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Simple beam theory is usually employed to predict the flexural properties of nanowires (NWs) in the lateral manipulation, which
results in a linear F − δ curve. However, three factors, namely, changes in the load position and direction of the AFM tip, surface
effects, and the large displacement of the NW, are not considered in simple beam theory. In this work, a simple geometrical model is
proposed to analyze the large deflection and rotational angle deformation of NWs in the lateral manipulation. The traditional
solution to the differential equation of the deflection curve turns the solution of an integral equation. Results show that contact
force does not linearly increase with increasing displacement, and the F − δ curve exists a maximum amount due to changes in
the load position and direction of the AFM tip. Moreover, the rotational angle and deflection have a nonlinear relationship.
Comparison of the results of this work with other authors’ measurements illustrates that the use of simple beam theory in
manipulation underestimates the deflection and effective modulus of NWs. Our model provides a good approach to predict F −
δ curves, rotational angles, and contact forces that closely match experimental results.

1. Introduction

Optical manipulation has been widely used to measure the
elasticity, strength, and toughness of nanomaterials [1–6].
Nanomanipulation processes can be broadly classified into
three types: (1) lateral noncontact, (2) tapping mode, and
(3) lateral contact [7]. The lateral noncontact nanomani-
pulation combined with a Scanning Tunneling Microscope
(STM) or an Atomic Force Microscope (AFM) is mainly
applied for bioobject in liquid. The tapping mode AFM
reduces sample destruction and is widely used for studying
compliant materials such as polymers, biomaterials, and
semiconductors [8]. Korayem et al. have made intensive
studies of the effect of capillary force on the tip-surface
interactions when it is operated in air [9] and the manip-
ulation of micro/nanoparticles on rough surfaces [10].
Furthermore, they proposed a new multiscale methodology
for modeling of single and multibody to solve the multi-
scale dynamic problem in the nanomanipulation process
[11]. Ahmadi et al. have investigated the effects of fluid
environment properties on the nonlinear vibrations of AFM

piezoelectric microcantilevers using a theoretical analysis
[12] and FEM simulation considering tip-sample nonlinear
interactions [13].

The lateral contact mode AFM is usually used to measure
the mechanical properties of nanowires (NWs). In the lateral
manipulation, a NW is clamped onto a flat substrate so that
one end forms a cantilever. An AFM tip is moved in one
direction, and the lateral force is indicated by the contact
between the side of the tip and the NW. The flexural proper-
ties of NWs can be determined according to beam theory by
recording the curves of contact force versus displacement
(F − δ curve) [14]. By neglecting the contribution of friction
force from the substrate, Wong et al. obtained the effective
elastic modulus and bending strength of a NW [1]. Wang
et al. derived the strain and stress of NWs from the F − δ
curve [14]. Manipulation-based methods have also been used
to measure the friction between a NW and a substrate, which
can be calculated by counterbalancing the frictional force rel-
ative to the contact force. Xie et al. modeled the deflection of
a NW as a Euler-Bernoulli beam subjected to a uniformly dis-
tributed friction and contact force [2, 3]. Hou et al. calculated
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the friction of bent NWs with relatively large deformations
based on force equilibrium equations [5]. Tran and Chung
also obtained the elastic modulus and friction of NWs by
using simple beam theory [6]. The main purpose of analyzing
test results is to precisely determine the elastic bending defor-
mation of NW.

Three factors are needed to consider when formulating
the bending deformation of a NW. First, the changing posi-
tion of the AFM tip along the length direction of NW implies
a change in the direction of the contact force. Second, the
large displacements of a slender NW subjected to a contact
force imply a nonlinear relationship between the curvature
and the bending moment. Third, surface effects induce addi-
tional deformation energies in NWs [15–19]. Therefore, a
simple and reliable formula to calculate the flexural proper-
ties of slender NWs is necessary. In this work, we studied
the effective modulus and F − δ curve of a NW on a smooth,
flat substrate by using the slender Euler-Bernoulli beam
model. If the NW is long enough and the distance from the
tip to the fixed end of NW is not short, the contact status will
retain in a certain range. The large-deflection deformation of
NW implicates large rotational angle and infinitesimal strain.
So this situation will be considered in our mode. The large-
deflection deformation of the cantilever is formulated by sur-
face elasticity. We then established differential and integral
equations to describe the deformation via the arc differential
method and bending moment balance on the cross-section of
the NW. Moreover, we compared our findings with the mea-
surement results in the literatures.

2. Model Analysis

A NW laterally manipulated by an AFM tip on a smooth, flat
substrate can be modeled as a cantilever subjected to a con-
centrated force and a uniformly distributed friction force,
as proposed in previous research. The friction force is quite
small, and its contribution to the deformation of NW is neg-
ligible [1]. Figure 1 shows a schematic of a beam bending
with an AFM tip. The tip moves in the vertical direction.
The axial line of the beam is straight when the tip initially
touches the NW (Figure 1(b)). The distance l (along the X
axis) from the fixed pinning point (X = 0) remains constant.
The position of the AFM tip changes with the bending of the
NW, but the contact force remains perpendicular to the axial
line of the NW (Figure 1(c)). Consequently, the contact force
also changes with the deformation of the NW. Formulating
the NW’s bending deformation depends on the description
of the position of the curved axial line. We assume that a
NW AC with length L and diameter d is located in the Carte-
sian coordinate system OXY, where B (l, 0) is the position of
the tip. The axial line can be presented as follows:

x0 = X + u0 Xð Þ,
y0 =w0 Xð Þ,

(
ð1Þ

where (x0, y0) and (X, 0) are the coordinates of a point on the
axial line before and after the bending deformation of the

NW. u0 and w0 are the displacements of the axial line. The
infinitesimal segment dX of the axial line can be written as

ds0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dx20 + dy20

q
: ð2Þ

Noting Equation (1), the above equation can be
expressed as

ds0 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dX + du0 Xð Þ½ �2 + dw0 Xð Þð Þ2

q

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

du0
dX

� �2
+

dw0
dX

� �2
s

dX:
ð3Þ

The elongation ratio of segment dX is defined by

Λ0 =
ds0
dX

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

du0
dX

� �2
+

dw0
dX

� �2
s

: ð4Þ

The derivatives of the displacements are

du0
dX

=Λ0 cos θ − 1,

dw0
dX

=Λ0 sin θ,

8>><
>>: ð5Þ

where θ is the intersection angle between the tangent of
the NW and the X axis (rotational angle). Hence, the
strain of the axial line is
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Figure 1: Schematic of the lateral manipulation. (a) A beam with a
free end. (b) The initial contact between the tip and NW. (c) The
bending deformation of NW. (d) The separation of the tip. (e)
The cross-section of NW.
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εx0 =
ds0 − dX

dX
=Λ0 − 1: ð6Þ

The curvature of the axial line is

κ0 =
dθ
ds0

=
1
Λ0

dθ
dX

: ð7Þ

Similarly, the coordinates of a point in the beam after
deformation are

x = X + u X, Yð Þ,
y = Y +w X, Yð Þ,

(
ð8Þ

where Y ∈ ½−d/2, d/2� and u and w are the displacements
of the point. Neglecting shear deformation and applying
the plane section assumptions for a beam, the displace-
ments can be written as follows:

u X, Yð Þ = u0 Xð Þ − Y sin θ,

w X, Yð Þ =w0 Xð Þ − Y 1 − cos θð Þ:

(
ð9Þ

The segment parallel to and equal to dX can be trans-
formed into

ds =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dxð Þ2 + dyð Þ2

q
: ð10Þ

Based on Equations (5), (8), and (9), the differential
coordinates are

dx = dX +
∂u
∂X

dX = Λ0 − Y
dθ
dX

� �
cos θdX,

dy = ∂w
∂X

dX = Λ0 − Y
dθ
dX

� �
sin θdX:

8>>><
>>>:

ð11Þ

By substituting the above equations into Equation (10),
the following equation can be obtained.

ds = Λ0 − Y
dθ
dX

� �
dX: ð12Þ

The elongation ratio of segment dX in a beam is
defined as

Λ =
ds
dX

=Λ0 − Y
dθ
dX

=Λ0 1 − κ0Yð Þ: ð13Þ

It is found from the above equation that if Y = 0, Λ =Λ0.
Thus, Equation (13) expresses the elongation ratio of an arbi-
trary segment in the beam. The axial strain of the beam is

εx =
ds − dX
dX

=Λ − 1 = εx0 − YΛ0κ0: ð14Þ

It is found from the above equation that if Y = 0, εx = εx0.
Thus, Equation (14) expresses the axial strain of the NW. The
curvature of the NW is

κ =
dθ
ds

=
dθ
ΛdX

=
κ0

1 − Yκ0
: ð15Þ

It is also found from the above equation that if Y = 0,
κ = κ0. Thus, Equation (15) expresses the bending curvature
of an arbitrary segment in the NW.

To calculate the surface energy of NW, we consider the
surface strain and curvature. Adopting the polar coordinates
on the cross-section of the NW shown in Figure 1(e) and
substituting the relation Y = d sin φ/2 into Equations (14)
and (15), the following equations can be obtained:

εs = Λ0 − 1ð Þ − dΛ0κ0
2

sin φ,

κs =
κ0

1 − dκ0 sin φ/2
:

ð16Þ

Thus, the stress in the bulk material is

σx = Eεx: ð17Þ

The surface and moment stresses are [13]

τs = C0εs, ð18Þ

ms = C1κs, ð19Þ
where C0 is the Gurtin-Murdoch constant and C1 is the
Steigman-Ogden constant [20]. The surface stress, surface
moment stress, and bulk stress balancing the bending
moment, the integration over the cross-sectional area yields

∬
Ω
σxYdA +

þ
S
τsYdS +

þ
S
msdS

= − F l − xð Þ cos θB + P w0B −w0ð Þ sin θB½ �,
ð20Þ

where w0B and θB are the deflection and rotational angle of
the section on which the AFM tip acts. By substituting Equa-
tions (17), (18), and (19) into the above equation, the follow-
ing equation can be obtained:

EI + C1I
∗ð Þ dθ

dX
= F l − xð Þ cos θB + F w0B −w0ð Þ sin θB,

ð21Þ

where I =∬
Ω
Y2dA = πd4/64 is the moment inertia of the

cross-section and I∗ =
Þ
SY

2dS = πd3/8 is the perimeter
moment of inertia. The above equation provides a geomet-
rical deformation model of a NW subjected to a contact
force of the AFM tip. The flexural stiffness can be defined
as E∗I = EI + C1I

∗. Substituting Equation (15) into Equa-
tion (21), a nonlinear differential equation can be obtained
to describe the deformation. However, this equation is diffi-
cult to solve. Thus, we adopt another method to solve this
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problem. For a slender NW, we can neglect the stretch of the
axial line by settingΛ0 = 1. Taking the derived arc differential
of the axial line ds0 in Equation (21), the following equation
can be obtained:

E∗I
d2θ

ds20
= −F cos θB − θð Þ: ð22Þ

By multiplying dθ to the both sides of the above equation
and integrating the result, the following expression can be
obtained:

1
2

dθ
ds0

� �2
=

F
E∗I

sin θB − θð Þ + C, ð23Þ

where C is an integration constant. According to the bound-
ary condition at the free end, θ = θB and dθ/ds0 = 0; hence,
C = 0. The arc differential is

ds0 =
ffiffiffiffiffiffiffi
E∗I
2F

r
dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin θB − θð Þp : ð24Þ

The length of a NW can be expressed as

L =
ðL
0
ds0 =

ffiffiffiffiffiffiffi
E∗I
2F

r
dθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin θB − θð Þp : ð25Þ

The distance from the fixed pinning point to the tip is

l =
ðl
0
dx0 =

ffiffiffiffiffiffiffi
E∗I
2F

r ðθB
0

cos θdθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin θB − θð Þp : ð26Þ

The displacement of the tip is

δ =w0B =
ðy0B
0
dy0 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E∗I
2F

ðθB
0

sin θdθffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin θB − θð Þp

s
: ð27Þ

Equations (25) and (26) show that the right sides contain
two similar terms, the ratio of flexural stiffness to contact force
and the integration about the angle. Dividing Equation (26) by
Equation (25), the following equation can be obtained:

δ

l
=

Ð θB
0 sin θdθ/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin θB − θð Þp� �

Ð θB
0 cos θdθ/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin θB − θð Þp� � : ð28Þ

For a given displacement of the tip δ, θB can be determined
from the above equation. Then, the contact force F can be cal-
culated using Equation (26) or (27). Hence, the F − δ curve
and flexural properties of the NW can be obtained.

3. Results and Discussion

The deformation of NW in lateral manipulation is influenced
by the contact force and bending modulus. The surface effect
of NW in manipulation is not completely discussed in the lit-

eratures. We first focus on the effect of surface elasticity of
NW in lateral manipulation. According to the definition of
normalized flexural stiffness, the effective modulus of NW
can be expressed as E∗ = E + C0I

∗/I. As an example, we
consider a Ag NW with a bulk-material elastic modulus
of E = 73GPa. Molecular dynamics simulations indicate that

C0 = −0:37938eV/Å2
for a h100i axially oriented NW and

C0 = 2:5227eV/Å2
for a h110i axially oriented NW [20].

Figure 2 shows the normalized effective modulus (E∗/E)
versus the diameter of the NW. The normalized effectivemod-
ulus approaches 1 with increasing diameter. The Gurtin-
Murdoch constant exerts different influences on NW, i.e.,
stiffening when C0 > 0 and softening when C0 < 0. The sur-
face effect of NW is neglected in many models [1–6], so the
total deformation energy is not calculated. Our model can
give exact prediction for the effective modulus of NW. It is
also found from Equations (26) and (27) that the flexural
stiffness of circular NWs is independent of the Steigman-
Ogden constant. The bending curvature has an antisymmetric
distribution along the peripheral direction of the NW, which is
different from the observed behavior in rectangular NWs.
Chhapadia et al.’s formulation shows that the surface moment
stress has a definite influence on the effective modulus of rect-
angular NWs [20]. However, the curvature-dependent elastic-
ity of circular NWs can be neglected but for surface stress.
Figure 3 shows the displacement of the AFM tip (δ/l) versus
the normalized contact force (

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2F/E∗I

p
) and the rotational

angle of the free end of the wire (θB). The nonlinear relation-
ship between the normalized contact force and displacement is
different from the linear deformation of NWs with small
deflections. The interaction between the AFM tip and NW
can be divided into two stages. The first stage shows an
increase in contact force with increasing displacement. The
normalized contact force reaches a maximum value of
2.357 when δ/l = 0:7218. The second stage shows a decrease
in contact force until the tip’s separation when the normal-
ized contact force is 1.44. We also determine the nonlinear
relationship between the rotational angle and displacement.
At θB = 54∘, the contact force reaches a maximum value. At
θB = 90∘ and δ/l = 1:67, the tip leaves the NW, which implies
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that the minimum length of the NW is 2.19 times the dis-
tance from the fixed pinning point and then retain the con-
tact status between the tip and the NW.

Special attention is devoted to the degree of deformation
of NW in lateral manipulation. Wong et al.’s measurement
of multiwall carbon nanotubes with a diameter of 32.9 nm
and length of 1μm showed that the effective elastic modulus
of the tubes is 1.26 TPa, the bending deflection is approxi-
mately 170nm, and the rotational angle is approximately
10∘ at l = 813nm [1]. The deflection observed is 4.86 times
the diameter and 0.2 times the length and, thus, can be clas-
sified as a large displacement problem. Simple beam theory
predicts θB = Fl2/2E∗I, δB = Fl2ð3L − lÞ/6E∗I; thus, the pre-
dicted δB/θB is approximately 12:717nm/°, which is smaller
than the measured amount of 170nm/10∘. Using our model
and according to Equation (28), δB/l = 0:21, the predicted
rotational angle is approximately 18∘. The prediction is in a
good accordance with the measurements. Figure 4 compares
our predictions with Wong et al.’s experimental results. The
F − δ curve with E∗ = 1:26TPa is located under Wong
et al.’s curve, which implies that the theoretical flexibility is
larger than its experimental counterpart. Hence, simple beam
theory will underestimate the deformation of NW in manip-
ulation. We found that the predicted F − δ curve, which

assumes an effective elastic modulus of 1.8 TPa, matches
Wong et al.’s results well. Considering the change in load
position and direction of the AFM tip, simple beam theory
cannot provide the exact bending moment and axial profile
of the NW. For a slender NW, the estimated effective elastic
modulus based on simple beam theory during manipulation
is smaller than the actual measurement. We therefore pro-
pose considering the deformation of NWs as a large dis-
placement problem.

We further focus on the influence of contact force on the
bending deflection of NW in lateral manipulation. In much
manipulations to measure the friction characteristics of
NW, the AFM tip was placed near the free end of the NW
so that l ∈ ½0:9L, LÞ [6]. In this case, however, separation of
the tip will occur, and the free end of NW could deform via
a small rotational angle. Our calculations show that the rota-
tional angle varies from 0∘ − 35∘, which is much smaller than
the angle (θB = 57∘) of long NWs. The deformation of NWs
during manipulation corresponds to the linear range in the
first stage (Figure 3). In this range, the normalized contact
force ranges from 0 to 2.02, and δ/l varies from 0 to 0:43.
Tran and Chung’s lateral manipulation experiment involving
SiO NWs with a diameter of 140nm and length of 1.84μm
showed that the maximum bending deflection of the NW is
430 nm and its effective elastic modulus is 84 ± 7GPa [6].
This deflection is approximately 3 times the diameter and
0.23 times the length. Hence, simple beam theory cannot
provide an approximate description of the large displace-
ment of NWs. According to Equation (27), δB/l = 0:23, and
the predicted rotational angle is approximately 28∘, which is
a considerable amount compared with the assumption of
infinitesimal rotation in simple beam theory. The predicted
contact force is approximately 0.192μN, which is much
smaller than the experimental value obtained. This observa-
tion could be attributed to friction. Considering that friction
is neglected in our model, the deflection of NW may be
amplified. However, the distribution of friction can be con-
sidered to be perpendicular to the deformed axial curve of
the NW, which can also be described by a large displacement
and large rotational angle problem.

In a conclusion, surface stress and contact status are the
two key points of prediction for the flexural properties of
slender NWs in lateral manipulation. However, the surface
stress is not taken into account in many studies. The size
effects have been formulated by curvature-dependence sur-
face elasticity. We found that the surface stress would
increase or decrease the flexural stiffness of circular NWs.
For the shape of noncircular cross-section, the influence of
surface curvature is also needed to investigate. Furthermore,
the degree of deformation determines the scope of simple
beam theory for the lateral manipulation application when
the tip leaves the NW. In many manipulations, NWs present
large deflection and large rotation. Our model gives a detailed
large deflection formulation of a slender NW in the whole
manipulation process. The predictions for the effective elastic
modulus, deflection, and rotation of NW are in accordance
with the measurements in the literature. It is noted that the
friction and shear on the cross-section are not considered
due to the smooth substrate. The contribution of the constant
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friction to the bending moment still can be calculated by
Equation (21). Moreover, we only establish the balance on
the bending moment, so the influence of shear is neglected
for a slender NW (which is different from Timoshenko
beam). The readers are referred to the work of Haefner and
Willam [21] for the large deflection formulations of a simple
beam including shear deformations.

4. Conclusions

In this work, we described the geometry of a beam axial line
using integral equations to improve the description of the
large-deflection deformation of NWs during lateral manipu-
lation. The F − δ curve and rotational angle of NWs can be
directly determined by solving these integral equations to
avoid the necessity of solving complex nonlinear differential
equations. The proposed approach can readily explain all of
the flexural properties of NWs, such as their effective modu-
lus and stiffness. Whereas surface moment stresses have no
effect, surface stresses have a definite influence on the effec-
tive modulus of circular NWs. A positive Gurtin-Murdoch
constant has a stiffening effect on NWs, while a negative con-
stant has a softening effect. The F − δ curve obtained is differ-
ent from that predicted by using simple beam theory, which
is usually adopted in lateral manipulation. The contact force
does not increase with increasing displacement, and the F − δ
curve exists a maximum amount due to the change in load
position and direction of the AFM tip. Therefore, the use of
simple beam theory during manipulation will underestimate
the deflection and effective modulus of NWs. Our model
highlights the importance of the geometry of the axial profile
of NWs. The predicted F − δ curve and rotational angle may
match the experimental results well by ensuring the appro-
priate amplification of the effective modulus of NWs. We
confirm that the distribution of friction could be described
by large displacement and rotational angle problem during
measurement of the friction characteristics of NWs.
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