0fori; ; <I<i; ,. Working in a similar manner for

1=
every I<v-1, we «can finally conclude that
w; (z) - u; (z) = 0. Hence, the generator polynomials u; (2)
for 0< j<m are unique in C. O

Remark 11. Tt is observed that the unique set of generators
obtained in Theorem 7 forms a Grobner basis for C over R.

4. MDS and MHDR Cyclic Codes over a Finite
Chain Ring

In this section, the minimal spanning set and rank of a cyclic
code C over a finite chain ring R have been established.
Sufficient as well as necessary conditions for a cyclic code to
be an MDS code and for a cyclic code to be an MHDR code
have been obtained. Finally, to support our results, some
examples of optimal cyclic codes have been presented.

Theorem 12. Let C be a cyclic code having an arbitrary
length n over a finite chain ring R. Then, rank(C) =n—t,
where t, is the degree of minimal degree polynomial in C.

Proof. Let C be a cyclic code having an arbitrary length n
over R. Let {u,(2),1,(2),...,u,,(z)} be a unique set of
generators for C as obtained above. Clearly, the set S =

u, (2), 14 (2), 21y (2), . .., 2" 7 1y (2)} spans C. Now, we

shall prove that § = {um (2),z1,,(2),...,2" !
t,—t -1

w, (2), 1, (2), 21,1 (2),..., 2" " Ty, (2),..., 1y

(221, (@) 027y (2, wg(@)zng ()2

1, (z)} also spans C. For this, we need to prove that
27 (z) for 0< j<m—1 are in span S'. We shall show
this by prove that
Z' o, (2) € span . Clearly, z/1~ou, (z) is a polynomial of
degree t; in C. Then, we have z'"fou(z) — Yo u, (2) =
qo (2)u, (2) for some g, (z) € R[z] with a degree less than
t, —t, which implies that
2wy (2) — yo i, (z) € spanS’.  Therefore,
Zh~fuy(z) € span S. We suppose that z fiu(z),
Zh b, (2),. .. ,ztf‘tfflu]-_l (2) € span S for 1<j<m-—1.

induction on j. First, we

we have

Now, we will show that z'#1~"iu;(z) € span S Clearly,
27" (z) is a polynomial of degree t;,, in C. Then, we
2t (2) =Yg, (2) € (g (2) 1 (2),

u;(2)); and 27 hu;(2) = Y g, (2) +my (2)1, (Z)+
myu, (2) +-~-+mjuj(z), where m;(z) € R[z] and
deg(m; (2)) <t;,; —t; for all i, 0<i<j. This implies that
m, (z) € spanS for 0<i< j» which further implies that
27 hu;(z) € span S'. Therefore, we have z'1 fiu i(2)

have

€ spanS forall j,0<j<m—1.
Then, we prove the linear independence of S. Let if
possible, there exist «;, € R such that

{u,(2), zu,(2),....z"7 " u, (2), 11, (2), 21,
(2),..., 2"ty (2),...,1y(2), zu,(2),...,2" 07!
2", (2) = oty (2) + 0121, (2) 4 02 P, (2)

+ 0, ol (2) Fay, g zu, (2)+- -

T Ottt -1

+apouty (2) +ap,zu, (2) +--

+agoity (2) + o 214 (2) +

This implies that z" ' 'u, () = a,, (2) u,,(2) + a,,_,
(z)unH (2) + -+ ay (2)uy(2), where o, (2) = a0+,
ZH et G 52" and  @(2) = @tz bt

it 12w for 0<i<m — 1. Clearly, deg(w,, (2)) <n -
2 and deg(q;(2z)) <t;,; — 1 for all i, 0<i<m — 1. Then, by
multiplying equation (18) by y”"'»-1, we get
m-1 u,, (2). (19)

v—t,—1_v—i

z Yy, (2) = a,, (2)y"

Then, the degree of LHS of equation (19) is # — 1 but that
of RHS is atmost n — 2 which is a contradiction. Therefore,
z" '~y (z) cannot be expressed as a linear combination
of elements of S'. We can apply similar arguments to prove
that none of zin fmi~ly,  (2), 21"ty o (2),...,
zh~h~ 1y (z) can be expressed as a linear combination of

elements of §'. Therefore, we get that S is linearly

—t-1
g “m-1(z)+"' (18)
t,—t,—1
a2zt ()
t—ty—1
a2t 0 g (2).

independent, and hence, it is a minimal spanning set for C. It
follows that rank (C) =n—t,.

The following theorem determines all the MDS cyclic
codes of arbitrary length over a finite chain ring R. O

Theorem 13. A cyclic code C having a length n over R is an
MDS if and only if it is principally generated by a monic
polynomial and Tor,(C) is an MDS cyclic code having
a length n over T with respect to Hamming metric.

Proof. Let C = {1, (2), 11, (2),...,u,,(z)) bean MDS cyclic
code having a length n over R such that u;(z), 0< j<m are
polynomials as in Theorem 10. Since C is an MDS, therefore,
IC| = |R|" % (©)1, By using Theorem 7, we have

s (=i~ toko=tiki ==ty kn) = pov(n=di (©+1) ywhich implies that
i, +toky +t ik, + -+ t,k, = v(dH(C) — 1). Thus, we can



conclude that f; =0 for 1<j<m and i, = 0 because i, +
ko+ki+--+k,=v and t,>t, ;> - >t;=2dy(C)- 1.
This implies that C is principally generated by a monic
polynomial and ¢, = dy; (C) — 1. By using Theorems 7 and 8,
we  have |T|dn(Toro(©)+D) pe(n=diy (Torg (C)+1) =

pn=du () = psin=t)) = |Tor  (C)|. Thus, Tor,(C) is an
MDS cyclic code over the residue field T.

Conversely, suppose a cyclic code C having a length n
over R is principally generated by a monic polynomial,
say u,(z) as obtained in Theorem 10 and Tor,(C) is an
MDS code over T. Then, this means that i, =0 and

(1, ift, =0,
1+2,

dy (C) =1 with0<1<p -2,
(i+1)p5, ifp —p ™ +(G-1p

We use Lemma 14 mentioned above to determine all
MHDR cyclic codes of length n p”, (n, p) = 1and r > 1 over
R in Theorems 15 and 16.

Theorem 15. A cyclic code C of length n'p, (n', p) = 1 over
a finite chain ring R is an MHDR code.

Proof. Let Cbea cyclic code oflength ' p, (1, p) = 1 over R.
By Lemma 14, we have
1, ift, =0,

dy (C) = 21
1(©) {t0+1, ifl<ty;<p-1, (21

which implies that dy (C)=t;+1=n-rank(C)+1 for
0<t,<p—1 by using Theorem 12. Hence, a cyclic code of
length ' p, (1, p) = 1 over R is always an MHDR code. [

Theorem 16. Let C be a cyclic code having a length n =
np',r>1 over R. Then, C is an MHDR if and only if
ty€{0,1,p" — 1}

Proof. By Lemma 14, we have the following:

(i) for t, = 0, the Hamming distance of C is 1, which is
the same as # — rank (C) + 1 by using Theorem 12.
So, C is an MHDR code.

(ii) for Ip™ '+ 1<ty< (I+1)p ! with0<I< p -2, the
Hamming distance of C is [+ 2. Here, C is an
MHDR if and only if dj; (C) = n —rank(C) + 1, i.e.,
I+ 1 = t, by using Theorem 12. Then, Ip"™ ! + 1< ¢,
would imply Ip"™ '+ 1<l +1,ie,l(p ' -1)<0.1t
follows that I(p™!—1) =0, which implies [ =0,
since p"~ ! # 1. Then, C is an MHDR if and only if
to=1.
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[Tor, (C)| = || (i (Toro (C)+1) By wusing Theorems 7
and 8, we «can conclude that |R|" (O =
P = (Tory (1) = pv(n=t) = |C|, j.e., C is an MDS cyclic
code over R.

The following lemma by Sharma and Sidana determines
the Hamming distance of a cyclic code C of length n'p’,
(n,p) =1, and r>1 over a finite chain ring R as given in
reference [27]. O

Lemrpa 14 (see, [27]). Let C be a cyclic code having a length
n=np" for (n,p)=1and r=1 over R. Then, we have

iflpt +1<ty< 1+ 1)pY

(20)

r—k—1+1£t0£pr_pr— +ip—— X

withl<i<p-landl<k<r-1

(i) for k=r-1, ty=p —p+i,1<i<p-1, the
Hamming distance of C is (i+1)p"'. C is an
MHDR code if and only if (i+1)p~!=
n—rank(C)+1=t;,+1 by using Theorem 12.
Then, we have p" — p+i=ty= (i+1)p~ ' - 1. It
follows that p(p"™~ ! —1) = (i+1)(p" ' — 1), which
implies that i = p — 1, since p"~! # 1. Then, C is an
MHDR for t, = p” — 1. It can be easily seen that for
other values of t,, C is not an MHDR code. |

Theorem 17. Let C be an MDS cyclic code having an ar-
bitrary length over R. Then, C is also an MHDR code over R.

Proof. Let C be an MDS cyclic code having an arbitrary length
nover R. By Theorem 13, C is principally generated by a monic
polynomial over R say u,(z) with degrees ¢, and iy = 0 and
Tor (C) is also an MDS code over T. Then, we have

|TOTO (C)l _ ps(n—dH (C)+1)' (22)
Also, from Theorem 7, we have
|[Tor, (C)| = p* ("4, (23)

Equations (22) and (23) together with Theorem 12 imply
that dy; (C) =t + 1 = n—rank(C) + 1. Therefore, C is an
MHDR cyclic code over R. O

However, Example 1 shows that the converse of the
abovementioned statement is not true.

Example 1. Let R=Z;+5Z;. Let C= (5, (z- D*Y be
a cyclic code having a length n=25 over R. Here,
ip=1,i, =0,t, =0, t; = 24, rank(C) = 25, and dy (C) = 1.



Journal of Mathematics

By using Theorem 16, we see that C is an MHDR cyclic code
over R. However, C is not an MDS code, since it is not
principally generated (using Theorem 17).

Example 2. Let R=Z5+5Z;. Let C={(z - D) be a cy-
clic code having a length n = 25 over R. Here, i, = 0, t, = 24,
rank (C) = 1, and d; (C) = 24. By using Theorem 16, we see
that C is an MHDR cyclic code over R. Also, C is an MDS
code, since it is principally generated by a monic polynomial

and [Tor, (C)| =5 = IZS|”’dH(Tf”°(C))+1 (using Theorem 13).

Example 3. LetR = Z, + yZ, +y*Z, +y*Z,. Let C = {(z* -
D+y(z-1)+9y*(z-1)+y’) be a cyclic code having
a length n = 6 over R. Here, i, = 0, t, = 2, rank (C) = 4, and
dy (C) =3. It is principally generated by a monic poly-
nomial and [Tor,(C)| = 2* = |Z,|""nTore(©)rl _ 56-3+1 _
2%, so we see that C is an MDS code over R by using Theorem

13. Also, from Theorem 15, we see that C is also an
MHDR code.

Example 4. Let R=Z, +yZ, +y*Z, +y*Z,. Let C = (y?
(2% - 1) + y* (22 - 1)) be a cyclic code having a length n = 6
over R. Here, iy = 2, t, = 3, rank(C) = 3, and dy (C) = 2. It
is not generated by a monic polynomial, so by Theorem 13, C
is not an MDS code. Also, from Theorem 15, we see that C is
not an MHDR code.

Example 5. Let R=Z; +yZ; +y*Z;. Let C = (y*(2* - 1),
y(22 = 1)’ + y*(z = 1)) be a cyclic code having a length n =
18 over R. Here, iy =2,i, = 1t, =2, t; = 6, rank(C) = 16,
and dp (C) =2. Since C is not generated by a monic
polynomial, so by Theorem 13, it is not an MDS code. Also,
from Theorem 16, we see that C is not an MHDR code.

5. Conclusion

In this work, a unique set of generators for a cyclic code
having an arbitrary length over a finite chain ring with an
arbitrary nilpotency index has been established. The mini-
mal spanning set and rank of the code have also been de-
termined. Furthermore, sufficient as well as necessary
conditions for a cyclic code having an arbitrary length to be
an MDS code and for a cyclic code having a length which is
not coprime to the characteristic of the residue field of the
ring to be an MHDR code have been obtained. Some ex-
amples of optimal cyclic codes have also been presented.
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