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The main purpose of this article is to use some identities of the classical Gauss sums, the properties of character sums, and
Dedekind sums (modulo an odd prime) to study the computational problem of one-kind mean values related to Dedekind sums

and give some interesting identities for them.

1. Introduction

To describe the results of this paper, we first need to in-
troduce the Drichlet character and some famous sums in the
analytic number theory. Let g > 1 be an integer and G be the
group of reduced residue classes modulo q. Corresponding
to each character f of G, we define an arithmetical function y
modulo g as follows:

x(n) = f(n), if(nk)=1,

x(m) =0, if(nk)>1 ()

In addition to periodicity, the Drichlet characters
modulo g also have orthogonality which can be found in
reference [1]. For any Dirichlet character y modulo g, the
classical Gauss sums G (m, x; q) is defined as

gl
G(m,x;q) = ) x(a)e (?) (2)
a=1

where m is any integer, e(y) = ¢, and i* = -1.

For convenience, we write 7(y) = G(1, x; ). About some
properties of G (m, y; q), many scholars have studied them
and obtained a series of important results. Perhaps, the most
important properties of G(m,y;q) are the following two
conclusions:

(i) If (m,q) = 1, then for any character modulo g, we
have the identity (see [1, 2])

G(m,x;q) =x(mG(Lyx;q) = x(m)t(y).  (3)

(ii) If y is any primitive character modulo g, then for any
integer m, one has also G(m, x;q) = ¥ (m)7(y) and
the identity |7 (x)| = /4.

In addition, for any prime p with p = 1mod4 and any
fourth-order primitive character x, modulo p, Chen and
Zhang [3] studied the properties of 7(y,) and proved the
identity

7 (xy) + 7 (Xs) = 24/P - a(p), (4)

where a(p) = 1/225;11 (a+alp), and (x/p) =y, denotes
the Legendre’s symbol modulo p.

Here, the constant a(p) in (4) has a special meaning. In
fact, if prime p = 1 mod 4, then we have the identity (for this,
see Theorems 4-11 in [4]).

2 2

_ 2 20y 1P—1<a+ﬁ> lP_l(aHﬁ)
p=a (p)+p(p) <2; » >+<2; » ,
(5)

where r is any quadratic nonresidue modulo p. That is,
X (r) =-1

Chen [5] used the analytic methods to obtain another
identity for the six-order primitive characters modulo p. That
is, she proved the following conclusion. Let p be a prime with
p = 1 mod 6, then one has the identity
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2p), if p=1mod12;
(6)

—i-p"? (& -2p), if p=7mod12,
€y - .»Cpp by q) and h-dimensional character sums play an

where i = -1, d is uniquely determined by 4p = d* + 2707,
and d = 1 mod 3.

There are many other related results, and we will not list
them all here.

Obviously, the identities (5) and (6) look very concise
and beautiful, but whether they can be applied in theory or
practice is what we care most. Recently, we have found that
these identities can be used to calculating some mean value
problems of the Dedekind sums. And for that, we need to
introduce the definition of the Dedekind sums. For any
integers g>2 and A, the classical Dedekind sums S(h, q) is
defined as follows (see [6]):

w3 (GNE) o

where as usual,

... .
—[x] == if xisnotan integer;

(%)) = (8)

0, if x is an integer.

In fact, this sums describes the behaviour of the log-
arithm of the eta-function (see [7, 8]) under modular
transformations. Because of the importance of S(4, q) in the
analytic number theory, many authors have studied the
arithmetical properties of S(h,q) and obtained many in-
teresting results, some of them can be found in [9-15].
Some relevant and meaningful work can also be found in
[16-18]. In order to avoid the tedious, we do not want to list
them one by one. Maybe the most important properties of
S(h, q) are its reciprocity theorem (see [6, 9]). That is, for all
positive integers h and q with (h,q) =1, we have the
identity

St +S(g =" ra 1] ©)
(h.q) +S(q. h) = Dhq 4

Rademacher and Grosswald [8] also obtained a three-
term formula similar to (9).

The main purpose of this paper is to study the calculating
problems of one kind mean values of S(h, p). That is,

p-1 p-1  p-1
H(k,r;p) = Z Z Z S(aa,---ag, p), (10)
a;=1la,=1
aj+al+-+ay Omodp

where k and r are two positive integers.
This work is mainly because the high dimensional sums
such as the h-dimensional Kloosterman sums K(c,,

important role in the research of number theory. For ex-
ample, Li and Zhang [19] study the sums

p-1 p-l p-1

Somhip)= 2, 2 2 ot

a;=1a,=1

cta,+ma;---ay),

(11)

where p is an odd prime, y is any nonprincipal Dirichlet
character mod p, h is any fixed positive integer, and m is any
integer. Also, they obtained the following conclusions.

Theorem 1. Let p be an odd prime, h>1 is an integer with

(h+1,p—1) =1. Then, for any nonprincipal character
xmodp, one has the identity
p-1  p-1 p-

cta,+ma-ay) |’

212 ZWI

N lee(L‘h: ”’) K "

Theorem 2. Let p be an odd prime, h is an integer with
(h+1) | (p-1), and y is any nonprincipal character mod p.
If x is a (h+1)-th character mod p (that is, there exists
a character leodp such that y = x'*1), then one has

p-1

p-1 -
Z| Z ZX(“l cta,+ma-ay) |’

p-l h+ 13
.|Ze(map1+a>|2 (13)

a=1
(h Ph+1)

Hence, it is meaningful in further exploring the problem
of value distribution of S(h, p) on certain special sets. It may
be possible to characterize some profound properties
of S(h, p).

In this paper, we give some accurate calculating formulas
for H(k,h;p) with k=4,6 and r =1 or k=4 and r = 3.
That is, we use the identities (5) and (6) of the classical Gauss
sums and analytic methods to prove the following three
interesting conclusions.

=(h+1)-p"7+0

Theorem 3. Let p be an odd prime, then we have the
identities



Journal of Mathematics

'p-hz,

p-lp-lp-lp-1

> Y > S(abed, p) =1

a=1 b=1 c=1 d=1
a+b+c+d=0modp

;0’

where h, denotes the class number of the imaginary quadratic
field Q(\/=p), x, denotes any four-order primitive character
modulo p, a(p) and B(p) are defined as in (5), and L(s, y)
denotes the Dirichlet L-function corresponding to character x
modulo p.

r_pZ‘hZ

P’

a+b+c+d+e+f =0modp

where y denotes any six-order primitive character modulo p,

4p=d*+27-V*, and d is uniquely determined by
d = 1mod3.
K,
p-1p-1p P r

Some notes: since S(-h, p) =
number k > 1, we have identities

—-S(h, p), so for any odd

p-1 p-1 p-1
Z Z Z S(a,a,---ay, p)
a;=1a,=1 a;=1
a,+a,+-+a;=0modp
o (17)
Z Z Z S(aa,---ag, p) =0.
a,;=1a,=1
al+aj+-+a; Omodp

Therefore, we only consider the case with an even
number of variables.

If 3|(p—1) in Theorem 5, then the situation is more
complicated, and we cannot yet get accurate calculation
results.

(4pd® - d* -

PP -Fp)- |

3
if p=3mod4;
2
ﬂ—f-(az(p)—ﬁz(p))- IL(Ly,) 1% if p=5mods; (14)
otherwise,

Theorem 4. Let p be an odd prime, then we have the
identities

if p=11mod12;

(15)

2p") - ILLYIP = p* - By, if p=7mod 12;

otherwise,

Theorem 5. Let p be an odd prime with 31 (p — 1), then we
have the identities

if p=11mod12;

(16)

L(1,x,) if p=5mod12.

In addition, whether these sums have reciprocal laws is
also an interesting problem.
These will be the subjects of our further research.

2. Several Lemmas

In this section, we will deduce several simple lemmas that are
necessary in the proofs of our main results. Hereinafter, we
shall use the knowledge of the analytic number theory, and
the properties of the classical Gauss sums and Dedekind
sums, all these can be found in references [1, 2, 4, 6].
Therefore, we do not repeat them here. First, we have the
following:

Lemma 6. Let p be an odd prime. Then, for any odd
character x modulo p, we have
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p(p-1), ifp =3mod4andy = y, mod p;
p-1p-1p-1p-1 p- 1 .
Z x(abed) =4 —— -7 (x,), ifp=5mod8andy =y, mod p; (18)
a=1b=1 c=1 d=1 p
a+b+c+d=0modp
L 0, otherwise,
p-1
where x, denotes the four-order primitive character modulo p. Z x(a) =0, (19)
a=1
Proof. From the definition of the classical Gauss sums, the
. . : we have
properties of the trigonometric sums, and note that
x(=1) = -1, and the identity
p-1p-1p-1p-1 p-1p-1p-1p-1 p

2.2 2 > xlabed) =

a=1b=1 c=1d=1
a+b+c+d=0modp

If p=3mod4 and y(-1) =

p-1 —
Zf‘(m:{‘p b

0, otherwise.

-1, then we have
if y = x, is the Legendre's symbol mod p;
(21)

If p=1mod4, let x, denote any four-order primitive
character modulo p. That is, xj = X, the principal character
modulo p and yk # y, for k = 1,2,3. Note that y,(-1) = 1,

i p(p - 1)>
p-1p-1p-1p-1 -1
Z Z x (abed) = 1 p—
a=1b=1 c=1 d=1 p
a+b+c+d=0modp
g 0’
This proves Lemma 6. O

Lemma 7. Let p be an odd prime. Then, for any odd
character x modulo p, we have the identities

Se(3)) -

-7 (Xa)>

Z Z I X(abcd)e(M>

a=1 b=1 c=1 d=1 m=1

1 p-1 p-1
==

(20)

7 (X) ZX (m).

Xs(=1)=-1,if p=5mod8 and y,(-1) = 1, if p = 1 mod8.
So, in these cases, from the properties of the characters
modulo p, we have
-1, if p=5mod8andy = y,;
Z X' (m) = {0 _ Y

R otherwise.

Note that 72 (y,) = x, (1) - p, from (11), (20), and (21),
we have the identities

if p =3mod4andy = y,mod p;
if p = 5mod8andy = y,mod p; (23)

otherwise.
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-1 p-1
Z x (abcdef)
f=1

a+b+c+d+e+ f= Omodp

I MT’

22223

—_

-p’(p-1), if p=11mod12andy = x, mod p;
(24)
-1-7°
=4 w, if p=7modl12andy = y, or y mod p;
| 0, otherwise.
P -1, ify=yx,;
Proof. From the methods of proving (11), we have Z ¥ (m) = «l b A=k (26)
0, otherwise.

p-lp-lp-lp-lp-1p-1

Z Z Z Z Z Z X (abcdef) If p=7mod12, let y=y,A denote any six-order

a=1b=1 c=1 d=1 e=1 f=1 primitive character modulo p, where A denotes any three-
avbrerdres[=0modp order primitive character modulo p. Then note that

S pet pet pet y(-1) = x, (-1) = -1, from the properties of the characters

"O
s

— P~ p
% Z Z Z y (abcde f) modulo p we have
@t b=l st sl el fomel p-1, ify=wory,;
Z 7 (m) = { r= Vet (27)
e(m(a+b+c+d+e+f)> 0, otherwise.
p If p=1mod12 or p = 5mod 12, then for any character

x(=1) = -1 modulo p, we have

Ry ma ° TG(X)P_I_s -
= <;X(a)e<7)> op mZ:lX o) Z = (28)

(25) e

Note that 7% (y,) = x, (-1) - p, from (22), (25)-(27), we
have

a+b+c+d+e+f Omodp

-p(p-1), if p=11mod12andy = x, mod p;
(29)

-1-7°
= M, if p=7mod12andy = y, or y mod p;

p

| 0, otherwise.

This proves Lemma 7. O

Lemma 8. Let p be an odd prime with 31 (p — 1). Then, for
any odd character y modulo p, we have



6
(p(p-1),
p=1p=1p-1p-1 P-1 4/
5SS S oo L),
a=1b=1 c=1 d=1 P
a*+b3 =c*+d*modp
L 0,

where x, denotes the four-order primitive character modulo p
and 3-h=1mod (p-1).
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if p=11mod12andy = x,;
if p=5mod12andy = y, modulop; (30)

otherwise,

! ! —ma
Zx(a) =0and Zx(a)e(
a=1 a=1

3
a
))

3 p-1 —m
)
a=1

(31)
Proof. From the definition of the classical Gauss sums, the
properties of the trigonometric sums, and note that we have
x(=1) = -1, and the identity
plp-lp-lp- 1 polpzlpolpol pol m(a® +b> - -
>y Z Z (abed) =— ) x (abcd)e ( )
a=1 b: c=1 d=1 P a=1 b=1 c=1 d=1 m=1 P
a*+b*=c3+d>modp
(32)
4
10 (K ma’
45 (Seni)
p m=1 <¢1Zl P
If34(p-1),let 3-h=1mod (p - 1), then we have
p-1 [p-1 N \*  p1 /pl ma 4
Y™ ) ) = 3 (2 ae(")
m=1 \ a=1 m=1 \ a=1 p
p-l p-1
=) 7 = () 3 7o
m=1 m=1 (33)
P(p-1), if p=11mod12andy = y, mod p;
= 14()(];)(17 —-1), if p=5modl12andy = y, mod p;
0, otherwise.
Now, Lemma 8 follows from (28) and (32). O Proof. See Lemma 2 in [10]. O

Lemma 9. Let q> 2 be an integer, then for any integer h with
(h,q) = 1, we have the identity

1
=)

dlq

2

d
S(a,q) = 0@

Y x@IL(L, P

xmodd,
x(-1)=-

(34)

where L(s, x) denotes the Dirichlet L-function corresponding
to ymodd.

3. Proofs of the Theorems

In this section, we will provide the proofs of our theorems.
We start with the proof of Theorem 3. For any odd prime p
and integer 1<a< p -1, from Lemma 9, we have

p

S(a,P)Zm

Y x@IL(L P

xmodp,
x(=D=-

(35)
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If p=3mod4, note that

IL(L, x,)| = 7/+/P - hy, and from (33) and Lemma 6, we have

p-lp-lp-lp-1

Y Y Y ) S(abed, p) =

a=1 b=1 c=1 d=1
a+b+c+d=0modp

If p = 5mod 38, note that y, (—1) = 1 and there are two
four-order primitive characters y, and ¥, modulo p such

p-lp-lp-lp-1

ZZZZSubcdp

a=1 b=1 c=1 d=1
a+b+c+d=0modp

1

==

Bl

1
)

Q

1
)

T

If p = 1mod8, then for any odd character y(-1) = -

we have Y2~ ¥4 (m)

p-lp-lp-lp-l

Z Z ZZS(abcd,p)zO

a=1 b=1 c=1 d=1
a+b+c+d=0modp

Now, Theorem 3 follows from (35)-(37).

2
(a9’ () =2 °) 1L (L)F =%

= 0. So in this case, from Lemma 6 and
the methods of proving (35), we have the identity

7
X, (-1)=-1 and
p-lp-l1p-lp-1
Y | 2 XY X xtabed) |-IL(L I (36)
( 1) xmodp, a=1 b=1 c=1 d=1
x(=1)=—1. a+b+c+d=0modp
that x,(-1) =%, (-1) = =1 and |L(L,x,)2 = IL(LF,) So

in this case, from (4), (5), and (33) and Lemma 6, we have

p-1p-1p-1p-1
Yo XY Y Y xabed) |- IL(1L P
( 1) ymodp | ast b=t &1 a1
x(-1)=-1 \ a+b+c+d=0modp
1 _ _
T4(X4)' |L(1»X4)|2+_2'T4(X4)' |L(1’X4)|2 (37)
T

’ ((T2 (Xa) + s ()_(4))2 -2.7 () - v ()_(4)) : |L(1’X4)|2

() - B () - IL (L)

Now, we prove Theorem 4. If p = 11 mod 12, then for
any y(-1) = -1, we have
o
0)

PRI

Note that 72 (y,) = —p, and from (33) and Lemma 7, we
have

ifx = x

(39)
otherwise.

(38)

p-lp-1p-lp-1p-1p-1

222 2 > ) Slabedef, p)

a=1 b=1 c=1 d=1 e=1 f=1

a+b+c+d+e+ f=0modp

__ P
- (p-1)
_ 1

7 (p-1)

x(=D=-1

p-l1p-lp-l1p-1p-l1p-1

2 | 222 2 ) ) xlabeded)

ymodp | a=1b=1 c=1d=1e=1 f=1
a+b+c+d+e+ f=0modp

5 (57

xmodp m=1

AL P
(40)

(m)-1° ) IL(1, P

x(=D=-1

1
= 7’T6 () IL(Lxo)I* = -p*- hf,.
b3



If p=7modl12, let y=y,A denote any six-order
primitive character modulo p, where A denotes any
three-order primitive character modulo p. Then, note that
there are two six-order primitive characters y, y modulo p,

a=1 b=1 c=1 d=1 e=1 f:l
a+b+c+d+e+ f=0modp

:_HZ.P : Z pz_:pz

(p -1 xmodp

Journal of Mathematics

y(-1)=yx,(-1)=-1, and |L(1,1//)|2 = |L(1,¢)|2, and from
(6) and (33), Lemma 7, and the methods of proving (39), we
have

p-1p-1p-1
Y3 S Y x(abede f) |- IL(LYP

b=1 c=1 d=1e=1 f=1

x(-1)=-1 a+b+ctd+e+ f=0modp

1 .
7 (p-1) Xngdp <mz
x(=1)=—

:iz.( “(y) +7° @) - LI

1
2"

3

(
(-

(4pd® - a* -

:|N|"U :IN‘ —

If p=1modI12 or p=5modl12, then for any odd
character y modulo p, we have
p-1
¥ (m) = 0. (42)

m=1
This time, we have the identity

p-lp-1p-lp-lp-1p-1
YD) Y S(abedef, p) = 0. (43)
a=1b=1 c=1d=1e=1 f=1

a+b+ct+d+e+f=0modp

Now, Theorem 4 follows from (39)-(41).

Now, we prove Theorem 5. If p = 5mod 12, note that
X» (1) = 1 and there are two four-order primitive characters
X, and ¥, modulo p such that x,(-1)= ¥,(-1)=-
7 (x) -7 (1) = 7 (X)) - 2 (7)) = p* and |L(L P = |L
(1,)*(4)|2 = |L(1,)(4)|2 = |L(1,)*(4)|2 for any integer h with
(h,p—1) = 1. So in this case, from (33), Lemma 8, and the
methods of proving Theorem 3, we may immediately deduce
Theorem 5.

This completes the proofs of our all results.

(m)-7°(x) >-IL(1,)()|2

2+ 7 @) 2-T3<w>~r3(@)-'L(L‘V"“Pz'hp

2p%) - IL(L )

(41)

1
+ 7z 7° () - |L(1’X2)|2

2

p(d - 2p)2> ALLY)P - pt I

_pz.h;.
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