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Since ancient times, infectious diseases have been a major source of harm to human health. Therefore, scientists have established
many mathematical models in the history of fighting infectious diseases to study the law of infection and then analyzed the
practicability and effectiveness of various prevention and control measures, providing a scientific basis for human prevention and
research of infectious diseases. However, due to the great differences in the transmission mechanisms and modes of many diseases,
there are many kinds of infectious disease dynamic models, which make the research more and more difficult. With the
continuous progress of infectious disease research technology, people have adopted more ways to prevent and interfere with the
derivation and spread of infectious disease, which will make the state of infectious disease system change in an instant. The
mutation of this state can be described more scientifically and reasonably by the mathematical impulse dynamic system, which
makes the research more practical. Based on this, a time-delay differential system model of infectious disease under impulse effect
was established by means of impulse differential equation theory. A class of periodic boundary value problems for impulsive
integrodifferential equations of mixed type with integral boundary conditions was studied. The existence of periodic solutions of
these equations was obtained by using the comparison theorem, upper and lower solution methods, and the monotone iteration
technique. Finally, combined with the practical application, the established time-delay differential system model was applied to the
prediction of the stability and persistence of the infectious disease dynamic system, and the correctness of the conclusion was
further verified. This study provides some reference for the prevention and treatment of infectious diseases.

1. Introduction

Impulsive differential equation is a basic tool to study
process state transition and has important applications in life
science. Compared to differential equations without pulses,
impulsive differential equations can more truly and accu-
rately reflect the motion laws of nature and scientific fields,
so they are widely used in the research of population dy-
namic systems, infectious disease dynamic models, micro-
bial models, medical chemotherapy, and neural network
systems [1-7]. In the history of human development, in-
fectious disease is a major pain point affecting human health
and life span. For this reason, scientists have established
numerous mathematical models to quantitatively study the

transmission law of infectious diseases in the history of
continuous fight against infectious diseases and have made
brilliant achievements, which have extraordinary practical
significance for the control of infectious diseases. The use of
mathematical models to study the law of the spread of in-
fectious diseases first began with En’ko in 1889, and then in
1927, Kermack and Mckendrick established an infectious
disease model and studied its spread law and epidemic trend
by using dynamic methods. In recent years, the international
research on infectious diseases and other biological systems
has developed rapidly, and a large number of mathematical
models have been used to analyze various infectious diseases.
In the prevention and treatment of infectious diseases such
as the novel coronavirus, influenza, SAS, and avian flu based
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on the mathematical modeling analysis, it is found that
prevention and interference can be carried out through
vaccination, wearing masks, medical treatment, and elimi-
nating environmental pollution, thus making the state of the
infectious disease system change instantly. The sudden
change of this state can be described more reasonably and
realistically by using the impulsive dynamic system in
mathematics, so the differential equation model with an
impulsive effect has been widely studied by scholars at home
and abroad [7-10].

At the same time, the boundary value problem of dif-
ferential equations is an important research field, and
scholars have been very active in this field [2-4, 7-10]. In the
previous theory of differential equations, people always
assumed that the state of dynamic systems changes con-
tinuously with time; however, in the real world, there are
many natural systems that change at certain intervals. For
some reasons, the state of the system is often subjected to
some temporary interference, which makes the state of the
system change greatly in a short time. For example, when
fish farmers release fish or catch fish, the fish in the pond will
suddenly increase or decrease; when spraying agricultural
and forestry pesticides, the number of pests will be greatly
reduced. In the prevention and control of the novel coro-
navirus pneumonia and other infectious diseases, the
number of infected people in this region has rapidly de-
creased through prevention and control and isolation and
vaccination. Such problems, scientists found that in math-
ematical modeling, such disturbances that make the system
change dramatically instantaneously can be expressed in the
form of pulses, and this discovery quickly made the evo-
lution process of pulse disturbances widely applied to the
study of various infectious disease dynamic systems. Using
the impulsive differential system to establish a more sci-
entific and reasonable model, studying the transmission law
and epidemic trend of the virus, and proposing prevention,
immunization, and control strategies have quickly become
the focus of research at home and abroad. For example, Yang
et al. [10] gave the sufficient conditions for the elimination
and persistence of the disease by using the persistence theory
of the pulse system and disturbance technology in the SIS
epidemic model with pulse inoculation and isolation and
verified the reliability of the conclusion through numerical
simulation. Haque et al. [9] analyzed four impulsive dif-
ferential equation models in the study of Clonorchiasis
sinensis, obtained an effective method to control the number
of snails through fish inoculation, and analyzed the stability
of the control time of Clonorchiasis sinensis. Cooke and
Driessche [11] studied the existence, uniqueness, and sta-
bility of the solution of the integral-differential equation in
the SEIRS disease transmission model of the population
structure, thus providing the threshold and stability con-
ditions of the model. In [12], Wen Wang studied the dy-
namic behavior of the SEIRS epidemic model with delayed
pulses and obtained sufficient conditions for the local and
global stability of the equilibrium state of the endemic
system. Dietz [13] studied the change of age structure of host
population caused by parasite death in the new model of
microparasite and macroparasite transmission and
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predicted the change trend of the critical community of
parasite population by deducing the results of the formula.

With the increasingly wide application of impulsive
differential equations in the process of solving practical
problems, many achievements have been made [14-26] and
many new research methods have been obtained. For ex-
ample, in literature [4, 14, 15], the authors studied the ex-
istence of positive solutions to these problems by using the
fixed point index theory, cone stretching, and cone com-
pression fixed point theorems. However, through the review
of many literature studies, it is found that the common
feature of these literature studies is that the equations
studied contain relatively few cases of integral boundary
conditions or integral impulsive conditions and most lit-
erature only contains one of them [17-20]. In particular, the
periodic boundary value problems involving mixed tybe
impulsive Integro-differential equation are rarely studied. In
addition, the epidemic model of impulse interference is less
studied in recent years, especially the model with integral
impulse has not been studied. However, in the study of the
infectious disease dynamic system, we found many cases
about the joint impact of impulse vaccination, isolation,
treatment, and population movement on the disease dy-
namics. The solution of such problems requires more
complex and accurate impulse differential equation models,
which have not been fully studied so far, so this is a very
worthy research field. The integral impulsive conditions and
integral boundary conditions have not been reported;
however, this type of equation often appears in life science
research, such as the prevention and vaccination of in-
fectious diseases. For example, the dynamic system of in-
fectious diseases studied in the literature [9, 10] intervenes
with the spread of diseases by means of pulse vaccination
and isolation. The persistence theory and perturbation
technology of impulsive systems are used to study the
conditions of the disappearance and persistence of the
disease and further discuss the global stability of the
infection-free periodic solution, which has theoretical value
and practical significance for the prevention and treatment
of infectious diseases. In addition, the epidemic model of
impulse interference is less studied in recent years; espe-
cially, the model with integral impulse has not been studied.
However, in the study of the infectious disease dynamic
system, we found many cases about the joint impact of
impulse vaccination, isolation, treatment, and population
movement on the disease dynamics. The solution of such
problems requires more complex and accurate impulse
differential equation models, which have not been fully
studied so far, so this is a very worthy research field.
Therefore, in this paper, a class of differential models with
integral impulsive conditions and integral boundary con-
ditions was studied with the background of the infectious
disease dynamics model. The model considered in this paper
has some generality in the prevention and control of in-
fectious diseases. Especially when controlling the epidemic
of infectious diseases by means of pulse vaccination and
isolation, in order to predict the number of vaccination,
control cycle, continuity, and stability, we need to apply the
theory and method of the pulse differential equation to
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study, so as to give more accurate results and the best scheme
of rational drug use. The conclusion of this paper generalizes
the conclusions of the existing literature to a large extent,
and in practical application, it can better reflect the conti-
nuity and stability of the control measures under a variety of

u' (£) = g (tu(t), u(a(t)), (Au) (#), (Bu) (1),

b +0py

Au(ty) = Ik(szrk u(s)ds - LH

T
u(0) =u(T) +k, .[o u(s)ds + k,,

where k;,k, € Rae [J,]J].0=t <t < - <t, <t ., =Tt
<“(t)£t,t€ (tk’tk+1]’

I € C(R,R), Au(ty) = u(ty ) —u(t; ),0< 0y,

< 0< T s———,
2 2

intervention conditions, which has certain practical signif-
icance and application value for the prevention and treat-
ment of infectious diseases.

In this paper, we are concerned with the following
impulsive integrodifferential equations of mixed type:

t#t,t €] =[0,T],

u(s)ds), k=12,---,m, (1)

te =t te =t

(2)

(Au)(t) = J;a(t, s)u(s)ds, (Bu)(t) = j; b(t,s)u(s)ds,

where a € C[F,R*],F={(t,s) e JxJ: t=s}, b e C[J% R*],
R* = [0, +00).

In paper [17], Chen and Qin studied the following
impulsive integrodifferential equations:

u' (t) = f(tu(t), (Tu(t)), (Su)(t), te],,
Aul, = I (u(ty))s k=1,2,---, (3)
u(oo) = yu(n) + pu(0),

Axley, = T (x (t));
1 Al = T (x (t) ¢ (8)),

x(0) = x(1) = J; v (8)x (s)ds,

where w e C(J, [0,+oo))_,f €C[JxEXEXEXE,E]]=
[0,1],Ix € C[E,E], and I, € C[ExE,E],v e L'[0,1] are
nonnegative numbers.

=1

m Cp

k=11=1

where ] = [0,+00),], = (0,+00),0<t, -+ <t < -+, b —
00,], =T, Mty ot} Ce [J, x P, x P, xP,,PlI €
C[P,,P,](k=1,2,---),0<y<L,B+y>1Lt, ; <n<t,. The
author investigated the multipositive solutions by applying
the fixed point theorem of cone expansion-compression.

Zhang et al. [19] used the fixed point theorem of strict set
contraction operators to study the following impulsive
integrodifferential equations:

[ x" () +w@®) f (£ x(t),x' (t), (Ax)(t), (Bx)(t)) =6, t#t,te],

k=12-m )

Recently, Chatthai et al. in [20] concerned a class of first-
order impulsive integrodifferential equations with multi-
point boundary conditions:

x' () = f(t,x(0), (Fu) (1), (Su) (1), te]=[0TLt#t,

Ax(ty) = I (i/ﬁd’ﬁ))

k = 1,2,---,m,
(5)

x(0)+u Z Z fo(qf)pf =x(T),



where f € C(J xR, R),0 =t <t; < -+ <t, <t =T.
Ax(t) = L ([, u(e)ds = [ u(o)ds) k= 1,2,0,m,

LT, ey
By using the method of lower and upper solutions in re-
versed order coupled with the monotone iterative technique,
the authors obtained the extremal solutions of the boundary
value problem.

In recent years, there have been few studies on mixed
impulsive integral-differential equations. Inspired by liter-
ature [19, 20] and combined with pulses caused by various
disturbance factors of the infectious disease dynamic system,
this paper studied the infectious disease model with pulse
delay. Compared with the simple time-delay model and
impulsive model, the boundary conditions and impulsive
integral considered were more complex and the established
equation system was more general. This paper established
the time-delay differential system model of infectious disease
under the pulse effect, gave the existence condition of the
solution under pulse action, used upper and lower solution
methods and the monotone iteration technique to study the
stability of the periodic solution of the system under pulse

u' (£) + Mu(t) + Myu(a(t)) + M, (Au) (£) + M, (Bu) (£) <0,

te—Tk
u(s)ds,

10k

Au (tk) < - Dk J
u(0) <u(T),
where 0< oy_; < (t; —t;_1)/2,0< 7. < (t) — ty_1)/2,k = 1,2, -+,

m and joT M+M, +M, I:) a(t,s)ds + M, Izb(t, s)ds]dt —
/MY Dy (eM™ — M=)y < 1. Then u(t) <0,Vt € J.

Proof. Let v(t) = u(t)e™!, we have

Journal of Mathematics

action, and extended it to the practical application case of
infectious disease prevention and control, hoping to provide
a new solution for the optimal control and prevention of
infectious disease.

2. Preliminaries

Let J- = J\{t},t5,- -, t,,},PC(J) = {u: ] > R|u(t) be con-
tinuous at t# ¢, u(ty) =u(ty), k=1,2,---,m}. PC'(]) =
{u e PC(J): u' is continuous in J~, u' (0%),u' (T7),u’ (t;“k)
and o' (tt‘k) exist, k=1,2,---,m}. Let 7=max
{tes —tehk=0,1,2,---,m.

PC(J) and PC' (]) are Banach spaces with the following
norm:

lullpe = sup{lu(®)l: t € J} lullper = max {lullpc, |4’ |l p}-

(6)

Lemma 1 (Comparison  theorem). There  exist
M>0,M,M,,M;>0,0<D; <1,k =1,2,---,m, satisfying

t#t,,t € [0,T],

k=1)2)"')m) (7)

t T
V()< - MMy (a(t)) - M, J a(t,s)e™ ™y (s)ds — M, J‘ b(t,s)eM Iy (s)ds,
0 0

L—T,

Av(t,) < — Dy J M)y (s)ds,

v(0) <v(T)e ™!

b1 +0ky

In order to prove that the conclusion holds, the proof by
contradiction is used here. Suppose v(t) >0, forall t € J. Itis
discussed in the following two cases:

k=12-.m, (8)

(i) There exists t~ €],
v(t)=0,Vt e].

(ii) There exists t,,t* € J, satisfying v(t,) <0, v(t*)>0.

satisfying v(¢7)>0, and
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Case (i): From (8), we have v (t)<0(t€J) and
Av(t)<0. So, wv(t) 1is nonincreasing, it shows
v(0)=v(t7)>0 and v(T)<v(0). Again by (8), we have
v(T)<v(0) <e™MTy(T), hence v(T) <0, namely, v(0)<0,
which is a contradiction.

v(t") =v(t,)+ JZ V' (s)ds + Z Av(ty)

0<t,<t*
t

0

T T m be—Tk
<v(t,)- v(t*)U [M+M1 +M, Joa(t,s)ds+M3 Jo b(t,s)ds]dt+ ZDkJ

t

T T 1
<v(t,) - v(t*)U [M+M1 + M, Joa(t,s)ds+M3 JO b(t,s)ds]dt—

0

<v(t,)-v(t,)
<0,
which contradicts v (t*) > 0.

Ift, >t*, then it is similar to the above proof. The lemma
is proved.

u' (t) + Mu(t) + Myu(a(t)) + M, (Au) (t) + M5 (Bu) (¢) = o (t),

Au(t,) = -Dy th_rk u(s)ds + Ik(th

teo1+04 te=Tk

T
w(0) = 7 (T) +k, j n(s)ds + kyy
0

where M >0, M, M,,M;>0,0<D, <1,0(t),n(t) € PC()),
0<0k—1 < (tk - tk_l)/Z,

b=t

0<t<t—* k=12m. (11)

O

u(t) =e™ [W(T) +k, IOT n(s)ds + kz]

Case (ii): Let t, € (t;,t;,1],i €{0,1,2,---,m}, such that
v(t,) =inf{v(t): t € J} <0, and t* € (t;,¢t,,],j€{0,1,2,
--+,m}, such that v(¢*) > 0.

If t, <t*, then i < j, by integration of (8), we can get

€M (tk—s) d5:|

k=1 g1 t0ky
N 9)
> Z(eMTk B DkeM(10k1)>:|
k=1
Next, let us consider the following linear equation:
te],
teo110ky =Tk
n(s)ds - J n(s)ds | + Dy J n(s)ds,
ti1 1 +0)y (10)

Lemma 2. Assume thatu € PC' (]) is a solution of (10) if and
only if u € PC(]) is a solution of the following impulsive
integral equations:

t
- jo [0(s) = Myu(a(s)) — M, (Au) (s) — My (Bu) (s)]e" “ds (12)

" Z eM(tk—t) ) [—Dk Jtr‘rk

0<t <t

Proof. Assume that u € PC'(J) is a solution of (10). Let
v(t) = u()eMt, v € PC' (]),

t,

k
u(s)ds + I, ( J
b +0ky =Tk

b1 +0ky L= Tk

n(s)ds — J n(s)ds) + Dy J- n(s)ds].

tr-1 ty-1+0k-y
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V' () = [o(t) - Myu(a(t)) - M, (Au) (t) — M5 (Bu) (t)]eMt,
L . (13)
y(£) = v(0) + jo V' ()ds + O;N[v(tk) ()],
SO
v(t) =u(0) + Jo [0(s) = Myu(a(s)) — M, (Au) (s) — M (Bu) (s)]e"*ds + Z Au(ty)e™™. (14)
0<t <t
Then,
T
u(t) = e_Mt[n(T) + Ky J n(s)ds + kz]
0
+ JO [0(s) — Myu(a(s)) — M, (Au) (s) — M, (Bu) (s)]e™ “ds (15)
+ Z M (tt) | [—Dk th_rk u(s)ds + Ik<th n(s)ds - rk?lwk?l r;(s)ds) + D, th_Tk n(s)ds].
0<t<t b1 t0g 1 L=Ty [ L1 40y

It is easy to know that u(0)=#(T)+k; jOTq(s)ds+
ky,t € [0,T], so u(t) satisfies (12).

Conversely, if u € PC(J) is a solution of (12), then by
performing the direct differentiation of (12), we can easily

teJ 0

then problem (10) has a unique solution.

(Tu) (£) = ™ [U(T) ok, JOT n(s)ds + kz]

verify that u € PC(J) satisfies (10). The lemma is
proved. O

Lemma 3. Let M >0,M,M,,M;>0,0<D; <1,0<0;_; <
(tk _tkfl)/2’ 0<Tk£ (tk —tk,l)/Z,k = 1,2,"‘,”’1, and

T s T m
sup{ J [Ml + M, JO a(s,r)dr + M, JO b(s, r)dr]eM(st)ds + Z Dyt =ty — 0pq — ) } <1, (16)

k=1

Proof. For convenience, we define the operator T:

+ J; [0(s) = M,u(a(s)) — M, (Au) (s) — M (Bu) (s)]e™“ds (17)

N Z oM (tt) | [_Dk th_Tk

0<ty<t b1 405

Ifu;,u, € PC' (J) are two solutions of (10), from Lemma
2, we have

u(s)ds + Ik< J?_T n(s)ds - J.

L1405 b= Ty

q(s)ds) + D, J q(s)ds].
L fe110)
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uy (t) = (Tuy) (1), uy (1) = (Tuy) (1),
oy = v I pe = 1| (Tuy) () = (Tup) (8) Nl pc

N

= Jt |iM1u2 (a(s)) + M, J a(s,r)u, (r)dr + M,
0 0

LTk

+ Z eM(tkft)-DkJ,

0<ty <t

u, (s)ds

f1+0
s

0

- Z M (tt) -D, th_r.

0<t, <t

uy (s)ds||

b1 +04y

= sup
te]

0

T
M, L b(s,r) (uy (r) - uy (r))dr]eM<s-f>ds

LTy

+ Z eM(tk_t)-DkJ

0<ty <t b1 0k

te] 0

So, by the Banach fixed point theorem [27], impulsive
integral (12) has a unique solution # € PC(J). From Lemma
2, u € PC(J) is a unique solution of (10). The lemma is
proved. O

3. Main Result

In this section, the authors establish the existence conditions
of the solution of (1) by using the upper and lower solution

v () <gty (), y(alt), (Ay) (1), (By) (1),

Ay (t) < 1k<JZTk v (s)ds - L

T

w(0)<y(T) +k, JO y(s)ds + k.

Identically, ¢ € PC’ (]) is called an upper solution of (1)
if

¢ (1) > g(t, 9 (1), p(a(t)), (Ap) (1), (By) (1)),

b1 +0ky

Ap(ty) 2 Ik(J:irk ¢ (s)ds — j

T
0 (0)=¢(T) +k, [O o (s)ds + k.

(uy (s) —uy (s))ds

1

T
J b(s,r)u, (r)dr ] Mg
0

- Jf [Mlul(oc(s))+sz a(s,ru, (r)dr + M, JTb(s,r)ul (r)dr:|eM(s—t)d5
0 0

J [Ml (uy (a(8)) = uy (a(s))) + M, J:) a(s,r)(uy (r) —uy (r))dr

T s T m
< sup{ J [Ml +M, JO a(s,r)dr + M, JO b(s, r)dr]eM(S_t)ds + Z Dy (te =ty — Opq — Tx) } 2, — vy |l pe-

k=1
(18)

methods and the monotone iteration technique. The fol-
lowing definition is first given.

Definition 4. y € PC' (]) is called a lower solution of (1) if

t#t,,t €] =[0,T],

1//(s)ds>, k=1,2,---,m, (19)

t#t,te€]=[0,T],

(P(S)d5>, k= 1,2,---,m, (20)



In addition, we denote [y (t),¢(¢)] = {u € PC(J): y(t)
<u(t)<e(t),t €]k

Theorem 5. Suppose the following conditions hold:
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(H,) w (1), ¢ (t) are the lower and upper solutions of (1),
respectively, and satisfy v (t) < ¢ (t).

(H,) AM>0,M,,M,, M; >0, such that

gt xy,z,w)-gt,%,y,z2,w)> - M(x-%)-M,(y-y) - M,(z - z) - M5 (w-w). (21)

Fory(t)<x(t)<x(®) <o), y(t)<y(t) <y () < o(2),

(Ay) (1) <z (1) <z(t) < (Ag) (1), (By) (1) <w (1) <w (1) < (By) (1),

(H;) 30<D <1(k=1,2,---,m), such that

ty f110y tk
1k<j x(s)ds - J ‘ x(s)ds) - 1k<J 3 (s)ds - I
LTy 7Y b7 78]
) 20,

b= Tg
> D, J

teo1+0ky
T

u(T)-u(T) + kl(JO (u(s) —u(s))ds

Here, yt)<yt)<x(t)<e(t),k=1,2,---
<u<u<g(t),k, €R

,m.y(t)

Then, there exist sequences of monotone iterations

{v.®Oh{p, (D} cPC'())  satisfying  y=y,<y,<y,

< LY, < €9, 89, 1< <@ <9y = ¢, such that

(x(s) = y(s))ds,

T
V(0 =y, (1), [y (s ks

Vte]. (22)

110k

y(s)ds)

(23)

lim, v, =u,(#)lim, , ¢,=u"(t) uniformly on J.
Here, u, (t),u* (t) are the minimum and maximum solu-
tions of (1) on [y (£), ¢ (t)], respectively.

Proof. First, we set up two sequences {y,, ()}, {9, ()} which
satisfy the following equations:

Vi (t) + My, (t) + Myy; (a(t)) + M, (Ay,) (1) + M (By;) (1))
=gty (1), vy (a(®), (Ayi,) (8), (Byiy) (1))
+ My, () + My (a(t) + My (Ay;y) () + M5 (By,, ) (1))

b= T ty b1 +04y
Paveo=-b [ wdsei{ [ wa@ds- [T v o ()
te—Tk
+ D, J Y;_; (s)ds,
L1104
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[ ¢:(1) + Mg, () + M, 9; (a (1)) + M, (Ag;) (t) + M5 (Bg;) (1))
=gt e ()9, (a(1), (Ag,_1) (2), (Bp, ;) (1))
+ Mo,y (8) + My, (a(t)) + M, (Ag;_,) (t) + M5 (Bg,_,) ()

b =T,

k™ Tk Iy b1+0)
1 Ag;(t) = -Dy Jt G (s)ds + I Jz 9 (s)ds - J ;1 (s)ds (25)

[}

LTk
+Dy J ;-1 (s)ds,

b1 10k

T
¢;(0) = ¢, (T) + k; JO @, (5)ds + k,.

Next, the conclusion is proved to hold in three steps. Let g(t) = v, (t) — y, (¢), then
Step one, we show that y; <v;,,9;<¢;_,i=1,2,---,n.

q' () + Mq(t) + M q(a(t)) + M, (Aq) (t) + M5 (Bq) (t))
= o (1) + My, () + My (a (1)) + M, (Ay,) () + M5 (Byy) (1))
—[g(t: o (1), yo (a (1)), (Ayp) (1), (Byy) (1) + My, (£) + My, (a(t)) + M, (Ayy) (£) + M5 (By,) ()]
= o (1) = g (& 9o (8), Yo (& (1)), (Ays) (1), (Byoo) (1))

<0,

Aq(ty) = Ay, (t) — Ay, () (26)

<D [ - w9)ds

o1+ 0k

=Tk
=—DkJ q(s)ds, k=1,2,---m,

b1+ 04y

q(0) = v, (0) =y, (0) <y (T) — v, (T) = q(T).

ViSVip @<, i=1L2,-0,n (27)
From Lemma 1, we have q(t) <0, v, (t) <y, (t),t € J. It H !
is similar to the above proof, we can verify ¢, (t) > ¢, (t). By Step two, we prove that v, < ¢ if ¥, < ¢,.
mathematical induction, we can get Let q(t) = v, (t) — ¢, (t),Vt € J~, we have

q (t) + Mq(t) + M,q(«(t)) + M, (Aq) (t) + M5 (Bq) (t))
=y, (t) + My, (t) + My, (a(t)) + M, (Ay,) (8) + M5 (By,) (1))
~¢1 () = Mg, (£) = M9, (a(t)) - M, (Ag,) () - M5 (Bg,) (1))
= [g(t: o (1), W, (a (1)), (Ayy) (1), (Byy) (1)) + My (1) + My, (a(2)) + M, (A, ) (£) + M5 (Byy) (1)]
=[g(t 9o (1), 9o (a (1)), (Agy) (£), (Bpy) (1)) + Mepy (£) + My (e (1)) + M, (Agy) (£) + M5 (Bgy) (£)]
<0,

Aq(t) = Ay, (t) — Agy (1)
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Le=Tg tx
D, J s Ik(L vo (s)ds — J
1101 KTk

b

t—Tk b =Ty

+ Dk 1//0 (S)dS - [_Dk J

1 H0ky b1 +04y

< -Dy

(v, (s) — ¢, (s))ds

J
-

b1 +0)y

te—Tk
:-ij g(s)ds, k=1,2--m,

b1 +0ky

q(0) =y, (0) — ¢, (0) <y, (T) -y, (T) = q(T).

By Lemma 1, we can get q(t) <0(t € J), i.e. y; <¢,. Still
by mathematical induction, we have y; < ¢;,i =1,2,---,n.

Step three, from the conclusion of the above two steps,
we get

(29)

It is obvious that each v, ¢;(i=1,2,--
and (25). There exist u,,u*

.) satisfies (24)
such that sequences

q )=y, &) -u (@)

f1+0

@y (s)ds + Ik(ﬁ:—rk @, (s)ds — J

Journal of Mathematics

Vo (s)ds)

L1 10k LTy

9o (s)ds) + Dy j ®o (s)ds]

e 10k

(28)

{Wi (t)}> {q)l (t)} SatiSfy hmn—>00 Y = U, (t)> hmn—»oo Pn
= u* (t) uniformly on J. So, u, (¢), u* (t) satisfy (1).

Finally, we verify that u, (¢), u* (t) are extreme solutions
of (1).

Assume that u(t) is any solution of (1) and satisfies
Yo () <u(t) <o, (t),t €.

Let q(t) = y,,,, (t) —u(t),t € 7, we have

=[g(t: v (0, v, (a(1)); (Ay,) (1), (By,) (1))
+ My, (t) + My, (a(t) + M, (Ay,) (t) + M5 (By,,) (£)

_MWVHI (t) -

Man+l ((X(f)) - M2 (AWVHI) (t) - M3 (BWW-I) (t)]

—g(t,u(t), u(a(t), (Au)(t), (Bu)(t))

< = MYy (1) —u(t) -

~M, (A (W — 1)) (8) —

=-Mq (1) -
Aq(t) = Ay, () — Au(ty)

LTy
140k

< -Dy
b1 +0)y
Le=Tg

=-Dy J (V/n+1 (s) M(S))
b1 H0,y
LTy

=-Dy J q(s)ds, k=1,2
to1+0)

te
v (s)ds + Ik(J v, (s)ds - J
—

Tk 2
+D, J v, (s)ds - 1k<J
L1104 LTk

[ LTk
Vo (s - D |

by 0y

M (Y (a(B) — u(a(t)))
M3 (B(V]nﬂ -
Mg (a(t)) - M, (Aq)(t) -

u)) ()]

M; (Bq) (),

L1 +04y

v, (s)ds) (30)

bio
b0y

u(s)ds — J u (s)ds)

b
b= Tk

(,, (s) —u(s))ds + Dy J v, (s)ds

b1 +0ky

=q(T).
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From Lemma 1, we can get q(t)<0(te€]), ie,
YV, () <u(t)(t € J). Similarly, it is easy to see that
UL P, (te]).

Therefore, v,,, (t)<u(t)<¢,,, (t) for any t €], this
implies that u, () <u(t) <u* (¢), the theorem is proved. O

4. Application

Impulsive differential equation theory is based on the
continuous differential equation. Scientists use dynamics to
describe the laws of life phenomena and then build math-
ematical models based on impulsive differential equation
theory to further explore scientific problems, which pro-
motes more understanding of life science. The study of these
mathematical models has led to the exploration of a large
number of differential equations, and it is found that some
phenomena in the optimal control of some life phenomena
are not a continuous process, which cannot be studied

-

20 15 2

1 1 ’
+—2| —J 2t%su(s)ds | ,
700 0

| 4(0) = () —l—loj(l)u(s)ds+$,

where T =1,t, =0,t; = 1/2,7=1/2,0, = 1/6, 7, = 1/6.k; =
-1/10,k, = 1/9.

g(tut), u(a(t), (Au)(t), (Bu) (t)) = —1/20t*u(t) + 1/15¢° [t — u(t/2)] + I/SOOt[tS - J

700

u' (t) = —it‘*u(t) sl [t - u<£>] + 5—(1)0t

1 t 1/6
Au(t)) = _E(J-m u(s)ds - .[0 u(s)ds),
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simply by differential equations. For example, in the dy-
namic system of infectious diseases, in order to prevent and
control the spread of infectious diseases, pulse vaccination is
one of the commonly used measures. This kind of time-delay
infectious disease model with pulse preventive vaccination is
a typical impulsive differential equation model, which needs
to apply the theory and method of impulsive differential
equation to carry out research and give the optimal control
strategy. Therefore, impulsive differential equations are
widely used in infectious disease dynamic systems, and it is
of great practical significance to study the optimal pre-
vention and control strategy of these systems by using the
theory of impulsive differential equations.

Based on the above theoretical derivation and the in-
fectious disease dynamic system model, we consider the
following infectious disease system model:

t2 5
[ts - J 8tsu (s)ds]
0

ti‘* t e } —-[0 1]
23 5 >
(31)

~
—_

Il
N | =

In this system, u (t) is susceptible to infection at time ¢
and Au(1/2) indicates the change of the infected person at
time 1/2.

The following we prove that system (31) is stable.

t/2 5
8tsu(s)ds
0

(32)

1 ols (Moo ’
+—t"|t —J 2t su(s)ds | .
0
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Let y,(t) =0,¢,(¢) =1, It is not hard to verify that
Y, (t) = 0 is the lower solution and ¢, (¢) =1 is the upper
solution of system (31).

Journal of Mathematics

By computing,

1 1 B
g(t,x, y,z,w) - g(t,%,7,2,0) = —%t4(x—x)+ﬁt3[(t—y) ~(t-p)]

L (R AGE N s (G GO

1
— _t4
20

(33)

N S | S T
(x—x)—Et (y—y)——t(z—z)—mt (w—-w)

100

2 = (D) = (=)~ s (5 D) — o (w - ),

100 100

Ay, (1) <Z<z< Ag, (1), By, (t) <w<w< Boy (£).  (34)

where Y, (£) <X (1) <x (1)<, (t), vo(a(t)<y<y<g,
(e (1)), So, we can get
BNV SV S
200 157 1000 100
T M ! g 1 & Mt M (1-0;_)
+ M, +M, | a(t,s)ds+M; | b(t,s)ds|dt—— Y Dy(e"™ -e
0 0 0 M =
1 t/2 1 35
= J [1+1+1J 8tsds+LJ- 2tzsds]dt—20~1<e1/120 —61/60) (35)
0[20 15 100Jo 100 Jo 12
1 1 1 1 1
<S—F—+—+—+—
20 15 100 100 75
<1,
we can get
13 b1 +0ky 23 L1 +0)y
Ik(J x(s)ds—J x(s)ds>—1k<J y(s)ds—J y(s)ds)
te—Tk te te—T iy
1 [ 2 1/6
5] @@=y [ e -y (36)
12| Juss 0

1 1/3
> - jw (x(s) — y(s))ds,

where v, (t,) <y (t,) <x(t) <@, (t), Dy = 1/12.
Obviously,

u(T) - (T) +k1(JOT(u(s) —ﬁ(s))ds) >0, (37)

where v, (t) <u<u<e,(t),t € [0,T].

Therefore, the all conditions of Theorem 5 are satisfied.
Thus, system (31) has the extremal system of solutions
u,,u* € [y, @), which can be obtained by taking limits
from some iterative sequences. Combining the initial con-
ditions of the example and the theoretical derivation in this
paper, it can be concluded that the system has certain
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stability at one time of prevention (interference) at half time;
that is, the system will tend to a disease-free equilibrium
point at half period, indicating that in the prevention of
infectious diseases, the susceptible persons can be reduced
by pulse vaccination to reduce the possibility of disease
transmission until the disease slowly disappears. In addition,
we can further verify that increasing the number of in-
oculations (interference times), for example, when the im-
pulse term of model (4.1) has three pulse moments
(t, = 1/4,t, = 1/3,t; = 1/2), the stability conclusion of the
system is still true by applying the theory of this paper.
However, in this case, the theory of literature [7, 9] is not
applicable to the application example in this paper.
Therefore, this paper studies an infectious disease model
with multiple pulse disturbances. The model studied in this
paper is an extension and optimization of the existing in-
fectious disease model, which is more universal and realistic
in the prevention and control of infectious diseases.

5. Conclusion

In life science research, the occurrence of many biological
phenomena and people’s optimal control of some life
phenomena are not a continuous process, which will be
interfered by some external conditions or human factors,
resulting in a short time disturbance of the system state.
This disturbance with time delay can be studied by pulsed
differential equation theory. Especially in the prevention
and control of infectious diseases, this kind of pulse
phenomenon with time delay is very common, and the
theory of impulsive differential equation is commonly used
to study such models in mathematics, so as to give the most
scientific prevention strategy of infectious diseases. Based
on this, a class of periodic boundary value problem of
impulsive integrodifferential equations of mixed type with
integral boundary conditions and integral impulsive con-
ditions was studied in this paper. On the basis of the theory
of impulsive differential equation, the comparison theorem
of impulsive integrodifferential equation was established
and the model studied was transformed into the corre-
sponding linear integrodifferential equation. By defining
the integral equation of the model, the condition of the
unique solution was obtained. On the basis of this theory,
the existence of the extreme solutions was further studied
by means of the upper and lower solution methods com-
bined with the monotone iteration technique and the
stability of the periodic solutions of system model (1) was
obtained. Finally, the validity of the mathematical model
was verified by an application example of the infectious
disease dynamic system model under pulse inoculation
interference. This model provides a new way for the op-
timal control and prevention of the infectious disease
model, which has certain theoretical value and practical
significance.
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