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In this paper, integer- and fractional-order models are discussed to investigate the dynamics of malaria in a human host with
a varied age distribution. A system of differential equation model with five human state variables and two mosquito state variables
was examined. Preschool-age (0-5) and young-age individuals make up our model’s division of the human population. We
investigated the existence of an area in which the model is both mathematically and epidemiologically well posed. According to the
findings of our mathematical research, the disease-free equilibrium exists whenever the fundamental reproduction number R; is
smaller than one and is asymptotically stable. The disease-free equilibrium point is unstable when R; > 1. We showed that the
endemic equilibrium point is unique for R, > 1. Also, the most influential control parameters of the spread of malaria were
identified. Numerical simulations of both classical and fractional order were conducted, and we used ODE (45) for classical part
and numerical technique developed by Toufik and Atangana for fractional order. The infected population will grow because of the
high biting frequency of the mosquito and the high likelihood of transmission from the infected mosquito to the susceptible
human. R = 1.622, which is more than one, indicating that the mosquito vector keeps on growing. This supports the stability of the
endemic equilibrium point theorem, which states that the disease becomes endemic when R = 1. The susceptible human
population will decrease because of the presence of the infective mosquito, which has a high biting frequency for the first couple of
days. Since the infective mosquito bit the susceptible human, the susceptible human became infected and went to the infected
human compartments. Then, the susceptible population will decrease and the infested human population will increase. After
a certain amount of time, it becomes zero due to the growth of protected classes. In this case, a disease-free equilibrium point exists
and is stable. This condition exists because R, = 2.827 x 107 is less than 1. This supports the theorem that the stability of the
disease-free equilibrium point is obtained when R, < 1. Depending on equation, we have shown that the possibility of some
endemic equilibria exists when R, < 1, that is, it undergoes backward bifurcation, even when the disease-free equilibrium is locally
stable, and the result means that the society may misunderstand the level of malaria prevalence in the community.

1. Introduction

Vector-borne diseases (VBDs) result from an infection
communicated by vectors such as mosquitoes, ticks, lice, and
fleas. These vectors carry pathogenic organisms such as
bacteria, viruses, fungi, protists, and parasitic worms which
can be transferred from one host to another. Some examples
of VBDs are dengue fever, Lyme disease, malaria, West Nile
virus, Rift Valley fever, and Japanese encephalitis [1]. In
many tropical and subtropical regions, malaria is a prevalent
and potentially fatal infectious disease. It is brought on by

the Plasmodium parasite, which is spread when female
Anopheles mosquitoes bite people to obtain blood for their
eggs [2]. The most prevalent species of Plasmodium are
Plasmodium vivax in temperate zones and Plasmodium
falciparum in tropical areas [3, 4]. About half of the world’s
population is in danger of malaria, according to the WHO
(World Health Organization) malaria report [5]. Globally,
there were estimated 228 million cases of malaria and
405000 deaths from it in 2018. Most of these cases and deaths
accounted for 93% and 94% of all malaria cases globally in
2018. The projected number of cases and fatalities from
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malaria in 2019 was 229 million worldwide [6]. Globally,
there were reportedly 247 million cases of malaria in 2021,
with 619000 deaths attributed to the disease.

A disproportionately large amount of the worldwide
malaria burden is placed on the WHO African Region. 95%
of malaria cases and 96% of malaria deaths in 2021 occurred
in the area. Almost 80% of all malaria deaths in the WHO
African Area occurred in children under the age of five.
Two-thirds of recorded deaths are children [6]. As they have
not yet acquired immunity to illnesses, children under the
age of five are more susceptible to malaria than adults [7]. As
a result, the age distribution in a community affects the
spread of malaria. In Ethiopia, 60% and 40% of malaria cases
are caused by the species Plasmodium falciparum and
Plasmodium vivax, respectively [8, 9]. Many scientific at-
tempts have been made, including the creation of mathe-
matical models, to lessen the impact of malaria on the global
community. Ross, in 1911 [10], applied deterministic
compartmental epidemic models to illustrate the dynamics
of malaria infection between vector and host populations.
Macdonald and Ross’s model [11] was modified by adding
biological data about mosquito latency brought on by the
growth of the malaria parasite. Nonetheless, efforts to stop
the spread of malaria have resulted in the creation of ef-
fective vector control measures, including larvicide, indoor
residual spraying, and insecticide-treated nets (ITNs) [6, 12].
Non-integer-order calculus has more than 300-year history.
Many theories are being added to the literature on fractional
calculus every day. In the seventeenth century, German
mathematician Gottfried Leibniz and well-known British
scientist Isaac Newton developed the idea of fractional
calculus as a result of calculus’s ramifications. In the form of
generalized fractional order, fractional calculus deals with
the definitions of classical calculus [13]. In order to com-
prehend, forecast, and manage the spread of diseases among
populations, mathematical modeling of infectious diseases is
essential. Through the integration of mathematical tools and
epidemiological knowledge, researchers are able to conduct
scenario simulations, investigate diverse intervention op-
tions, and facilitate the making of public health decisions.
These models are useful instruments for educating decision-
makers and supporting the creation of winning plans to fight
infectious illnesses and safeguard the public’s health [14].

A novel mathematical model was recently presented by
Mohammed-Awel and Gumel [15], because of the wide-
spread use of indoor residual spraying (IRS) and insecticide-
treated nets (ITNs) for malaria control, for evaluating the
impact of pesticide resistance in the mosquito population. In
[1, 16], fractional-order derivatives are described as non-
linear systems in a more realistic way in comparison with
integer-order derivatives, and a comparison of temperature
distribution via Atangana-Baleanu non-integer-order
fractional derivatives is used to illustrate the application
of the mathematical technique of Laplace transform. Many
fractional derivatives have been developed by researchers
and used in a variety of scientific and engineering fields
[17-19], and the most frequently used derivatives in the
various branches of science, particularly in mathematical
epidemiology, are Caputo, Caputo-Fabrizio (CF), and
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Atangana-Baleanu (AB). Different kernel properties apply
to each of these three fractional derivatives. In contrast to
Caputo-Fabrizio, which uses an exponentially decaying type
kernel (which is nonsingular but nonlocal), AB derivative in
the Caputo sense uses a Mittag-Leffler type kernel. Odibat
just developed a brand-new fractional derivative of the
generalized Caputo type [20]. The features of this novel
generalized Caputo derivative are comparable to those of
Caputo derivatives [21]. A nonlinear fractional-order model
for analyzing the dynamical behavior of vector-borne dis-
eases within the frame of Caputo-fractional derivative was
analyzed, numerical simulations for different values of
fractional-order derivative were performed, and a compari-
son with the results of the integer-order derivative was made.
In this study, the nature of our malaria model is read at non-
integer-order values using Atangana-Baleanu fractional
derivatives with a high efficiency rate.

The advantage of using CF and AB fractional derivatives
to solve the projected malaria disease model is that they
provide strong approaches for the arbitrary order case,
memory effects, and crossover behavior of the model.

The benefit of using the Atangana-Baleanu operator is
that it incorporates the crossover behavior of the malaria
disease dynamics model as well as memory results. It also
has a nonsingular and non-nearby kernel, which enables us
to explain complex structures that uniquely, incredibly,
and efficiently observe both the law of electricity and
exponential decay at the same time. Here, we consider the
integer-order model proposed by “Klinck” in [15] and
modify it to become fractional-order models in the
Atangana-Baleanu-Caputo sense. After recalling some
definitions and results concerning integer-order and
fractional-order derivatives, we prove the existence and
give conditions under the fractional models that admit
a unique solution. To illustrate our analytical results, we
shall adopt the Toufik-Atangana method to perform nu-
merical simulations for the fractional model. Researchers
in [15] worked on the dynamics of malaria in an age-
structured human host; in their model, human population
was partitioned into two compartments: preschool age
(0-5) and the rest of the human population. They have
divided the human population into two classes: H; and H,,
having S,I, and R compartments in each class. Thus, the
human population Ny is divided into six compartments,
and we modify such integer-order model proposed in [15]
by including the parameter of natural recovery rate of both
age groups in addition to the recovery rate due to treat-
ment and the protected group of human population to
measure the effect of intervention mechanisms such as
insecticide-treated nets (ITNs) and indoor residual
spraying (IRS) in the transmission dynamics of malaria
and fractional-order ~models in the Atanga-
na-Baleanu-Caputo sense to describe the memory effects
and crossover behavior of the malaria model. For sim-
plicity, we consider only one susceptible and recovery
compartment, respectively, for both age groups of human
population. The aim of our study is to understand the
dynamics of malaria through integer-order and fractional-
order analysis of age-structured malaria model.
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This study is organized as follows. In Section 2, we develop
mathematical model formulation. Section 3 gives the model
analysis. Section 4 presents the numerical simulation of the
integer-order malaria model. Section 5 gives the fractional
malaria model and analysis. Section 6 presents the numerical
scheme and simulation of the fractional-order model. Section 7
gives the result and discussion. Section 8 draws the conclusion.

2. Formulation of Modified
Mathematical Model

The human population, denoted by N, is divided into five
epidemiological categories: the susceptible class S;,, the pro-
tected class Py, the infectious class of preschool age I, the
infectious class of young age I, and the recovered class R;,. We
also divide the mosquito population into two major stages: the
mature stage and the aquatic stage (egg, larvae, and pupae), but
we consider the mature stage which is divided into two
compartments, namely, susceptible class of mosquitoes
denoted by S,, and infectious class of mosquitoes denoted by
I,,,. The mosquitoes’ population does not have a recovered class
because their infective period ends with their death. At any time
t, the total size of the human N, () and mature mosquitoes
N, (t) is, respectively, denoted by

Ny (8) = 8, () + P, () + Lo () + 1, (£) + Ry, (2),
N, (t)=S,, () +1,(¢).

Through birth, people are added to society at a constant
rate (/). Of those added, those protected by specific pro-
tective measures belong to the protected class P;, while the
remaining ((1 - y)A;) belong to the susceptible class (S,).
The susceptible people who heard recommendations and
implement protective measures will join the protected class
Py, at the rate of 7. In our model, individuals belonging to the
susceptible class are at risk of infection at a rate of (A,) for the
infectious class I, (pre-school age) and at a rate of A, for the
infectious class I,, (young - age). The infected individuals of
both age levels recover spontaneously at the natural recovery
rate of w; and w, and treatment recovery rate of §; and J,,
respectively, to join the recovery class R,. Some studies
[22, 23] indicated that the recovered humans have some
immunity to the disease and do not get clinically ill, but they
still harbor low levels of the parasite in their bloodstream
and can pass the infection to mosquitoes. After a certain
amount of time, they lose their immunity at a rate § and the
proportion B¢ returns to the susceptible class and the
remaining (1 — ¢)BR who take some protective measure-
ments enter into the protected class. Since the malaria in-
terventions might face serious obstacles in the form of
heterogeneity in parasite, vector, and human population
[24], the protected humans may become susceptible again
and move to the susceptible class S, at the rate ¢. Humans
leave the total population through natural death rate y, and
malaria death rate (disease-induced death rate) p;. When
a susceptible mosquito S,, bites an infectious human, it
enters into class I, and I, with fraction of bite K,. Mos-
quitoes are assumed to sufter death due to natural causes and
due to the use of insecticide spray at a rate y,, or mortality

due to insecticides but cannot die directly from the malaria
parasite infection [25]; female mosquitoes enter their pop-
ulation through the susceptible compartment at per capita
rate A,,. It is assumed that there is no immigration of in-
fectious individuals in the human population. The death
related to the disease is different between children (pre-
school aged) and young-aged people, i.e., 4, is greater than
ta, [26]. We also assume that infectious preschool-age
children mature and join the corresponding infectious
young-age class at the rate of #.

In Figure 1, red lines show disease progression and solid
and black lines show human or mosquito progression from
one compartment to another compartment. Based on the
above assumptions and flow diagram, the dynamics of the
disease were described by the following nonautonomous
deterministic system of nonlinear DEs.

ds
5 = (L= PN+ 9Py + BOR, = (74 A+ A, + 44,)S)
dp

g =TS+ (L= DR, — (9 + )P

dI

d_tC = AcSh = (a, + iy + 1+ (0, +8))Ie

dI
: d_ty =18, +nlc - (#dz + ty + (0 + 52))Iy’

% = ((“’2 +O)L, + (w, + 81))IC - (Bp+ (1 =)+ )Ry,

ds

? = Am - (Am + n“m)sm’
dI
—_m_ _ 1,
(2)
where
1 - kae, (1c+1,)S,,
m= N,
h
AC — klsclmsh’ (3)
Ny,
kleylmsh
y - N,

represent the force of infection of preschool age, young age,
and mosquito.
All parameters in Table 1 are positive.

3. Model Analysis

3.1. Positivity of the Solution of the Model. For the system of
differential equations in (6), to ensure that the solutions of
the system with positive initial conditions remain positive



4 Journal of Mathematics
A
- P,
(1-9)BR, 4k
¢ P,
o PoR, (@, +8)1,
FiGURrE 1: Flow diagram.
TaBLE 1: Description of parameters.
Parameter Parameter description
w, Natural recovery rate of preschool age
&, Recovery rate by treatment of preschool age
w, Natural recovery rate of young age
6, Recovery rate by treatment of young age
¢ Transfer rate of human from P, to S,
T Transfer rate of human from S, to P,
Ay Constant recruitment rate for humans
B Rate of loss of immunity
¢ Proportion of humans who lose their immunity that become §,,
(1-¢) Proportion of humans who lose their immunity that become P,
y Proportion of new recruitments that are protected
Ac Force of infection for preschool age
i, Force of infection of young age
M Force of infection of mosquitoes
n Maturation rate from I to I,
Ha, Disease-induced mortality rate of preschool age
Ha, Disease-induced mortality rate of young age
U Mortality rate of mosquitoes
U Natural mortality rate of human
& Number of bites on preschool-age people
g, Number of bites on young-age people
K, Fraction of bites that successfully infect human
K, Fraction of bites that successfully infect mosquitoes




Journal of Mathematics

for all t > 0, it is necessary to prove that all the state variables
are nonnegative, so we have the following theorem.

Theorem 1. Let M be a positive region in R.:
M ={8), Py, 1,1, Ry,S,,, 1.} € R, (4)

and the initial value for the malaria model (2) be
S,(0)>0,P,(0)>0,S,,(0)>0,1.(0)=0,

1,(0)20,R,(0)20,1,,(0)20. )

ds
a1

ds
dt

+(T+AC +Ay +yh)8h =(1-y)A, + @Py, + BéR,

Then, the solution of S, (t),P,(t),I, (t),Iy (1), R, (1),
S,,(t), and I, (t) of the nonlinear system of differential
equation above is positive for all > 0.

Then, we have to prove that S,(0)>0,P,(0)>0,I,
(0)>0, I, (0)>0,S,,(0)>0,1,,(0)>0; from the continuity
of S, (), Py, (t), I. (), I, (), R, (), S, (¢), and I, (t), we de-
duce that t>0, S,(0)>0,P,(0)>0,I.(0)>0, 1,(0)>0,
S,,(0)>0,1,,(0) >0, for all £>0; consider the first equation
of system (2):

- Y)Ah + (PPh + ﬁ(PRh - (T + AC +/\'}’ + ‘Hh)sh},

(6)

S, (t) = e~ Ju Ddtg. (0) + e [ oa j o o (1-9)A, + @P, + BoR,dt,

since ¢™™ [ MO% o S, (0)>0, and P, (t)>0,R,(t)>0;

also, exponential function is always positive; then, the so-
lution S, (¢) > 0.

Similarly, all state variables at t could not be zero and
positive. From this, we conclude that all the solutions of (2)
are in R’ for all £>0 provided that initial conditions are
positive.

3.2. Invariant Region. The invariant region is a region where
solutions of model equation (2) exist biologically [27]. Bi-
ological entities cannot be negative; therefore, all the solu-
tions of model equation (2) are positive for all time ¢ > 0 [27].
The total population size N, and N,, can be defined as in
equation (1). In the absence of malaria disease, the DEs for
N, are given as

dN A,
The DEs for N, are also given as
Am
N, (0) <~ (8)
m

Theorem 2. Model (2) has a feasible solution which is
contained in the region

M ={S;, P}, 1,1, Ry,S,,.1,} € R.. 9)
Proof. Let

{SiPi 11,5 Ry, S, 1} € R] (10)

be any solution of the system with nonnegative initial
condition. Using (7),

% <A, —uN,A I d(N,e") <A, j et dt,

A N\ _
NhSh+(Nh0—h)e 'uht.
Hi U

Therefore, as t — 0, the human population N, ap-
proaches A/, and it follows that [24]

(11)

A
lim sup N, (t) <—,
t— 00 Uy
(12)
A
lim supN,, (f) <—
t— 00 u

m

Therefore, the feasible solution set for model (2) is given
by

M ={S,, P}, 1,1, RS, 1, } € R,

(13)
A A
(Spp P Sn) >0, N, <= N, <=,
h Um
Hence, the compact set M is positively invariant, and the
solutions are bounded (i.e., all solutions with initial con-

ditions in M remain in M for all time t). O

3.3. Disease-Free Equilibrium Point. At the disease-free
equilibrium, all the disease classes are zero. It is a sce-
nario which depicts an infection-free state in the community
or society. Further, at the disease equilibrium point of people
and mosquitoes, I. =0,1, =0,1, = 0. Disease-free equi-
librium of system is given by & = (S}, P),0,0,0,5%,0),
where



_ (T+ym)A,

P )
" (v ey )

0 _ o+ A=Ay

h >
T+ Uy, +
(T+y, + @)y, (14)
A
N,(0) = P) +8) =~
HUn
A
N, (0) ==
m

3.3.1. The Basic Reproduction Number. The average number
of secondary cases a typical infected person produces in their
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entire life as infectious or an infectious period when in-
troduced or allowed to exist in a group of susceptible in-
dividuals is known as the basic reproduction number or R,
[28]. R, is a threshold quantity computed using the next-
generation method which is used to handle the future dy-
namical behavior of the pandemic and used to study the
spread of an infectious disease in epidemiological modeling
[28, 29]. It is defined as

- .\ _(0F d B
Ry = p(FV 1) where FV ™' = (a (ed)(é (80)> ,
(15)

using the next-generation method.
The dominant eigenvalue or reproduction number
becomes

R. = Kzgmsgn Kls}’s(;'
o bN? N )T
h HUmNpy

for

a=p; +u,+w +06,
‘ (17)
b:yd2+yh+w2+82,

which is the average number of secondary infections caused
by a single infective in a totally susceptible population.

0 0 0
Kzsmsm + WKzsmSm><Klscsh)) (16)

aN) abN) u,,N°

3.4. Local Stability of Disease-Free Equilibrium Point

Theorem 3. The disease-free equilibrium point of the system
of ordinary differential equation (2) is locally asymptotically
stable if Ry < 1 and unstable if R, > 1.

Proof. To show the local stability of disease-free equilibrium
point, we wuse (7x7) Jacobian matrix and the
Routh-Hurwitz (RH) criterion.

c ¢ 0 0 po 0 -V,
M, 0 0 (1-®BO 0
00 a 0 0 0V,
J(g)=]0 0 n b 0 0 Vy | (18)
0 0 (w;+6)) (w,+6,) f 0 0
00 -V, -V, 0 g 0
00 V, v, 0 0 M,

and let ¢ = (7, My = ~(9+p),a = —(ug, +py + 1+
©+0),b= (g, + 8, + w0y +8), f =~ (B+4p) g =ty
M, =—-u

me
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c-A ¢ 0 0 SO 0 -V;
T M, -1 0 0 (1-®)B 0 0
0 0 a-2 0 0 0oV,
J(e)=| O 0 n b-A 0 0 vy |
0 0 (w+6) (0, +8,) f-21 0 0
0 0 -V, ~V, 0 g-A 0
0 0 v, Vs 0 0 M,-2
0
Vv, = <K15c52 n Klsysh>
0 O
Ny, Ny, (19)
0
Vv Kl‘scsh
2~ N() >
h
0
_Kye)S,
3= 0
Ny,
0
VvV, = Kzemsm
4~ No >
h
0
V. = KZSmSm
STTNO
h
AN — AN+ AL+ A =0, (24)
We consider only the first and the second column of 7 x h
7 matrix; when we consider the fifth and the seventh column, where
we will get zero matrix because of zero column matrix. Ay=-LA,=(a+b+M,),
Through the reduction process, we obtain two negative A, = (V,V, + V3Vs — aM, - bM, — ab), (25)

eigenvalues A, = —y,, and A, = —(f + y,) and the reduced
submatrix becomes

a-A 0 v,

[(C-V) (M, -L)-o(D)] n b-A V, , (20)
Ve Vs p,—A
and the characteristic equation of the first submatrix,
(C-D)(M,-1)-¢(1) =0, (21)
is
AN A +A,=0, (22)

where A, =1,A, = (C+ M,),A; = CM, — ¢7, and all co-
efficients A; of submatrix (21) of the characteristic equation
and the first column of the RH array are positive, so by the
RH stability criterion, the two eigenvalues A; and A, of
Jacobian have negative real part. The second submatrix is
given by
a-A 0 vV,
n b-A V, =0,
V, Vs p,—A

and the characteristic equation of the second submatrix is

(23)

Ay = abM, +V, Vi —aV,Vs = V,V,b.

All the first columns of the RH array are positive; then, the
remaining eigenvalues of the Jacobian are negative real part for
R, < 1. Thus, the disease-free equilibrium point ¢, is locally
asymptotically stable for Ry <1 and unstable for R, >1. O

3.5. Global Stability of Disease-Free Equilibrium Point

Theorem 4. If the reproduction number R, < 1, the disease-
free equilibrium point ¢, of model (2) is globally asymptot-
ically stable in the feasible region M.

Proof. To prove the global asymptotic stability of the
disease-free equilibrium point ¢;,, we use the method of
Lyapunov function. Let us define an appropriate Lyapunov
function V (t) by applying the approach in [27]. V = C,I,
+C,y1, + C31,, where C,,C,, C; are positive constants and
I,1,, and I,, are positive state variables.

dv dI dI dI
——Cc=<4c2Lic,—m
Ta Ut Y a

dt
By substituting expressions for dI./df,dI,/dt, and
dI,,/dt from (2) in (26) and by collecting like terms of the
equation, we obtain

(26)



dv

dt

and by taking coefficients of I, and I, equal to zero for
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k SCImS k1€ ImSh
= CllThh - Clalc + szy\rih + C2’7[c - Csz}/
(27)
k SMICSm kZSmI Sm k £mImSm
+Cy-2 N, +C, N: —C3ym1m+C32N—h+C211—C1a:0,

After substituting C, and C, in (29) and after some

dvidt <0, calculation, we obtain [R3 - 1]I,, < 0; from this, for I,, =0,
ke 1.S R, < 1. Finally, we obtain dv/dt<0; then, dv/dt = 0. This
(%% -Cb=0, (28)  shows that the disease-free equilibrium is globally asymp-
h totically stable. O
dv ke 1,,S,
dar G N, 3.6. Endemic Equilibrium Point. Endemic equilibrium
oo IS (29) points are steady-state solutions where the disease persists in
Clw - Cap, 1, the population. The solution for the endemic equilibrium is
Ny obtained in terms of the infected humans, which is also
expressed in terms of R,.
K2£msm
Cy—22m 4 Cy = Cra = 0. (30)
h Theorem 5. IfR, > 1, then the system of DEs of the model has
a unique endemic equilibrium point.
From (28),
e ¢ ketnluSy 61 (S PRI RLS, L) 69
2 3 bNh
By substituting C, in (30), we obtain Proof. After some algebraic manipulation, we have
ky€,S,  Ky€mS
C, = C,| 2mm 4 2ZmmgpN,, ). 32
ot ), o
* P17T
Sh = %2
P, +(P,K e, + P;K e, )1,
e P,nKe I,
¢ mPy+a(P,Ke, + PKe ) ),
e (Klsya + nKlec)PlI:1
¥ Rjab(P,K,e, + P;Kye )T, + P,
" Pl(daKley +Kye.(nd + be))RéI:n
" abf(P,Ke, + P,K e I}, + 1P,
(34)

. [Pi(#Ps + Kie,Pg + P;K &) + yAuabf(PK e, + PsKye, ) RO, + 7Py

>

abfg,(P,K e +P;K e, )1}, + nP,

AabT\I, +nP,
(Tlnum + ab‘umTl)I:n + 7TP4/lm

R (abri, T (T, + byt T,
+(ab7t2yfnT1P4 + R (nP, (T,p,, + aby,,T,) - T3P1AabT1))If:

+ (7 Py (1 +uy,) - T3P, P,)I,,
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and after some steps and simplification, the degree three
polynomial is reduced to quadratic:

AL, +BI, +C =0, (35)

and at I* = 0, there was DFE.

A= Rg (abﬂ#mTl (TZ#m + ablblmTl))’

B= (“bﬂz‘ufnT1P4 + R (P4 (Tathy, + aby, T1) = TSPlAale))’

“ (.”m‘”(l_R

C =
PNy, (ab)’

where P, = Ag,abfy,, P, = g,abf + (dn + be), P; = g,abf —
(B(@ + ¢uy))da, Py = gyabfu,, T, = prkie. + psky, T, = py
(ke kie. + akye,, (kiea + nkye), Ts = bkyg, k. + ks,
(ke a + nk,e.) contains parameters.

From quadratic equation (35), the endemic equilibrium
exists for

B®> —4AC >0. (37)

The number of possible positive real roots for (35) de-
pends on the signs of A, B, and C. This can be analyzed by
using the Descartes rule of signs on the quadratic

f(I) = AI’, +BI’, +C. (38)

As indicated in [30], Descartes’s rule of sign is used to
determine the number of real zeros of a polynomial function;
it indicates that the number of positive real zeros in
a polynomial function f(I}) is equal to or less than the
number of coefficient sign changes, on an even number
basis.

In Table 2, the existence of multiple endemic equilibria
when R < 1 suggests the possibility of backward bifurcation.
The change of stability occurring at R, = 1 is often followed
by the emergence of branch of steady states. This is referred
to as bifurcation; this may happen for values of R, slightly
greater than one which is called forward bifurcation, and if
R, is slightly less than one, this is called backward bi-
furcation. In quadratic equation (15),

B+ VB? - 4AC

>

m 2A
(39)
. -B-VB*-4AC
Im = T

If Ry>1 or C<0, then (15) has a unique positive root:

. —B+VA
mo24
where A>0. If Ry=0 or C =0, then (15) has a unique
positive solution. I, = —=B/2A, provided that B <0. Here, if
B =0, then I, = 0 which shows DFE ¢, and if B> 0, then

I <0, and this does not show meaning in epidemiology. For
Ry<1or C>0 and A >0, we consider two cases.

I (40)

(36)

2
D)
(i) If B> 0, then I}, <0, that is, (15) has no solution.

(ii) If B<O, that is, if B< — 2+ AC <0, then (15) has two
endemic equilibria.

By considering such different cases of the solution of
(15), a theorem is established as follows. O
Theorem 6. The age-structured malaria model has

(1) A unique endemic equilibrium if

(a) C<O0iff Ry>0
(b)) B<0and C=0or BB—4AC=0

(2) Two endemic if C>0,B<0, and
B? - 4AC > 0.

(3) No endemic equilibrium in all other ways.

equilibria

In the theorem for R, < 1, stable DFE and stable EE come
together; this indicates the probability of backward bi-
furcation. Analysis of backward bifurcation was carried out
by employing center manifold theory.

3.6.1. Center Manifold Theory. Computation of eigenvalues
of the Jacobian matrix can be used to determine the stability
of the disease at an endemic equilibrium point. The bi-
furcation analysis is performed at the disease-free equilib-
rium by using center manifold theory as presented in
Martcheva [28]. To apply the center manifold theory, the
following simplification and change of variables are made on
the model which are rewritten by using state variables of
malaria model and center manifold approach on the system.

Let X, =S8,,X,=PpXs=1,X,=1,X;5 =Ry, Xg=
Spp X5 =1,

N, =X+ X, + X5+ X, + X5,

(41)
N,, = X, + X..
Further by using the vector,
X = (XI’XZ’X37X4’X5’X6’X7)T' (42)
The system can be written in the form
F:(fl’fZ’f3’f4’f5’f6’f7)T (43)
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TaBLE 2: Number of possible real roots of f(I,) for Ry>1 and R; < 1.

Number of Number of
Cases A B C R, . +ve real
sign changes
roots
1 + + + <1 0 1
2 + - + <1 2 1
3 - + + <1 1 2
4 - - + <1 1 0
5 + + - >1 1 2
6 + - - >1 1 1
7 - + - >1 2 1
8 - - - >1 0 0
and as follows writing the system in vector forms:
d
d_): = F(x)), (44)
[ dX ke X, X, kg, X;X,
dtl=f1=(1—y)Ah+goX2+/5’®X5—<TX1— : Nh7 - }}\]h - Xy )
dx
= f = A X (L= @)BXs = (9 ) X,
dx ke X, X
—2=f, :M_(ﬂdl+#h+’l+(w1 +61))X3’
dt N,
dx ke, X; X,
1 d—t4:f4 :};\I—h+rIX3_(‘Md2+‘uh+(w2+62))X4’ (45)
dX;
a fs = ((0y +0) X, + (@, +6,)) X5 — (Bp + (1 = )B + ) X5,
dx kye, (X5 + X)X
d_t6:f6:Am_ 28 ( 13\]h 1) S 4, X
dX; kyen (X5 + X4) X6
=T o f= -, X
ar Iz N, U7
c 9 0 0 po 0 -V,
Choose k; as bifurcation parameter, and solving for T M, 0 0 1-®)B 0 0
Ry=1, 00 a 0 0o o0V,
ﬂbeM J(g)=| 0 0O n b 0 0 v, | 47)
k, = = :
! k28,818 Sy + (k28,8 by + 1K€t Sy )€ ADS), 0.0 (01+8) (0 +8) f 0 0
(46) 00 -V, -V, 0 g o
00 Vv, Vs 0 0 M,

The Jacobian matrix evaluated at disease-free equilibrium: Eigenvalues of Jacobian are A, = —p,,, A, = — (B + ),



Journal of Mathematics 11

y, _T(Crm)+\(Crm)’ - 4(Cm —g) sre megitive real for Ry 1. Hence, th. center manifold
2 theory can be used to analyze the dynamics of the system for
(48)  the case when R, — 1, and it can be shown that the Jacobian
\ - —~(C+my) = (C+m,)* —4(Cm, - (p). matrix has a right eigenvector.
2
W,
W,
W,
W= W,
W
W
W,
c 9 0 0 poO 0 -V, W,
T M, 0 0 1-o)p0 0 w,
0 0 a 0 0 0V, W,
0 0 n b 0 0 V, W, |
0 0 (w;+0) (w,+96,) f 0 0 W (49)
0 0 -V, -Vs 0 g 0 Wy
0 0 V, Vs 0 0 M, w,
e ),
W, = [ [B ey + 81)‘;&;;“’3 Eg;z)("vz V(- g) + 19) + VIT:|W7,

11V2+aV3>
W,=(——=|W,,
4 < ab 7

W. = [(w, +8,))V, b+ (w, +8,) (nV, +aV;) W,
> abf ’
W, = _(V4V2b +Vs (’7V2 + aV3))W7
6= .

abg

Similarly, the components of the left eigenvector of J
correspond to zero eigenvalue, and it can be done by
transposing Jacobian matrix.
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c ¢ 0 0 po 0 -V, 52
TM, 0 0 (1-®BO0 0 ¥,
0 0 a 0 0 0 Vv, V3
00 n b o o Vs ||yl (50)
0 0 (w+0;) (w;+6,) f 0 0 Vs
0 o -V, -V 0 g 0 Vs
00 V, Vs o oM /\y,
where Now, we shall establish the conditions on parameter
V. Vb values that cause a backward bifurcation to occur in system
Vs (y El 4 ) 2 (45) based on the use of center manifold theory in
b Martcheva [28].
v (51) Computation of a and b for the transformed system of
V4= 5) 7 y,>0, (45) is associated with nonzero partial derivatives of f
b evaluated at the DFE (S}, PY,0,0,0,S2,,0).
V1= Ys=Ys=y7;=0
. O fs(enk) O fa(eo ki : O f7 (& k1)
‘= % MWW oxax, T L WWiovax, 3x, x 2, WX,
i,j,k=1 1 J i,j,k=1 i,j,k=1 1 J
Ofs _ Ofs _ Ofs _ ke + -y,
0X,0X, 0X;0X, 0Xs0X, (t+p, +o)N,
Ffy _ Ofy _ Ofy _ fy ke o+ 0 -pmm
0X,0X, 0X;0X, 0X;0X, 0X,0X, (t+u, +Q)A, (52)
azf7 _ azf7 _ azf7 _ azf7 _ azf7 _ 82f7 _ _kZEmAm/’li
0X,0X; 0X,0X; 0X,0X, 0X,0X; 0X,0X, 0X;0Xs Ay,
azf7 _ az](7 _ azf7 _ azf7 _ _ZkzemAmﬂi
0X;0X, 0X,0X; ax: ox’ Au,,
azf7 _ azf7 _ k2£m#h (1 _ Am#h>'
0X,0X, 0X,0X, A, Aty
It is not necessary to calculate the derivatives of f, f,,
fs» fe In computing b because y,, ¥,, ¥s, ¥¢ are all 0. From
_ 27: Aasz & ky)
Wi 0X;0k, ’
b= 27: yW62f3(£0,k1)+yW82f4(80,k1)
&7 0X,0k, 7 0x,0k, |
azf3 (20 K1) _& (¢ +(1-yuy) (53)
0X,0k, (t+u,+9)
O f4 (e k1) _y (¢ + (1= y)uy)
0X,0k, (T+u,+9)
- £ +(1-
) =<y3W7£ o+ (L-pm) . 5 (9 +( V)Mh)) .0,
(7+u+9) (7+u+9)
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when we come to a,
e (@ + (1=,
a=y;Wk ((T+!4h +¢)XZ . (_Wz_wa _W4_W5)
&y (@ + (1 =Y,
Wk, W, -W,-W,-W
T YaWioky (t+u, + )0, (-W, 3 4 5)
(54)
[ Wik, Pkl | + 7 Wik, ’“”h]( W, =W, - W5 -2W; -2W,)
mAh
A
[y7W3k ’”—ih 9, Wk, '””"](1 —Az“:h)wﬁ+.
Let
Zy=-(Wy+ W3+ W, + W),
Zy=—(Wy+ W, + W5 +2W; +2W,),
=y (W + Wk S (g Dby, (55)
a=y,(Ws+ 4)2Ah A 6
1- e (p+(1- A
- J’3W7k155 (o +( Y)Mh)yh+)’4w7k1 y(fl’ S . Zl+Zz)’7W4k2£m m‘?h .
(7 +p, + @A, (T+u, + o)A, v
Let
Enlt Au
F, =y, (W5 +W,)k, Ahh <1 - Ah!”h )Wﬁ,
m
(56)

(@ + (= Y)u)my
(T+w + @A,

8C
F, = _[<J’3W7k1

and by considering F, and F,, a is positive if F; > F,. As we
observed b is positive, according to center manifold theory, if
a>0,b>0, then the given age-structured malaria model
undergoes backward bifurcation at R, = 1 whenever b>0
and F, > F,.

As we observed, an age-structured malaria model ex-
hibits backward bifurcation whenever a >0, and the epi-
demiological significance of backward bifurcation is that, in
addition to generating R, <1, more action is necessary to
reduce the dynamics of malaria transmission in commu-
nities. Figure 2 shows the backward bifurcation phenome-
non as evidence for the malaria model analysis. The stable

&y (@ + (1= y)y)uy

+ Y, Wik

e A i
)Zl + Zyy,W ok, X‘l;h >

Hmly

(T+w, + @A,

equilibrium is represented by the solid line and the unstable
equilibrium is represented by the dotted line. It confirms the
results of the analysis, showing an endemic equilibrium.

3.7. The Local Stability of the Endemic Equilibrium Point.
We conduct linear stability on the endemic equilibrium
point using the Jacobian of the malaria model of the
equations. Then, the following stability theorem is stated.

Theorem 7. The endemic equilibrium point &* = (S}, P;,
15,10, R}, S, 1) of the malaria model is locally asymptot-
zcally stable zfand only if Ry> 1.
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05 Backward Bifurcation Diagram for Malaria Model
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FIGURE 2: Backward bifurcation diagram for age-structured malaria model.

Proof. To show the local stability of the endemic equilibrium
point, we use the method of the Jacobian matrix and RH stability
criterion. The Jacobian of the malaria model at any point is

D1 ¢ 0 0 i 0o -V,
t D,-A 0 0 (1-®)B 0 0
0 0  Dy-1A 0 0 o v,
J(g) = 0 0 n D, -1 0 0 vy | (57)
0 0 (0+6,) (w,+8,) Ds—A 0 0
0 0 v, v, 0 Dg-A 0
0 0 v, Vs 0 A, D -\

where D| = — (7 + A, +/1y‘uh), D, =—(¢+u),D; = —(yd1 +
P+ +w+8y), Dy == (g + 8, + w, +8), Ds = = (B +y), smSBn/Ng.
D6 = —HUm> D7 = —Um Vl = (KISCS?I/N(;)[ +K1£ysg /Nz)’VZ =

of 7 X 7 matrix,

D,-A 0 0 1-@)p o0 0
0 Dy-1\ 0 0 0 v,
0 D,-A 0 0 v,
S (wlza) (,+8,) Ds-1 0 0
0 -V, -V 0 Ds-A 0
0 v, Vs 0 A, D,-1

and if we consider |J — AI| = 0, the first column has a di-
agonal entry. Therefore, one of the eigenvalues is given by
Ay =D, = —(¢ + y;,). The reduced matrix becomes

Ke. Sp/Np, Vs = Kie,S)IN}, V, = Ky, S, /N}, =V = K,

By considering the first column and corresponding row
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D, - 0 0 0oV,
" D, 0 0oV,
(Dy=2)| (w+8,) (w,+8,) Ds—=A 0 0 , (59)
-V, -V, 0 Dg-A 0
v, Vs 0 A, D,-)
and if we consider |J — AI| = 0, the third column has a di- D,-1 0 0 v,
agonal entry. Therefore, the second eigenvalue is o n Dy-A 0 V,
A, =D, =—(B+uy). @D =V-¢rll Ty p-r o
The reduced matrix becomes v, Vs A, D,-A

D,-1 0 0oV,
D,-A 0 Vv
oo -y :
vV, -V, Dg-A 0
V, Vs A, D,-\

By considering the second column of 7by7 Jacobian
matrix, the reduced matrix after manipulation

becomes
D,-1 0 0oV,
D,-A 0 Vv
@ -(pn| T :
-V, V. De=A 0
Vv, Vs A, D,-1A

By taking the common of (1)and (2),

By considering the fifth column of 7 x 7 of the Ja-
cobian matrix, the reduced matrix after expanding
different columns with corresponding rows becomes

n D,-1 0 Vs

(w;+8;) (w,+6,) 0 0

@B "y v, pe-a o
V, Vs A, D;-2A

And by considering the seventh column, the cor-
responding row of the reduced matrix is

n D,-A 0
(5) —(Vl/lc)< -V, -V Dg-1 )
vV, Vg A
By considering (3), (4), and (5),

m

[(Dy =A) = ¢7] (D5 = A)[(Dy = A) (Dg = A) (D7 = A) = V3V5h,,, = Vs (Dg = A)]

= V3 [1(=Vshy = Vs(Ds = 1))] + V5 [(Dy = A)Vih,,, + (Dy = 1) (Dg = A)V,]-

After manipulation and rearranging, we obtain the

characteristic equation:
AN + A+ AL + A0+ AL+ Ay = 0. (61)

Using the RH stability criteria, we prove that when
R, >1, all roots of the polynomial equations have negative
real parts. Thus, the endemic equilibrium point £ is locally
asymptotically stable if R, > 1. O

3.8. The Global Stability of the Endemic Equilibrium Point

Theorem 8. The endemic equilibrium point

(60)

e = (S}, P}, 10 I, RS, 1) (62)

of the system is globally asymptotically stable if R, > 1.

Proof. Let us define an appropriate Lyapunov function V (x)
by applying the approach [28] such that

7

V(x) = Z(xi - X/ - XX In (?))

i=1

(63)

where X; represent the population of the compartment X;
and are endemic equilibrium points in R7, and thus,

S P I
V(%) :(sh -S;-$;In (—’“)) +(Ph -P; -P; 1n<—‘;>> +<IC -I-I 1n<—i)>
Sy P, I

* * Iy
+ Iy—Iy—Iyln ﬁ

S
+<sm 75;75;;1n(—"’
S

) (s

I x

—R;—RZln<

)t

iy

) (64)

)

~

)
)
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By differentiating (64) with respect to t and replacing the
derivatives in the equation from their respective expressions
in the equation of the system, we obtain

v
E = (1 —'}/)Ah +(pPh +ﬁ(DRh —(T+AC +Ay +‘uh)Sh
N
_é(u —P) Ay + 9Py, + BOR, —(7+ A, + A, +1,)S,)

+'yAh + TSh +(1 - q))/';Rh - ((p+yh)Ph

P
- P_g (YA, + 1S, + (1 = D)BR;, — (¢ + ) Py)

+AcSy _(/”dl + g+ 1+ (@) + 51))IC

I
—Ifi(}‘csh ~(pta, + p+ 1+ (01 + 8)))1c)

c

+ )LySh +nle —(ydz +uy + (0, + 82))Iy

1
- I%(Aysh +1lc _(Hdz +pp + (w0 + 52))1y)
y

+(wy + 82)Iy +(w; + )¢~ (Bp + (1 = )B +py)R,
R (g 4 8,)1, 4 (0 + 8)) I~ (B9 + (1~ B + )R,
h

+ yAm - (/\m + Hm)sm

S

- Sit:‘ (Am - (Am + Hm)sm) + /\msm - AumIm

m

L,
- a (/\msm - numIm)’
(65)

simplify equation (65) by gathering negative and positive
terms, and yielding: dV/dt = G, — G,, where G, denotes
positive terms and G, denotes negative terms. Therefore, if
G,<G,, dV/dt<0 and dV/dt=0 if and only if
Sy =S, Py =PI, =I5,1,=I;,R, = R},,S,, = S}, 1, = I,
hence V is, therefore, the Lyapunov function on M. Based on
this, we can observe that the biggest compact invariant sin-

gleton set in M = {Sh(t), P, (1), Ic(t),Iy (), Ry, (1),S,,(t),
L,(t) € M: dVidt =0} is ¢ = (S}, P}, I, I3, I7,). There-
fore, by the principle of LaSalle [31], the endemic equilibrium &,

is globally asymptotically stable in the invariant region M if
G, <G, for Ry > 1. O

3.9. Sensitivity Analysis. The normalized direct sensitivity in-

dex of the variable R, depends on a parameter (P,) defined as

x OR, P,

I =—Xx—. 66

P, F) Pr R() ( )

These small shear sensitivities allow us to determine the

relative importance of different parameters on malaria

transmission and prevalence. The most sensitive parameter

in Table 3 has a sensitivity index greater than all other
parameters.
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TABLE 3: Sensitivity analysis.

Sensitivity indices at Sensitivity indices at

No. different parameters Sign parameter value
1 S + 43x107*
2 Sy + 1/2
3 K + 1/2
4 S, + 1/2
5 Sfyo + 1
6 Spo + 1
7 SR + -10.5
8 Spo + -1.83x 1071
9 sz + -1
10 S + -1/2
11 St + -2
12 SRo + -0.46
2
13 Sy + -0.11
2
14 SR + -0.0006
Ha,
15 SRo + -0.047
1
16 Sy + -0.0022
17 Sy’ + ~0.044
18 Sy’ + -0.78

4. Numerical Simulation of Integer-Order
Malaria Model

The numerical simulations examine the effect of combina-
tions of parameters of the modified model on the trans-
mission of the disease by using MATLAB. The simulation is
carried out by taking different values of parameters. The set
of parameter values is given in Table 4 whose sources are
mainly from literature as well as assumptions. We used
differential equation solver ODE (45). The simulations and
analysis made are based on these parameter values and initial
conditions below.

The following initial conditions have been considered:
$,(0) = 25891, P, (0) = 8285,1,(0) = 1542,1,(0) = 1350,
R, (0) = 1543, S, (0) = 11998, 1, (0) = 2601.

4.1. Numerical Simulation with Sensitive Parameter. We
consider two sensitive parameters, namely, number of bites
on preschool-age human per female mosquito per time and
the number of bites on young-age human per female
mosquito per time.

5. The Fractional Malaria Model and Analysis

There are a certain number of limitations of the models
developed via classical differential equations, such as the
absence of memory effects and being not able to capture the
crossover behavior of a physical or a biological process. “The
fractional operator, specifically the ABC operator, comprises



Journal of Mathematics

TABLE 4: Parameter values.

Parameter Value Source
w; 0.6415 Assumption
8, 0.0014 [15]

W, 0.415 Assumption
0, 0.00000035 [15]

4] 0.652 Assumption
T 0.9988 Assumption
Ay 178 Assumption
B 0.222 Assumption
¢ 0.00042 Assumption
y 0.99 Assumption
n 0.997 Assumption
Ha, 2.14x10°° [15]
Ha, 9.78 x 1078 [15]

U 0.042 [15]

Up 0.00004 [15]

& 0.429 [15]

€, 0.695 Assumption
K, 0.456 Assumption
K, 0.574 Assumption

the memory effects and the crossover behavior of the

model.” Memory effect means that the future state of the
fractional operator of a given function depends on the
current state and the historical behavior of the state [32].
Therefore, to explore the malaria dynamics more re-
alistically, “Some basics of fractional calculus” are refor-
mulated with the replacement of classical derivative by the
one having fractional order in ABC sense. Thus, the frac-
tional epidemic model for age-structured malaria model

with the nonlocal kernel is formulated through the following

system.

The Atangana-Baleanu (AB) derivative is described by
the system of DEs, and the mathematical model can be
written as

17

5.1. Some Basic Concepts from Fractional Calculus

Definition 9. Let f: [a,b] — R,a<b, be abounded and
continuous function and let « € [0,1]. The Atanga-
na-Baleanu fractional derivative for a given function of
order « in Caputo sense is defined by 25D f (¢) = M (a)
/(1-a) [ df (1)) dTE,(~a(t - 1)*/1 - @)dr where M (a)
= (1 —a) +a/T () denotes M(0)=M(1)=1 and E, is
Mittag-Leffler function, defined by E,(z) = Zizozk/l"(ock
+1),0eC,R, () >0.

Definition 10 (see [33]). Let f: [a,b] — Rbebounded and
continuous function; then, the corresponding fractional
integral concerning AB fractional-order derivatives is de-

fined as AP f (1) =1-a/M (@) f (t) + a/M (T (a) [,
f(o(t-7)*'dr.

Theorem 11. Let f: [a,b] = R be bounded and continuous
function; then, the following result holds as in [32]:

M («)
(1_“)f(t)

ABCD £ (1) < =|[maxa<t<b(f ().

(67)

Furthermore, the Atangana-Baleanu derivative fulfills
the Lipschitz condition [32] for two functions
f1»f, € L(a,b),b>a; then, the AB fractional derivative
satisfies the following inequality:

I2%°Dg £, () < 2%°DL £, ()| < L] f1 (0) - £, ()], (68)

where 0 <a <1 is the order of fractional derivatives.
The fractional-order system of the differential equation
of malaria is proposed as follows:

0 CDES, (8) = (1= P)A, + 9Py, + BOR, —(T+ A+ A, + 1)),

0 CDYPy (t) = yAy, + 18, + (1 = ©)BR, — (¢ + )P
0 DL () = A.S, —(Mgll R R 51)1u

0 CDEL (6) = NS, + 1l — (g, + y + @y + 8,)1, (69)
o DER, (1) = (wy + 8)T, + (@ +8;)1, ~ (B + (1~ DI+ )R,

%BCD?SWI (t) = Am - (Am + .um)sm’
BRI, (8) = A

msm - .”mIm'

o DX (1) = F; (£, X (t)), where, X (£) = (8}, (£), Py (1), I (£), T, (1), Ry (£), S, (), L, (1)) (70)
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In the fractional order of dynamical system (70),
F;(t,X(t)) for i=1,2,3,4,5,6,7 are kernels of the dy-
namical system with initial conditions S;, (0) = S, P, (0) =
Py, 1.(0) = I, 1,(0) = I, R, (0)
=R,,S,,(0) =S,,1,,(0) = I,

5.2. Existence and Uniqueness of Solutions. To show the
existence of solution of the given model, we use the Banach
fixed point theorem, and to show the existence and

Journal of Mathematics

uniqueness of the solution, we apply AB fractional integral
to the proposed model [34]. Let

B=E(J)xE(J)XE(J)xE(J) x E(J) x E(])

(71)
xE(J)x E(]) = C[0,T]

be the Banach space of real-valued continuous functions
defined on an interval E(J) = [0, T] with the corresponding
norm defined by

I8 (0, P (9, 1.0, S, (£), R, £),8,, (8), 1, ()]
=8y ] + 1P O + 11 A + ]S, O +[Ry O] + 1S, O L, )]

and the associated sup norm [35].

Theorem 12 (see [33, 34]). (Lipschitz condition and
contraction).

For each kernel in the fractional model above, there exists
a Lipschitz constant L; >0,i = 1,2,3,4,5,6,7, such that

Klec Kls}’

0<7t+u,+ +
"TM(N,)  M(N,)

<1,

||F1 (t,Sh) = Fl(t>Sh1)“ =

K K¢
R T aerion)

(72)

|Fi(t, X)) - F;(t. X;®)| < L| X () - X;(®)|  (73)
is contraction for 0<L; < 1.
Proof. Let the kernel of the first compartment, F,, satisfy the

Lipschitz condition and contraction if the inequality given
below holds:

+

Kie,

+ <

N Nﬁlfzyh))lm)Sh

(r +;4h(MK(IN£Ch) ¥ M(Nh))lm)(sh -5,)

K
(1—V)Ah+§0ph+ﬁ¢Rh—<T+#h(M(

(74)

S(”“h*(MK(IAZ)*Af(liryh))lm>'|s’”shl||'

Suppose that

_ Klec Kls}’
Ll‘<”“”<M<Nh>*M<Nh)>Z7)’ 7>

where

Il = sl 0] = 2o 2] = suples 0] - 2,

IZ]| = sup|I. (1] = 5.
te]

|1, = suplt, ] = 2.

(76)

) = supl, 0] = 2,

I8, = suplS, (O] = Zs 1, = suplL, 0] = 2, where |1,]<;
te] te]
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is bounded function, so
|Fi (:5) = i (68| < La[[$n (O = S 0] (77)

and thus for F,, the Lipschitz condition is obtained, and if
Klsc Kls}’
+
M(N;,) M(N,)

0S<T+[,¢h+ )Z7<1, (78)

then F, is contraction. Similarly,
Ly = (o + ),
Ly =(pg, +py + 1) + (0 +0,),
L, =(ydz +uy, + 17) +(w, +9,),
Ls = B¢ + (1= )B + pys

Kye, (Z;+Z
_% (25 4)+."[h)
M(N})

(79)

Lg

L7=[’lm

X, (1) =

and we express the difference between the successive terms
by using recursive formula in (80).

A, () =X, (H) = X, (1)

1-«a

= [F; (£, X,-1 (1) = F; (£, X, (1))]

M (x)

N t
WF(t,X(n—l)) +mjto
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are bounded functions; if 0<L;<1,i=2,3,4,5,6,7, then
F;,i=2,3,4,5,6,7, are contraction.

Consider the following recursive form for any positive
integer n:

F(r, X, , (D) (t-1)* 'dr, (80)

(81)

], XL @) R X @) e e

"M (a)T ()

to

From (81), the difference between successive terms is
expressed as follows:
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A () =S8, ()-8, (t)= )[F (£.S,, (®) - Fy(t,8, (®)]

M (031“(04) Jo F(5.8,,, (1) - F(5S, (1) -0 dr,

Ap(®) =P, () =P, ()=~ [F,(,P, (1) - Fy(,P, ()]

( )

o

'WJ By (0) - Ex(n Py (0) 6 - e

Ay () =T, () =1, (1) = M()[F( L 0)=Fs(61, ()]

¢ t a—1
mj ( (T)) ( ICH(T))(t—T) dr,

A =1, (-1, (t)=~ Ay [Fs(6 1, 0) = Ei(6.1,,, )]

. (82)
mj (5L, ()= Fi(n 1, 0) -0 dr
A5y (6) = R, (D =Ry, (1) = 1 )[F (LR, (1) -Fs(t,R, (1))]
x ! a—1
e e JO Fy(r.R, (D) -Fy(r.R, (1)(t-"dr,
1-—
Ag, () =S, (=S8, (t)= WZ) [Fo(t:S,, (D) = F(£:S,, ()]
- (la)j (1.5, (D) = Fo(1.5,,_, (M) (£ - 1) 'dr,
Ay, () =1, (-1, (t)= —) S E(t.L,, ) = Bo(1.1,, ()]
r(la)j (51, (@) -Fy(n, (@)E-0""dr,
with initial conditions
Sy, (£) = 8,,(0), Py, (t) = P, (0), I (t) = 1.(0),1, (t) =1,(0), (83)
Ry, (t) = R, (0),S,,, () = S, (0), L, () = I,,,(0).
Equation (70) can be reduced using definition of the
norm.
4 © =[5, 0= 5,,, O] = 375 IFi(e5i, ) - Fi(e5,,, 00)]
(84)

7S, (T)) - FI(T, S, (T)) (t-7)* 'drf.

i [P
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Applying triangular inequality,

[, =S, ®)] == |

Prrrw ],

and by integrating (73), we obtained

lau @] =], ® -, (t)||

’F (t.S, (1)) -

21
Fy(t.Sy,, (f))"
(85)
Fi(n$,,, (1) = Fi(58,, ,(0) (- 0" drf
Shls.©=s,, @]
L5, ©=S.., 0]l4n 0] (s@

"M )F()

tot
<[ Ay (t)ll( M) M(oc)r(“))

Similarly,

[42: O] < A2 O 37705 M(a)r(oc)

[As O] <[ A52 ]

1-
M () M(oc)F(oc)

|46 O] < A0 O 3775 M(a)r(a)

(87)

[As O] <[ Agur ]

M (a) M(oc)F(oc)

(5 s
(35 o)
(5 s
[4sn )] < 4,1 >||( M@ M(a)r(a))’
(35 oo
(5 o)

42 Ol <47 ON 3755 M(a)r(a)

O

Theorem 13. The mathematical model involving Atanga-
na-Baleanu fractional model given in (69) has solution if
there exists y, such that

1- t*
+ L.<1, i=1,2,3,4,5,6,7. 88
(M(a) M(a)r(oo) i< (88)

Proof. Using techniques of recursive formula, we obtain

-« t* "
M (a) M((x)l"(oc))' (89)

|40, @] <], @], (

Similarly,

lau @] < s, @], M(oc) M(oc)r(“)

06
M (a) M(oc)F(a)

|mﬁum<phmm%( )

1- oc
M () M(oc)l"(oc)

06

( M@ M(oc)r< )) (50)

As )] <

|4, 0] <1, @],

"ASn(t)“ < |Rh (0)||L5 (x) M(oc)T(OC)

||A6n(t)"<|s (O)HL M(oc) M(oc)F(OC)

M (a)

||A7n(t)“ = "Sh (0)“1‘7( < M(oc)l"(oc)

Now we are going to show functions which are
Sw Py 10,1, Ry, Sy 1, that are solutions of (69).
Assume

S () =84 (0) = Sy — Ay, (), (91)

and by repeating the process of recursive formula, we obtain

o n+l -
Méfaﬁ (Llsi, -8, 0])
(92)

IO

for t = y,, and (92) becomes
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o n+l i
llAln(t)N_<M(;') m> CIROREME) ;
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This completes the proof of existence of the solution of
the given model using the Banach fixed point theorem; the

(93) same is true for the remaining expressions. O
and by taking the limit of (93), Theorem 14. The Atangana-Baleanu fractional model has
X . a unique solution if
-« t
n— 09, ||A,;, ()| — oo, + L <L - @
4 ® (M(a) M(a)r(a)) 1 LA Y (95)
M () M ()T (a)
(94)
Let X* = (Sy, P11, Ry S, 5 1, ) be solutions of the
proposed fractional model
Xt)Xt— FtX(t— t, X" (t
( ) =1 T ( )) = F; (£, X" (1))
(96)
24 a-1
M((x)l"(oc)j F,(1, X (1) = F, (v, X" (1)) (£ - 1) dr.
By taking the norm of both sides and after integrating,
we obtain
X() - X (O s——L|IX#t) - X" )| + ———=—L|X@®) - X" (¢ 97
|x @ ()] M()"() ] M()F()"() - (97)

We have || X (t) — X*(t)|| which is common for both
sides since

(1o« a L>0 (98)
M) M@/ "

and we get | X (t) — X* (#)|| = 0; then, we have X (t) =
and thus (69) has unique solution.

X (1),

Theorem 15. The epidemiologically feasible region of AB
fractional model is given by

M =S,(t),P, (t),IC(t),Iy(t),Rh(t),Sm(t),Im(t)eRz, (99)
such that
0<S, (1) +P,(t)+1.(t) +Iy(t) + R, (1)
(100)

A
+Sm(t)+1m(t)sNhs”—’“.
h

To show positivity, we have to consider the

following lemma.

Lemma 16 (see [36]) (generalized mean value theorem). Let

f(x)eCla,b] and ’(‘)BCDf‘f(x) >0eC € [a,b] when
0<a<1. Then, we have
fla)= f(a)+ _1 amcpya “f (&) (x - a), (101)

T(a)°

when 0<e<x,V, € (a,b]. From the lemma above, if

f(x) € C[0,b],5"°D! f (x)eCla, b],

ABCma (102)
o D;f(x)=0, V,e][0,b],
when 0 <a <1 f(x) is nondecreasing, and for
DY f(x)<0, v, € [0,b], (103)

f (x) is nonincreasing. Let us show that M is positively
invariant; using the above lemma, we have

ISBCD:’ClSh =0= (1 _V)Ah+¢Ph +ﬁ(DRh20,

ACDE| P, =0 = pA, + 7S, + (1 - D)BR, >0,  (104)

SECDEIT, =0 = 1.8, >0.

Similarly, each of the remaining solutions of the model is
nonnegative and remains in M. To show that the solution of
the system is bounded, we have to obtain the fractional
derivatives of total population by summing up all the re-
lations in the system, so

ABC[D Sh+ABC|D Ph+ABCDt I +0BCID I +ABCD Rh, ( )

105

ABC BC

o CD{Ny <Ay = Ny = ¢ CDIN, + Ny < Ay

By applying Laplace transform on both sides of the above
inequality,
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L(OABCDho + /"hNh) <L(Ap),

TaS™ ¢

-1 1-«
L(Nh)g(l_ 1-00- oc))) [(l—T)F(a)(l

where
_ “Hha-a
T= F((X) > (107)
Ay Ay, djt TQ
N(#t)="2L-—""3" | E——F
») tp, w,(1-1)dt)o “(1-1)(1-1)

where E, g refers to Mittag-Leffler function, and it has as-
ymptotic behavior.

E_.( )~2‘” L
apl\Z) = TZIF(ﬁ—(XT))
(109)
N, () — 20,
Ui

as, t — 00, N, (t)<A,/y, as,t — 0 hence it is a bi-
ologically feasible region that means for t>0 we have
0< Ny, (t) < (N, (t)/w, this indicates that the total human
population is bounded. In the same way, mosquito population
is also bounded because N, (t) <A, /u,, as t— 0.

23

(106)

aS "\ A, 1
Ay N——— |,
+1—0c)S+ 0(l—T)S]

and by applying the inverse Laplace transform [37], the so-
lution is given by

Tat®

o 1
(t—x)"dx + a —T)(E“(l a _“))N(O),

(108)

5.3. Local Stability of Disease-Free Equilibrium Point of
Fractional Model. As for the case of the model with integer
derivative (45), the fractional model (69) admits always DFE,

&o(Spy> Py 0,0, Ry, S, 0), (110)

and disease-free equilibrium point of (69) is given in (14). As
in the case of ODE model (45), we compute the reproduction
number R, using the next-generation matrix approach [38],
and the reproduction number of fractional model (69) is
given by

(111)

R. = (Kzsmsgq) Kle}/sg +(K2£mS?n+rlK2€mS?n)<KlscS(P)t)
’ bN; J\ N, aN,  abN;, /\,N,

Theorem 17. The disease-free equilibrium of (69) is locally
asymptotically stable if Ry <1 and unstable if Ry > 1.

To show the local stability of disease-free equilibrium of (69),
we use 7 X 7 Jacobian matrix and RH criterion. As indicated in
(11), the disease-free equilibrium (g;) of (69) is locally as-
ymptotically stable for R, < 1 and unstable for R, > 1.

By using the same Lyapunov type function as in (14) of
classical model (45), we prove that DFE of fractional model
(69) is globally asymptotically stable in M whenever R < 1.
Thus, the following result is valid.

Theorem 18. For any a € (0, 1], the disease-free equilibrium
point g, of model (69) is globally asymptotically stable in the
feasible region M if Ry<1 [39].

Theorem  19. The  endemic  equilibrium  point
€ = (8, Py, 15, 1, Ry, S0 1) of the malaria model of (69) is
locally asymptotically stable if and only if Ry > 1.

To show the local stability of the endemic equilibrium point,
we used the method of the Jacobian matrix and RH stability
criterion.

As indicated in (21), endemic equilibrium point &* is
locally asymptotically stable if Rj > 1.

Theorem 20. The endemic equilibrium point &* = (S,
Py IN TR, S, 1) of the system is globally asymptotically
stable szRO > 1.

As we observe from (26) of this paper, ¢, is globally
asymptotically stable in the invariant region M if G, < G, for
Ry>1.

6. Numerical Scheme and Simulation of
Fractional-Order Model

The numerical scheme for the solution of fractional-order
differential equation is defined by Toufik and Atangana [40].
Consider nonlinear FDEs
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(.)ABCID;xX(t) = F,(t, X (1)), X (0) = X, (112) The numerical scheme for (112) is defined as in [34].

1-
X = Xo 35 (60 X (6)

M(oc)F(oc)Zh fr(t;fz()tk))(“1_k)a(””—kw)—(n—k)“(n+2—k+2a) (113)

ht (tk—l’ (tk—l)) a+l a
- T(at2) n+1-k" -n-k)"(n+1-k+a).

By adopting the procedure in [40], the numerical scheme
of each compartment in the fractional model (69) takes

Sy (tper) = Sp(to) + ——— M( ) Fy(t,8, (), Py, (£), 1 (1), 1, (£), R, (1), S, (£), I,,, (1))
P h*F\ (1,8, (8), Py, (£), I (1), I, (£), R, (1), S,,, (£), I,,, (1))
+M(oc)l“(0c)z I'(a+2)
-m+1-k*m+2-k+a)-(n-k)*n+2-k+2a)

hE (6,8, (1, Py (0.1 (0,1, (1), Ry (£),8,, (1), L, (1))
F(oc+2)

n+1-K)"" -k n+1-k+a),

Patyn) = Pa(t0) + 31651 0Py (0 0 1, 0 Ry 0,5, (0.1, 1)

5 W*F2(£,8,(8), P, (0, 1. (), 1, (1), R, (1), S,,, (), 1, (1))
"M@ () I(a+2)

-m+1-k"m+2-k+a)-(n-k)*n+2-k+2a)

CRE (6,8, (8, Py (0,1 (0,1, (1), Ry (1), S,,, (1), 1, (1))
F(oc+2)

n+1-k)"'—m-k)*n+1-k+a),

I (ty)=I.(t) + F3(t Sy (£), Py (£), 1. (1), I, (£), R, (£), S, (£), 1,,, (1))

M()

5 HF5(£,8,(6), P (6), I (8), 1, (), Ry, (1), S,,, (1), 1, (1))
" M@I (@) I(a+2)

-m+1-k"m+2-k+a)-(n-k)*n+2-k+2a)

HF(6:8,(8, Py (0, 1 (0, 1, (8), R, (£),8,, (), 1, ()

at+l
F(oc+2) (n+1-k)"" = (n-k)"(n+1-k+a),

I (ty) =1,(t) + ]t[( Fa (t i (8), Py (£), I (), 1, (£), Ry, (£), S,,, (1), T (t))

5 HF (8,8, (6), P (6), I, (8), 1, (), Ry, (1), S,,, (1), 1, (1))
"M @I (@) I(a+2)

-m+1-k"m+2-k+a)-(n-k)*n+2-k+2a)

h“F4(t Sy (), Py (1), I (1), I, (), Ry, (1), S, (1), I,,, (1))

at+l
F(oc+2) n+1-k)" —(n-k)"(n+1-k+a),




Journal of Mathematics 25
Rh (tn+1) = Rh (tO) + %FSO.) Sh (t)) Ph (t)’ Ic (t)> Iy (t)’ Rh (t)’ Sm (t)) Im (t))
. a Zh“Fs(t,sh(t),PmIc(t),zyu),Rh<t>,sm(t>,zm<t>)
M ()T (a) I'(a+2)
m+1-k*m+2-k+a)-(n-k)*n+2-k+2a)
HE(6 S0Py O 1O L, O RO Sy O L0 ®) e e
I'lax+2)
S (t1) = S (00) # 7 o810 Py (01T, (0.1, 0, Ry 65, 01,1, (1)
a h*Fo(t, S, (£), Py, (£), 1, (8), 1, (£), R, (1), S, (£), I,,, (1))
@@ 2 T(a+2)
4+ 1-k)(n+2-k+a)-(n-k)*(n+2-k+2a)
_HE(6 850 Py O 1O L, O RO Sn O L) e e
I'la+2)
L, (tw) = 1, (ty) + %E(t,sh (1), Py (1), 1 (1), 1, (), R, (1), S,,, (1), I,, (1))
a h*Fo (£, 8, (8), Py, (£), 1 (8), 1, (£), R, (1), S,,, (£), I,,, (1))
@@ 2 T(a+2)
cm+1-k*m+2-k+a)-(n-k)*n+2-k+2a)
HUE (6,8, (0, Py (0, 1 (0,1, (0, Ry (1), 8, (1), 1, (1)) (a1 K™ — (1 K (11— K+ ),
I'(ax+2)
(114)

for step size h(t,,, t,_1)-

In the numerical simulation of dynamics of malaria
disease, two categories of the species are considered: the host
population which contains the human population and the
vector which consists of mosquito. The two species are
interconnected with each other. The effect of embedded
parameter is shown on the dynamics of both species. We used
the numerical technique developed by Toufik and Atangana.

7. Result and Discussion

The susceptible human population decreases rapidly as
shown in Figure 3. This indicates that the susceptible human
population will continue to join the infected class; as a result,
the infected population will increase due to high biting rate
of mosquito and high probability transmission rate from the
infected mosquito to the susceptible human. R, = 1.622
which is greater than one; this indicates that the mosquito
vector is continuously increasing. It supports the theorem
for stability of endemic equilibrium point that the disease is
endemic when R, > 1.

Figure 4 shows the distribution of population for dif-
ferent classes with time. Thus, the susceptible human
population decreases due to the presence of infective
mosquito with high biting rate of mosquito for the first few

days. Since the infective vector bites the susceptible human,
the susceptible human becomes infected and goes to the
infected human compartments; then, the susceptible pop-
ulation decreases and the infected human population in-
creases. After some interval of time, they go to zero due to
increment of protected class, that is, as protected class in-
creases, susceptible vector and infected vector class decrease
due to lack of meal for their egg; then, the disease-free
equilibrium point exists and is stable. The existence of this
condition is due to the fact that R, = 2.827 x 10~ which is
less than one. This supports the theorem that the stability of
disease-free equilibrium point exists when R;<1, ie., the
society is free from the disease when R, < 1.

We also evaluated sensitivity indices of the parameter
values shown in Table 2. In the case of malaria transmission,
the most sensitive parameter is the rate of mosquito bites or the
number of bites in people of preschool age (¢.) and young age
(¢,); other parameters include the probability of transmission
from an infectious mosquito to a susceptible person or
a portion of the bite that successfully infects human (K,) and
the probability of disease transmission from infectious human
to susceptible vector or a portion of the bite that successfully
infects mosquito. As shown in Figure 4, the number of bites of
mosquito increases and the susceptible human population
decreases because when the contact between mosquito and the



26
% 10° Plot of Modfied (SPIRSI) Model
4.5 T T T T
mmmm Susceptible human f
4+ me protected human H
Infected under -5
35t mmmm Infected young [
® Recovery human
3 mm susceptible vector ||

[ infected vector
2.5 B
2 H o
1.5¢ e ——

1 \ :‘f 1
f.—_ =
-

0 50 100 150 200 250
Time in days

Human and mosquito Population

0.

5
0
FiGUre 3: Human mosquito plot shows that susceptible human
populations decrease rapidly. This indicates that the susceptible

human population will continue to join the infected class
R, = 1.622.
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F1GUrEe 4: Human mosquito for DFE plot which shows susceptible
human population decreases due to the presence of infective
mosquito with high biting rate for the first few days.

two human age levels increases, the force of infection increases
and individuals go to the infected class to increase the infected
human class as shown in Figure 5. As the number of bites
increases, the population of susceptible vector decreases be-
cause of increase in infected vector for some time interval
initially and then decreases because infected vector goes to the
susceptible human class to increase force of infection as shown
in Figures 6-8. Susceptible human population decreases in
three directions: firstly because of natural death rate, secondly
because of increment in force of infection as shown in Figure 4,
and thirdly because of increment in transfer rate tau (7) of
human from susceptible class to protected class as shown in
Figures 9 and 10 to increase protected class individuals as
shown in Figure 11. As explained in assumption part, pro-
tection class is the class with individuals who use intervention
mechanisms like ITNs and IRS; if individuals who use such
control mechanisms increase, the force of infection decreases
because of decrease in mosquito vector with lack of meal for
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FiGURE 5: As the number of bites of mosquito increases, the
susceptible human population decreases.
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FIGURE 6: The number of infected young humans increases as the
number of bites increases.

their egg production. As shown in Figures 3 and 12, the
number of infected humans decreases as the number of re-
covered humans increases because of increment in natural
recovery rate and treatment rate, so this increment in recovery
rate is one way to increase protected class individuals; in-
crement in protected class is our target to control malaria
disease; because of increment in protection class and recovery
rate, infected preschool-age and young-age human population
decreases as shown in Figures 13-15.

In Figures 16 and 17, we show the global asymptotic
stability of the proposed model by varying the initial con-
ditions of each compartment for time being, and to save time
and space, we show only two compartments, namely, sus-
ceptible humans and infected preschool humans.

As indicated in Figures 18 and 19, as fractional order «
approaches 1 or integer order, the susceptible human pop-
ulation decreases which is similar to that of classical model
result, that is, as the biting rate of mosquito increases, the
susceptible human population decreases. The majority of
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Susceptible human with
different values of tau

27

©
n
T

w

Susceptible human
[ S8}
S n

—
v

1 L

tau=0.68
tau=0.78
tau=0.88
tau=0.98

1 1 L
0 10 20

30 4

50 60 70 80 90 100
time in days

FIGURE 10: Susceptible population decreases as increases transfer
rate (7) of human from susceptible to protected class.
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and decreasing behavior for some time; and then increase finally.
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FIGURE 14: The result shows that the infected preschool-age human
increased for the initial interval of time and then strictly slow or
decrease as time increase.
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FIGURE 15: As the result showed that the infected young human
increased for the initial interval of time and then decreased as that
of infected preschool-age human, but the decrement is not strict.

fractional-order model simulation results are roughly similar to
those of classical order model simulation results when frac-
tional order « — 1. However, as many studies have shown,
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FIGURE 16: Global stability of infected preschool humans.
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FIGURE 17: Global stability of susceptible human compartment.
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FIGURE 18: As the value of 7 increases, the protected class also
increases.

the model with fractional derivatives (Atangana-Baleanu in
Caputo sense) is superior to the model with integer-order
derivatives. Based on theorem (21), we have demonstrated that
even in the disease-free equilibrium, there is a chance of an
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FIGURE 19: The result of susceptible vector population with frac-
tional order alpha shows that the susceptible vector population
decreases because of infection in vector population.

endemic equilibrium when R; <1 experiences backward bi-
furcation; this suggests that society may not fully comprehend
the extent of malaria prevalence in the population. When the
level of malaria endemicity expressed only by the size of the
basic reproductive number is less than one, the disease can
disappear but still persist (at very high endemic levels).

8. Conclusion

Integer- and fractional-order models were presented for the
dynamics of malaria in human hosts with varying ages. A
system of differential equations model with five human state
variables and two mosquito state variables was examined. We
demonstrated the existence of an area in which the model is
both mathematically and epidemiologically well posed. The
equilibrium point devoid of disease was discovered, and its
stability was examined. We identified the basic reproduction
number R, in terms of the model parameters that measure the
intensity of the transmission of the disease. It has been
demonstrated that during the course of the infectious period,
R, predicts the anticipated number of additional infections (in
mosquitoes and people) from one infectious individual (hu-
man or mosquito). It was also established that for the basic
reproduction number R, <1, the disease-free equilibrium
point emerges. We showed that the endemic equilibrium point
is unique for R, > 1, and also we showed numerical result for
both fractional- and integer-order models. For the numerical
simulation of integer order, we used ODE (45), and we used
numerical technique developed by Toufik and Atangana for
fractional order. Plasmodium parasites cause malaria. Since
malaria is a global problem, the following measures should be
taken to eradicate the disease. The biological explanation of
(21) is that when backward bifurcation occurs, malaria can still
exist in the community even when R, < 1, and such situation
can lead to misunderstandings about malaria eradication
programs. Responsible bodies like policy makers may think
they have succeeded in bringing R, under one and hope
malaria will disappear. Unfortunately, if backward bifurcation
occurs, there will be a large endemic equilibrium due to the
hysteresis that occurs when R, < 1.
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(i) Our results in (21) indicate that responsible bodies
need to increase the culture of using different
control mechanisms like ITNs and IRS including
different medical treatments to avoid backward
bifurcation or inverse bifurcation.

(ii) Since the model indicates that the probability of
disease transmission rate and mosquito biting rate
play a major role in the disease’s spread, efforts
should be made to reduce mosquito populations
and biting rates through biological or chemical
means, or any other method that will lower the rate
of malaria infection.

(iii) Government agencies with accountability should
start and continue efficient programs to guarantee
that public health decision makers take into account
intervention strategies aimed at reducing mosquito
populations and biting rates when controlling
malaria. Furthermore, we plan to expand the model
in subsequent work to encompass

(a) Effects of different constant control mechanisms
on malaria prevalence, optimal control, and cost
analysis.

(b) The effects of temperature and rainfall on the
spread of malaria on the mortality and survival
probabilities via optimal control.

(c) Different fractional-order derivatives and integer-
order derivatives, comparing their results and
performing backward and forward bifurcation to
identify the prevalence of malaria disease.
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