
Research Article
Solving a Fractional Differential Equation via the Bipolar
Parametric Metric Space

Mohammad Imam Pasha ,1,2 Kotha Rama Koteswara Rao ,2 Gunaseelan Mani ,3

Arul Joseph Gnanaprakasam ,4 and Santosh Kumar 5,6

1Department of Mathematics, BV Raju Institute of Technology, Narsapur, Medak 502313, Telangana, India
2Department of Mathematics, GITAM School of Science, GITAM Deemed to be University, Hyderabad, Rudraram 502329,
Telangana, India
3Department of Mathematics, Saveetha School of Engineering, Saveetha Institute of Medical and Technical Sciences,
Chennai 602105, Tamil Nadu, India
4Department of Mathematics, College of Engineering and Technology, Faculty of Engineering and Technology,
SRM Institute of Science and Technology, SRM Nagar, Kattankulathur 603203, Kanchipuram, Chennai, Tamil Nadu, India
5Department of Mathematics, College of Natural and Applied Sciences, University of Dar es Salaam, Dar es Salaam, Tanzania
6Department of Mathematics, North Eastern Hill University, Shillong 793022, Meghalaya, India

Correspondence should be addressed to Santosh Kumar; drsengar2002@gmail.com

Received 4 January 2024; Revised 3 March 2024; Accepted 14 March 2024; Published 27 March 2024

Academic Editor: Chang Phang

Copyright © 2024 Mohammad Imam Pasha et al. Tis is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in anymedium, provided the original work is
properly cited.

In this paper, we propose the notion of the bipolar parametric metric space and prove fxed point theorems. Te proved results
generalize and extend some of the well-known results in the literature. An example and application to support our result is
presented.

1. Introduction

Fixed point theory plays a vital role in applications of many
felds of mathematics. Discovering FPs (fxed points) of
generalized contraction maps has become an exciting feld of
study in the FP theory. Many researchers have recently
released articles on FP theorems and applications in a variety
of ways. One of the most recent topics in the FP theory is the
presence of FPs in contraction maps in BPMSs (bipolar
metric spaces), which can be thought of as generalizations of
the Banach contraction principle. In 2016, Mutlu and Gurdal
[1] have developed the concepts of BPMS, and they in-
vestigated certain basic FP and coupled FP results for co-
variant and contravariant maps under contractive
conditions; see [1, 2]. In BPMSs, a lot of signifcant work has
been done (see [3–9]). In 2021, Gaba et al. [10] proved FP

theorems on BPMS. Mani et al. [11] developed the concept
and proved coupled fxed point theorems in C⋆ algebra-
valued bipolar metric spaces (see [12–14]).

Te notion of the parametric metric space was in-
troduced in 2014. Rao et al. [15] presented parametric S-
metric spaces and proved common FP theorems. In 2016,
Krishnakumar and Nagaral [16] extended the Banach fxed
point theorem to continuous mappings on complete para-
metric b-metric spaces. Tas and Ozgur [17] introduced
parametric Nb-metric spaces, obtained some FP results, and
proved a fxed-circle theorem on a parametric Nb-metric
space as an application. Younis and Bahuguna [18] initiated
the concept of controlled graphical metric type spaces, with
integrate-controlled metric type spaces, extended b-metric
type spaces, and graphical type spaces; also, fnding a non-
linear model of a rocket’s ascending motion as an
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application. In 2023, Younis et al. [19] developed FP the-
orems in graphical spaces to show a solution to fourth-order
two-point boundary value problem expressing elastic beam
deformations. Smarandache et al. [20] demonstrated the
quadruple neutrosophic theory and its applications. Ahmad
et al. [21] demonstrated FP solutions in graphical bipolar b-
metric spaces, applying covariant and contravariant map-
ping contractions. In this paper, we present the notion of
BPPMS (bipolar parametric metric space) and prove FP
theorems on BPPMS.

2. Preliminaries

In this section, we present some basic defnitions. Mutlu and
Gurdal [1] proposed bipolar metric spaces and proved fxed
point theorems.

Defnition 1 (see [1]). Let E and Λ be nonempty sets and
ℵ: E × Λ⟶ R+ be a function s.t. (such that)

(a) If ℵ(σ, η) � 0, then σ � η, for all (σ, η) ∈ E × Λ.
(b) If σ � η, then ℵ(σ, η) � 0, for all (σ, η) ∈ E × Λ
(c) ℵ(σ, η) � ℵ(η, σ), for all (σ, η) ∈ E∩Λ
(d) ℵ(σ, η) ≤ ℵ(σ,ω) + ℵ(α,ω) + ℵ(α, η), for all

σ, α ∈ E and ω, η ∈ Λ.

Te triplet (E,Λ,ℵ) is called a BPMS.

Now, we introduce the notion of BPPMSs.

Defnition 2. Let E and Λ be nonempty sets and ℵ: E ×

Λ × (0,∞)⟶ R+ be a function s.t.

(a) If ℵ(σ, η, c) � 0 for all c> 0, then σ � η, for all
(σ, η) ∈ E × Λ.

(b) If σ � η, then ℵ(σ, η, c) � 0, for all c> 0 and
(σ, η) ∈ E × Λ

(c) ℵ(σ, η, c) � ℵ(η, σ, c), for all c> 0 and
(σ, η) ∈ E∩Λ

(d) ℵ(σ, η, c) ≤ ℵ(σ,ω, c) +ℵ(α,ω, c) + ℵ(α, η, c), for
all c> 0, σ, α ∈ E, and ω, η ∈ Λ.

Te triplet (E,Λ,ℵ) is called a BPPMS.

We introduce the notions of covariant mapping, con-
travariant mapping, convergent sequence, Cauchy sequence,
and continuous and contraction mapping as follows.

Defnition 3

(A1) Let (E,Λ,ℵ) be a BPPMS. Ten, the points of the
setsE,Λ, andE∩Λ are named as left, right, and central
points, respectively, and any sequence, that is consisted
of only left (or right, or central) point is called a left (or
right, or central) sequence on (E,Λ,ℵ).
(A2) Let (E1,Λ1,ℵ1) and (E2,Λ2,ℵ2) be BPPMSs and
Ω: E1 ∪Λ1⟶ E2 ∪Λ2 be a function. If Ω(E1)⊆E2
and Ω(Λ1)⊆Λ2, then Ω is called a covariant map, or a
map from (E1,Λ1,ℵ1) to (E2,Λ2,ℵ2), and this

is written as Ω : (E1,Λ1,ℵ1)⇉ (E2,Λ2,ℵ2). If
Ω : (E1,Λ1,ℵ1)⇉ (Λ2,E2,ℵ2) is a map, then Ω is
called a contravariant map from (E1,Λ1,
ℵ1) to (E2,Λ2,ℵ2) and this is denoted as
Ω : (E1,Λ1,ℵ1)⇄ (E2,Λ2,ℵ2).

Defnition 4. Let (E,Λ,ℵ) be a BPPMS. A left sequence σa􏼈 􏼉

converges to a right point η if and only if for every ℘> 0,
there exists an a0 ∈ N s.t. ℵ(σa, η, c)<℘ for all a≥ a0 and
c> 0. Similarly, a right seqence ηa􏼈 􏼉 converges to a left point
σ if and only if, for every ℘> 0 we can fnd an a0 ∈ N,
satisfying whenever a≥ a0, c> 0,ℵ(σ, ηa, c)<℘.

Defnition 5. Let (E,Λ,ℵ) be a BPPMS.

(i) A sequence ( σn􏼈 􏼉, ηn􏼈 􏼉) on the set E × Λ is called
a bisequence on (E,Λ,ℵ).

(ii) If both σn􏼈 􏼉 and ηn􏼈 􏼉 are convergent, then the
bisequence (σn, ηn) is called convergent. If σn􏼈 􏼉 and
ηn􏼈 􏼉 both converge to a same point u ∈ E∩Λ, then
this bisequence is called biconvergent.

(iii) A bisequence ( σn􏼈 􏼉, ηn􏼈 􏼉) on (E,Λ,ℵ) is called
Cauchy bisequence, if for each ℘> 0, we can fnd
a number a0 ∈ N, satisfying for all positive integers
a, b≥ a0, c> 0,ℵ(σa, ηb, c)<℘.

Defnition 6. Let (E1,Λ1,ℵ1) and (E2,Λ2,ℵ2) be BPPMSs.

(i) A map Ω : (E1,Λ1,ℵ1)⇉ (E2,Λ2,ℵ2) is said to be
continuous at a point σ0 ∈ E1, if for every ℘> 0, we
can fnd a δ > 0 satisfying whenever η ∈ Λ1, c> 0, and
ℵ1(σ0, η, c)< δ, ℵ2(Ω(σ0),Ω(η), c)<℘. It is con-
tinuous at a point η0 ∈ Λ1 if for every ℘> 0, we can
fnd a δ > 0 satisfying whenever σ ∈ E1, c> 0, and
ℵ1(σ, η0, c)<E1, ℵ2(Ω(σ),Ω(η0), c)<℘. If Ω is
continuous at each point σ ∈ E1 and η ∈ Λ1, then it
is called continuous.

(ii) A contravariant mapΩ : (E1,Λ1,ℵ1)⇆(E2,Λ2,ℵ2)
is continuous if it is continuous as a covariant map
Ω: (E1,Λ1,ℵ1)⇉ (E2,Λ2,ℵ2).

Tis defnition implies that a contravariant map or
a covariant Ω from (E1,Λ1,ℵ1) to (E2,Λ2,ℵ2) is contin-
uous, if and only if πa􏼈 􏼉⟶ ς on (E1,Λ1,ℵ1) implies
Ω(πa)􏼈 􏼉⟶Ω(ς) on (E2,Λ2,ℵ2).

Defnition 7. Let (E1,Λ1,ℵ1) and (E2,Λ2,ℵ2) be BPPMSs
and λ> 0. A covariantmapΩ: (E1,Λ1,ℵ1)⇉ (E2,Λ2,ℵ2) s.t.
ℵ(Ω(σ),Ω(η), c) ≤ λℵ(σ, η, c) for all c> 0, σ ∈ E1, η ∈ Λ1

(1)

or a contravariant map Ω : (E1,Λ1,ℵ1)⇆(E2,Λ2,ℵ2) s.t.
ℵ(Ω(σ),Ω(η), c) ≤ λℵ(σ, η, c) for all c> 0, σ ∈ E1, η ∈ Λ1

(2)

is called Lipschitz continuous. If λ� 1, then this covariant or
contravariant map is said to be nonexpansive, and if it is
fulflled for a λ ∈ (0, 1), it is called a contraction.
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3. Main Results

In this section, we prove FP theorems on BPPMS.

Theorem 8. Let (E,Λ,ℵ) be a complete BPPMS and given
a covariant contraction Ω: (E,Λ,ℵ)⇉ (E,Λ,ℵ). Ten, the
function Ω: E∪Λ⟶ E∪Λ has a UFP (unique fxed point).

Proof. Let σ0 ∈ E and η0 ∈ Λ. For each a ∈ N, defneΩ(σa) �

σa+1 and Ω(ηa) � ηa+1. Ten, ( σa􏼈 􏼉, ηa􏼈 􏼉) is a bisequence on

(E,Λ,ℵ). Say M ≔ ℵ(σ0, η0, c) +ℵ(σ0, η1, c) and
Ka ≔ λaM/1 − λ. Ten, for all a, p ∈ N,

ℵ σa, ηa, c( 􏼁 � ℵ Ω σa− 1( 􏼁,Ω ηa− 1( 􏼁, c( 􏼁

≤ λℵ σa− 1, ηa− 1, c( 􏼁

⋮

≤ λaℵ σ0, η0, c( 􏼁,

(3)

and also,

ℵ σa, ηa+1, c( 􏼁 � ℵ Ω σa− 1( 􏼁,Ω ηa( 􏼁, c( 􏼁

≤ λℵ σa− 1, ηa, c( 􏼁

⋮

≤ λaℵ σ0, η1, c( 􏼁

ℵ σa+p, ηa, c􏼐 􏼑 ≤ ℵ σa+p, ηa+1, c􏼐 􏼑 + ℵ σa, ηa+1, c( 􏼁 +ℵ σa, ηa, c( 􏼁

≤ ℵ σa+p, ηa+1, c􏼐 􏼑 + λa
M

≤ ℵ σa+p, ηa+2, c􏼐 􏼑 + ℵ σa+1, ηa+2, c( 􏼁 +ℵ σa+1, ηa+1, c( 􏼁 + λa
M

≤ ℵ σa+p, ηa+2, c􏼐 􏼑 + λa+1
+ λa

􏼐 􏼑M

⋮

≤ ℵ σa+p, ηa+p, c􏼐 􏼑 + λa+p− 1
+ . . . + λa+1

+ λa
􏼐 􏼑M

≤ λa+p
+ . . . + λa+1

+ λa
􏼐 􏼑M

≤
λa
M

1 − λ
� Ka,

(4)

and similarly,ℵ(σa, ηa+p, c) ≤ Ka. Let℘> 0. Since λ ∈ (0, 1),
we can fnd an a0 ∈ N satisfying Ka0

� λa
0/1 − λ<℘/3. Ten,

ℵ σa, ηb, c( 􏼁 ≤ ℵ σa, ηa0
, c􏼐 􏼑 +ℵ σa0

, ηa0
, c􏼐 􏼑 +ℵ σa0

, ηb, c􏼐 􏼑

≤ 3Ka0
<℘,

(5)

and( σa􏼈 􏼉, ηa􏼈 􏼉)) is a Cauchy bisequence. Since (E,Λ,ℵ) is
complete, ( σa􏼈 􏼉, ηa􏼈 􏼉) converges and thus biconverges to
a point π ∈ E∩Λ and

Ω ηa( 􏼁􏼈 􏼉 � ηa+1􏼈 􏼉⟶ π ∈ E∩Λ (6)

guarantees that Ω(ηa)􏼈 􏼉 has a unique limit. Since Ω is
continuous,Ω(ηa)⟶Ω(π), soΩ(π) � π. Hence, π is a FP
ofΩ. If ς is any FP ofΩ, thenΩ(ς) � ς implies that ς ∈ E∩Λ
and we have

ℵ(π, ς, c) � ℵ(Ω(π),Ω(ς), c) ≤ ℵ(π, ς, c), (7)

where 0< λ< 1, which implies ℵ(π, ς, c) � 0, and so
π � ς. □

Example 1. Let E � [0, 1] and Λ � 0{ }∪N − 1{ } be equip-
ped with ℵ(σ, η, c) � c|σ − η| for all σ ∈ E, η ∈ Λ, and c> 0.
Ten, (E,Λ,ℵ) is a complete BPPMS. Defne Ω: E∪
Λ⇉E∪Λ given by

Ω(σ) �

σ
5

, if σ ∈ (0, 1],

0, if σ ∈ 0{ }∪N − 1{ },

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(8)

∀ σ ∈ E∪Λ. Let σ ∈ E and η ∈ Λ, then

ℵ(Ωσ,Ωη, c) � c
σ
5

− 0
􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌

≤
c

2
|σ − η|.

(9)
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Terefore, all the conditions of Teorem 8 are satisfed
and Ω has a UFP σ � 0.

Example 2. Let E � Ua(R): Ua(R) be an upper triangular􏼈

matrices overR}, Λ � La(R) : La􏼈 (R) be an upper
triangularmatrices overR} and the map ℵ : E × Λ⟶ R+

defned by

ℵ(P,Q, c) � c 􏽘
a

i,j�1
ηij − σij

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌, (10)

for all c> 0, P � (ηij)a×a ∈ E and Q � (σij)a×a ∈ Λ. Ten,
(E,Λ,ℵ) is a complete BPPMS. Defne Ω : E∪Λ⇉E∪Λ
given by

Ω(P) �
ηij
6

􏼒 􏼓
a×a

, (11)

for all P � (ηij)a×a ∈ Ua(R)∪La(R). Now,

ℵ(Ω(P),Ω(Q), c) �
c

6
􏽘

a

i,j�1
ηij − σij

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

≤
c

4
􏽘

a

i,j�1
ηij − σij

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

�
c

4
􏽘

a

i,j�1
ηij − σij

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌

� λℵ(Q,P, c),

(12)

for allP � (ηij)a×a ∈ E andQ � (σij)a×a ∈ Λ. All the axioms
of Teorem 8 are verifed with λ � 1/4 and Ω has a unique
fxed point (0a×a, 0a×a) ∈ Ua(R)∪La(R) where 0a×a is the
null matrix.

Theorem  . Let (E,Λ,ℵ) be a complete BPPMS and given
a contravariant contraction Ω : (E,Λ,ℵ)⇆(E,Λ,ℵ). Ten,
the function Ω: E∪Λ⟶ E∪Λ has a UFP.

Proof. Let σ0 ∈ E. For each a ∈ N, defne Ω(σa) � ηa and
Ω(ηa) � σa+1. Ten, ( σa􏼈 􏼉, ηa􏼈 􏼉) is a bisequence on
(E,Λ,ℵ). Say

Ka �
λ2a

1 − λ
.ℵ σ0, η0, c( 􏼁. (13)

Ten, for all a,p ∈ Z+,

ℵ σa, ηa, c( 􏼁 � ℵ Ω ηa− 1( 􏼁,Ω σa( 􏼁, c( 􏼁

≤ ℵ σa, ηa− 1, c( 􏼁

� λℵ Ω ηa− 1( 􏼁,Ω σa− 1( 􏼁, c( 􏼁

≤ λ2ℵ σa− 1, ηa− 1, c( 􏼁

⋮

≤ λ2aℵ σ0, η0, c( 􏼁

� (1 − λ)Ka

≤ Ka,

ℵ σa+1, ηa, c( 􏼁 � ℵ Ω ηa( 􏼁,Ω σa( 􏼁, c( 􏼁

≤ λℵ σa, ηa, c( 􏼁

≤ λ2a+1ℵ σ0, η0, c( 􏼁,

ℵ σa+p, ηa, c􏼐 􏼑 ≤ ℵ σa+p, ηa+1, c􏼐 􏼑 +ℵ σa+1, ηa+1, c( 􏼁 + ℵ σa+1, ηa, c( 􏼁
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≤ ℵ σa+p, ηa+1, c􏼐 􏼑 + λ2a+2
+ λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁

≤ ℵ σa+p, ηa+2, c􏼐 􏼑 + ℵ σa+2, ηa+2, c( 􏼁 + ℵ σa+2, ηa+1, c( 􏼁

+ λ2a+2
+ λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁

≤ ℵ σa+p, ηa+2, c􏼐 􏼑 + λ2a+4
+ λ2a+3

+ λ2a+2
+ λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁

⋮

≤ ℵ σa+p, ηa+p− 1, c􏼐 􏼑 + λ2a+2p− 2
+ . . . . + λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁

≤ λ2a+2a− 1
+ λ2a+2p− 2

+ λ2a+2p− 3
+ . . . . + λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁

≤
λ2a+1

1 − λ
ℵ σ0, η0, c( 􏼁

� λKa

<Ka,

ℵ σa, ηa+p, c􏼐 􏼑 ≤ ℵ σa, ηa, c( 􏼁 + ℵ σa+1, ηa, c( 􏼁 + ℵ σa+1, ηa+p, c􏼐 􏼑

≤ λ2a
+ λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁 + ℵ σa+1, ηa+p, c􏼐 􏼑

≤ λ2a
+ λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁 + ℵ σa+1, ηa+1, c( 􏼁 +ℵ σa+2, ηa+1, c( 􏼁

+ ℵ σa+2, ηa+p, c􏼐 􏼑

≤ λ2a
+ λ2a+1

+ λ2a+2
+ λ2a+3

􏼐 􏼑ℵ σ0, η0, c( 􏼁 + ℵ σa+2, ηa+p, c􏼐 􏼑

⋮

≤ λ2a
+ λ2a+1

+ . . . + λ2a+2p− 1
􏼐 􏼑ℵ σ0η0, c( 􏼁 + ℵ σa+p, ηa+p, c􏼐 􏼑

≤ λ2a
+ λ2a+1

+ . . . + λ2a+2p− 1
+ λ2a+2p

􏼐 􏼑ℵ σ0, η0, c( 􏼁

≤
λ2a

1 − λ
ℵ σ0, η0, c( 􏼁

� Ka.

(14)

Now, since 0< λ< 1, for any ℘> 0, we can fnd an integer
a0 satisfying

Ka0
�
λ2n0+1

1 − λ
ℵ σ0, η0, c( 􏼁<

℘
3

. (15)

Hence,

ℵ σa, ηb, c( 􏼁 ≤ ℵ σa, ηa0
, c􏼐 􏼑 +ℵ σa0

, ηa0
, c􏼐 􏼑 +ℵ σa0

, ηb, c􏼐 􏼑

≤ 3Ka0
<℘,

(16)

and ( σa􏼈 􏼉, ηa􏼈 􏼉) is a Cauchy bisequence. Since (E,Λ,ℵ) is
a complete BPPMS, ( σa􏼈 􏼉, ηa􏼈 􏼉) converges, and as a con-
vergent Cauchy bisequence, in particular, it biconverges. Let

σa􏼈 􏼉⟶ π, ηa􏼈 􏼉⟶ π, where π ∈ E∩Λ. Since the con-
travariant map Ω is continuous,

σn􏼈 􏼉⟶ π, (17)

which derives that

ηa􏼈 􏼉 � Ω σa( 􏼁􏼈 􏼉⟶Ω(π), (18)

and combining this with ηa􏼈 􏼉⟶ π givesΩ(π) � π. Let ς be
a FP of Ω, then Ω(ς) � ς implies ς ∈ E∩Λ so that

ℵ(π, ς, c) � ℵ(Ω(π),Ω(ς), c)

≤ λℵ(π, ς, c),
(19)

which gives ℵ(π, ς, c) � 0. Hence, π � ς. □
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Example 3. Let E � 0, 1, 2 , 7{ } and Λ � 0, (1/4), (1/2),{

(7/4), 3} be equipped with ℵ(σ, η, c) � c|σ − η| for all σ ∈ E,
η ∈ Λ, and c> 0. Ten, (E,Λ,ℵ) is a complete BPPMS.
Defne Ω: E∪Λ⇄E∪Λ given by

Ω(σ) �

σ
4

, if σ ∈ 0, 2, 7{ },

0, if σ ∈
1
2
,
1
4
,
7
4
, 1, 3􏼚 􏼛,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(20)

∀ σ ∈ E∪Λ. Let σ ∈ E and η ∈ Λ, then we can easily get

ℵ(Ωσ,Ωη, c) ≤
1
2
ℵ(σ, η, c). (21)

Terefore, conditions of Teorem 9 are satisfed and Ω
has a UFP σ � 0.

Finally, we express a theorem based of Kannan’s FP
result [22].

Theorem 10. Let Ω: (E,Λ,ℵ)⇆(E,Λ,ℵ), where (E,Λ,ℵ)

is a complete BPPMS and let α ∈ (0,1/2) satisfes

ℵ(Ωη,Ωσ, c) ≤ α(ℵ(σ,Ωσ, c) +ℵ(Ωη, η, c)), (22)

which holds for all c> 0, σ ∈ E, and η ∈ Λ.Ten, the function
Ω: E∪Λ⟶ E∪Λ has a UFP.

Proof. Let σ0 ∈ E, for each non-negative integer a, we defne
ηa � Ωσa and σa+1 � Ωηa. Ten,

ℵ σa, ηa, c( 􏼁 � ℵ Ωηa− 1,Ωσa, c( 􏼁

≤ α ℵ σa,Ωσa, c( 􏼁 + ℵ Ωηa− 1, ηa− 1, c( 􏼁( 􏼁

� α ℵ σa, ηa, c( 􏼁 + ℵ σa, ηa− 1, c( 􏼁( 􏼁,

(23)

for all integers a≥ 1. Ten,

ℵ σa, ηa, c( 􏼁 ≤
α

1 − α
ℵ σa, ηa− 1, c( 􏼁, (24)

and

ℵ σa, ηa− 1, c( 􏼁 � ℵ Ωηa− 1,Ωσa− 1, c( 􏼁

≤ α ℵ σa− 1,Ωσa− 1, c( 􏼁 + ℵ Ωηa− 1, ηa− 1, c( 􏼁( 􏼁

� α ℵ σa− 1, ηa− 1, c( 􏼁 +ℵ σa, ηa− 1, c( 􏼁( 􏼁,

(25)

so that

ℵ σa, ηa− 1, c( 􏼁 ≤
α

1 − α
ℵ σa− 1, ηa− 1, c( 􏼁. (26)

If we say λ ≔ α/1 − α, then we have λ ∈ (0, 1) since
α ∈ (0, 1/2). Now,

ℵ σa, ηa, c( 􏼁 ≤ λ2aℵ σ0, η0, c( 􏼁,

ℵ σa, ηa− 1, c( 􏼁 ≤ λ2a− 1ℵ σ0, η0, c( 􏼁,
(27)

and for all b, a ∈ N,

ℵ σa, ηb, c( 􏼁 ≤ ℵ σa, ηa, c( 􏼁 + ℵ σa+1, ηa, c( 􏼁 + ℵ σa+1, ηb, c( 􏼁

≤ λ2a
+ λ2a+1

􏼐 􏼑ℵ σ0, η0, c( 􏼁 + ℵ σa+1, ηb, c( 􏼁

⋮

≤ λ2a
+ λ2a+1

+ . . . + λ2b
􏼐 􏼑ℵ σ0, η0, c( 􏼁,

(28)

if b> a, and

ℵ σa, ηb, c( 􏼁 ≤ ℵ σb+1, ηb, c( 􏼁 + ℵ σb+1, ηb+1, c( 􏼁 +ℵ σa, ηb+1, c( 􏼁

≤ λ2b+1
+ λ2b+2

􏼐 􏼑ℵ σ0, η0, c( 􏼁 +ℵ σa, ηb+1, c( 􏼁

⋮

≤ λ2b+1
+ λ2b+2

+ . . . + λ2a
􏼐 􏼑ℵ σ0, η0, c( 􏼁 + ℵ σa, ηa, c( 􏼁

< λ2b+1
+ λ2b+2

+ . . . + λ2a+1
􏼐 􏼑ℵ σ0, η0, c( 􏼁,

(29)

if b< a. Since λ ∈ (0, 1). Terefore, ( σa􏼈 􏼉, ηm􏼈 􏼉) is a Cauchy
bisequence. Since (E,Λ,ℵ) is complete. Ten,
σa􏼈 􏼉⟶ π, ηb􏼈 􏼉⟶ π and π ∈ E∪Λ. Since
Ωσa􏼈 􏼉 � ηa􏼈 􏼉⟶ π,ℵ Ωπ,Ωσa, c( 􏼁⟶ℵ(Ωπ, π, c).

(30)

On the other hand,

ℵ Ωπ,Ωσa, c( 􏼁 ≤ α ℵ σa,Ωσa, c( 􏼁 + ℵ(Ωπ, π, c)( 􏼁

� α ℵ σa, ηa, c( 􏼁 + ℵ(Ωπ, π, c)( 􏼁; ,
(31)

which in turn implies that ℵ(Ωπ, π, c) ≤ αℵ(Ωπ, π, c).
Hence,Ωπ � π. If ς is any FP ofΩ, thenΩς � ς implies that ς
is in E∩Λ. Ten,
ℵ(π, ς, c) � ℵ(Ωπ,Ως, c) ≤ α(ℵ(π,Ωπ, c) +ℵ(Ως, ς, c))

� α(ℵ(π, π, c) + ℵ(v, ς, c)) � 0.

(32)
Consequently, π � ς.
We conclude by establishing a theorem based on the

Reich-type FP theorem [23]. □
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Theorem 11. Let (E,Λ,ℵ) be a complete BPPMS. Consider
the mapping Ω : (E,Λ,ℵ)⇆(E,Λ,ℵ) s.t.

ℵ(Ωσ,Ωη, c) ≤ αℵ(η, σ, c) + pℵ(η,Ωη, c) + ]ℵ(Ωσ, σ, c),

(33)

for all η ∈ Λ and σ ∈ E, where α,p, ]≥ 0 s.t. α + p + ]< 1.
Ten, the function Ω: E∪Λ⟶ E∪Λ has a UFP.

Proof. Let η0 ∈ Λ. Defne σa � Ωηa and ηa+1 � Ωσa for all
a ∈ N. Ten, we have

ℵ ηa, σa, c( 􏼁 � ℵ Ωσa− 1,Ωηa, c( 􏼁

≤ αℵ ηa, σa− 1, c( 􏼁 + pℵ ηa,Ωηa, c( 􏼁 + ]ℵ Ωσa− 1, σa− 1, c( 􏼁

� (α + ])ℵ ηa, σa− 1, c( 􏼁 + pℵ ηa, σa, c( 􏼁,

(34)

for all integers a≥ 1. Now,

ℵ ηa, σa, c( 􏼁 ≤
α + ]
1 − p

􏼠 􏼡ℵ ηa, σa− 1, c( 􏼁, and

ℵ ηa, σa− 1, c( 􏼁 � ℵ Ωσa− 1,Ωηa− 1, c( 􏼁

≤ αℵ ηa− 1, σa− 1, c( 􏼁 + pℵ ηa− 1,Ωηa− 1, c( 􏼁 + ]ℵ Ωσa− 1, σa− 1, c( 􏼁

� (α + p)ℵ ηa− 1, σa− 1, c( 􏼁 + ]ℵ ηa, σa− 1, c( 􏼁,

(35)

so

ℵ ηa, σa− 1, c( 􏼁 ≤
α + p

1 − ]
􏼒 􏼓ℵ ηa− 1, σa− 1, c( 􏼁. (36)

If we say ρ ≔ α + p/1 − ] and g ≔ α + ]/1 − p, then we
have ρ, g ∈ (0, 1). Now,

ℵ ηa, σa, c( 􏼁 ≤ g
2aℵ η0, σ0, c( 􏼁,

ℵ ηa, σa− 1, c( 􏼁 ≤ ρ2a− 1ℵ η0, σ0, c( 􏼁.
(37)

For all natural numbers a< b, we have

ℵ ηa, σb, c( 􏼁 ≤ ℵ ηa, σa, c( 􏼁 + ℵ ηa+1, σa, c( 􏼁 +ℵ ηa+1, σb, c( 􏼁

≤ ℵ ηa, σa, c( 􏼁 + ℵ ηa+1, σa( 􏼁 + ℵ ηa+1, σa+1, c( 􏼁 + ℵ ηa+2, σa+1, c( 􏼁

+ · · · +ℵ ηb− 1, σb− 1, c( 􏼁 + ℵ ηb, σb− 1, c( 􏼁 +ℵ ηb, σb, c( 􏼁

≤ g
2aℵ η0, σ0, c( 􏼁 + ρ2a+1ℵ η0, σ0, c( 􏼁 + g

2a+2ℵ η0, σ0, c( 􏼁 + ρ2a+3ℵ η0, σ0, c( 􏼁

+ · · · + g
2b− 2ℵ η0, σ0, c( 􏼁 + ρ2b− 1ℵ η0, σ0, c( 􏼁 + g

2bℵ η0, σ0, c( 􏼁

� g
2a

+ g
2a+2

+ · · · + g
2b

􏼐 􏼑ℵ η0, σ0, c( 􏼁 + ρ2a+1
+ ρ2a+3

+ · + ρ2b− 1
􏼐 􏼑ℵ η0, σ0, c( 􏼁

≤ g
2a 1

1 − g
2􏼠 􏼡ℵ η0, σ0, c( 􏼁 + ρ2a+1 1

1 − ρ2
􏼠 􏼡ℵ η0, σ0, c( 􏼁.

(38)

For all natural numbers b< a, we have
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ℵ ηa, σb, c( 􏼁 ≤ ℵ ηb+1, σb, c( 􏼁 +ℵ ηb+1, σb+1, c( 􏼁 + ℵ ηa, σb+1, c( 􏼁

≤ ℵ ηb+1, σb, c( 􏼁 +ℵ ηb+1, σb+1, c( 􏼁 + ℵ ηb+2, σb+1, c( 􏼁 + ℵ ηb+2, σb+2, c( 􏼁

+ · · · +ℵ ηa− 1, σa− 1, c( 􏼁 + ℵ ηa, σa− 1, c( 􏼁 + ℵ ηa, σa, c( 􏼁

≤ ρ2b+1ℵ η0, σ0, c( 􏼁 + g
2b+2ℵ η0, σ0, c( 􏼁 + ρ2b+3ℵ η0, σ0, c( 􏼁 + g

2a+4ℵ η0, σ0, c( 􏼁

+ · · · + g
2a− 2ℵ η0, σ0, c( 􏼁 + ρ2a− 1ℵ η0, σ0, c( 􏼁 + g

2aℵ η0, σ0, c( 􏼁

� g
2b+2

+ g
2a+4

+ · · · + g
2a

􏼐 􏼑ℵ η0, σ0, c( 􏼁 + ρ2b+1
+ ρ2b+3

+ · + ρ2a− 1
􏼐 􏼑ℵ η0, σ0, c( 􏼁

≤ g
2b+2 1

1 − g
2􏼠 􏼡ℵ η0, σ0, c( 􏼁 + ρ2b+1 1

1 − ρ2
􏼠 􏼡ℵ η0, σ0, c( 􏼁.

(39)

Terefore, ( ηa􏼈 􏼉, σm􏼈 􏼉) is a Cauchy bisequence. Since
(E,Λ,ℵ) is complete BPPMS, ηa􏼈 􏼉⟶ e, σb􏼈 􏼉⟶ e, where
e ∈ E∪Λ. Since

Ωηa􏼈 􏼉 � σa􏼈 􏼉⟶ e,ℵ Ωe,Ωηa, c( 􏼁⟶ℵ(Ωe, e, c). (40)

On the other hand,

ℵ Ωe,Ωηa, c( 􏼁 ≤ αℵ ηa, e, c( 􏼁 + pℵ ηa,Ωηa, c( 􏼁 + ]ℵ(Ωe, e, c)

� αℵ ηa, e, c( 􏼁 + pℵ ηa, σa, c( 􏼁 + ]ℵ(Ωe, e, c).
(41)

Terefore, ℵ(Ωe, e, c) ≤ ]ℵ(Ωe, e, c). Hence, Ωe � e. If
υ is any FP of Ω, then Ωυ � υ, implies that υ ∈ E∩Λ. Ten,

ℵ(e, υ, c) � ℵ(Ωe,Ωυ, c) ≤ αℵ(υ, e, c) + pℵ(e,Ωe, c) + ]ℵ(Ωυ, υ, c)

� αℵ(υ, e, c)

<ℵ(e, υ, c).

(42)

Consequently, e � υ. □

Example 4. Let E � [0, 1] and Λ � [1, 2] be equipped with
ℵ(σ, η, c) � c|σ − η| for all σ ∈ E, η ∈ Λ, and c> 0. Ten,
(E,Λ,ℵ) is a complete BPPMS. Defne Ω: E∪Λ⇄E∪Λ
given by

Ω(σ) �
(

�
2

√
+ 1) − σ

�
2

√ , (43)

∀ σ ∈ E∪Λ. Let σ ∈ E and η ∈ Λ, then

ℵ(Ωσ,Ωη, c) �
c
�
2

√ |σ − η|

�
c
�
2

√ |η − σ| ≤
1
2
ℵ(η, σ, c)

� αℵ(η, σ, c).

(44)

All the axioms of Teorem 11 are verifed with α � 1/2,
p � ] � 0, and Ω has a unique fxed point σ � 1.

4. Application to Fractional
Differential Equations

We recall many important defnitions from the fractional
calculus theory. For a function η ∈ ∁[0, 1], the Reim-
ann–Liouville fractional derivative of the order δ > 0 is given
by

1
Γ(a − δ)

d
a

da
a 􏽚

a

0

η(x)dx

(a − x)
δ− a+1 � D

δη(a), (45)

provided that the right hand side is pointwise defned on
[0, 1], where [δ] is the integer part of the number δ, Γ is the
Euler gamma function.

Consider the following fractional diferential equation:
x
D

ση(a) + g(a, η(a)) � 0, 1 ≤ a ≤ 0, 2 ≤ σ > 1;

η(0) � η(1) � 0,
(46)

where g : [0, 1] × R⟶ R is a continuous function and
xDσ represents the Caputo fractional derivative of order σ
and it is defned by
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x
D

σ
�

1
Γ(a − σ)

􏽚
ζ

0

ηa
(x)dx

(a − x)
σ− a+1. (47)

Let E � (∁[0, 1], (0,∞]) � g: [0, 1]⟶ (0,∞]􏼈 be a
continuous function}. Let Λ � (∁[0, 1], (− ∞, 0]) � g:􏼈

[0, 1]⟶ (− ∞, 0] be a continuous function}. Defne ℵ:

E × Λ⟶ R+ is given by

ℵ η, η′, c( 􏼁 � c supa∈[0,1] η(a) − η′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌, (48)

for all (η, η′) ∈ E × Λ and c> 0. Obviously, axioms (a), (b),
and (c) are satisfed. Now, we prove the axiom (d). For this,

c η(a) − η′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � c η(a) − ω(a) − σ(a) + ω(a) + σ(a) − η′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌

≤ c|η(a) − ω(a)| + c|σ(a) − ω(a)| + c σ(a) − η′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌.
(49)

Taking the supremum on both sides, we get

ℵ η, η′, c( 􏼁 ≤ ℵ(η,ω, c) +ℵ(σ,ω, c) + ℵ σ, η′, c( 􏼁, (50)

for all c> 0, σ, η ∈ E, and ω, η′ ∈ Λ. Ten, (E,Λ,ℵ) is
a complete BPPMS.

Theorem 12. Assume the nonlinear fractional diferential
equation (46). Suppose that the following conditions are
satisfed:

(i) Tere exists a ∈ [0, 1], λ ∈ (0, 1), and (η, η′) ∈ E ×

Λ s.t. |g(a, η) − g(a, η′)| ≤ λ|η(a) − η′(a)|;

(ii) supa∈[0,1] 􏽒
1
0 |G(a, x) | dq ≤ 1.

Ten, equation (46) has a unique solution in E∪Λ.

Proof. Te given equation (46) is equivalent to the suc-
ceeding integral equation

η(a) � 􏽚
1

0
G(a, x)g(q, η(x))dx, (51)

where

G(a, x) �

[a(1 − x)]
σ− 1

− (a − x)
σ− 1

Γ(σ)
, 0 ≤ x ≤ a ≤ 1,

[a(1 − x)]
σ− 1

Γ(σ)
, 0 ≤ a ≤ x ≤ 1.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(52)

Defne the covariant mapping Ω: E∪Λ⟶ E∪Λ de-
fned by

Ωη(a) � 􏽚
1

0
G(a, x)g(q, η(x))dx. (53)

Now,

c Ωη(a) − Ωη′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 � c 􏽚
1

0
G(a, x)g(q, η(x))dx − 􏽚

1

o
G(a, x)g q, η′(x)( 􏼁dx

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

≤ c 􏽚
1

0
|G(a, x)|dx · 􏽚

1

0
g(q, η(x)) − g q, η′(x)( 􏼁

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌dx

≤ λc η(a) − η′(a)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌.

(54)

Taking the supremum on both sides, we get

ℵ Ωη,Ωη′, c( 􏼁 ≤ λℵ η, η′, c( 􏼁. (55)

Hence, all the hypothesis of Teorem 8 are satisfed and
consequently, equation (46) has a unique solution. □

5. Conclusion

Te idea of BPPMS was introduced in this article and FP
theorems were demonstrated. An illustrative example is

provided that show the validity of the hypothesis and the
degree of usefulness of our fndings.
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