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In this research, the modifed subgradient extragradient method and K-mapping generated by a fnite family of fnite Lipschitzian
demicontractions are introduced. Ten, a strong convergence theorem for fnding a common element of the common fxed point
set of fnite Lipschitzian demicontractionmappings and the common solution set of variational inequality problems is established.
Furthermore, numerical examples are given to support the main theorem.

1. Introduction

Let H be a real Hilbert space and C be a nonempty closed
convex subset of H with the inner product 〈·, ·〉 and norm
·‖ ‖.

Te fxed point problem for the mapping S: H⟶H

is to fnd u ∈H such that

u � Su. (1)

Te term F(S) is denoted by the set of fxed points of S,
that is, F(S) � x ∈H: Sx � x{ }. Fixed point problem has
been widely studied and developed in the various literature
studies, see [1].

Defnition 1. Let H be a real Hilbert space.

(i) A mappingS: H⟶H is said to be nonexpansive
if

Su − Sv‖ ‖≤ u − v‖ ‖, ∀u, v ∈H. (2)

(ii) A mapping S: H⟶H is said to be quasino-
nexpansive if Fix(S)≠∅ and

Su − v‖ ‖≤ u − v‖ ‖, ∀u ∈H and v ∈ F(S). (3)

(iii) A mapping S: H⟶H is called κ-strictly pseu-
docontractive if there exists a constant κ ∈ [0, 1)

such that

Su − Sv‖ ‖
2 ≤ u − v‖ ‖

2

+ κ (I − S)u − (I − S)v‖ ‖
2
, ∀u, v ∈H.

(4)

If F(S)≠∅, then a nonexpansive mapping is a quasi-
nonexpansive mapping. Also, if κ � 0, then a strictly
pseudocontractive reduces to a nonexpansive mapping.

In a real Hilbert space, the inequality (4) is equivalent to

〈Su − Sv, u − v〉≤ u − v‖ ‖
2

−
1 − κ
2

(I − S)u − (I − S)v‖ ‖
2
, ∀u, v ∈H. (5)
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Defnition 2 (see [2]). A mapping S is called demi-
contractive if Fix(S)≠∅ and there exists a constant
κ ∈ [0, 1) such that

Su − v‖ ‖
2 ≤ u − v‖ ‖

2
+ κ (I − S)u‖ ‖

2
, ∀u ∈H and v ∈ F(S).

(6)

Te class of demicontractive mappings covers a variety
of nonlinear mappings, including strictly pseudocontractive
mappings, quasinonexpansive mappings, and nonexpansive
mappings.

By using the same technique as in the proof of (5), we see
that (6) is equivalent to the inequality shown below if
S: H⟶H is a demicontractive mapping.

〈Su − v, u − v〉≤ u − v‖ ‖
2

−
1 − κ
2

(I − S)u‖ ‖
2
, ∀u ∈H and v ∈ F(S). (7)

Several mathematicians have taken an interest in
studying the common fxed point of the fnite family of
nonlinear mappings and their characteristics during the past
few decades; see [3–6].

In 2009, K-mapping for nonlinear mappings is in-
troduced by Kangtunyakarn and Suantai [6] as follows:

V1 � ρ1S1 + 1 − ρ1( 􏼁I,

V2 � ρ2S2V1 + 1 − ρ2( 􏼁V1,

V3 � ρ3S3V2 + 1 − ρ3( 􏼁V2,

⋮

VN− 1 � ρN− 1SN− 1VN− 2 + 1 − ρN− 1( 􏼁VN− 2,

K � VN � ρNSNVN− 1 + 1 − ρN( 􏼁VN− 1,

(8)

where 0≤ ρi ≤ 1 for every i � 1, 2, . . . , N. Tis mapping is
called K-mapping generated by S1,S2, . . . ,SN and
ρ1, ρ2, . . . , ρN. Furthermore, F(K) � ∩Ni�1F(Si).

LetD: C⟶H is a nonlinear mapping.Te variational
inequality problem (VIP) is to fnding an element u ∈ C
such that

〈v − u,Du〉≥ 0, ∀v ∈ C. (9)

Te solution set of the problem (9) is denoted
by VI(C,D).

Stampacchia [7] introduced and investigated variational
inequalities in 1964. In addition to ofering a comprehensive,
unifying framework for the study of optimization, equilib-
rium problems, and related problems, it also serves as
a helpful computational framework for the resolution of
various problems in a wide range of applications. For ad-
ditional information, see [8–13]. Various approaches are
investigated to solve variational inequality problems and the
related optimization problems through iterative methods.

Several researchers have presented a variety of iterative
algorithms designed for solving the variational inequality
problem (VIP).Te projected gradient method (GM), which
can be defned as follows, is the most fundamental projection
technique for solving the VIP.

xn+1 � PC xn − ρDxn( 􏼁, ∀n≥ 1, (10)

where PC denotes the metric projection mapping, D is the
α-strongly monotone, and L− is Lipschitz continuous with
ρ ∈ (0, 2α/L2).

In 1976, Korpelevich [14] and Antipin [15] proposed the
extragradient method (EGM) in a fnite-dimensional Eu-
clidean space as follows:

x1 ∈ C,

yn � PC xn − ρDxn( 􏼁,

xn+1 � PC xn − ρDyn( 􏼁, ∀n≥ 1,

⎧⎪⎪⎨

⎪⎪⎩
(11)

where ρ ∈ (0, 1/L) andD: Rn⟶ R2 are monotones and L

is Lipschitz continuous. If VI(C,D) is nonempty, the se-
quence generated by (11) converges to a solution of VIP.

According to [16–18] and related references, the EGM
has undergone modifcations and enhancements in the past
few years.

Later, in 2012, Censor et al. [19] defned the subgradient
extragradient method (SEGM) by modifying the EGM and
replacing the second projection with a projection onto
a half-space which is presented as follows:

u1 ∈H,

vn � PC xn − ρDxn( 􏼁,

Sn � z ∈H: un − ρDun − vn, z − vn􏼊 􏼋≤ 0􏼈 􏼉,

un+1 � PSn
un − ρDvn( 􏼁, ∀n≥ 1.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(12)

Weak convergence theorem is obtained for SEGM (4)
under some control conditions.

Recently, in 2021, Kheawborisut and Kangtunyakarn
[20] introduced the modifed subgradient extragradient
method (MSEGM) as follows:

z, u1 ∈H,

vn � PC I − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠un,

Rn � y ∈H: I − ρ􏽘
N

i�1
aiDi

⎛⎝ ⎞⎠un − vn, vn − y􏼪 􏼫≥ 0
⎧⎨

⎩

⎫⎬

⎭ ,

un+1 � σnz + ρnPRn
un − ρ􏽘

N

i�1
aiDivn

⎛⎝ ⎞⎠ + μnGun, ∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(13)

where Di: H⟶H be αi-inverse strongly monotone
mappings, 0< ai < 1,∀i � 1, 2, . . . , N, 􏽐

N
i�1ai � 1, σn􏼈 􏼉, ρn􏼈 􏼉,

μn􏼈 􏼉 ⊂ [0, 1] with σn + ρn + μn � 1, and G is a nonexpansive
mapping. Afterwards, under certain control settings,
a strong convergence theorem is obtained.
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If D � Di,∀i � 1, 2, . . . , N and αn � cn � 0,∀n ∈ N,
then the modifed subgradient extragradient method
(MSEGM) reduces to the subgradient extragradient method
(SEGM).

Motivated by the recent research, the S-subgradient
extragradient method (SSEGM) is introduced as follows:

u,X1 ∈H,

Zn � PC I − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠Xn,

Rn � z ∈H: I − ρ􏽘
N

i�1
aiDi

⎛⎝ ⎞⎠Xn − Zn,Zn − z􏼪 􏼫≥ 0
⎧⎨

⎩

⎫⎬

⎭ ,

Yn � αnu + βnPRn
Xn − ρ􏽘

N

i�1
aiDiZn

⎛⎝ ⎞⎠ + cnGXn,

Xn+1 � σnYn + 1 − σn( 􏼁SXn, ∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

where S is a nonexpansive mapping. If σn � 1, then the S-
subgradient extragradient method (SSEGM) reduces to the
modifed subgradient extragradient method (MSEGM).

In this paper, inspired by [6, 20], the S-subgradient
extragradient method and K-mapping generated by a f-
nite family of fnite Lipschitzian demicontraction mappings
are proposed. Under some control conditions, strong
convergence theorems are proved. Moreover, numerical
examples are given to support the main theorem.

2. Preliminaries

Te notations ″ ⇀″ and ″ ⟶ ″ are denoted weak con-
vergence and strong convergence, respectively. For each
u ∈H, there exists a unique nearest point PCu ∈ C such
that

u − PCu
����

���� � min
v∈C

u − v‖ ‖. (15)

Te mapping PC is called the metric projection of H
ontoC. Also, PC is a frmly nonexpansive mapping fromH

onto C, that is,

PCu − PCv
����

����
2 ≤ u − v, PCu − PCv􏼊 􏼋,∀u, v ∈H. (16)

Moreover, for any u ∈H and q ∈ C, q � PCu if and only
if

〈u − q, q − v〉≥ 0, ∀v ∈ C. (17)

Defnition 3. Let S: H⟶H be a mapping. Ten,

(i) S is said to be μ-Lipschitz continuous if there is
a positive real number μ> 0 such that

Su − Sv‖ ‖≤ μ u − v‖ ‖, ∀u, v ∈H. (18)

(ii) S is called ξ-inverse strongly monotone if there is
a positive real number ξ such that

〈u − v, Su − Sv〉≥ ξ Su − Sv‖ ‖
2
, ∀u, v ∈H. (19)

Lemma 4 (see [21]). Let pn􏼈 􏼉 be a sequence of nonnegative
real numbers satisfying

pn+1 ≤ 1 − εn( 􏼁pn + ρn, ∀n≥ 0, (20)

where εn􏼈 􏼉 is a sequence in (0,1) and ρn􏼈 􏼉 is a sequence such
that

(1) 􏽐
∞
n�1εn �∞;

(2) limsupn⟶∞ρn/εn ≤ 0 or 􏽐
∞
n�1|ρn|<∞.

Ten, limn⟶∞pn � 0.

Lemma 5. LetH be a real Hilbert space. Ten, the following
properties hold:

(i) For all u, v ∈H and α ∈ [0, 1],

αu +(1 − α)v‖ ‖
2

� α u‖ ‖
2

+(1 − α) v‖ ‖
2

− α(1 − α) u − v‖ ‖
2
. (21)

(ii) u + v ‖ 2 ≤
����

����u ‖ 2 + 2〈v, u + v〉, for each u, v ∈H.

Lemma 6 (see [22]). For j � 1, 2, . . . , 􏽥N, let Di: C⟶H

be an αj-inverse strongly monotone with 0< ρ< 2αj and
∩􏽥Nj�1VI(C,Dj)≠∅. Terefore, these properties hold:

(i) VI(C, 􏽐
􏽥N
j�1bjDj) � ∪ 􏽥N

j�1VI(C,Dj);
(ii) I − ρ􏽐

􏽥N
j�1bjDj is a nonexpansive mapping.

Here, bj ∈ (0, 1), for j � 1, 2, . . . , 􏽥N, and 􏽐
􏽥N
j�1bj � 1

Defnition 7 (see [6]). Let C be a nonempty closed convex
subset of a real Banach space. Let Si􏼈 􏼉

N

i�1 be a fnite
family of κi-demicontractive mapping of C into itself
and let ρ1, ρ2, . . . , ρN be real numbers with 0≤ ρi ≤ 1 for
every i � 1, 2, . . . , N. Defne a mapping K: C⟶ C as
follows:
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V1 � ρ1S1 + 1 − ρ1( 􏼁I,

V2 � ρ2S2V1 + 1 − ρ2( 􏼁V1,

V3 � ρ3S3V2 + 1 − ρ3( 􏼁V2,

⋮

VN− 1 � ρN− 1SN− 1VN− 2 + 1 − ρN− 1( 􏼁VN− 2,

K � VN � ρNSNVN− 1 + 1 − ρN( 􏼁VN− 1.

(22)

Tis mapping K is said to be the K-mapping generated
by S1,S2, . . . ,SN and ρ1, ρ2, . . . , ρN.

Te following lemmas are needed to prove the main result.

Lemma 8. LetC be a nonempty closed convex subset of a real
Hilbert space H. Let Si􏼈 􏼉

N

i�1 be a fnite family of

κi-demicontractive mapping ofC into itself with κi ≤ c1, for all
i � 1, 2, . . . , N, and ∩Ni�1F(Si)≠∅. Let ρ1, ρ2, . . . , ρN be real
numbers with 0< ρi < c2, for all i � 1, 2, . . . , N and
c1 + c2 < 1. Let K be the K-mapping generated by
S1,S2, . . . ,SN and ρ1, ρ2, . . . , ρN. Ten, there hold the fol-
lowing properties:

(i) F(K) � ∩Ni�1F(Si);
(ii) K is a nonexpansive mapping.

Proof. To prove (i), it is clear that ∩Ni�1F(Si)⊆F(K).
Next, we prove that F(K)⊆∩Ni�1F(Si). To show this,

suppose u ∈ F(K) and v ∈ ∩Ni�1F(Si).
By the defnition of K-mapping, we obtain

u − v‖ ‖

� Ku − v‖ ‖
2

� ρNSNVN− 1u + 1 − ρN( 􏼁VN− 1u − v
����

����
2

� ρN SNVN− 1u − v( 􏼁 + 1 − ρN( 􏼁 VN− 1u − v( 􏼁
����

����
2

� ρ2N SNVN− 1u − v
����

����
2

+ 1 − ρN( 􏼁
2
VN− 1u − v

����
����
2

+ 2ρN 1 − ρN( 􏼁 SNVN− 1u − v,VN− 1u − v􏼊 􏼋

� ρ2N VN− 1u − v
����

����
2

+ κN SNVN− 1u − VN− 1u
����

����
2

􏼒 􏼓 + 1 − ρN( 􏼁
2
VN− 1u − v

����
����
2

+ 2ρN 1 − ρN( 􏼁 VN− 1u − v
����

����
2

−
1 − κN

2
SNVN− 1u − VN− 1u

����
����
2

􏼒 􏼓

� ρ2N + 1 − ρN( 􏼁
2

+ 2ρN 1 − ρN( 􏼁􏼐 􏼑 VN− 1u − v
����

����
2

+ ρ2NκN − ρN 1 − ρN( 􏼁 1 − κN( 􏼁􏼐 􏼑 SNVN− 1u − VN− 1u
����

����
2

� ρN + 1 − ρN( 􏼁
2
VN− 1u − v

����
����
2

+ ρN ρNκN − 1 − ρN( 􏼁 1 − κN( 􏼁( 􏼁 SNVN− 1u − VN− 1u
����

����
2

� VN− 1u − v
����

����
2

+ ρN ρNκN − 1 − κN( 􏼁 + ρN 1 − κN( 􏼁( 􏼁 SNVN− 1u − VN− 1u
����

����
2

� VN− 1u − v
����

����
2

+ ρN κN + ρN − 1( 􏼁 SNVN− 1u − VN− 1u
����

����
2

≤ VN− 1u − v
����

����
2

+ ρN c1 + c2 − 1( 􏼁 SNVN− 1u − VN− 1u
����

����
2

≤ VN− 1u − v
����

����
2

⋮

� V2u − v
����

����
2
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� ρ2 S2V1u − v( 􏼁 + 1 − ρ2( 􏼁 V1u − v( 􏼁
����

����
2

� ρ22 S2V1x − y
����

����
2

+ 1 − ρ2( 􏼁
2
V1u − v

����
����
2

+ 2ρ2 1 − ρ2( 􏼁 S2V1u − v,V1u − v􏼊 􏼋

� ρ22 V1u − v
����

����
2

+ κ2 S2V1u − V1u
����

����
2

􏼒 􏼓 + 1 − ρ2( 􏼁
2
V1u − v

����
����
2

+ 2ρ2 1 − ρ2( 􏼁 V1u − v
����

����
2

−
1 − κ2
2

S2V1u − V1u
����

����
2

􏼒 􏼓

� ρ22 + 1 − ρ2( 􏼁
2

+ 2ρ2 1 − ρ2( 􏼁􏼐 􏼑 V1u − v
����

����
2

+ ρ22κ2 − ρ2 1 − ρ2( 􏼁 1 − κ2( 􏼁􏼐 􏼑 S2V1u − V1u
����

����
2

� ρ2 + 1 − ρ2( 􏼁
2
V1u − v

����
����
2

+ ρ2 ρ2κ2 − 1 − ρ2( 􏼁 1 − κ2( 􏼁( 􏼁 S2V1u − V1u
����

����
2

� V1u − v
����

����
2

+ ρ2 κ2 + ρ2 − 1( 􏼁 S2V1u − V1u
����

����
2

≤ V1u − v
����

����
2

+ ρ2 c1 + c2( 􏼁 − 1( 􏼁 S2V1u − V1u
����

����
2

≤ V1u − v
����

����
2

� ρ1 S1u − v( 􏼁 + 1 − ρ1( 􏼁(u − v)
����

����
2

� ρ21 S1u − v
����

����
2

+ 1 − ρ1( 􏼁
2

u − v‖ ‖
2

+ 2ρ1 1 − ρ1( 􏼁 S1u − v, u − v􏼊 􏼋

� ρ21 u − v‖ ‖
2

+ κ1 S1u − u
����

����
2

􏼒 􏼓 + 1 − ρ1( 􏼁
2

u − v‖ ‖
2

+ 2ρ1 1 − ρ1( 􏼁 u − v‖ ‖
2

−
1 − κ1
2

S1u − u
����

����
2

􏼒 􏼓

� ρ21 + 1 − ρ1( 􏼁
2

+ 2ρ1 1 − ρ1( 􏼁􏼐 􏼑 u − v‖ ‖
2

+ ρ21κ1 − ρ1 1 − ρ1( 􏼁 1 − κ1( 􏼁􏼐 􏼑 S1u − u
����

����
2

� ρ1 + 1 − ρ1( 􏼁
2

u − v‖ ‖
2

+ ρ1 ρ1κ1 − 1 − ρ1( 􏼁 1 − κ1( 􏼁( 􏼁 S1u − u
����

����
2

� u − v‖ ‖
2

+ ρ1 κ1 + ρ1 − 1( 􏼁 S1u − u
����

����
2

≤ u − v‖ ‖
2

+ ρ1 c1 + c2( 􏼁 − 1( 􏼁 S1u − u
����

����
2
.

(23)

By (23), it follows that

ρ1 1 − c1 + c2( 􏼁( 􏼁 S1u − u
����

����
2 ≤ 0. (24)

Ten, we have

S1u − u
����

���� � 0. (25)

Hence, u � S1u, that is,

u ∈ F S1( 􏼁. (26)
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By the defnition of V1 and (26), we get

V1u � ρ1S1u + 1 − ρ1( 􏼁u

� u,
(27)

that is,

u ∈ F V1( 􏼁. (28)

From (23) and (28), we have

u − v‖ ‖
2 ≤ V1u − v

����
����
2

+ ρ2 c1 + c2( 􏼁 − 1( 􏼁 S2V1u − V1u
����

����
2

� u − v‖ ‖
2

+ ρ2 c1 + c2( 􏼁 − 1( 􏼁 S2u − u
����

����
2
,

(29)

which follows that u � S2u, that is,

u ∈ F S2( 􏼁. (30)

By the defnition of V2, (23) and (28), this implies that

V2u � ρ2S2V1u + 1 − ρ2( 􏼁V1u

� u,
(31)

which yields that

u ∈ F V2( 􏼁. (32)

Using the same method, we get

u ∈ F Si( 􏼁,

u ∈ F Vi( 􏼁, ∀i � 1, 2, . . . ,N − 1.
(33)

Next, we claim that u ∈ F(SN). Since

0 � Ku − u

� ρNSNVN− 1u + 1 − ρN( 􏼁VN− 1u − u

� ρN SNu − u( 􏼁,

(34)

and ρN ∈ (0, 1], we have

u ∈ F SN( 􏼁, (35)

which implies that

u ∈ 􏽜

N

i�1
F Si( 􏼁. (36)

Hence,

F(K)⊆ 􏽜

N

i�1
F Si( 􏼁. (37)

Terefore,

F(K) � 􏽜

N

i�1
F Si( 􏼁. (38)

Finally, applying the same proof as in (23), K is a qua-
sinonexpansive mapping. □

Lemma 9. LetC be a nonempty closed convex subset of a real
Hilbert space H. For i � 1, 2, . . . , N, let Si: H⟶H be
a fnite family of κi-demicontractive mappings ofC into itself
and Li-Lipschitzian mappings with κi ≤ c1 and
∩Ni�1F(Si)≠∅. For each i � 1, 2, . . . , N and n ∈ N, let
ρ1, ρ2, . . . , ρN and ρn

1, ρ
n
2, . . . , ρn

N be real numbers with
0< ρi, ρn

i < c2 and c1 + c2 < 1 such that ρn
i ⟶ ρi as n⟶∞.

For each n ∈ N, let K and Kn be the K-mappings generated by
S1,S1, . . . ,SN and ρ1, ρ2, . . . , ρN and S1,S2, . . . ,SN and
ρn
1, ρ

n
2, . . . , ρn

N, respectively. Terefore, for each bounded se-
quence un􏼈 􏼉 in C, we have

lim
n⟶∞

Knun − Kun

����
���� � 0. (39)

Proof. Let un􏼈 􏼉 be a bounded sequence in C and letVk and
Vn,k be generated by S1,S1, . . . ,SN and ρ1, ρ2, . . . , ρN and
S1,S1, . . . ,SN and ρn

1, ρn
2, . . . , ρn

N, respectively. For each
n ∈ N, we have

Vn,1un − V1un

����
���� � ρn

1S1un + 1 − ρn
1( 􏼁un − ρ1S1un + 1 − ρ1( 􏼁un( 􏼁

����
����

� ρn
1S1un − ρn

1un − ρ1S1un + ρ1un

����
����

� ρn
1 − ρ1( 􏼁S1un − ρn

1 − ρ1( 􏼁un

����
����

� ρn
1 − ρ1

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 S1un − un

����
����.

(40)
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For k ∈ 2, 3, . . . , N{ }, we get

Vn,kun − Vkun

����
����

� ρn
kSkVn,k− 1un + 1 − ρn

k( 􏼁Vn,k− 1un − ρkSkVk− 1un + 1 − ρk( 􏼁Vk− 1un( 􏼁
����

����

� ρn
kSkVn,k− 1un − ρkSkVk− 1un + 1 − ρn

k( 􏼁Vn,k− 1un − 1 − ρk( 􏼁Vk− 1un

����
����

� ρn
kSkVn,k− 1un − ρn

kSkVk− 1un + ρn
kSkVk− 1un − ρkSkVk− 1un

����

+ 1 − ρn
k( 􏼁Vn,k− 1un − 1 − ρn

k( 􏼁Vk− 1un + 1 − ρn
k( 􏼁Vk− 1un

− 1 − ρk( 􏼁Vk− 1un

����

� ρn
k SkVn,k− 1un − SkVk− 1un􏼐 􏼑 + ρn

k − ρk( 􏼁SkVk− 1un

�����

+ 1 − ρn
k( 􏼁 Vn,k− 1un − Vk− 1un􏼐 􏼑 + 1 − ρn

k − 1 − ρk( 􏼁( 􏼁Vk− 1un

�����

≤ ρn
k SkVn,k− 1un − SkVk− 1un

����
���� + ρn

k − ρk

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SkVk− 1un

����
����

+ 1 − ρn
k( 􏼁 Vn,k− 1un − Vk− 1un

����
���� + ρk − ρn

k

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 Vk− 1un

����
����

≤ ρn
kLk Vn,k− 1un − Vk− 1un

����
���� + ρn

k − ρk

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SkVk− 1un

����
����

+ 1 − ρn
k( 􏼁 Vn,k− 1un − Vk− 1un

����
���� + ρk − ρn

k

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 Vk− 1un

����
����

≤ Lk + 1( 􏼁 Vn,k− 1un − Vk− 1un

����
���� + ρn

k − ρk

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SkVk− 1un

����
���� + Vk− 1un

����
����􏼐 􏼑􏼑.

(41)

From (40) and (41), we obtain

Knun − Kun

����
����

� Vn,Nun − VNun

����
����

≤ LN + 1( 􏼁 Vn,N− 1un − VN− 1un

����
���� + ρn

N − ρN

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SNVN− 1un

����
���� + VN− 1un

����
����􏼐 􏼑

≤ LN + 1( 􏼁 LN− 1 + 1( 􏼁 Vn,N− 2un − VN− 2un

����
���� + ρn

N− 1 − ρN− 1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼐

· SN− 1VN− 2un

����
���� + VN− 2un

����
����􏼐 􏼑􏼑 + ρn

N − ρN

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SNVN− 1un

����
���� + VN− 1un

����
����􏼐 􏼑

� LN + 1( 􏼁 LN− 1 + 1( 􏼁 Vn,N− 2un − VN− 2un

����
����

+ LN + 1( 􏼁 ρn
N− 1 − ρN− 1

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SN− 1VN− 2un

����
���� + VN− 2un

����
����􏼐 􏼑

+ ρn
N − ρN

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌 SNVN− 1un

����
���� + VN− 1un

����
����􏼐 􏼑

� 􏽙
N

j�N− 1
Lj + 1􏼐 􏼑 Vn,N− 2un − VN− 2un

����
����

+ 􏽘
N

j�N− 1
Lj+1 + 1􏼐 􏼑

N− j
ρn

j − ρj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 SjVj− 1un

�����

����� + Vj− 1un

�����

�����􏼒 􏼓

⋮

≤􏽙
N

j�2
Lj + 1􏼐 􏼑 Vn,1un − V1un

����
����

+ 􏽘
N

j�2
Lj+1 + 1􏼐 􏼑

N− j
ρn

j − ρj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 SjVj− 1un

�����

����� + Vj− 1un

�����

�����􏼒 􏼓

� 􏽙

N

j�2
Lj + 1􏼐 􏼑 ρn

1 − ρ1
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌 S1un − un

����
����

+ 􏽘
N

j�2
Lj+1 + 1􏼐 􏼑

N− j
ρn

j − ρj

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌 SjVj− 1un

�����

����� + Vj− 1un

�����

�����􏼒 􏼓.

(42)
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By (42) and the condition ρn
i ⟶ ρi as n⟶∞ for all

i � 1, 2, . . . , N, hence we obtain lim
n⟶∞

Knun −
����

Kun‖ � 0. □

Lemma 10 (see [23]). Let Γn􏼈 􏼉 be a sequence of real numbers
that do not decrease at infnity in the sense that there exists

a subsequence Γnj
􏼚 􏼛 of Γn􏼈 􏼉 such that Γnj

< Γnj+1 for all j≥ 0.

Also, we consider the sequence of integers τn􏼈 􏼉n≥n0 defned by

τ(n) � max k≤ n: Γk <Γk+1􏼈 􏼉. (43)

Ten, τn􏼈 􏼉n≥n0 is a nondecreasing sequence verifying

lim
n⟶∞

τ(n) �∞,

max Γτ(n), Γn􏽮 􏽯≤ Γτ(n)+1.
(44)

Lemma 11 (see [20]). LetH be a real Hilbert space, for every
i � 1, 2, . . . , N, let Di: H⟶H be αi-inverse strongly
monotone mappings with β � min αi􏼈 􏼉. Let un􏼈 􏼉 and vn􏼈 􏼉 be
sequences generated by

vn � PC I − ρ􏽘
N

i�1
biDi

⎛⎝ ⎞⎠un,

Rn � z ∈H: I − ρ􏽘
N

i�1
biDi

⎛⎝ ⎞⎠un − vn, vn − z􏼪 􏼫
⎧⎨

⎩

⎫⎬

⎭,

u
∗ ∈ 􏽜

N

i�1
VI C,Di( 􏼁, for all i � 1, 2, . . . , N.

(45)

Ten, the following inequality holds:

PRn
un − ρ􏽘

N

i�1
biDivn

⎛⎝ ⎞⎠ − u
∗

����������

����������

2

≤ un − u
∗����
����
2

− 1 −
ρ
β

􏼠 􏼡 PRn
un − ρ􏽘

N

i�1
biDivn

⎛⎝ ⎞⎠ − vn

����������

����������

2

− 1 −
ρ
β

􏼠 􏼡 un − vn

����
����
2
,

(46)

where 0< bi < 1, 􏽐
N
i�1bi � 0 and ρ ∈ (0, β) with

β � mini�1,2,...,N αi􏼈 􏼉 for every i � 1, 2, . . . , N.

3. Strong Convergence Theorem

Theorem 1 . LetC be a closed convex subset of a real Hilbert
space H. For i � 1, 2, . . . , �N, let Di: H⟶H be εi-inverse
strongly monotone mappings. For i � 1, 2, . . . , N̂, let
Ei: H⟶H be ]i-inverse strongly monotone mappings
with 0< ρ< mini�1,2,...,N̂ 2]i. For i � 1, 2, . . . , N, let
Si: H⟶H be a fnite family of κi-demicontractive
mappings and Li-Lipschitzian mappings with Li ≤ 1, κi ≤ c1

and Ω: � ∩Ni�1F(Si)∩⋃
N̂
i�1VI(C,Di)∩⋃

N̂
i�1VI(C,Ei)≠ ∅.

For every n ∈ N and i � 1, 2, . . . , N, let Kn be the K-mapping
generated by S1,S2, . . . ,SN and ρn

1, ρ
n
2, . . . , ρn

N where
ρn

i ∈ [μ, ϵ] ⊂ (0, c2), for some μ, ϵ> 0 and c1 + c2 < 1. Let the
sequence yn􏼈 􏼉 and Qn􏼈 􏼉 be generated by u,Q1 ∈H and

Zn � PC I − ρ􏽘
N

i�1
aiDi

⎛⎝ ⎞⎠Qn,

Rn � z ∈H: I − ρ􏽘
N

i�1
aiDi

⎛⎝ ⎞⎠Qn − Zn,Zn − z􏼪 􏼫≥ 0
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
,

Yn � εnu + ξnPRn
Qn − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠Zn
⎞⎠ + ψnKnQn,

Qn+1 � ζnYn + 1 − ζn( 􏼁PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn, ∀n≥ 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(47)
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where 􏽐
N
i�1ai � 1, εn􏼈 􏼉, ξn􏼈 􏼉, ψn􏼈 􏼉, ζn􏼈 􏼉 ⊂ (0, 1) with

εn + ξn + ψn � 1, ∀n≥ 1, ρ ∈ (0, η) with η � mini�1,2,..., �N εi􏼈 􏼉

and bi
n ∈ (0, 1),∀i � 1, 2, . . . , N̂ with 􏽐

N̂
i�1b

i
n � 1 satisfying

the following conditions:

(i) limn⟶∞εn � 0 and 􏽐
∞
n�1εn �∞;

(ii) 0< τ ≤ ξn,ψn, ζn ≤ υ< 1, for some τ, υ> 0.

Ten, Qn􏼈 􏼉 and Zn􏼈 􏼉 converge strongly to v � PΩu.

Proof. Let cn � PRn
(Qn − ρ􏽐

�N
i�1aiDi)Zn). First, we will

show that Qn􏼈 􏼉 is bounded. Consider

Yn � εnu + ξncn + ψnKnQn

� εnu + 1 − εn( 􏼁
ξncn + ψnKnQn

1 − εn

􏼠 􏼡

� εnu + 1 − εn( 􏼁dn,

(48)

where dn � ξncn + ψnKnQn/1 − εn. Suppose that g∗ ∈ Ω �

∩Ni�1F(Si)∩⋃
N̂
i�1VI(C,Di)∩⋃

N̂
i�1VI(C,Ei). By Lemma 5, we

have

dn − g
∗����
����
2

�
ξncn + ψnKnQn

1 − εn

− g
∗

��������

��������

2

�
ξncn + ψnKnQn − 1 − εn( 􏼁g∗

1 − εn

��������

��������

2

�
ξn

1 − εn

cn − g
∗����
����
2

+
ψn

1 − εn

KnQn − g
∗����
����
2

−
ξnψn

1 − εn( 􏼁
2 cn − KnQn

����
����
2
.

(49)

By the defnition of Qn, (49), Lemmas 6 and 8, we obtain

Qn+1 − g
∗����
����
2

≤ ζn Yn − g
∗����
����
2

+ 1 − ζn( 􏼁 PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn − g
∗

�����������

�����������

2

≤ ζn Yn − g
∗����
����
2

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

� ζn εnu + 1 − εn( 􏼁dn − g
∗����
����
2

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

� ζn εn u − g
∗

( 􏼁 + 1 − εn( 􏼁 dn − g
∗

( 􏼁
����

����
2

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

� ζn εn u − g
∗����
����
2

+ 1 − εn( 􏼁 dn − g
∗����
����
2

− εn 1 − εn( 􏼁 f Qn( 􏼁 − dn

����
����
2

􏼔 􏼕

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

� ζn εn u − g
∗����
����
2

+ 1 − εn( 􏼁
ξn

1 − εn

cn − g
∗����
����
2

+
ψn

1 − εn

KnQn − g
∗����
����
2

􏼢􏼠

−
ξnψn

1 − εn( 􏼁
2 cn − KnQn

����
����
2⎤⎦ − εn 1 − εn( 􏼁 f Qn( 􏼁 − dn

����
����
2⎞⎠

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

� ζn εn u − g
∗����
����
2

+ ξn cn − g
∗����
����
2

+ ψn KnQn − g
∗����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2

􏼠

− εn 1 − εn( 􏼁 f Qn( 􏼁 − dn

����
����
2
􏼓 + 1 − ζn( 􏼁 Qn − g

∗����
����
2

≤ ζn εn u − g
∗����
����
2

+ ξn cn − g
∗����
����
2

+ ψn Qn − g
∗����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2

􏼠

− εn 1 − εn( 􏼁 f Qn( 􏼁 − dn

����
����
2
􏼓 + 1 − ζn( 􏼁 Qn − g

∗����
����
2
.

(50)
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From Lemma 11 and ρ ∈ (0, η), we have

cn − g
∗����
����
2 ≤ Qn − g

∗����
����
2
. (51)

From (50) and (51), we get

Qn+1 − g
∗����
����
2

≤ ζn εn u − g
∗����
����
2

+ ξn Qn − g
∗����
����
2

+ ψn Qn − g
∗����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2

􏼠

− εn 1 − εn( 􏼁 f Qn( 􏼁 − dn

����
����
2
􏼓 + 1 − ζn( 􏼁 Qn − g

∗����
����
2

� ζn εn u − g
∗����
����
2

+ 1 − εn( 􏼁 Qn − g
∗����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2

􏼠

− εn 1 − εn( 􏼁 f Qn( 􏼁 − dn

����
����
2
􏼓 + 1 − ζn( 􏼁 Qn − g

∗����
����
2

≤ ζn εn u − g
∗����
����
2

+ 1 − εn( 􏼁 Qn − g
∗����
����
2

􏼒 􏼓 + 1 − ζn( 􏼁 Qn − g
∗����
����
2

⋮

≤max u − g
∗����
����
2
, Q1 − g

∗����
����
2

􏼚 􏼛.

(52)

By induction, we obtain

Qn − g
∗����
����
2 ≤max u − g

∗����
����
2
, Q1 − g

∗����
����
2

􏼚 􏼛. (53)

Tis implies that Qn􏼈 􏼉 is a bounded sequence. Next, from
(50), observe that

Qn+1 − g
∗����
����
2

≤ ζn εn u − g
∗����
����
2

+ ξn cn − g
∗����
����
2

+ ψn Qn − g
∗����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2

􏼠 􏼡

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

≤ ζn εn u − g
∗����
����
2

+ ξn Qn − g
∗����
����
2

− 1 −
ρ
η

􏼠 􏼡 cn − Zn

����
����
2

􏼢􏼠

− 1 −
ρ
η

􏼠 􏼡 Qn − Zn

����
����
2
􏼣 + ψn Qn − g

∗����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2
􏼡

+ 1 − ζn( 􏼁 Qn − g
∗����
����
2

� ζn εn u − g
∗����
����
2

+ 1 − εn( 􏼁 Qn − g
∗����
����
2

− ξn 1 −
ρ
η

􏼠 􏼡 cn − Zn

����
����
2

􏼠

− ξn 1 −
ρ
η

􏼠 􏼡 Qn − Zn

����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2
􏼡 + 1 − ζn( 􏼁 Qn − g

∗����
����
2

≤ ζn εn u − g
∗����
����
2

+ Qn − g
∗����
����
2

− ξn 1 −
ρ
η

􏼠 􏼡 cn − Zn

����
����
2

􏼠

− ξn 1 −
ρ
η

􏼠 􏼡 Qn − Zn

����
����
2

−
ξnψn

1 − εn

cn − KnQn

����
����
2
􏼡 + 1 − ζn( 􏼁 Qn − g

∗����
����
2

� ζnεn u − g
∗����
����
2

+ Qn − g
∗����
����
2

− ζnξn 1 −
ρ
η

􏼠 􏼡 cn − Zn

����
����
2

− ζnξn 1 −
ρ
η

􏼠 􏼡 Qn − Zn

����
����
2

−
ζnξnψn

1 − εn

cn − KnQn

����
����
2
.

(54)
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Tis follows that

ζnξn 1 −
ρ
η

􏼠 􏼡 cn − Zn

����
����
2

+ ζnξn 1 −
ρ
η

􏼠 􏼡 Qn − Zn

����
����
2

+
ζnξnψn

1 − εn

cn − KnQn

����
����
2

≤ ζnεn u − g
∗����
����
2

+ Qn − g
∗����
����
2

− Qn+1 − g
∗����
����
2
.

(55)

Take Sn: � ζnξn(1 − ρ/η) cn − Zn

����
����
2
+ ζnξn(1 − ρ/η) Qn

����
− Zn‖2 + ζnξnψn/1 − εn cn − KnQn

����
����
2. Tus, we get

Sn ≤ ζnεn u − g
∗����
����
2

+ Qn − g
∗����
����
2

− Qn+1 − g
∗����
����
2
. (56)

Next, the following two possible cases are
considered. □

Case 13. Put Γn: � Qn − g∗
����

����
2, for all n ∈ N. Assume that

there is no n0 ≥ 0 such that, for any n≥ n0, Γn+1 ≤Γn. In this
case, we have

lim
n⟶∞
Γn exists,

lim
n⟶∞
Γn − Γn+1( 􏼁 � 0.

(57)

Since limn⟶∞εn � 0, it yields from (56) that
limn⟶∞Sn � 0. Hence, we obtain

lim
n⟶∞

ζnξn 1 −
ρ
η

􏼠 􏼡 cn − Zn

����
����
2

� lim
n⟶∞

ζnξn 1 −
ρ
η

􏼠 􏼡 Qn − Zn

����
����
2

� lim
n⟶∞

ζnξnψn

1 − εn

cn − KnQn

����
����
2

� 0.

(58)

From condition (ii), we get

lim
n⟶∞

cn − Zn

����
���� � lim

n⟶∞
Qn − Zn

����
���� � lim

n⟶∞
cn − KnQn

����
���� � 0. (59)

Since

Qn − KnQn

����
����≤ Qn − Zn

����
���� + Zn − cn

����
���� + cn − KnQn

����
����, (60)

then, from (59), we obtain

lim
n⟶∞

Qn − KnQn

����
���� � 0. (61)

Next, we choose a subsequence Qnk
􏽮 􏽯 of Qn􏼈 􏼉 such that

limsup
n⟶∞

u − v,Qn − v􏼊 􏼋 � lim
k⟶∞

u − v,Qnk
− v􏽄 􏽅,where v � PΩu. (62)
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Since Qn is bounded, this follows that Qnk
⇀ω as

k⟶∞, where ω ∈H. Assume that ω ∉ ⋃N
i�1VI(C,Di).

Tis follows by Lemma 6 that ω ∉ F(PC(I − ρ􏽐
�N
i�1aiDi)),

that is, ω≠PC(I − ρ􏽐
�N
i�1aiDi)ω. By nonexpansiveness of

PC(I − ρ􏽐
�N
i�1aiDi]), (59), we get

liminf
n⟶∞

Qnk
− ω

�����

�����

< liminf
n⟶∞

Qnk
− PC I − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠ω

����������

����������

≤ liminf
n⟶∞

Qnk
− ynk

�����

����� + ynk
− PC I − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠ω

����������

����������

⎛⎝ ⎞⎠

≤ liminf
n⟶∞

Qnk
− ynk

�����

����� + PC I − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠Qnk
− PC I − ρ􏽘

N

i�1
aiDi

⎛⎝ ⎞⎠ω

����������

����������

⎛⎝ ⎞⎠

≤ liminf
n⟶∞

Qnk
− ω

�����

�����.

(63)

Tis is a contradiction. Ten, we obtain

ω ∈ 􏽜

N

i�1
VI C,Di( 􏼁. (64)

Applying the same proof as in (63), we also have

ω ∈ 􏽜

N̂

i�1
VI C,Ei( 􏼁. (65)

For any i � 1, 2, . . . , N and n ∈ N, 0< μ≤ ρn
i ≤ ϵ< c2 < 1,

without loss of generality, we have

ρnk

i ⟶ ρi ∈ (0, 1) as k⟶∞, for every i � 1, 2, . . . ,N.

(66)

Let K be the K-mapping generated by S1,S2, . . . ,SN

and ρ1, ρ2, . . . , ρN. From Lemma 8, we obtain that K is
nonexpansive and F(K) � ⋃N

i�1F(Si). By Lemma 9, we get

lim
k⟶∞

Knk
Qnk

− KQnk

�����

����� � 0. (67)

Suppose that ω ∉ F(K). Terefore, we obtain ω≠Kω.
From (61) and (67), we have

liminf
n⟶∞

Qnk
− ω

�����

�����

< liminf
n⟶∞

Qnk
− Kω

�����

�����

≤ liminf
n⟶∞

Qnk
− KnQnk

�����

����� + KnQnk
− KQnk

�����

����� + KQnk
− Kω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

KQnk
− Kω

�����

�����

� liminf
n⟶∞

ρN SNVN− 1Qnk
− SNVN− 1ω􏼐 􏼑 + 1 − ρN( 􏼁 VN− 1Qnk

− VN− 1ω􏼐 􏼑
�����

�����

≤ liminf
n⟶∞

ρN SNVN− 1Qnk
− SNVN− 1ω

�����

����� + 1 − ρN( 􏼁 VN− 1Qnk
− VN− 1ω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

ρNLN VN− 1Qnk
− VN− 1ω

�����

����� + 1 − ρN( 􏼁 VN− 1Qnk
− VN− 1ω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

VN− 1Qnk
− VN− 1ω

�����

�����

≤ liminf
n⟶∞

ρN− 1 SN− 1VN− 2Qnk
− SN− 1VN− 2ω

�����

����� + 1 − ρN− 1( 􏼁 VN− 2Qnk
− VN− 2ω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

ρN− 1LN− 1 VN− 2Qnk
− VN− 2ω

�����

����� + 1 − ρN− 1( 􏼁 VN− 2Qnk
− VN− 2ω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

VN− 2Qnk
− VN− 2ω

�����

�����

⋮

≤ liminf
n⟶∞

V1Qnk
− V1ω

�����

�����

≤ liminf
n⟶∞

ρ1 S1Qnk
− S1ω

�����

����� + 1 − ρ1( 􏼁 Qnk
− ω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

ρ1L1 Qnk
− ω

�����

����� + 1 − ρ1( 􏼁 Qnk
− ω

�����

�����􏼒 􏼓

≤ liminf
n⟶∞

Qnk
− ω

�����

�����.

(68)

12 Journal of Mathematics



Tis is a contradiction. Terefore, it follows that
ω ∈ F(K). Applying Lemma 8, it implies that

ω ∈ 􏽜

N

i�1
F Si( 􏼁. (69)

From (64), (65), and (69), it follows that

ω ∈ Ω. (70)

Since Qnk
⇀ω and (70), we can conclude that

limsup
n⟶∞

u − v,Qn − v􏼊 􏼋 � lim
k⟶∞

u − v,Qnk
− v􏽄 􏽅

� 〈u − v,ω − v〉

≤ 0.

(71)

Let v � PΩu, from Lemma 8, (49) and (51), we have

dn − v
����

����
2

�
ξn

1 − εn

cn − v
����

����
2

+
ψn

1 − εn

KnQn − v
����

����
2

−
ξnψn

1 − εn( 􏼁
2 cn − KnQn

����
����
2

≤
ξn

1 − εn

cn − v
����

����
2

+
ψn

1 − εn

KnQn − v
����

����
2

≤
ξn

1 − εn

Qn − v
����

����
2

+
ψn

1 − εn

Qn − v
����

����
2

� Qn − v
����

����
2
.

(72)

Applying Lemma 5, the defnition of Qn, (72), and
v � PΩu, thus we get

Qn+1 − v
����

����
2

� ζn Yn − v( 􏼁 + 1 − ζn( 􏼁 PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn − v⎛⎜⎜⎝ ⎞⎟⎟⎠

�����������

�����������

2

� ζn εn(u − v) + 1 − εn( 􏼁 dn − v( 􏼁( 􏼁
����

+ 1 − ζn( 􏼁 PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn − v⎛⎜⎜⎝ ⎞⎟⎟⎠

�����������

2

� ζnεn(u − v) + ζn 1 − εn( 􏼁 dn − v( 􏼁
����

+ 1 − ζn( 􏼁 PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn − v⎛⎜⎜⎝ ⎞⎟⎟⎠

�����������

2

≤ ζn 1 − εn( 􏼁 dn − v( 􏼁 + 1 − ζn( 􏼁 PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn − v⎛⎜⎜⎝ ⎞⎟⎟⎠

�����������

�����������

2

+ 2ζnεn u − v,Qn+1 − v􏼊 􏼋

≤ ζn 1 − εn( 􏼁 dn − v
����

���� + 1 − ζn( 􏼁 PC I − ρ􏽘

􏽢N

i�1
b

i
nEi

⎛⎜⎜⎝ ⎞⎟⎟⎠Qn − v

�����������

�����������

⎛⎜⎜⎝ ⎞⎟⎟⎠

2

+ 2ζnεn u − v,Qn+1 − v􏼊 􏼋

≤ ζn 1 − εn( 􏼁 Qn − v
����

���� + 1 − ζn( 􏼁 Qn − v
����

����􏼐 􏼑
2

+ 2ζnεn u − v,Qn+1 − v􏼊 􏼋

� 1 − ζnεn( 􏼁
2
Qn − v

����
����
2

+ 2ζnεn u − v,Qn+1 − v􏼊 􏼋

≤ 1 − ζnεn( 􏼁 Qn − v
����

����
2

+ 2ζnεn u − v,Qn+1 − v􏼊 􏼋.

(73)
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From (71), the conditions (i), (ii), and Lemma 4, we can
conclude that Qn􏼈 􏼉 converges strongly to v � PΩu. From
(59), we also obtain that Zn􏼈 􏼉 converges strongly to
v � PΩu.

Case 14. Assume that there exists a subsequence
Γni

􏽮 􏽯 ⊂ Γn􏼈 􏼉 such that Γni ≤Γni+1 for all i ∈ N. In this case, we
can defne τ: N⟶ N by τ(n) � max k≤ n: Γk <Γk+1􏼈 􏼉.
Ten, we obtain τ(n)⟶∞ as n⟶∞ and Γτ(n) < Γτn+1.
Tis implies by (72) that

ζτ(n)ξτ(n) 1 −
ρ
η

􏼠 􏼡 cτ(n) − yτ(n)

����
����
2

+ ζτ(n)ξτ(n) 1 −
ρ
η

􏼠 􏼡 xτ(n) − yτ(n)

����
����
2

+
ζτ(n)ξτ(n)ψτ(n)

1 − ετ(n)

cτ(n) − Kτ(n)xτ(n)

����
����
2

≤ ζτ(n)ετ(n) u − g
∗����
����
2

+ xτ(n) − g
∗����
����
2

− xτ(n)+1 − g
∗����
����
2
.

(74)

Using the same method as in Case 13, it yields that

lim
n⟶∞

cτ(n) − yτ(n)

����
���� � lim

n⟶∞
xτ(n) − yτ(n)

����
���� � lim

n⟶∞
cτ(n) − Kτ(n)xτ(n)

����
���� � 0. (75)

Since xτ(n)􏽮 􏽯 is a bounded sequence, then there exists
a subsequence xτ(nk)􏽮 􏽯 such that

limsup
n⟶∞

u − v, xτ(n) − v􏽄 􏽅 � lim
k⟶∞

u − v, xτ nk( ) − v􏼜 􏼝,where v � PΩu. (76)

Applying the same proof of Case 13 for xτ(nk)􏽮 􏽯, we get

limsup
n⟶∞

u − v, xτ(n) − v􏽄 􏽅≤ 0 (77)

xτ(n)+1 − v
����

����
2 ≤ 1 − ζτ(n)ετ(n)􏼐 􏼑 xτ(n) − v

����
����
2

+ 2ζτ(n)ετ(n) u − v, xτ(n)+1 − v􏽄 􏽅. (78)

By Lemma 4, we have

lim
n⟶∞

xτ(n) − v
����

���� � 0,

lim
n⟶∞

xτ(n)+1 − v
����

���� � 0.
(79)

Hence, by Lemma 10, we obtain

0≤ Qn − v
����

����≤max xτ(n) − v
����

����, Qn − v
����

����􏽮 􏽯≤ xτ(n)+1 − v
����

����. (80)

Terefore, we can conclude that Qn􏼈 􏼉 converges strongly
to v � PΩu. From (59), we also have Zn􏼈 􏼉 converging
strongly to v � PΩu. Te proof is complete.

Remark 15. Since the S-subgradient extragradient method
covers various type of iterations such as the modifed
subgradient extragradient method (MSEGM), the
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subgradient extragradient method (SEGM), and the extra-
gradient method (EGM), Teorem 12 can be seen as
a modifcation and extension of several research papers, see,
for example, [14, 15, 19, 20].

4. Numerical Examples

Numerical examples are provided in this section to back up
the main result.

Example 1. Let C � [0, 100] and R be the set of real
numbers. Defne the mappings D1,D2,D3,E1,E2,

E3: C⟶ R by

D1u � 3u,D2u �
4
3

u,D3u �
1
2

u,

E1u � 5u,E2u �
2
7

u,E3u �
4
3

u, ∀u ∈ R.

(81)

For i � 1, 2, . . . , N, let Si: R⟶ R be defned by

Siu �
iu

i + 10
, ∀u ∈ R,

ρn
i �

2n

500n + i
, ∀n ∈ N.

(82)

Put εn � 1/6n, ξn � 3n − 2/6n, ψn � 3n + 2/6n, and ζn �

n + 1/3n + 2, b1n � n + 1/3n + 5, b2n � n + 4/3n + 5, b3n � n/3n

+5,∀n ∈ N. Choose u � 5, ρ � 1/4, ρ � 1/5 and ai � 1/3,

i � 1, 2, 3. Ten, Qn􏼈 􏼉 and Zn􏼈 􏼉 converge strongly to 0.
Solution. Clearly, all sequences εn􏼈 􏼉, ξn􏼈 􏼉, cn􏼈 􏼉, ζn􏼈 􏼉 sat-

isfy all conditions of Teorem 12. Moreover, Si is 0-
demicontractive mappings and i/i + 10-Lipschitzian map-
pings, for all i � 1, 2, . . . , N. Choose c1 � 1/3 and c2 � 1/2,
thus we get c1 + c2 � 5/6< 1. Since Kn is a K-mapping
generated by S1,S2, . . . ,SN and ρn

1, ρn
2, ρn

3, . . . , ρn
N, then

V1Qn �
2n

500n + 1
S1Qn + 1 −

2n

500n + 1
􏼒 􏼓Qn,

V2Qn �
2n

500n + 2
S2V1Qn + 1 −

2n

500n + 2
􏼒 􏼓V1Qn,

V3Qn �
2n

500n + 3
S3V2Qn + 1 −

2n

500n + 3
􏼒 􏼓V2Qn,

⋮

VN− 1Qn �
2n

500n + N − 1
SN− 1VN− 2Qn + 1 −

2n

500n + N − 1
􏼒 􏼓VN− 2Qn,

KnQn � VNQn �
2n

500n + N
SNVN− 1Qn + 1 −

2n

500n + N
􏼒 􏼓VN− 1Qn.

(83)

Hence, we obtain

0{ } � 􏽜

N

i�1
F Si( 􏼁􏽜 􏽜

3

i�1
VI C,Di( 􏼁􏽜 􏽜

3

i�1
VI C,Ei( 􏼁. (84)

By Teorem 12, the sequences Qn􏼈 􏼉 and Zn􏼈 􏼉 converge
strongly to 0.

Table 1 and Figure 1 show the values of sequences Qn􏼈 􏼉

and Zn􏼈 􏼉 where u � Q1 � 5 and n � N � 30.

Example 2. Let R2 be the two-dimensional space of real
numbers with an inner product 〈·, ·〉: R2 × R2⟶ R de-
fned by 〈u, v〉 � u · v � u1v1 + u2v2 and a usual norm
·‖ ‖: R2⟶ R given by u‖ ‖ �

������

u2
1 + u2

2

􏽱

, for every
u � (u1, u2) ∈ R2. Suppose C � (u1, u2) ∈H: 0≤ u1, u2 ≤􏼈

100}. Defne the mappings D1,D2,E1,E2: C⟶ R2 by

D1 u1, u2( 􏼁 �
3u1

2
,
3u2

2
􏼒 􏼓,

D2 u1, u2( 􏼁 � 5u1, 5u2( 􏼁,

E1 u1, u2( 􏼁 � 4u1, 4u2( 􏼁,

E2 u1, u2( 􏼁 �
5u1

8
,
5u2

8
􏼒 􏼓, ∀ u1, u2( 􏼁 ∈ R2

.

(85)

For i � 1, 2, . . . , N, let Si: R
2⟶ R2 be defned by

Si u1, u2( 􏼁 �
iu1

i + 100
,

iu2

i + 100
􏼒 􏼓, ∀ u1, u2( 􏼁 ∈ R2

. (86)

Take b1n � n + 4/3n + 5, b2n � 2n + 1/3n + 5,∀n ∈ N. All
sequences and other parameters are defned as in Example 1.
Let ρ � 1/4, ρ � 1/8 and ai � 1/2, i � 1, 2. Terefore, Qn􏼈 􏼉

and Zn􏼈 􏼉 converge strongly to (0,0).
Solution. Clearly, all sequences, parameters, and map-

pings satisfy all conditions of Teorem 12. Hence,
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(0, 0){ } � 􏽜

N

i�1
F Si( 􏼁􏽜 􏽜

2

i�1
VI C,Di( 􏼁􏽔 􏽔

2

i�1
VI C,Ei( 􏼁. (87)

Applying Teorem 12, the sequences Qn􏼈 􏼉 and Zn􏼈 􏼉

converge strongly to (0,0).
Table 2 and Figure 2 show the values of sequences Qn􏼈 􏼉

and Zn􏼈 􏼉 where u � Q1 � (2, 2) and n � N � 50.

5. Conclusion

Tis study proposes a new subgradient extragradient
method for approximating a common fxed point of a fnite
family of demicontractive mappings and Lipschitzian
mappings and a common solution of variational inequality
problems. It can also be considered as an extension and
modifcation of several currently used techniques for solving
variational inequality problems as well as a fxed point
problem with some associated mappings. As special cases of
Teorem 12, previous publications such as [14, 15, 19, 20]
can be considered. Also, numerical illustrations of the main
theorem are given [24, 25].
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Table 1: Te values of Zn􏼈 􏼉 and Qn􏼈 􏼉 with n � N � 30.

n Zn Qn

1 2.986111 5.000000
2 2.293376 3.840071
3 1.646740 2.757332
4 1.146351 1.919472
5 0.783242 1.311475
⋮ ⋮ ⋮
15 0.013890 0.023258
⋮ ⋮ ⋮
26 0.000123 0.000206
27 0.000082 0.000137
28 0.000055 0.000091
29 0.000035 0.000058
30 0.000022 0.000037
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Figure 1: Te convergence comparison of Zn􏼈 􏼉 and Qn􏼈 􏼉 with
u � Q1 � 5.
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Figure 2: Te convergence of Zn􏼈 􏼉 and Qn􏼈 􏼉 in a three-
dimensional space with u � Q1 � (2, 2) and n � N � 50.

Table 2: Te values of Zn􏼈 􏼉 and Qn􏼈 􏼉 with u � Q1 � (2, 2) and
n � N � 50.

n Zn Qn

1 (0.375000, 0.375000) (2.000000, 2.000000)
2 (0.263465, 0.263465) (1.405144, 1.405144)
3 (0.181010, 0.181010) (0.965388, 0.965388)
4 (0.125451, 0.125451) (0.669071, 0.669071)
5 (0.100423, 0.100423) (0.535589, 0.535589)
⋮ ⋮ ⋮
25 (0.004070, 0.004070) (0.021705, 0.021705)
⋮ ⋮ ⋮
46 (0.001966, 0.001966) (0.010486, 0.010486)
47 (0.001811, 0.001811) (0.009660, 0.009660)
48 (0.001893, 0.001893) (0.010095, 0.010095)
49 (0.001742, 0.001742) (0.009290, 0.009290)
50 (0.001819, 0.001819) (0.009704, 0.009704)
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