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Tis paper investigates the mixed convection boundary-layer fow of Casson nanofuid with an internal heat source on an
exponentially stretched sheet. Te Buongiorno model, incorporating thermophoresis and Brownian motion, describes fuid
temperature.Temodeled system is solved numerically using bvp4c routine to analyze the impact of diferent fuid parameters on
velocity, temperature, and concentration profles.Te analysis reveals that the suction efect, magnetic feld, and Casson parameter
reduce momentum boundary layer thickness and hence slow fuid motion. Conversely, buoyancy forces increase mass boundary
layer thickness which results in accelerating fuid motion. Temperature and concentration profles show similar trends for
Brownian motion, radiation, and thermophoresis.

1. Introduction

In today’s era, the exploration of nanofuids has ignited the
interest of numerous researchers and scientists due to their
remarkable thermophysical attributes, including enhanced
thermal conductivity, extensive heat transfer analysis, and
superior thermal difusivity.Tese attributes have positioned
nanofuids as valuable assets with versatile applications
across industries, biomedical treatments, consumer appli-
ances, and more. Simultaneously, the analysis of non-
Newtonian fuids has garnered substantial importance due
to its impact on scientifc and engineering applications.
Tese fuids, difering markedly from Newtonian counter-
parts, are prevalent in daily life and industrial processes,
such as toothpaste, mayonnaise, metal extrusion, and more,
characterized by non-Newtonian behavior. However, the
complexity of these fuids has hindered the establishment of
a unifed constitutive equation capturing their diverse
characteristics. Within this landscape, viscoelastic fuids,
such as the Casson model, have emerged as intriguing
subjects.

As technological advancements continue to shape our
understanding of fuid behavior, it becomes increasingly
evident that models like Casson fuid hold immense po-
tential to elucidate complexities related to the non-
Newtonian behavior of fuids. In particular, the Casson
fuid model can encompass a wide variety of phenomena.
Pramanik [1] used this model for analyzing heat transfer
characteristics. Raju et al. [2] extended the work of Pramanik
by considering radiation and uniform magnetic feld.
Sources of heat and chemical reactions were explored in his
work. Te signifcance of heat transfer can be found in our
frequently occurring industrial applications. Few imple-
mentations can be found in the process of polymer extru-
sion, glass blowing, and metallurgical extraction. After
Prandtl’s boundary layer paper, the idea allowed us to think
sensibly and practically for almost any real-world fuid fow
situation. Practical implementation was performed by
Sakiadis [3], as he was the frst one who explored the fow of
fuid on a surface that has been stretched. Crane [4] extended
his work for both linearly and exponentially stretching
sheets in steady two-dimensional fow. Ali [5] presented

Hindawi
Journal of Mathematics
Volume 2024, Article ID 9038635, 12 pages
https://doi.org/10.1155/2024/9038635

https://orcid.org/0000-0002-6701-5640
mailto:mubashir.qayyum@nu.edu.pk
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2024/9038635


general impacts of power law surface with variation of ve-
locity and temperature with the transfer of heat
characteristics.

Suction plays an important role in fuid fow as it
suppresses the velocity of the fow region. It has several
industrial uses and is also commonly utilized in aero-
dynamics. To provide heat transfer more efciently, the
nanofuid concept has been a blessing due to its ther-
mophysical properties. Tis innovative technique was
introduced by Choi [6] for fuids’ thermal conductivity
enhancement. Buongiorno [7] suggested a new model
based on nanofuid considering the impact of Brownian
motion and thermophoresis. Abubakar [8] investigated
the nanofuid fow using the Buongiorno model on
a stretching sheet. Elbashbeshy et al. [9] extended Abu-
bakar’s work to internal heat generation. Dash et al. [10]
suggested Casson fuid in a tube with homogenous per-
meable media. He concluded that when the amount of
yielding stress and permeability increases, the fow rate
drops dramatically, indicating that frictional resistance
increases signifcantly. Nanjundaswamy et al. [11] pre-
sented a fow issue posed across a horizontal sheet and
analyzed the impact of mass transfer on the velocity
profle. Mahabaleshwar et al. [12] studied ambient
nanofuid with suction/injection efects. Recently, Ferd-
ows et al. [13] analyzed dissipative nanofuid on expo-
nentially stretched surface for heat and mass transfer.
Recently, Nadeem et al. [14] analyzed 3D Casson fuid
through an exponential stretching sheet.

Radiative impacts have many uses in science and en-
gineering. In particular, radiation-based heat transfer has
great importance in industrial applications and is hence
explored by many researchers. However, the impact of ra-
diation on boundary layer fows is not well explored. Hayat
et al. [15] investigated boundary layer fow with thermal
radiation using a homotopy-based scheme. Chaudary et al.
[16] analyzed heat radiation on viscous fuid fow on
a stretched surface in the presence of a uniform magnetic
feld. Recently, Malik et al. [17] studied heat transfer in the
boundary layer of Casson nanofuid fow. Rosly et al. [18]
explored unsteady nanofuid with wall mass suction. Nu-
merical results were compared with other researchers’
fnding. Khan et al. [19] used the Buongiorno model to
investigate the nanofuid as Blasius fow. In recent years,
many researchers analyzed the above studies focused only on
the overstretching sheet. Khan et al. [20] analyzed nanofuid
fow over a stretching surface. Makinde et al. [21] studied
convective boundary layer nanofuid fow on a stretching
sheet. Animasaun et al. [22] investigated Casson fuid on
a vertical surface with internal heat generation. Several
studies related to diferent nanofuids with the character-
istics of heat and mass can be found in [23–26]. Te more
interesting studies about stretching sheets related to non-
Newtonian fuids fow can be found in [27, 28]. Moreover,
Zhu et al. [29] examined the non-Newtonian unstable
Williamson fuid on a stretching/shrinking surface, as well as
thermophoresis and Brownian efects. Alhamdi et al. [30]
focused on numerically solving the problem of micropolar
nanofuid using a single-phase model in a channel and also

described the behavior of thermal radiation on the tem-
perature profle. It shows that the tube’s temperature profle
rises from the center to the top wall and falls from the lower
wall to the middle.

Te following are the primary objectives of this research
work:

(1) Te present study aims to investigate the convection
fow of Casson nanofuid through exponentially
stretched sheets with internal heat generation.

(2) Te well-known Buongiorno nanofuid model is
used to incorporate thermophoresis and Brownian
motion.

(3) By using the bvp4c MATLAB package, the obtained
reduced ordinary diferential equations are solved
numerically.

(4) Physical impacts of the Casson parameter, suction
efect, magnetic efect, Brownian, and thermopho-
resis distribution have been presented graphically.

(5) Te results that have been described have applica-
bility in thermal extrusion processes, medical
treatments, solar energy systems, etc.

2. Problem Formulation

Figure 1 annotates the fow of geometry, i.e., time-
independent, incompressible two-dimensional viscous
fow of nanofuid.

(1) Te sheet is permeable and has been stretched ex-
ponentially along a vertical direction at fxed origin,
x, and y � 0 in xz plane.

(2) Due to the stretching property, the efect on the
surface causes the motion of an incompressible non-
Newtonian fuid.

(3) Natural convection occurs inside the fuid when
temperature changes which produces density vari-
ations, resulting in buoyant forces acting directly on
the fuid particles.

(4) Te fow takes place at the surface parallel to the
x-axis.

(5) As depicted in the fgure, the magnetic feld B0 is
applied perpendicularly in the direction of fow.

(6) Since across the boundary the pressure of the fuid
taken into account is constant, it is expected that the
induced magnetic feld is insignifcant in comparison
to the applied magnetic feld and is thus ignored.

(7) Buongiorno model [1] has been used to study the
thermal conductivity of the nanofuid.

τij �

2 μB +
Py
���
2π

√ eij, π > πc,

2 μB +
Py
���
2π

√ eij, π < πc,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(1)
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where eij is the component of the rate of deformation.

Py �
μB

���
2π

√

β
. (2)

Te non-Newtonian model’s critical value for this
product is πc, and π is the product of the deformation rate
component with itself. However, in the Casson fuid, we can
assume this (π > πc).

μ � μB +
Py

2π
, (3)

incorporating (2) in (3), the following equation of kinematic
viscosity is obtained dependent upon the plastic dynamic
viscosity of Casson fuid, density, and the Casson parameter β.

] �
μ
ρ

�
μB

ρ
1 +

1
β

 . (4)

Te basic equations governing this fuid fow for the
conservation of mass, momentum, thermal energy, and
concentration equation for nanofuids according to the
Casson fuid model [1] are mathematically written as
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(5)

Here, the components of velocity are u and v in x, y

directions, ] is kinematic viscosity defned above, β is the
Casson parameter, σ is the Stefan–Boltzmann constant, k∗ is
the absorption coefcient α � k/(ρCp)f is thermal difusivity
in which k is thermal conductivity, Cp is the specifc heat,
and qr is the radiative heat fux. τ � (ρCp)s/(ρCp)f is the
relation between the efective heat capacity of the nano-
particle to the fuid’s heat capacity, and Q is the coefcient of
space-dependent internal heat generation.

By using the approximation of Rossland by Brewster
[31], we get the following equation:

qr � −
4σ
3k
∗

zT
4

zy
. (6)

Considering the Taylor series expansion for T4 upto T∞

and exempting higher-order terms T4 � 4T3
∞T − 3T4∞, we

get the following (7):
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Figure 1: Geometry of fow.
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Te concentration equation [32] for the fow model is
represented as

u
zC

zx
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zy
� DB

z
2
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zy
2 +
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z
2
T

zy
2 . (8)

Te problem’s following boundary conditions are pro-
vided by

at y � 0,

u � Uw,

v � −V(x),

T � Tw,

DB

zC

zy
+

DT

T∞

zT

zy
� 0,

as y⟶∞,

u⟶ 0,

T⟶ T∞,

C⟶∞,

(9)

where V(x) � V0e
x/2L is the special type of velocity (Bhat-

tacharyya) [33], V(x)> 0 is the suction’s velocity and is at
wall. Uw � U0e

x/L is the stretching velocity, U0 is the ref-
erence velocity (Magyari and Keller [34]),
Tw � T∞ + T0e

x/2L is the temperature at sheet, and To is the
reference temperature.

3. Solution Method

Incorporating the similarity variables [1] as

η �

���
U0

2]L



e
x/2L

y,

u � U0e
x/L

f
′
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v � −

����
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e
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f(η) + ηf
′
(η) ,
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x/2Lθ(η),

C � C∞ + C∞ϕ(η).

(10)

Substituting the above similarity variables, the reduced
governing equation becomes

1 +
1
β

 f
‴

+ ff
″
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3
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Subject to the boundary conditions at

η � 0,

f
′

� 1,

f � S,

θ � 1,

Nbϕ
′
+ Ntθ

′
� 0,

(12)

and as

η⟶∞,

f
′ ⟶ 0,

θ⟶ 0,

ϕ⟶ 0,

(13)

where prime represents the diferentiation with respect to η,
β � μB

���
2πc


/Py is the Casson parameter, M � σB2

0L

/ρfU0e
x/L is the magnetic parameter, ξ � Gr.1/Re2 is the

buoyancy parameter, N � 4σT3
∞/kk∗ is the radiation pa-

rameter, Pr � μCp/k is the Prandtl number,
Q � (Q/(ρCp)f)(2L/U0e

x/L) is the internal heat parameter,
Nb � τDBC∞/α is the Brownian coefcient, Nt � τDT(Tw −

T∞)/αT∞ is the thermophoresis coefcient, and Le � ]/DB

is the Lewis number.
Te coefcient of skin friction and Nusselt number can

be defned as
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2
w
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Applying similarity transformations, the dimensionless
form of skin friction and Nusselt number are obtained as

2Cfx

���
Rex


� f
″
(0),

Nux���
Rex

 � −θ′(0),

(15)

where Rex � uwx/] is the Reynold number.
To obtain the graphical and numerical results using the

MATLAB bvp4c package, the reduced governing equation
(11) is required to be converted in the frst-order ODE.
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Boundary conditions:

y2 − 1 � 0,

y1 − S � 0,

y4 − 1 � 0,

Nby7 + Nty5 � 0, η � 0,

y2 � 0,

y4 � 0,

y6 � 0,

η⟶∞.

(17)

4. Results and Discussion

Numerical computations have been carried out to analyze
the efects of diferent emerging parameters. M is the
magnetic parameter, S is the suction parameter, ξ is the
buoyancy parameter, N is the radiation parameter, Nt is the
thermophoresis parameter, and Nb is the Brownian pa-
rameter over velocity, temperature, and concentration
profles.

To verify the accuracy of the applied numerical scheme,
the results corresponding to the values of the heat transfer
coefcient −θ′(0) for Newtonian fuid with S � Q � M � ξ �

Nb � Nt � Le � 0 and N � 0, N � 0.5, N � 1 are compared
with the available published results of Bidin and Nazar [35]
with E � 0 (the absence of Eckert number) and Pramanik [1]
with S � 0 (the absence of suction at the boundary).

Figure 2 demonstrates the efect of magnetic Table 1
parameter over the suction velocity. Te fgure shows
a decrement in the suction velocity with the increment of the
magnetic parameter. A lower magnetic parameter suggests
weaker Lorentz forces, which may result in less dramatic
changes in fuid motion caused by the magnetic feld. Tis
lower magnetic efect on velocity in the presence of suction
shows that the infuence of suction dominates over magnetic
forces, perhaps allowing for more efective control of fuid
motion.

Figure 3 illustrates the efect on the velocity profle
concerning the impact of the Casson parameter for the
porous sheet. Te velocity profle diminishes as the Casson
parameter β rises. Te declining character of the velocity
profle, in particular, suggests a decline in the momentum
boundary layer. In other words, when the Casson parameter
grows, the region of the fuid immediately impacted by the
motion of the porous sheet decreases.

Figure 4 depicts the impacts of suction on the velocity
profle for the porous sheet. When suction is increased, the
velocity decreases and so does the boundary layer thickness
of momentum. Te physical elaboration for such kind of
behavior can be suggested in easy words as when stronger
suction is induced, the heated fuid moves closer to the wall
where the efects of viscosity are maximum which de-
celerates the fuid.

Figure 5 presents the variation of the buoyancy efect on
the velocity profle overstretching the porous sheet. Te
velocity profle grows in proportion to the buoyancy pa-
rameter, indicating a higher efect of buoyant forces. Tis
suggests that the fuid velocity near the stretched porous
sheet increases as buoyancy efects increase. Furthermore,
the observed increase in momentum boundary layer
thickness denotes a larger region impacted by the motion of
the sheet and the accompanying buoyancy forces.

Figure 6 shows the efects of the magnetic parameter
where (M � 0.1, 0.2, 0.3, 0.4) were the values taken to see the
efect on the velocity profle for an exponentially porous
stretched sheet. Te velocity of fuid fow decreases as the
magnetic feld increases because the magnetic feld produces
Lorentz force, which opposes the motion of the fuid and
hence decreases the motion of the fuid, so the velocity will
decrease as the magnetic feld increases.

Figure 7 explains the efect on the temperature profle by
using the buoyancy parameter. As the buoyancy efect is
increased, there has been an impact of decrement in tem-
perature of fuid fow. As buoyant forces depend upon the
variation in densities, buoyant forces have an inverse re-
lation with temperature. It can be explained as when we
increased the efect of the buoyant force with values
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(ξ � 0.1, 10.1, 20.1, 30.1), the density of the fuid increases
due to which the temperature decreased.

It has been seen in Figure 8 the efects of the radiation
parameter (N � 0.5, 1.0, 1.5, 2.0) against the temperature
profle. When thermal radiation passes into the fuid, it func-
tions as a source of heat, causing the temperature to rise no-
ticeably.Te increased energy causes the fuidmolecules to fow
faster, causing the temperature to rise. Te increased fuid
mobility adds to an increase in the thickness of the
boundary layer.

Figure 9 elucidates the efect of the Brownian motion
parameter (Nb � 0.1, 0.3, 0.5, 0.7) on the temperature
profle for an exponentially porous stretching surface. Te
fgure explains how with the increment of the Brownian
motion parameter, the temperature increases. It is be-
cause the temperature is directly proportional to the
kinetic energy of the particles and Brownian motion is the
movement of fuid particles that causes the fuid particles’
kinetic energy to increase, causing the fuid particles to
travel faster.

f (
η)

M=0.1
M=0.3
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M=0.7
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Figure 2: Efects of the magnetic parameter M on suction velocity.

Table 1: Comparison of −θ′(0) for diferent values of the Prandtl number.

Pr
Bidin and Nazar [35] with E� 0 Pramanik [1] with S� 0 Present study with S�Q� 0

M� ξ �Nb�Nt� Le� 0
N� 0 N� 0.5 N� 1 N� 0 N� 0.5 N� 1 N� 0 N� 0.5 N� 1

1 0.9547 0.6765 0.5315 0.9547 0.6765 0.5315 0.9432 0.6725 0.5405
2 1.4714 1.0735 0.8627 1.4714 1.0734 0.8626 1.4642 1.0622 0.8520
3 1.8691 1.3807 1.1214 1.8691 1.3807 1.1213 1.8654 1.3725 1.1105

Pr=6.5; S=0.5; R=0.1; Q=0.9; Nb=0.1; Nt=0.1; Le=5.0
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Figure 3: Efects of β (Casson parameter) on velocity.
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Figure 4: Efects of suction on velocity profle.
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Te physical relevance of thermophoresis on fuid tem-
perature resides in its capacity to change temperature distri-
bution throughout the fuid, especially in the presence of
microparticles. Figure 10 depicts that the temperature of the
fuid rises as the thermophoresis coefcient increases. Tis
efect is caused by thermophoresis, a process in which mi-
croparticles move from hotter to cooler locations. As these
particles travel, they contribute to improved heat transmission
and fuid mixing, resulting in a rise in total temperature.

In Figure 11, a decreasing trend on the fuid concen-
tration profle with the buoyancy efect is seen when
(ξ � 0.1, 10.1, 20.1, 30.1). It means that when the buoyancy
efect is increased, the concentration of the nanoparticles
decreases which decreases the concentration boundary layer
thickness.

Figure 12 illustrates the efect of Lewis number on fuid
concentration when (Le � 1.0, 2.0, 10, 15). Te thickness of the
concentration boundary layer reduces when the value of the Le
number is increased as depicted in the fgure number is the
relation between thermal and mass difusivity which depicts the
fuid fow in which the efect of mass and heat is defned
simultaneously.

Figure 13 depicts the efect of thermophoresis on the
concentration of nanoparticles when (Nt � 0.1, 0.3, 0.5, 0.7).
Termophoresis causes nonuniformity in concentration
distributions of nanoparticles which increases the concen-
tration thickness. Te greater the impact of thermophoresis,
the greater the efect of the concentration of particles.

Figure 14 depicts the impacts of Brownian motion on
nanoparticle concentration. Decrement can be seen that the
concentration of nanoparticles is thin when the Brownian
parameter’s value (Nb � 0.1, 03, 0.5, 0.7) is increased. A
shoot of concentration of nanoparticles can be seen before
the decrement.

Figure 15 depicts a representation of the concentration
of nanoparticles for various magnetic values. As the mag-
netic parameter’s infuence grows, so does the concentration
of nanoparticles. As the magnetic parameter rises, the
magnetophoretic forces impacting the nanoparticles get
stronger. Tese forces efciently govern the movement and
dispersion of nanoparticles in the fuid. As a result, when the
magnetic parameter becomes higher, the concentration of
nanoparticles increases.
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Figure 5: Efects of ξ (buoyancy parameter) on velocity profle.
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Figure 6: M (magnetic parameter) efects on velocity profle.
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Figure 7: Efects of ξ (buoyancy) on temperature.
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Figure 8: N (radiation) impacts on temperature.
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Figure 9: Nb (Brownian motion) impacts on temperature.
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Figure 10: Nt (thermophoresis) impacts on temperature.
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Figure 11: Efects of ξ (buoyancy) on concentration.
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Figure 12: Efects of Le (Lewis number) on concentration.
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Te fuid is subjected to a drag force by the walls, as
shown by the negative values of Cf in Table 2, whereas
positive values would suggest the reverse efect. Notably, by
increasing the radiation, magnetic strength, and suction
parameters, the absolute Cf values are rising. Te outcome
suggests that when N and M values increase, heat transfer
rates also increase, while they decrease with suction. Positive
Q values suggest a heat source, whereas negative values
imply a heat sink efect. Te absolute values of Cf and Nu
rise with the Q values as they go from the sink to the source.

5. Conclusion

Mixed convection fow of heat and mass transfer analysis of
Casson nanofuid through an exponentially stretching sheet
was thoroughly investigated. In this work, the Buongiorno

model is utilized to enhance the heat transfer, i.e., related to the
Brownian movement and thermophoretic distribution of
nanoparticles. Te impacts of the Casson parameter, suction
efect, magnetic efect, Brownian, and thermophoresis difusion
were discussed. In this investigation, the efectiveness of the
Casson parameter, suction parameter, magnetic strength,
buoyancy impact, thermophoresis parameter, and the Brow-
nian motion parameter on Casson nanofuid through an ex-
ponentially stretched sheet was discussed. Te result of this
numerical analysis led to the following conclusions:

(1) Te comparative heat rate transfer is far better than
the earlier investigation, which gave rise to trust in
the future reporting of the current results.

(2) Casson parameter can be treated as a controlling
parameter because velocity suppresses when the
Casson parameter values increase and the boundary
layer thickness of momentum decreases.

(3) Te suction velocity of nanoparticles can be slowed
down when the magnetic efect is increased, but it
decreases the concentration of nanoparticles.

(4) With the help of the radiation efect, the temperature
of the nanoparticles can be escalated.

(5) Te buoyancy efect increases the velocity of nano-
particles and decreases the temperature, and due to
the density variations, the concentration of nano-
particles decreases signifcantly, and it depicts the
nature of the Grashof number that is proportional to
buoyancy forces.

(6) Impact of the Lewis number on the concentration of
nanoparticles depicts that increment in the Lewis
number decreases the concentration.

(7) Brownian motion increases the temperature, i.e., due
to the fast movement of particles, but the concen-
tration of nanoparticles decreases.

(8) Increment of the thermophoresis efect shows the
great impact in the temperature and concentration of
nanoparticles.
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