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Let R be a commutative ring with nonzero identity, S € R be a multiplicatively closed subset of R, and M be a unital R-module. In
this article, we introduce the concepts of S-semiannihilator small submodules and S-T-small submodules as generalizations of
S-small submodules. We investigate some basic properties of them and give some characterizations of such submodules, especially

for (finitely generated faithful) multiplication modules.

1. Introduction

Throughout this paper, R is a commutative ring with nonzero
identity and M denotes a unital R-module. Also, SCR is
a multiplicatively closed subset of R. We use the notations “<”
and “ < ” to denote inclusion and submodules, respectively. As
usual, the rings of natural numbers, integers, and integer
modulo n will be denoted by N, Z, and Z,, respectively. A
module M over a ring R (not necessarily commutative) is called
prime if for every nonzero submodule N of M,
Ann(N) = Ann(M). An R-module M is called faithful if
Ann(M) =0. An R-module M is called a multiplication
module, if for any submodule N of M, N = IM for some ideal I
of R, and in this case, N = (N: M)M (see [1]). A submodule
of an R-module M is called small (superfluous) which is
denoted by N« M, if for any submodule X of M,
N + X = M, which implies that X = M. It is clear that the zero
submodule of every nonzero module is small. More details
about small submodules can be found in [2, 3]. In [4], the
author introduced the concept of a semiannihilator small
submodule of a module over a commutative ring R such that N
is called semiannihilator small (sa-small for short), denoted by
N <% M, if for every submodule X of M with N+ X =M
implies that Ann (X) <« R. Anideal I of R is an sa-small ideal of
Rif it is an sa-small submodule of R as an R-module. Let T' be
an arbitrary submodule of M. In [5], a submodule N is called

a T-small submodule of M provided for each submodule X of
M, T <N + X, which implies that T ¢ X.

A nonempty subset S of R is called a multiplicatively
closed subset of R if (i)0 € S, (ii)1 € S, and (iii) ss € S for
all s,s €8S, see [6]. Let M be an R-module and S be
a multiplicatively closed subset of R. Then, M is called an
S-multiplication module if for each submodule N of M,
there exist s € S and an ideal I of R such that sNCIM CN
[7]. The concept of S-Noetherian rings has been introduced
and investigated by Anderson et al. [8]. Farshadifar in-
troduced and studied in brief the notions of S-secondary
submodules and S-copure submodules [9, 10]. Sengelen
Sevim et al. in [11] described the concept of S-prime sub-
modules. After, the generalizations of S-prime submodules
have been studied in [12, 13]. Recently, the concept of
S-small submodules have been studied in [14]. Here, we
introduce and study the notions of S-semiannihilator small
submodules and S-T-small submodules as generalizations of
T-small submodules. In Sections 2 and 3, various properties
of such submodules are considered.

2. S-Semiannihilator Small Submodules

In this section, we define the concept of S-semiannihilator
small submodules of an R-module and we get some char-
acterizations of them.
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We begin with the following definition.

Definition 1. Let M be an R-module.

(1) We say that a submodule N of M is an S-small sub-
module of M which is denoted by N « ¢ M if there
exists s € S such that whenever N + X = M for some
submodule X of M, it implies that sM € X. We say that
an R-module M is an S-hollow module if every sub-
module of M is an S-small submodule of M.

(2) An ideal I of R is called S-small if it is an S-small
submodule of R as an R-module. A ring R is an
S-hollow ring if it is an S-hollow R-module.

Remark 2. The following results follow from the definition:

(1) Clearly, if S " Ann(N) +J, then N <« ¢ M. Partic-
ularly, if M is an R-module with S N Ann (M) # &,
then M is S-hollow. Moreover, in this case, M is an
S-multiplication R-module because suppose that
sM = 0 for some s € S. It is sufficient to take I = (s);
then, 0 = sN CIM < N for every submodule N of M,
as needed.

(2) Let M be an R-module and N < ® M. Then, there
exists a proper submodule X of M such that
M = NeoX.If N <M, then there exists s € S such
that sM = sN + sX € X. This implies that sN = 0 and
so SN Ann(N) + @.

(3) It is clear that every small submodule is also S-small.
In particular, the zero submodule is an S-small
submodule of M. The following example shows that
converse is not necessarily true in general. Clearly, if
SCU(R) and N is an S-small submodule of M, then
N is small.

(4) If N < ¢ M, then for every submodule X of M with
N+X=M, SN (X: xN)# O, since there exists
s € S such that sSNCsM = sN + sX C X, as needed.

Example 1

(1) Consider M =Z ® Z as a Z-module and take
S=7Z-{0}. Then, N=Z &0 is not an S-small
submodule of M because N+ X =M for X =06 Z
but sM ¢ X for all s € S.

(2) Consider the Z-module M = Z and the submodule
N = (2). Take the multiplicatively closed subset
= {3"|n € NU{0}}. Then, N is an S-small submodule
of M. Because we have N+ (3) =27, and
N+ Z¢ = Zg,lets = 3. Then, sZ, € (3) and sZ C Zs.
But N is not a small submodule of M because N +
(3) = Zs and (3) + Z. In general, let p, q be distinct
prime numbers and consider the Z-module Z,, =
Z,® 2, Then, the submodule N = (p) =0 & Z,is
an S-small submodule of M such that S = {q"|n €
NuU{0}}. Moreover, the submodule K = (g) = z, GBO
is an S-small submodule of M such that S

{p"In e NU{0}}.
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Example 2. Consider M = Z,® Z,, as a Z-module such that
p is a prime number. It is clear that every proper submodule
of M is prime, and for any submodule N of M,
(N: z M) = pZ. Also, M is a prime Z-module, and it is an
S-hollow module such that S = {p"|n € NU{0}}.

Proposition 3. Let M be an R-module. Then, the following
statements are true:

(DIfN<K<Mand K<gM, then N <« ¢ M.

(2) Let {N},c, be a nonempty set of S-small submodules
of M. Then, n N; is an S-small submodule.
1€

Proof. The proofs are straightforward.

We recall that a submodule N of an R-module M is
a semiannihilator small (briefly, sa-small) submodule if
whenever N + X = M for some submodule X of M, im-
plying that Ann(X) < R. O

Definition 4

(1) A submodule N of M is called an S-semiannihilator
small (briefly, S-sa-small) submodule of M which is
denoted by N < § M if there exists s € S such that
whenever N + X = M for some submodule X of M,
it implies that sAnn (X) «<R.

(2) An ideal I of R is called S-semiannihilator small
(briefly, S-sa-small) ideal if it is an S-semiannihilator
small submodule of R as an R-module.

Example 3. Consider the Z¢-module M =Z; and the
submodule N = (3). Take the multiplicatively closed subset
§=1{1,2,4}. Then, N is an S-sa-small submodule of M.
Because we have N + (2) = Z, and N + Z, = Z, let s =2
Then, sAnny_ ({2)) = s(3) < Z; and nz, (Zs) < Z¢. But N
is not an sa-small submodule of M because N + (2) Zs,
but Annzﬁ((2>) 3y < Z,.

Lemma 5. Let M be an R-module and S,T be two multi-
plicatively closed subsets of R with SCT. If N is an S-sa-small
submodule of M, then N is a T-sa-small submodule of M.

Proof. The proof is straightforward.

Let S be a multiplicatively closed subset of R. The sat-
uration of § is the set $* = {x € R|xy € S, forsome y € R}. It
is clear that S* is a multiplicatively closed subset of R and
that S §*. O

Proposition 6. Let N be a submodule of an R-module M.
Then, N is an S-sa-small submodule of M if and only if N is
an S*-sa-small submodule of M.

Proof. Let N be an S-sa-small submodule of M. Then, by
Lemma 5, N is an §*-sa-small submodule of M. Conversely,
let N be an S*-sa-small submodule of M. Suppose N + X =
M for some submodule X of M. Then, there exists s* € S
such that s* Ann (M) < R. Then, there exists r € R such that
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s=s'reS. We have sAnn(M) =s*rAnn(M)Cs*Ann
(M) <R and so sAnn (M) < R. O

Proposition 7. Let M be an R-module and N,K be sub-
modules of M. Then, the following assertions hold:

(i) f KSN and N <{ M, then K< M
(i) f KN, then K<{ M

Proof.

(i) It is clear.

(ii) Let K + X = M for some submodule X of M. Then,
(K+X)NN=N,so K+ (XnN)=N (modular
law). Hence, there exists s€S such that
sAnn (X N N) <« R. Therefore, sAnn(X) < R. O

Proposition 8. Let M be an R-module and I be an ideal of R.
Then, the following assertions hold:

() If IM<§M, then I<{R

(ii) If M is a finitely generated faithful multiplication
module and I < { R, then IM < { M

Proof

(i) Let T+]J=R for some ideal J of R. Then,
IM + JM = M. Hence, there exists s € S such that
sAnn(JM) < R, since sAnn(J)<sAnn(JM), so
sAnn(J) <R.

(ii) Let IM + X = M for some submodule X of M. We
have X =JM for some ideal J of R. Thus,
IM+JM = (I+])M = M. By Nakayama’s lemma,
there exists a € I + J such that (1 —a)M = 0. Since
M is faithful, 1 —a =0andsoa = 1. Thus,I + ] = R.
Since I« @R, there exists s€S such that
sAnn(J) = sAnn(JM) < R, as needed. O

Theorem 9. Let M and M' be R-modules and f: M — M’
be an R-epimorphism. If K < ¢ M, then f~'(K) <$ M.

Proof. Let f~'(K)+ L =M for some submodule L of M.
Since f is an epimorphism, we  have
f(fFYUK)+L)= f(M)=M'. Hence, K+ f(L) =M, so
there exists s€S such that sAmn(f(L)) «<R. Thus,
sAnn(L) « R since sAnn(L)<sAnn(f(L)). Therefore,
FHK) < M.

By the following example, we show that if f: M — M’
is an epimorphism, then the image of an S-sa-small sub-
module of M need not be S-sa-small in M. O

Example 4. Consider the Z-modules Z and Z,, the mul-
tiplicatively closed subset S = {2"|n € NU{0}}, and the
natural epimorphism n: Z — Z. Then, {0} is an S-sa-
small submodule of Z, but 7(0) =0 is not an S-sa-small
submodule of Z,.

The following example shows that the sum of S-sa-small
submodules of an R-module M need not be an S-sa-small
submodule of M.

Example 5. Consider the Z-module Z and the multiplica-
tively closed subset S = Z — 3Z. The submodules 2Z and 37
are the S-sa-small submodules of Z. But 3Z + 2Z is not an
S-sa-small submodule of Z.

Proposition 10. Let M, and M, be R-modules. If
N, <M, and N, < M,, then N;®oN, <{ M, ®M,.

Proof. Letn;: M, &M, — M, fori = 1,2 be the projection
maps. Since N, « & M, and N, < § M,, by Theorem 9,
N,oM,=m'(N)<¥M,®M, and M,®&N,=rn"
(N,))<&M,®M,. Hence, (N;eM,)n (M, ®&N,)= N,
&N, <« ¥ M,®M, by Proposition 7. O

Definition 11. An R-module M is called an S-semi-
annihilator hollow (briefly, S-sa-hollow) module if every
proper submodule of M is an S-sa-small submodule of M.

Example 6

(1) Consider the Z-module Z and the multiplicatively
closed subset S = {2"|n € NU {0}}. Then, Z is an S-sa-
hollow module, but it is not an S-hollow module.
Because 3Z + 5Z = Z, but for any s € S, sZ ¢ 5Z.

(2) Consider the Z-module Z, and the multiplicatively
closed subset S = Z — 5Z. Then, Z, is not an S-sa-
hollow module. Because (2) + (3) = Z, but for any
s €S, sAnn, ((3)) =s(27) < Z.

Proposition 12. Let M, M’ be R-modules and f: M — M’
be an epimorphism. If M is an S-sa-hollow module, then M is
an S-sa-hollow module.

Proof. Let N be a submodule of M. Then, f (N) is a sub-
module of M. Since M’ is an S-sa-hollow module, then
fN)<@M. Thus, f'(f(N)<®M, and since
N < f~'(f (N)), by Proposition 7, N < § M. Therefore, M
is an S-sa-hollow module. O

Example 7. (a) We consider the Z and Z, as Z-modules,
the multiplicatively closed subset S = Z — {0}, and the nat-
ural epimorphism n: Z — Z,. Then, Z is an S-sa-hollow
Z-module, and {0} < Z; n({0}) =0 is not an S-sa-small
submodule of Z,. Because 0 + Z, = Z,, but for any s € S,
sAnny, (Z,) =s(4Z) < Z.

Corollary 13. Let M be an R-module and N be a submodule
of M. If M/N is an S-sa-hollow module, then M is an S-sa-
hollow module.

Proof. Apply Proposition 12. O

Theorem 14. Let M be an R-module and N be a submodule
of M. Assume that F is a faithfully flat R-module. Then, if



F® N is an S-sa-small submodule of R-module F ® M, then N
is an S-sa-small submodule of M.

Proof. Let FON<FF®M and N+K=M for some
submodule K of M. Then,

F®(N+K)=F®N+F®K = F® M. (1)

By assumption, there exists se€S§ such that
sAnn(F®K) < R. Since F is a faithfully flat R-module,
Ann(F®K) = Ann(K). Thus, sAnn(K) <R, so N is an
S-sa-small submodule of M. O

3. S-Small Submodules with respect to
a Submodule

Let T be an arbitrary submodule of an R-module M and
S < R be a multiplicatively closed subset of R. In this section,
we introduce and study another generalization of S-small
and T-small submodules, namely, S-T-small submodules.

Definition 15

(1) Let M be an R-module and T be an arbitrary sub-
module of M. A submodule N of M is called an
S-T-small submodule of M which is denoted by
N « ¢ M if there exists s € S such that whenever
TC N + X for some submodule X of M, it implies
that sT' € X.

We say that M is an S-T-hollow module if every
submodule of M is S-T-small in M.

(2) Let J be an ideal of R. An ideal I of R is called
S-J-ideal of R if there exists s € S such that whenever
J<I + K for some ideal K of R, then s] CK. R is an
S-T-hollow ring if it is an S-T-hollow as an
R-module.

Observation 16. Let M be an R-module.

(1) Take T = M;then, N <  Mifand onlyif N « ¢ M.
If T =0, then every submodule of M is S-T-small
in M.

(2) Clearly, every S-T-small submodule is a T-small
submodule, but the following example shows that
converse is not necessarily true.

(3) If T< N and N <« ¢_r M, then there exists s € S such
that s € Ann(T), so S N Ann(T) # &. Equivalently,
if for some submodule T of M, S N Ann(T) = &,
then either T¢ N or N < ¢+ M.

Example 8. Consider the Z-module M = Z, the multipli-
catively closed subset S=27Z-{0}, and the submodule
T =47. Then, the submodule N =27 is not a T-small
submodule of M because 4227 + 87, but 47 ¢ 8Z. While,
N =27 is an S — T-small submodule of M. Let m be an
integer such that 4ZC2Z + mZ. Set s = lcm[4,m]. Thus,
s4Zm”.
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Proposition 17. Let M be an R-module, L <T < M, and
K < M. Then, the following assertions hold:

() fK<g M, then KNT<x¢M
(ii) L« ¢y M if and only if L< (T

Proof

(i) Let (K N T) + X = M for some submodule X of M.
We show that sM C X for some s € S. We have
TC(KNT)+X<K+X. Since K<« g M, there
exists s € S such that sT € X. Thus,sM =s(K N T)+
sXCsT+sXcsT+X=X,s0 KNT<xgM.

(ii) Suppose that L« ¢ M and L+ X =T for some
submodule X of T. Since TCL+ X and L« g M,
so there exists s € S such that sT € X. Thus, L < ¢T.
Conversely, let L« T and TCL+ X for some
X <M. Then, T=(L+X)NT=L+ (XnNnT),and
hence, sT <X N T for some s € S because L« ¢T.
Thus, sT € X for some s € §, so L < g_ M. O

Proposition 18. Let M be an R-module with submodules
N <K<Mand T <K. Then, N< gt M if and only if
N« K.

Proof

(=) It is clear.

(&) Let T € N + X for some submodule X of M. Then,
TC(N+X)NK=N+ (XnK). Since N<g K,
there exists s € S such that sTC X N K< X. a

Theorem 19. Let M be an R-module with submodules
K<N<Mand K <T.IfN <4+ M, then K < ¢ M and
N/K <« g_r/x M/K.

Proof. Let T €K + X for some submodule X of M. Thus,
T S N + X, so there exists s € S such that sT € X. Therefore,
K« g M. Let T/K € N/K + X/K for some submodule X/K
of M/K. Hence, TC N + X, so there exists s € S such that
sTcX since N<grM. Thus, s(T/K)= (sT+K)/
K< X/K. O

Definition 20. Let M, M be R-modules and 0# T < M. An
R-epimorphism f: M — M is called S — T-small in case
Ker(f) is an S-T-small submodule of M.

Proposition 21. Let M be an R-module and K and 0+ T be
submodules of M. The following statements are equivalent:
(i) K«g M
(ii) The natural map m: M — M/K is S — T-small

(iii) For every R-module N and R-homomorphism
g:N— M, TCK +Im(g) implies that sT CIm
(g) for some s € S
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Proof.
(i) = (ii) and (ii) = (iii) are clear.
(iii) = (i). Let T € K + X for some submodule X of M.
Let i+ X — M be the inclusion map. Then,
TCcK+ X <K +1Im(i), and by (iii), there exists s € S
such that sT CIm (i) = X. O

Proposition 22. Let M, M' be R-modules and f: M — M’
be an R-homomorphism. If K and T are submodules of M
such that K < g_r M, then f (K) <g_¢(r M In particular, if
K<L <M, then K< g ¢ M.

Proof. Let f(T) < f(K) + X for some submodule X of M.
It is easy to see that T <K+ f~1(X'). Thus, there exists s € N
such that sTCf (X'). Hence, f(sT)Cf(f L(x)Nex,
SO sf(T)CX Therefore, f(K) <. _f(T O

Corollary 23. Let M, M' be R-modules and f: M — M’
be an R-monomorphism. If K and T are submodules of M,
then K < g M if and only if f(K) < ;) M.

Proof

(=) By Proposition 22.

(&) Let T €K + X for some submodule X of M. Then,
f(T) < f(K)+ f(X). Thus, there exists s € S such that
sf(T) < f(X), S0 f(sT) < f(XD). Hence,
sTC f~'(f(X))cX since f is a monomorphism.
Therefore, K is an S — T-small submodule of M. O

Example 9. Consider the Z-homomorphism
f:Z,y — Zy, with f(X)=2x and the multiplicatively
closed subset S ={3": ne NU{0}}. Then, the submodule
(10) is an S-small submodule of Z,,, but £~ ({10)) = {5)
is not S-small in Z,,. Because (5) + (2) = Z,y, sZ;, £ 2)
for every s € S.

Theorem 23. Let M be a Noetherian R-module and N be
a submodule of M. Then, N is an S-T-small submodule of M
if and only if S'N is an S™'T-small submodule of S~' M.

Proof

(=) Let N be an S-T-small submodule of M and
STITcS IN+S !X for some submodule S™!X of
S™'M. Then, we have TC N + X since M is a Noe-
therian R-module. Hence, there exists s € S such that
sTC X. Leta/t € S™T. Then, a/t = b/t for someb € T
and t €S, so a/t=sb/st €S 'X. Therefore,
STITcS X,

(&) It is obvious. O

Proposition 24. Let M,, M, be R-modules and T, < M,
and T, < M,. If N, is an S-T-small submodule of M, and
N, is an S-T,-small submodule of M,, then N, &N, is an
S-(T, ®T,)-small submodule of M, ® M,.

Proof. Let T,®T,CN,&N,+X,®X, for some sub-
module X, ®X, of M;®M,. Then, T; <N, +X; and
T, SN, + X,. Thus, there exist s;, s, € S such that s, T, € X,
and s,T,€X,. Set s=s;5,. Hence, s(T,®T,)C
X, 0X,. O

Theorem 25. Let M be a finitely generated faithful multi-
plication R-module and T < M. Then, N is an S-T-small
submodule of M ifand only if (N: g M) isan S-(T: M)-small
ideal of R.

Proof. Let N < M and (T: M) < (N: M)+ ] for some
ideal J of R. Then, (T: M)MC((N: M)+])M =
(N: M)M + JM, and since M is a multiplication module,
we have TC N + JM. Hence, there exists s € S such that
sTCJM, so s(T: M)M CJM. Since M is a cancellation
module, s(T: M)<]. ‘Therefore, (N: M) 1is an
S-(T: M)-small ideal of R. Conversely, let (N: zM)
s R and TCN+X for some X <M. Thus,
(T: MM < (N: M) M + (X: M)M = (N: M) + (X: M))
M since M is a multiplication module, so (T: M)c
(N: M)+ (X: M) since M is a cancellation module. By
assumption, there exists s € S such that s(T: M) € (X: M),
and hence, sT € X. This implies that N is an S-T-small
submodule of M. O

Theorem 26. Let M be an R-module and N, T < M. Assume
that F is a faithfully flat R-module. If FON is an
S-F ® T-small submodule of F® M, then N is an S-T-small
submodule of M.

Proof. Let FON < g pgrF®M and TCN +K for some
submodule K of M. Then,

F®TCF®(N+K)=F®N + F®K. (2)

Hence, there exists ses such that
FRsT =s(F®T)CF® K. Thus, 0 — F®sT — F® K
is exact, so 0 — sT' — K is exact since F is faithfully flat.
Thus, sT €K and N < g_ M, as needed. O

4. Conclusions

In this article, we introduced the concepts of S-semiannihilator
small submodules and S-T-small submodules as generaliza-
tions of S-small submodules. We showed the concepts of
annihilator small submodules and T-small submodules are
different from the concept of S-small submodules. Several
properties, examples, and characterizations of such sub-
modules have been investigated. Moreover, we investigated the
properties and the behavior of these structures under homo-
morphisms, Cartesian product, and localizations.
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