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Te main purpose of this article is to use some identities of the classical Gauss sums, the properties of character sums, and
Dedekind sums (modulo an odd prime) to study the computational problem of one-kind mean values related to Dedekind sums
and give some interesting identities for them.

1. Introduction

To describe the results of this paper, we frst need to in-
troduce the Drichlet character and some famous sums in the
analytic number theory. Let q> 1 be an integer and G be the
group of reduced residue classes modulo q. Corresponding
to each characterf ofG, we defne an arithmetical function χ
modulo q as follows:

χ(n) � f(􏽢n), if(n, k) � 1,

χ(n) � 0, if(n, k)> 1.
(1)

In addition to periodicity, the Drichlet characters
modulo q also have orthogonality which can be found in
reference [1]. For any Dirichlet character χ modulo q, the
classical Gauss sums G(m, χ; q) is defned as

G(m, χ; q) � 􏽘

q

a�1
χ(a)e

ma
q

􏼠 􏼡, (2)

where m is any integer, e(y) � e2πiy, and i2 � − 1.
For convenience, we write τ(χ) � G(1, χ; q). About some

properties of G(m, χ; q), many scholars have studied them
and obtained a series of important results. Perhaps, the most
important properties of G(m, χ; q) are the following two
conclusions:

(i) If (m, q) � 1, then for any character modulo q, we
have the identity (see [1, 2])

G(m, χ; q) � χ(m)G(1, χ; q) � χ(m)τ(χ). (3)

(ii) If χ is any primitive character modulo q, then for any
integer m, one has also G(m, χ; q) � χ(m)τ(χ) and
the identity |τ(χ)| �

�
q

√ .

In addition, for any prime p with p ≡ 1mod 4 and any
fourth-order primitive character χ4 modulo p, Chen and
Zhang [3] studied the properties of τ(χ4) and proved the
identity

τ2 χ4( 􏼁 + τ2 χ4( 􏼁 � 2
��
p

􏽰
· α(p), (4)

where α(p) � 1/2􏽐
p− 1
a�1(a + a/p), and (∗/p) � χ2 denotes

the Legendre’s symbol modulo p.
Here, the constant α(p) in (4) has a special meaning. In

fact, if prime p ≡ 1mod 4, then we have the identity (for this,
see Teorems 4–11 in [4]).

p � α2(p) + β2(p) �
1
2

􏽘

p− 1

a�1

a + a

p
􏼠 􏼡⎛⎝ ⎞⎠

2

+
1
2

􏽘

p− 1

a�1

a + ra

p
􏼠 􏼡⎛⎝ ⎞⎠

2

,

(5)

where r is any quadratic nonresidue modulo p. Tat is,
χ2(r) � − 1.

Chen [5] used the analytic methods to obtain another
identity for the six-order primitive characters modulo p. Tat
is, she proved the following conclusion. Let p be a prime with
p ≡ 1mod 6, then one has the identity
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τ3 χ6( 􏼁 + τ3 χ6( 􏼁 �
p

(1/2)
· d

2
− 2p􏼐 􏼑, if p ≡ 1mod 12;

− i · p
(1/2)

· d
2

− 2p􏼐 􏼑, if p ≡ 7mod 12,

⎧⎪⎨

⎪⎩
(6)

where i2 � − 1, d is uniquely determined by 4p � d2 + 27b2,
and d ≡ 1mod 3.

Tere are many other related results, and we will not list
them all here.

Obviously, the identities (5) and (6) look very concise
and beautiful, but whether they can be applied in theory or
practice is what we care most. Recently, we have found that
these identities can be used to calculating some mean value
problems of the Dedekind sums. And for that, we need to
introduce the defnition of the Dedekind sums. For any
integers q≥ 2 and h, the classical Dedekind sums S(h, q) is
defned as follows (see [6]):

S(h, q) � 􏽘

q

a�1

a

q
􏼠 􏼡􏼠 􏼡

ah

q
􏼠 􏼡􏼠 􏼡, (7)

where as usual,

((x)) �

x − [x] −
1
2
, if x is not an integer;

0, if x is an integer.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(8)

In fact, this sums describes the behaviour of the log-
arithm of the eta-function (see [7, 8]) under modular
transformations. Because of the importance of S(h, q) in the
analytic number theory, many authors have studied the
arithmetical properties of S(h, q) and obtained many in-
teresting results, some of them can be found in [9–15].
Some relevant and meaningful work can also be found in
[16–18]. In order to avoid the tedious, we do not want to list
them one by one. Maybe the most important properties of
S(h, q) are its reciprocity theorem (see [6, 9]). Tat is, for all
positive integers h and q with (h, q) � 1, we have the
identity

S(h, q) + S(q, h) �
h
2

+ q
2

+ 1
12hq

−
1
4
. (9)

Rademacher and Grosswald [8] also obtained a three-
term formula similar to (9).

Temain purpose of this paper is to study the calculating
problems of one kind mean values of S(h, p). Tat is,

H(k, r; p) � 􏽘

p− 1

a1�1
􏽘

p− 1

a2�1
· · · 􏽘

p− 1

ak�1
ar
1+ar

2+···+ar
k
≡0modp

S a1a2 · · · ak, p( 􏼁,
(10)

where k and r are two positive integers.
Tis work is mainly because the high dimensional sums

such as the h-dimensional Kloosterman sums K(c1,

c2, . . . , ch, b; q) and h-dimensional character sums play an
important role in the research of number theory. For ex-
ample, Li and Zhang [19] study the sums

S(m, h, χ; p) � 􏽘

p− 1

a1�1
􏽘

p− 1

a2�1
· · · 􏽘

p− 1

ah�1
χ a1 + · · · + ah + ma1 · · · ah( 􏼁,

(11)

where p is an odd prime, χ is any nonprincipal Dirichlet
character modp, h is any fxed positive integer, and m is any
integer. Also, they obtained the following conclusions.

Theorem 1. Let p be an odd prime, h≥ 1 is an integer with
(h + 1, p − 1) � 1. Ten, for any nonprincipal character
χmodp, one has the identity

􏽘

p− 1

m�1
| 􏽘

p− 1

a1�1
· · · 􏽘

p− 1

ah�1
χ a1 + · · · + ah + ma1 · · · ah( 􏼁 |

2

· | 􏽘

p− 1

a�1
e

mah+1 + a

p
􏼠 􏼡 |

2

� p
h

· p
2

− p − 1􏼐 􏼑.

(12)

Theorem 2. Let p be an odd prime, h is an integer with
(h + 1) ∣ (p − 1), and χ is any nonprincipal charactermodp.
If χ is a (h + 1)-th character modp (that is, there exists
a character χ1modp such that χ � χh+1

1 ), then one has

􏽘

p− 1

m�1
| 􏽘

p− 1

a1�1
· · · 􏽘

p− 1

ah�1
χ a1 + · · · + ah + ma1 · · · ah( 􏼁 |

2

· | 􏽘

p− 1

a�1
e

mah+1 + a

p
􏼠 􏼡 |

2

� (h + 1) · p
h+2

+ O h
2

· p
h+1

􏼐 􏼑.

(13)

Hence, it is meaningful in further exploring the problem
of value distribution of S(h, p) on certain special sets. It may
be possible to characterize some profound properties
of S(h, p).

In this paper, we give some accurate calculating formulas
for H(k, h; p) with k � 4, 6 and r � 1 or k � 4 and r � 3.
Tat is, we use the identities (5) and (6) of the classical Gauss
sums and analytic methods to prove the following three
interesting conclusions.

Theorem 3. Let p be an odd prime, then we have the
identities
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􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

S(abcd, p) �

p · h
2
p, if p ≡ 3mod 4;

2p

π2 · α2(p) − β2(p)􏼐 􏼑 · | L 1, χ4( 􏼁 |
2
, if p ≡ 5mod 8;

0, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(14)

where hp denotes the class number of the imaginary quadratic
feld Q(

���
− p

√
), χ4 denotes any four-order primitive character

modulo p, α(p) and β(p) are defned as in (5), and L(s, χ)

denotes the Dirichlet L-function corresponding to character χ
modulo p.

Theorem 4. Let p be an odd prime, then we have the
identities

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

S(abcdef, p) �

− p
2

· h
2
p, if p ≡ 11mod 12;

p

π2 · 4pd
2

− d
4

− 2p
2

􏼐 􏼑 · |L(1,ψ)|
2

− p
2

· h
2
p, if p ≡ 7mod 12;

0, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

where ψ denotes any six-order primitive character modulo p,
4p � d2 + 27 · b2, and d is uniquely determined by
d ≡ 1mod 3.

Theorem 5. Let p be an odd prime with 3 ∤ (p − 1), then we
have the identities

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a3+b3 ≡c3+d3modp

S(abcd, p) �

p · h
2
p, if p ≡ 11mod 12;

2p

π2 · α2(p) − β2(p)􏼐 􏼑 · |L 1, χ4( 􏼁|
2
, if p ≡ 5mod 12.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(16)

Some notes: since S(− h, p) � − S(h, p), so for any odd
number k> 1, we have identities

􏽘

p− 1

a1�1
􏽘

p− 1

a2�1
· · · 􏽘

p− 1

ak�1
a1+a2+···+ak≡0modp

S a1a2 · · · ak, p( 􏼁

� 􏽘

p− 1

a1�1
􏽘

p− 1

a2�1
· · · 􏽘

p− 1

ak�1
a3
1+a3

2+···+a3
k
≡0modp

S a1a2 · · · ak, p( 􏼁 � 0.

(17)

Terefore, we only consider the case with an even
number of variables.

If 3|(p − 1) in Teorem 5, then the situation is more
complicated, and we cannot yet get accurate calculation
results.

In addition, whether these sums have reciprocal laws is
also an interesting problem.

Tese will be the subjects of our further research.

2. Several Lemmas

In this section, we will deduce several simple lemmas that are
necessary in the proofs of our main results. Hereinafter, we
shall use the knowledge of the analytic number theory, and
the properties of the classical Gauss sums and Dedekind
sums, all these can be found in references [1, 2, 4, 6].
Terefore, we do not repeat them here. First, we have the
following:

Lemma  . Let p be an odd prime. Ten, for any odd
character χ modulo p, we have
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􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

χ(abcd) �

p(p − 1), ifp ≡ 3mod 4 and χ � χ2 modp;

p − 1
p

· τ4 χ4( 􏼁, ifp ≡ 5mod 8 and χ � χ4 modp;

0, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(18)

where χ4 denotes the four-order primitive character modulo p.

Proof. From the defnition of the classical Gauss sums, the
properties of the trigonometric sums, and note that
χ(− 1) � − 1, and the identity

􏽘

p− 1

a�1
χ(a) � 0, (19)

we have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

χ(abcd) �
1
p

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p

m�1
χ(abcd)e

m(a + b + c + d)

p
􏼠 􏼡

�
1
p

􏽘

p− 1

m�1
􏽘

p− 1

a�1
χ(a)e

ma
p

􏼠 􏼡⎛⎝ ⎞⎠

4

�
τ4(χ)

p
􏽘

p− 1

m�1
χ4(m).

(20)

If p ≡ 3mod 4 and χ(− 1) � − 1, then we have

􏽘

p− 1

m�1
χ4(m) �

p − 1, if χ � χ2 is the Legendre′s symbol modp;

0, otherwise.

⎧⎨

⎩

(21)

If p ≡ 1mod 4, let χ4 denote any four-order primitive
character modulo p. Tat is, χ44 � χ0, the principal character
modulo p and χk

4 ≠ χ0 for k � 1, 2, 3. Note that χ2(− 1) � 1,

χ4(− 1) � − 1, if p ≡ 5mod 8 and χ4(− 1) � 1, if p ≡ 1mod 8.
So, in these cases, from the properties of the characters
modulo p, we have

􏽘

p− 1

m�1
χ4(m) �

p − 1, if p ≡ 5mod 8 and χ � χ4;

0, otherwise.
􏼨 (22)

Note that τ2(χ2) � χ2(− 1) · p, from (11), (20), and (21),
we have the identities

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

χ(abcd) �

p(p − 1), if p ≡ 3mod 4 and χ � χ2modp;

p − 1
p

· τ4 χ4( 􏼁, if p ≡ 5mod 8 and χ � χ4modp;

0, otherwise.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(23)

Tis proves Lemma 6. □

Lemma 7. Let p be an odd prime. Ten, for any odd
character χ modulo p, we have the identities
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􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

χ(abcdef)

�

− p
2
(p − 1), if p ≡ 11mod 12 and χ � χ2 modp;

(p − 1) · τ6(χ)

p
, if p ≡ 7mod 12 and χ � χ2 orψmodp;

0, otherwise.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(24)

Proof. From the methods of proving (11), we have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

χ(abcdef)

�
1
p

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
􏽘

p

m�1
χ(abcdef)

· e
m(a + b + c + d + e + f)

p
􏼠 􏼡

�
1
p

􏽘

p− 1

m�1
􏽘

p− 1

a�1
χ(a)e

ma
p

􏼠 􏼡⎛⎝ ⎞⎠

6

�
τ6(χ)

p
􏽘

p− 1

m�1
χ6(m).

(25)

If p ≡ 11mod 12, then for any χ(− 1) � − 1, we have

􏽘

p− 1

m�1
χ6(m) �

p − 1, if χ � χ2;

0, otherwise.
􏼨 (26)

If p ≡ 7mod 12, let ψ � χ2λ denote any six-order
primitive character modulo p, where λ denotes any three-
order primitive character modulo p. Ten note that
ψ(− 1) � χ2(− 1) � − 1, from the properties of the characters
modulo p we have

􏽘

p− 1

m�1
χ6(m) �

p − 1, if χ � ψ or χ2;

0, otherwise.
􏼨 (27)

If p ≡ 1mod 12 or p ≡ 5mod 12, then for any character
χ(− 1) � − 1 modulo p, we have

􏽘

p− 1

m�1
χ6(m) � 0. (28)

Note that τ2(χ2) � χ2(− 1) · p, from (22), (25)–(27), we
have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

χ(abcdef)

�

− p
2
(p − 1), if p ≡ 11mod 12 and χ � χ2 modp;

(p − 1) · τ6(χ)

p
, if p ≡ 7mod 12 and χ � χ2 orψmodp;

0, otherwise.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(29)

Tis proves Lemma 7. □

Lemma 8. Let p be an odd prime with 3 ∤ (p − 1). Ten, for
any odd character χ modulo p, we have

Journal of Mathematics 5



􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a3+b3 ≡c3+d3modp

χ(abcd) �

p(p − 1), if p ≡ 11mod 12 and χ � χ2;

p − 1
p

· τ4 χh
4􏼐 􏼑, if p ≡ 5mod 12 and χ � χ4 modulop;

0, otherwise,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(30)

where χ4 denotes the four-order primitive character modulo p

and 3 · h ≡ 1mod (p − 1).

Proof. From the defnition of the classical Gauss sums, the
properties of the trigonometric sums, and note that
χ(− 1) � − 1, and the identity

􏽘

p− 1

a�1
χ(a) � 0 and 􏽘

p− 1

a�1
χ(a)e

− ma3

p
􏼠 􏼡 � − 􏽘

p− 1

a�1
χ(a)e

− ma3

p
􏼠 􏼡,

(31)

we have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a3+b3 ≡c3+d3modp

χ(abcd) �
1
p

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

m�1
χ(abcd)e

m a
3

+ b
3

− c
3

− d
3

􏼐 􏼑

p
⎛⎝ ⎞⎠

�
1
p

􏽘

p− 1

m�1
􏽘

p− 1

a�1
χ(a)e

ma3

p
􏼠 􏼡⎛⎝ ⎞⎠

4

.

(32)

If 3 ∤ (p − 1), let 3 · h ≡ 1mod (p − 1), then we have

􏽘

p− 1

m�1
􏽘

p− 1

a�1
χ(a)e

ma3

p
􏼠 􏼡⎛⎝ ⎞⎠

4

� 􏽘

p− 1

m�1
􏽘

p− 1

a�1
χ a

h
􏼐 􏼑e

ma
p

􏼠 􏼡⎛⎝ ⎞⎠

4

� τ4 χh
􏼐 􏼑 􏽘

p− 1

m�1
χ4h

(m) � τ4 χh
􏼐 􏼑 􏽘

p− 1

m�1
χ4(m)

�

p
2
(p − 1), if p ≡ 11mod 12 and χ � χ2 modp;

τ4 χk
4􏼐 􏼑(p − 1), if p ≡ 5mod 12 and χ � χ4 modp;

0, otherwise.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(33)

Now, Lemma 8 follows from (28) and (32). □

Lemma 9. Let q> 2 be an integer, then for any integer h with
(h, q) � 1, we have the identity

S(a, q) �
1
π2

q
􏽘
d|q

d
2

φ(d)
􏽘

χmodd,

χ(− 1)�− 1.

χ(a)|L(1, χ)|
2

(34)

where L(s, χ) denotes the Dirichlet L-function corresponding
to χmod d.

Proof. See Lemma 2 in [10]. □

3. Proofs of the Theorems

In this section, we will provide the proofs of our theorems.
We start with the proof of Teorem 3. For any odd prime p

and integer 1≤ a≤p − 1, from Lemma 9, we have

S(a, p) �
p

π2 · (p − 1)
􏽘

χmodp,

χ(− 1)�− 1.

χ(a)|L(1, χ)|
2
.

(35)
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If p ≡ 3mod 4, note that χ2(− 1) � − 1 and
|L(1, χ2)| � π/ ��

p
√

· hp, and from (33) and Lemma 6, we have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

S(abcd, p) �
p

π2
· (p − 1)

􏽘
χmodp,

χ(− 1)�− 1.

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

χ(abcd)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ · |L(1, χ)|
2
. (36)

If p ≡ 5mod 8, note that χ2(− 1) � 1 and there are two
four-order primitive characters χ4 and χ4 modulo p such

that χ4(− 1) � χ4(− 1) � − 1 and |L(1, χ4)|
2 � |L(1, χ4)|

2. So
in this case, from (4), (5), and (33) and Lemma 6, we have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

S(abcd, p) �
p

π2 · (p − 1)
􏽘

χmodp

χ(− 1)�− 1

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

χ(abcd)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ · |L(1, χ)|
2

�
1
π2

· τ4 χ4( 􏼁 · |L 1, χ4( 􏼁|
2

+
1
π2

· τ4 χ4( 􏼁 · |L 1, χ4( 􏼁|
2

�
1
π2

· τ2 χ4( 􏼁 + τ2 χ4( 􏼁􏼐 􏼑
2

− 2 · τ2 χ4( 􏼁 · τ2 χ4( 􏼁􏼒 􏼓 · |L 1, χ4( 􏼁|
2

�
1
π2

· 4pα2(p) − 2 · p
2

􏼐 􏼑 · |L 1, χ4( 􏼁|
2

�
2p

π2 · α2(p) − β2(p)􏼐 􏼑 · |L 1, χ4( 􏼁|
2
.

(37)

If p ≡ 1mod 8, then for any odd character χ(− 1) � − 1,
we have 􏽐

p− 1
m�1χ4(m) � 0. So in this case, from Lemma 6 and

the methods of proving (35), we have the identity

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
a+b+c+d≡0modp

S(abcd, p) � 0. (38)

Now, Teorem 3 follows from (35)–(37).

Now, we prove Teorem 4. If p ≡ 11mod 12, then for
any χ(− 1) � − 1, we have

􏽘

p− 1

m�1
χ6(m) �

p − 1, if χ � χ2;

0, otherwise.
􏼨 (39)

Note that τ2(χ2) � − p, and from (33) and Lemma 7, we
have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

S(abcdef , p)

�
p

π2 · (p − 1)
􏽘

χmodp

χ(− 1)�− 1

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

χ(abcdef)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
· |L(1, χ)|

2

�
1

π2
· (p − 1)

􏽘
χmodp

χ(− 1)�− 1

􏽘

p− 1

m�1
χ6(m) · τ6(χ)⎛⎝ ⎞⎠ · |L(1, χ)|

2

�
1
π2 · τ6 χ2( 􏼁 · |L 1, χ2( 􏼁|

2
� − p

2
· h

2
p.

(40)
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If p ≡ 7mod 12, let ψ � χ2λ denote any six-order
primitive character modulo p, where λ denotes any
three-order primitive character modulo p. Ten, note that
there are two six-order primitive characters ψ, ψ modulo p,

ψ(− 1) � χ2(− 1) � − 1, and |L(1,ψ)|2 � |L(1,ψ)|2, and from
(6) and (33), Lemma 7, and the methods of proving (39), we
have

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

S(abcdef, p)

�
p

π2
· (p − 1)

􏽘
χmodp

χ(− 1)�− 1

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

χ(abcde f)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
· |L(1, χ)|

2

�
1

π2
· (p − 1)

􏽘
χmodp

χ(− 1)�− 1

􏽘

p− 1

m�1
χ6(m) · τ6(χ)⎛⎝ ⎞⎠ · |L(1, χ)|

2

�
1
π2 · τ6(ψ) + τ6(ψ)􏼐 􏼑 · |L(1,ψ)|

2
+

1
π2

· τ6 χ2( 􏼁 · |L 1, χ2( 􏼁|
2

�
1
π2 · τ3(ψ) + τ3(ψ)􏼐 􏼑

2
− 2 · τ3(ψ) · τ3(ψ)􏼒 􏼓 · |L(1,ψ)|

2
− p

2
· h

2
p

�
1
π2 · 2p

3
− p d

2
− 2p􏼐 􏼑

2
􏼒 􏼓 · |L(1,ψ)|

2
− p

2
· h

2
p

�
p

π2 · 4pd
2

− d
4

− 2p
2

􏼐 􏼑 · |L(1,ψ)|
2

− p
2

· h
2
p.

(41)

If p ≡ 1mod 12 or p ≡ 5mod 12, then for any odd
character χ modulo p, we have

􏽘

p− 1

m�1
χ6(m) � 0. (42)

Tis time, we have the identity

􏽘

p− 1

a�1
􏽘

p− 1

b�1
􏽘

p− 1

c�1
􏽘

p− 1

d�1
􏽘

p− 1

e�1
􏽘

p− 1

f�1
a+b+c+d+e+f≡0modp

S(abcdef , p) � 0.
(43)

Now, Teorem 4 follows from (39)–(41).
Now, we prove Teorem 5. If p ≡ 5mod 12, note that

χ2(− 1) � 1 and there are two four-order primitive characters
χ4 and χ4 modulo p such that χ4(− 1) � χ4(− 1) � − 1,
τ2(χ4) · τ2(χ4) � τ2(χh

4) · τ2(χh
4) � p2, and |L(1, χh

4)|2 � |L

(1, χh
4)|2 � |L(1, χ4)|

2 � |L(1, χ4)|
2 for any integer h with

(h, p − 1) � 1. So in this case, from (33), Lemma 8, and the
methods of provingTeorem 3, we may immediately deduce
Teorem 5.

Tis completes the proofs of our all results.
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