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The analysis of nanofluid dynamics in a bounded domain attained much attention of the researchers, engineers, and industrialists.
These fluids became much popular in the researcher’s community due to their broad uses regarding the heat transfer in various
industries and fluid flowing in engine and in aerodynamics as well. Therefore, the analysis of Cu-kerosene oil and Cu-water is
organized between two Riga plates with the novel effects of thermal radiations and surface convection. The problem reduced in
the form of dimensionless system and then solved by employing variational iteration and variation of parameter methods. For
the sake of validity, the results checked with numerical scheme and found to be excellent. Further, it is examined that the
nanofluids move slowly by strengthen Cu fraction factor. The temperature of Cu-kerosene oil and Cu-water significantly rises
due to inducing thermal radiations and surface convection. The behaviour of shear stresses is in reverse proportion with the
primitive parameters, and local Nusselt number increases due to varying thermal radiations, Biot number, and fraction factor,
respectively.

1. Introduction

The heat transfer caused troubles for industrialists and engi-
neers because reasonable amount of it required to cope
many industrial and engineering processes. Therefore, a sec-
ond generation of the fluid was developed called nanofluids
[1]. These fluids are the composition of two or more than
two nanoscaled particles in the host liquid. Due to reason-
able thermal performance of these fluids, researchers focused
on the study of nanofluids and its advancements. The appli-
cations of these fluids fall in the field medical sciences, elec-
tronic devices, paint industries, drug delivery system, the
study of bionanofluids in human veins and arteries, the reac-
tion of nanomaterials by taking blood as a host fluid, coating
of various aircraft parts, and in many other potential fields of
interest. Therefore, it is imperative to address the compara-
tive heat transfer analysis in different nanofluids.

To improve the heat transport in nanofluids, many the-
oretical models have been suggested; some of them are
Hamilton and Crossers model, Maxwell Garnett model,
KKL model, Buongiorno’s model, etc. By utilizing aforemen-
tioned thermal conductivity models, many researchers
explored the problems of nanofluids in various geometries
and studied their dynamics under various conditions. In
2016, Mohyud-Din et al. [2] discussed the mass and heat
transfer analysis in opening (diverging) and narrowing (con-
verging) channel. They assumed that walls of the channel
capable to stretching and shrinking. The investigation of
heat transfer over a stretchable surface by inducing an
MHD and thermal radiation examined by Khan et al. [3]
in 2016.

Sheikholeslami [4] explored the behaviour of nanofluid
under the governing parameters and Lorentz forces. The
effect of Lorentz forces on the nanoliquid past a porous
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cylinder with the help of Darcy model was reported in [5].
Adnan et al. [6] explored the second-grade fluid problem
between opening/narrowing walls by inducing cross diffu-
sion effects in the constitutive model. Also, they demon-
strated the effects of other flow parameters ingrained in the
flow model on the velocity, temperature, and concentration
fields. The analysis of two phase nanoliquid model by plug-
ging the effects of Lorentz forces is presented in [7]. Another
imperative inspection of the nanoliquid dynamics is
reported in [8]. For thermal enhancement, they induced
KKL correlation in the model.

Influence of thermal radiation between oblique walls was
reported by Adnan et al. [9]. They assumed that the bound-
aries of the channel are capable to stretching and shrinking.
Furthermore, they solved the model and explored the effects
of various flow parameters in the flow field. The significant
analysis regarding the heat transfer in nanoliquids under
multiple flow scenarios is reported in [10, 11]. The dynamics
of radiative nanoliquid by considering combined convection
is reported by Gul et al. [12]. The important analysis of the
nanoliquids under imposed magnetic field and other gov-
erning quantities is conducted in [13, 14], respectively.

The analysis of the squeezing flow has great significance
in the light of its applications in different industries. These
applications comprised in the field of biomechanics,
mechanical engineering, chemical engineering, and in the
food industries. The earlier work in this era was done by Ste-
fan [15]. The behaviour of squeezed fluid was investigated by
Rashidi et al. [16]. Another analysis related to squeezed flow
is done by Khan et al. [17]. Gailitis and Lielausis [18] pre-
sented the study of fluid flowing between Riga plates. The
model is solved via suitable technique and then explained
the physical results deeply.

The dynamics of bioconvection nanoliquid regarding the
heat transfer are examined in [19]. They organized the study
in 3D, and the problem is developed by Buongiorno nanoli-
quid model and then found the solution analytically. In
2019, Shamshuddin et al. [20] reported the novel influences
of ohmic heating and magnetic field in the flow of nanoli-
quid between two Riga sheets. They analyzed the model ana-
lytically and provided pictorial results against the pertinent
flow quantities. The investigation of local heat transport
mechanism in the nanoliquid and transportation of the
shears stresses at the walls are also reported in their study.
The effect of partial slip in the nanoliquid flow over a spin-
ning geometry is reported in [21]. They used the nanoliquid
composed by MgO and discussed the heat transport proper-
ties. Another imperative heat transfer treatment in biocon-
vection nanoliquid under the influences of Lorentz forces
and internal heat source is explored in [22]. Some significant
investigations related to nanoliquids under multiple condi-
tions are reported in [23–25].

Thermal diffusion and heat generation are very impor-
tant physical phenomena that play significant role in the
nanofluid heat transport performance. In this regard, a
potential study is reported in [26] past through porous oscil-
lating plate placed in vertical plane. The authors computed
the results and for the shear stresses, Nusselt number and
furnished graphical results for the velocity and temperature

distribution. Another potential work for the heat transfer
in the nanofluid under the effects of imposed Lorentz forces
is discussed in [27]. Thin film flows attained much attention
of the industrialists due to their broad applications in many
industries. The analysis of heat transport in the nanofluids
over a thin film is very prominent. Therefore, a recent study
in this regard is reported in [28]. Theoretical study of the
flow models under varying flow conditions has its own
importance, and researchers paved their attentions to ana-
lyze the dynamics of fluids through theoretical approaches.
In this regard, a study is reported in [29] by considering
the flow inside the cavity filled with nanoliquid. The authors
treated the model numerically and authenticate their results
with previously published work. The study of different flow
parameters and their impacts on the heat transfer is orga-
nized in [30]. It is reported that the temperature drops due
higher thermophoresis effects.

From the available science literature, it is noted that the
analytical heat transport mechanism in water and kerosene
oil saturated by Cu nanomaterials is not investigated so far.
Therefore, the analysis is organized to examine the nanofluid
characteristics between Riga plates. The model is obtained
via similarity transforms, and then for solution purpose,
two different analytical techniques (VIM and VPM) are
implemented. The solutions are tabulated successfully and
discussed the graphical results comprehensively within
desired domain.

2. Modelling of the Flow Configuration

In this study, we consider the squeezed flow of copper nano-
fluids between Riga plates. The plates are situated at y = 0
(lower plate) and y = hðtÞ = ða/νf ð1 − γtÞÞ−1/2 (upper plate).
The lower Riga plate is capable to stretching with velocity
Uw = axð1 − γtÞ−1. The base liquids diluted with Cu nano-
particles flow with velocity vh = dh/dt between Riga plates.
Furthermore, thermal radiation effects are under consider-
ation. Figure 1 demonstrates flow scenario for the nanofluids
between Riga plates.

The squeezing flow of nanofluids past a Riga plate
described by the following system [31]:
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Equation (1) is the mathematical expression for
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conservation of mass. Equations (2) and (3) presenting the x
and y components of the momentum equation and energy
equation are described by Equation (4). The term qr com-
prised in energy equation is defined as:

qr = −
4σ∗
3k∗

∂
∂y

T4� �
: ð5Þ

Here, σ∗ denotes the Stefan-Boltzmann constant, and qr
denotes the radiative heat flux. By expanding T4 in well-
known Taylor series centered at Th, we arrived with the fol-
lowing form:

T4= ~ 4T3
h − 3T4

h: ð6Þ

By utilizing above expressions, updated version of energy
equation is as follows:
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For under consideration flow model of nanofluid, the
flow conditions are as follows [31]:

u =Uw xð Þ = 1 − γtð Þ−1ax, ð8Þ

v = 0,− k∂T
∂y

= k1
T f − T
� �−1 , ð9Þ

u = 0, v = dh
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= −
γ

2
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 !−1/2

, T = Th: ð10Þ

In Equations (8) and (10), ρnf represents the nanofluid
density, μnf represents the effective dynamic viscosity, and
ðρCpÞnf represents the effective heat capacity. Here, we used

Brinkman and Maxewell Garnett model for effective
dynamic viscosity and thermal for the thermal conductivity
of the nanofluid [32]:
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In above expressions, ϕ is called the nanoparticle volume
fraction.

The dimensionless feasible transformations for the flow
model are given by the following expressions:
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aνf

1 − γt

� �1/2
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Applying these transformations and suitable differentia-
tion in Equations (2)–(7), the following system is attained:
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Figure 1: The flow scenario between Riga plates.
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Supporting boundary conditions for above flow model in
dimensionless form is given in Equations (14) and (15) for
upper and lower Riga plates:

F ′ η = 0ð Þ = 1, F η = 1ð Þ = β

2 , F
′ η = 1ð Þ = 0, F η = 0ð Þ = 0,

ð14Þ

θ η = 1ð Þ = 0, θ′ η = 0ð Þ = −Bi 1 − θ η = 0ð Þð Þ: ð15Þ
Also, squeeze number β, Prandtl number Pr, and

radiation parameter Rd are described by the following
expressions:
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The dimensional expressions for local heat transport
rate and walls shear stresses are
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Here, τw = μnf ð∂u/∂yÞ↓y=hðtÞ and qw = −knf ð∂T/∂yÞ
↓y=hðtÞ:

Finally got the following version:
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where Rex is called the local Reynolds number and is Rex
= xUw/νf . Furthermore, A1 and A3 are as follows:

A1 = 1 − ϕð Þ + ϕ
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3. Solution of the Model

In this section, solutions for the model are performed. For
said purpose, we employed analytical and numerical
methods. First subsection deals with the study of solutions
found by variation of parameters method, and the second
one deals with the study of solutions found by variational
iteration method. Numerical solution and error analysis
are also tabulated.

3.1. Solution Using VPM. The solution for the model by uti-
lizing VPM is performed in this subsection. The procedure is
adopted by the following steps:
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where A∗ = fð1 − ϕÞ + ϕfðρCpÞs/ðρCpÞf gg
By using the conditions ðη = 0Þ and putting F″ð0Þ = α∗1

, F‴ð0Þ = α∗2 , and θð0Þ = α∗3 , above recursive relation takes
the following form:
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In more comprehensive form, Equations (21) and (22)
become:
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θn+1 ηð Þ = θ0 ηð Þ − 1
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Here,

F0 ηð Þ = η + η2

2! α
∗
1 +

η3

3! α
∗
2 , ð24Þ

θ0 ηð Þ = α∗3 + η −Bi 1 − θ 0ð Þð Þð Þ, ð25Þ
and α∗1 , α∗2 , and α∗3 are unknown constant and can be deter-
mined by utilizing remaining boundary conditions. Other
approximations of the solution can be calculated for
varying n.

3.2. Solution Using VIM. The solution procedure by using
VIM is followed as follows:
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In order to initiate the recursive relation for variational
iteration method, we need initial guesses F0ðηÞ and θ0ðηÞ.
These initial trials are same as given in Equations (24) and
(25) for velocity and temperature, respectively.

Tables 1 and 2 show the comparative analysis among the
solutions calculated by adopting variation of parameters and
variational iteration methods. Furthermore, these solutions
are compared with numerical solutions to check the validity
of the both applied methods (VPM and VIM). It is easy to
see that both analytical solutions are in magnificent agree-
ment with numerical solutions. The error for VPM and
VIM is also discussed and given by Tables 3 and 4 for veloc-
ity and temperature fields, respectively.

4. Results with Comprehensive Discussion

This subsection is organized to investigate the behaviour of
the nanoliquid motion, temperature, shear stresses, and local
thermal performance rate over the region of interest. The
results are captured by altering the governing parameter

within physical domain. These results are plotted for both
sort of nanoliquids.

Figure 2 elaborates the behaviour of Cu-kerosene oil and
Cu-water against the squeeze number β and Cu fraction fac-
tor ϕ. It is examined that the fluid motion rises due to higher
β. Physically, the acceleration of the plates exerts pressure
force on the fluid particles due to which these particles move
rapidly in the region of interest. The rapid increment in the
motion is observed in the locality of the upper Riga plate. On
the other hand, higher fraction factor opposes the fluid
velocity in Figure 2(b). The core reason behind this behav-
iour is the density of the nanofluid. By increasing the
strength of ϕ, the nanofluid becomes more thicker, and ulti-
mately, the internal fluid forces become dominant which
resists the motion.

The effects of thermal radiation, Cu fraction factor, and
Biot number on the thermal performance of Cu-water and
Cu-kerosene oil are furnished in Figures 3 and 4, respec-
tively. The results plotted in Figure 3(a) ensure that the ther-
mal performance of Cu-water and Cu-kerosene oil can be
augmented by imposing thermal radiation effects. Physically,
thermal radiation provides the heat energy to the fluid parti-
cles which leads to increment in the temperature. Similarly,
the higher volumetric fraction also favors the nanofluid tem-
perature, and these effects are pictured in Figure 3(b).

Convectively heated surface is a big source of heat transfer
augmentation in the nanofluid. Therefore, the temperature
alterations due to convective surface (Biot number) are deco-
rated in Figure 4. It can be that augmentations in the heat
transfer are more rapid due convectively heated surface. Near
the surface, these effects are very prominent because of maxi-
mum amount of heat transfer at the surface. The particles
attached to the surface transfer the energy to rest of the parti-
cles; as a result, the fluid temperature goes up.

The study of shear stresses in Cu-water and Cu-kerosene
oil is imperative for industrial and engineering applications.
Therefore, Figure 5 is designed to explore the trends of shear
stresses for varying β and ϕ. From the results, it is

Table 1: Comparison of the solution for the velocity field.

η
Cu/water Cu/kerosene oil

VPM VIM Num VPM VIM Num

0:0 0 0 0 0 0 0

0:1 0.084124 0.084124 0.084124 0.089562 0.089562 0.089562

0:2 0.139400 0.139400 0.139400 0.159755 0.159755 0.159755

0:3 0.170301 0.170301 0.170301 0.212844 0.212844 0.212844

0:4 0.181418 0.181418 0.181418 0.251099 0.251099 0.251099

0:5 0.177425 0.177425 0.177425 0.276795 0.276795 0.276795

0:6 0.163070 0.163070 0.163070 0.292230 0.292230 0.292230

0:7 0.143176 0.143176 0.143176 0.299751 0.299751 0.299751

0:8 0.122658 0.122658 0.122658 0.301797 0.301797 0.301797

0:9 0.106544 0.106544 0.106544 0.300949 0.300949 0.300949

1:0 0.100000 0.100000 0.100000 0.299999 0.299999 0.299999
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Table 2: Comparison of the solutions for the temperature.

η
Cu/water Cu/kerosene oil

VPM VIM Num VPM VIM Num

0:0 0.137213 0.137213 0.137213 0.289725 0.289725 0.289725

0:1 0.120072 0.120072 0.120072 0.247533 0.247533 0.247533

0:2 0.103522 0.103522 0.103522 0.207552 0.207552 0.207552

0:3 0.087895 0.087895 0.087895 0.171065 0.171065 0.171065

0:4 0.073295 0.073295 0.073295 0.138484 0.138484 0.138484

0:5 0.059663 0.059663 0.059663 0.109623 0.109623 0.109623

0:6 0.046852 0.046852 0.046852 0.083962 0.083962 0.083962

0:7 0.034670 0.034670 0.034670 0.060841 0.060841 0.060841

0:8 0.022917 0.022917 0.022917 0.039574 0.039574 0.039574

0:9 0.011409 0.011409 0.011409 0.019499 0.019499 0.019499

1:0 -1.60000e-10 -1.60000e-10 0 4.3e-09 0 0

Table 3: Error analysis between VPM and VIM for velocity.

η
Cu-water Cu-kerosene oil

Error VPM Error VIM Error VPM Error VIM

0:0 0 0 0 0
0:1 4:053854336e − 010 3:553854294e − 010 07:56226369e − 009 7:522263687e − 009
0:2 1:140821326e − 009 1:040821318e − 009 2:681196706e − 008 2:681196706e − 008
0:3 2:15307891e − 009 2:053078901e − 009 5:202073416e − 008 5:222073418e − 008
0:4 3:044108965e − 009 3:044108965e − 009 7:806090879e − 008 7:81609088e − 008
0:5 3:994240744e − 009 3:694240719e − 009 9:931656803e − 008 9:961656799e − 008
0:6 4:081787769e − 009 3:981787761e − 009 1:094292154e − 007 1:095292154e − 007
0:7 3:710801472e − 009 3:410801475e − 009 1:033390067e − 007 1:034390067e − 007
0:8 2:277394731e − 009 2:477394734e − 009 7:577738309e − 008 7:58773831e − 008
0:9 3:673078369e − 010 3:269216842e − 011 3:079392602e − 008 3:139392601e − 008
1:0 9:999999717e − 010 5:999999664e − 010 1:000002303e − 010 2:000002386e − 010

Table 4: Error analysis between VPM and VIM for temperature.

η
Cu-water Cu-kerosene oil

Error VPM Error VIM Error VPM Error VIM

0:0 2.917453946e-007 2.916453946e-007 2.270226419e-005 2.269216419e-005

0:1 2.9763384e-007 2.9753384e-007 2.405097907e-005 2.404027907e-005

0:2 3.030928012e-007 3.029928012e-007 2.532916947e-005 2.531796947e-005

0:3 3.084416274e-007 3.083416274e-007 2.649541049e-005 2.648381049e-005

0:4 3.128298272e-007 3.127198272e-007 2.751250899e-005 2.750040899e-005

0:5 3.131458008e-007 3.130458008e-007 2.821819169e-005 2.820559169e-005

0:6 3.011267026e-007 3.009967026e-007 2.804527177e-005 2.803227177e-005

0:7 2.650793188e-007 2.649293188e-007 2.586572549e-005 2.585322549e-005

0:8 1.982127418e-007 1.980027418e-007 2.043576037e-005 2.042346037e-005

0:9 1.054550512e-007 1.050350512e-007 1.140035168e-005 1.139085168e-005

1:0 1.600000001e-010 6.94690402e-010 4.3e-009 5.4e-009
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noteworthy that the shear stresses drop against the stronger
β. For Cu-kerosene oil, these are very rapid than Cu-water in
which thermophysical values of the base liquid and guest
nanoparticles playing significant role. The slow decline in
the shear stresses can be examined from Figure 5(b).

The local thermal performance in the nanofluids is of
much interest due to their broad applications in the mod-
ern world. For this purpose, Figures 6–8 are decorated by
considering different values of the pertinent flow parame-
ters. It is investigated that the Biot number and thermal
radiation are very beneficial for thermal performance in
Cu-water and Cu-kerosene oil. The nanofluids gained
much energy from Biot and thermal radiation parameters
due to which the heat transfer rate rises. Furthermore, β
and volumetric fraction are playing important role in ther-
mal rate of Cu-water and Cu-kerosene oil. Thermophysical
values of the guest nanoparticles and host liquid are
described in Table 5.

𝛽=0.4, 0.6, 0.8, 1.0

𝜙=0.1, Rd=0.4
1.0

0.8

0.6

0.4

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0

F
ʹ(𝜂

)

𝜂

(a)

𝜙=0.01, 0.03, 0.05, 0.07

𝛽=0.4, Rd=0.4

0.0 0.2 0.4 0.6 0.8 1.0
𝜂

1.0

0.8

0.6

0.4

0.2

0.0

F
ʹ(𝜂

)

Cu-water
Cu-kerosene

(b)

Figure 2: Impact of (a) Rd and (b) β on F ′ðηÞ:

𝛽=0.4, Bi=0.4, 𝜙=0.1

Rd=0.2, 0.4, 0.6, 0.8 

𝜃
(𝜂
)

0.0

0.25

0.20

0.15

0.10

0.05

0.00

0.2 0.4 0.6 0.8 1.0
𝜂

(a)

𝜙=0.0, 0.01, 0.03, 0.05

𝛽=0.4, Bi=0.4, 𝜙=0.1

0.0 0.2 0.4 0.6 0.8 1.0
𝜂

𝜃
(𝜂
)

0.25

0.20

0.15

0.10

0.05

0.00

Cu-water
Cu-kerosene

(b)

Figure 3: Impact of (a) Rd and (b) ϕ on θðηÞ.

Bi=0.2, 0.4, 0.6, 0.8

𝛽=0.4, Rd=0.4, 𝜙=0.1

𝜃
(𝜂
)

0.3

0.2

0.1

0.0

0.4

0.0 0.2 0.4 0.6 0.8 1.0
𝜂

Cu-water
Cu-kerosene

Figure 4: Impact of Bi on θðηÞ.

7Journal of Nanomaterials



𝜙

Rd=0.4, Bi=0.4

Bi=0.00, 0.1, 0.2, 0.3
C
F

(R
e x

)–1
/2

1.5

1.0

0.5

0.0
0.0 0.05 0.10 0.15 0.20

2.0

(a)

Rd=0.4, Bi=0.4

𝜙=0.00, 0.01, 0.02, 0.03

C
F

(R
e x

)–1
/2

1.5

1.0

0.5

–0.5

0.0

0.0 0.2 0.4 0.6 0.8

2.0

𝛽

Cu-water
Cu-kerosene

(b)

Figure 5: Impact of (a) β and (b) ϕ on shear stresses.
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Figure 6: Impact of (a) Bi and (b) Rd on Nusselt number.
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Figure 7: Impact of (a) ϕ and (b) Rd on Nusselt number.
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5. Comparison with Existing Literature

It is very imperative to authenticate the present analysis with
previously published work. Therefore, a useful comparison is
made by taking ϕ = 0, Z = 1:5. The computed results are then
compared with the results reported in [31]. From Table 6, it
is noted that the results reported in the study are valid under
aforementioned assumption which is evidence of the reli-
ability of the study.

6. Conclusions

The study of nanofluids synthesized by water and kerosene
oil in the presence of Cu guest nanoparticles is organized
between two Riga plates. The similarity relations are used
for the conversion of dimensional model into dimensionless
form and then performed mathematical analysis. Two well-
known effective analytical techniques are adopted for the
solution purpose and then decorated the results against the
flow parameters over the desired region. Form the study, it
is concluded as follows:

(i) The velocity reduces by increasing the volumetric
fraction of the nanoparticles

(ii) The temperature significantly rises for stringer ther-
mal radiations and fraction factor ϕ for both Cu-
H2O and Cu-kerosene oil nanofluids

(iii) The convectively heated plate produces extra heat to
the nanofluid particles due to which it enhances
rapidly

(iv) The decreasing trends in the shear stresses are rapid
for Cu-kerosene oil than Cu-H2O

(v) The local Nusselt number increases against thermal
radiations, Bi and ϕ

(vi) The VPM is more effective than VIM for such non-
linear nanofluid models

Nomenclature

ðu, vÞ: Velocity components
p: Pressure
T : Temperature
μnf : Nanoliquid dynamic viscosity
knf : Nanoliquid thermal conductivity
σ∗: Stefan Boltzmann constant
k∗: Mean absorption coefficient
ϕ: Fraction factor of Cu
ρf : Fluids density
ρs: Cu density
Ψ: Stream function
η: Self-similar variable
nf : Stands for nanoliquid
FðηÞ: Dimensionless velocity
θ: Dimensionless temperature
Rd: Radiation number
Pr: Prandtl number
Bi: Biot number.
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Table 5: Thermo-physical values of carbon nanotubes and the
regular liquids [33].

ρ (kg/m3) Cp (J/kgK) k (W/mK) Pr
Pure water 997.1 4179 0.613 6.2

Kerosene oil 783 2090 0.145 21

Copper 8933 385 401 —

Table 6: Comparison with existing literature.

β F ′′ 1ð Þ
Present Hayat et al. [31]

0.1 1.69208 1.69635

0.3 1.08117 1.08543

0.5 0.46327 0.467511
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