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The Hyers-Ulam stability of multi-coefficients Pexider additive functional inequalities in Banach spaces is investigated. In order to
do this, the fixed point method and the direct method are used.

1. Introduction and Preliminaries

For an object possessing some properties only approxi-
mately in mathematics and in many other scientific in-
vestigations, can one find the special object satisfied them
truly? One of the effective methods to solve this problem is to
use the concept of generalized Hyers-Ulam stability.

Let us review the definition of Hyers-Ulam stability. In
a class of mappings, if each mapping of this class fulfilling the
equation approximately is “near” to its real solution or stable
approximate solution, then the equation is said to be
Hyers-Ulam stability.

The stability problem of functional equations is from
a question of Ulam [1] in 1940, that is, the stability of metric

[[af (x) + bf (y) + cf (2)] <

[af (x) + bf () + Kf (2)] <

in quasi-Banach spaces. In the paper, assume that X is
a linear space over the field F, and Y is a linear space over the
field K. Let a,b € F and A, B € K be given scalars.

Kf(ax + by + cz)
K

Kf(ax+by+z>

group homomorphisms. In 1941, Hyers [2] gave the first
affirmative answer to the question of Ulam for Banach spaces
about the Cauchy functional equation. Hyers’ method of
proof is called the “direct method.” The functional equation

fle+y)=fl)+ f(y) (1)

is called an additive functional equation. More generaliza-
tions and applications of the Hyers-Ulam stability to
a number of functional equations and mappings can be
found in [3-10].

In 2013, Li et al. [11] investigated the generalized
Hyers-Ulam stability of the following function inequalities:

, (0<IK|<la+b+c|),

(2)
, (0<K#2),

The functional equation

flx+y)=g(x)+h(x) (3)
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is called a Pexider additive functional equation (for more
details, see [12-23]). In the paper, we introduce and in-
vestigate the following functional equation:

f(ax+by) = Ah(x) +Bg(y), Vx,yeX, (4)

where f,g,h: X — Y. The stability problems of several
functional inequalities have been extensively investigated by
a number of authors (see [24-47]).

In order to find the stability of (4), the following fixed
point theory would be applied.

Theorem 1 (see [48, 49]). Let (X,d) be a complete gener-
alized metric space and let J: X — X be a strictly con-
tractive mapping with Lipschitz constant L < 1. Then for each
given element x € X, either

d(]"x, ]"“x) = 00, (5)

for all nonnegative integers n or there exists a positive integer
n, such that

(1) d(J"x, "' x) < 00, for all n>n
(2) The sequence {]"x} converges to a fixed point y* of |
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(3) y* is the unique fixed point of ] in the set

={y e X|d(J™x, y) <oco}
(4) d(y, y*)<1/1-Ld(y,]y) forall yeY

2. Hyers—Ulam Stability of Functional
Inequality (4): A Fixed Point Method

Theorem 2. Suppose that Y is a Banach space and

¢: X* — [0, 00) is a function such that there exists an L< 1
with
x L
A =5 > > > X~ 6
<P<2 2)<2<p(xy) X,y € (6)
If f,hg:X—Y are mappings satisfying
g(0) =h(0) =0 and
||f(ax +by) — Ah(x) — Bg(y)n <p(x,y), xyeX, (7)

then there exists a unique solution H: X — Y of (4) such
that

-y o) (30 o0 xex

“h(x) - —H(ax) < |A| 2(%) {go(x, (g)x> +¢(x,0) + (p<0, <g>x>} ] —¢(x,0), x€X; 9)

Hg(x) — H (bx)|l < |;| ﬁ {go( <Z>x,x) + (p<<g>x,0) +¢(0, x)} |B| 9(0,x), x¢€X. (10)

Proof. Letting x = y = 0in (7), we get f (0) = 0. Letting x = “f(ax) B Ah(x)" <p(x0, xeX (1
0 in (7), we obtain Thus,

|f (by) = Bg(»)] < (0, »), (11) "f(x) - Ah(g) || < (p(g, o), xeX (14)

for all y € X. Thus,
or-spler(og). rex

Letting y = 0 in (7), we have

(12)

£+ )= = f <] rees - an(3) -

Jrco-

X
o

Next, replacing y by y/b and x by x/a in (7), we get

|reen-anQ)-re(g)] <o(G3) 09
Thus,
bl
A2+ o0 -ms(3)] (16)
%) + G"(gO) + 4’(0»%), x,y€X.
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Letting x = y in (16), we get
||f(2x) - 2f(x)|| < go(%, %) + (p(%, 0> + (p(O,%), (17)

for all x € X.

d(p.q) = 1nf{y€ [0, 00]: ||p(x) - q(x)||<#< ( >+¢<

Then (S, d) will be proved to be complete. Let d(p, q) =
u, and d(p,h); by the definition of d and property of
infimum, d satisfies the triangle inequality. Suppose that
{f.} is d-Cauchy sequence on S. That is, for any 7 >0, 3n,
n>m>ny, such that d(f,, f,,) < 7. By the definition of 4, it
is easy to see that { f,, (x)} is a Cauchy sequence in Y. Since Y
is complete, there exist {f,(x)}<Y and {f,(x)}
— {fo(x)}. Taking the limit as m — co, we get
d(f,(x), fo(x)) <1, for all n>ny such that {f,} is
d-convergent, ie., (S,d) is a complete generalized metric
(for more details, we refer to [48]).

ITp (x) - Jq(x) = ||2p<§> _

2a(3)|=2o (55

3
Consider the set
S=1{h: X — Y,h(0) =0}, (18)
and introduce the generalized metric d on S:
X X X
b) + (P<£,5>>, Vx € X} (19)

Now, we consider the linear mapping J: S — S such
that

) =2p(3): (20)

for all x € X.
Let p,q € S be given such that d(p,q) = ¢. Then,

lp-a@l<e(o(50) +o(07) +o(5 7)) @

for all x € X. Hence,

0)+9(0:35) * s )}

(22)

2 o(03) (50 (2] - 430 o(0) )

for all x € X. So, d(p,q) = ¢ implies that d(]P, ]q) <L,. This
means that

d(Jp,Jq) <Ld(p,q), (23)

for all p,q € S.
It follows from (17) that

lreo-2rG)l <3 {olG0) =o(05) oG

(24)

for all x € X. So, d(f,Jf)<L/2.
By Theorem 1, there exists a mapping H: X — Y
satisfying the following:

(1) H is a fixed point of ], i.e.,

H(x) = zHG), (25)

for all x € X. The mapping H is a unique fixed point
of J in the set

={p e S: d(f,p)<oo} (26)

This implies that H is a unique mapping satisfying
(45) such that there exists a y € (0, 00) satisfying

-l zefoZ0) of02) (2]

(27)
for all x € X.
(2)d(J"f,H) — 0 as n— oco. This implies the
equality
lim 2 f< ) H(x), (28)
for all x € X.
(3) d(f,H)<1/1 - Ld(f,]f), which implies
|f o) - H )|
(29)

<sa-p (o) ro(03) o)k

for all x € X.
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It follows from (16) and (28) that So, the mapping H: X — Y is additive. Next, by (8),
29) can be proved. Similarly, we can obtain inequalities (9
|H (x+y) - H(x) - H(y)| z(md) 10). prov Y 1 (|:|)

= lim 2"

(%) 1) -1(z)

Corollary 3. Let r>1 and 0 be nonnegative real numbers

e and f,h,g: X — Y be mappings satisfying
.o X x x x . .
< lim 2 {(/)(%,0) “"(0’2”19) +(p<2na,27b>} |f (ax + by) - AR (%) - Bg ()| < O(I=I + [y ), (3D)
—0 v X for all x,y € X and h(0)=g(0) =0. Then there exists
=0 veyes a unique additive mapping H: X — Y such that
(30)
6L lal” +1bl"
I G0 - Bl < g =g
1 L Ial +1bl"
h(x H ‘l < —x|"; (32)
|0 - r o<t 12 P e
L Ial +1bl’
x fH bx ll < —|lx Vx € X.
”g( ) — - H (bx) BI1-L o llxll” + |B|” I,

Theorem 4. Let ¢: X* — [0,00) be a function such that  for all x,y € X. Let f,h,g: X — Y be mappings satisfying
there exists an L< 1 with (7) for all x,y € X and h(0) = g(0) = 0. Then there exists

0(2x,2y) < Lo (x, ), 33 ¢ unique additive mapping such that

ooyt (3 3) o) (03} e

< 2(11 5 {gt)(x, (g>x) +¢(x,0) + g0<0, <g>x>} T’ ¢(x,0), x€X; (35)

1 b b
Hg(x)——H(b )H_lBlm{ (( ) ,x)+go<<;)x,0)+(p(0,x)} |B| ¢9(0,x), x¢eX. (36)

Corollary 5. Let r>1 and 0 be nonnegative real numbers  x,y € X and h(0) = g(0) = 0. Then there exists a unique
and f,h,g: X — Y be mappings satisfying (31) for all  additive mapping H: X — Y such that

Hh (x) - —H(ax)

0 1 1
- el <2 (i o s

. 0 Ibf +lal’
h(x) - —H(ax)|| < - +— x| (37)
”() @\ <a—y e M ||” ”

0 lal +ler,

0
lx|" + —=lxl", VxeX.

Hg(x) s\ By jar IB]
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3. Hyers—Ulam Stability of Functional |f (ax + by) - Ah(x) - Bg(»)|| < ¢ (x, ), (38)
Inequality (4): A Direct Method
where ¢: X> — [0, 00) satisfies
Using the direct method, we prove the Hyers—Ulam stability oo j
of functional inequality (4). b(x,y) = Z (%) ¢(2J'x’ 2jy) <00, (39)
=0
Theorem 6. Assume that Y is a Banach space and

f,g.h: X — Y with g(0) = h(0) = 0 satisfy the inequality for all x, y € X. Then there exists a unique additive mapping
F: X — Y such that

|f () - F ()] < @(2%) + @(Q%) + ¢(§,o), Vx € X,

Hh(x) - %F(ax)

<ﬁ{$<x,bi> {b( )+3¢>(x 0) + (2x, o)} Vx € X, (40)

“g(x) - —F(bx)

(2 ) (0) + B0 sdEn0f, wrex

Proof. Letting x = y = 0in (38), we get ||f(0)|| <¢(0,0).So,  forall y € X. In (43), replacing y by y/b, we get
f(0) =

Lettix;g y =0 in (38), we get ”f(y) - Bg(%)” < (p(O,%)], Vy e X. (44)
”f(ax) —Ah(x)||Sgo(x, 0), (41) By the same way, from (38), we have the following
for all x € X. Thus, inequality:
o-s@lelEe a beonsl)nll). werex
for all x € X. (45)
Letting x = 0 in (38), we get From (42), (44), and (45), it follows that
|f (by) - Bg(»)] <9 (0, »), (43)
o= sca-onslsceen () -s2)| e ()] slron-u(2)
(46)
< go(%, O) + go(O,%) + go(%, %) <o(x,y), VxelX,
where ¢ (x, y) = ¢(x/a, y/b) + ¢ (x/a,0) + ¢ (0, y/b). It follows from (46) that
1\ m- . 1\t .
(00 e -
(47)
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for all nonnegative integers m and [ with m >/ and all x € X. n o,

It means that the sequence {(1/2)"f(2"x)} is a Cauchy F(x) = n@(ﬁ{(g) f2 x)]», (48)
sequence for all x € X. Since Y is complete, the sequence

{(1/2)"f (2"x)} converges. We define the mapping for all x € X. Moreover, letting I = 0 and passing to the limit
F: X —Y by m — 00, we get

- roste § (0 o3 (z50) (07

n=0

(49)
=5(57)+9(0.5)+5(50) vxex
BRAVIYARAN YRR AV L '
Similarly, there exists a mapping H: X — Y such that

H(x) =lim,__, 1/2"h(2"x) and

I (x) - H0l <i{~<x ) 43(0.5) + 39000 + 2,00} (50)
|A| ¢ ’bX ¢ ’bX ¢ b ¢ b b
for all x € X. We also obtain a mapping G: X — Y such that
G(x):=lim, . 1/2"g(2"x), and
196 -G <o 13(x 2 )+ 5(0.2) 43560+ F2x0)l, vxex. (51)
| B ax ax
Next, we show that F is an additive mapping.
1 " n n n
[F () + F(y) = Fx+ )] = lim <E) If @"x) + £(2"y) - £ (2" (x+ )|
(52)
. 1 " le Vly ﬂx ny>}
lim (= iy piat 22\ =0,
< Jim (5) {6(7575) +o(2700) ro(02g)f =0

for all x, y € X. Thus, the mapping F: X — Y is additive. Now, we prove the uniqueness of F. Assume that
T: X — Y is another additive mapping satisfying (40). We

obtain

IE(x) - T (x)] = zi |F(2"x) - T (2"x)| < (%) [IF (2"x) - f (2"x)| +]T (2"x) - £ (2"%)]] < 221,1 [p(2"x,2"x)],  (53)

which tends to zero as n — oo for all x € X. Then we can  Corollary 7. Let r and 0 be positive real numbers with r > 1.
conclude that F(x) = T'(x) for all x € X. In fact, by (42), we  Let f,g,h: X — Y be mappings with g(0) =h(0) =0
get F(X) =AH(x/a). Similarly, we obtain F(x)= satisfying

BG (x/b). O ||f(ax +by) — Ah(x) — Bg(y)" <O(Ixl"+1xl"),  (54)
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for all x, y € X. Then there exists a unique additive mapping
F: X — Y such that

260 1

_F e P

I )= PGl s e 5711
1 2lal’'® 1 r
__F ey .
”h(x) A (aX)H < <9+ al 1ol 2 = 1)||9C|| ;
1 e 1 .

Hg(x)—BF(bX)HS<6+|a|r+|b|r 2,_1>”x" N Vx € X.

(55)

4. Conclusion

In this paper, we have investigated the Hyers—Ulam stability
of general Pexider function inequalities in Banach spaces by
using the fixed point method and the direct method.
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