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An investigation of the thermal performance of water-conveying nanospheres (magnetite (Fe3O4) and silver (Ag)) subject to variable
thermal controls, namely, variable surface temperature and variable surface normal heat flux, has been made. A bidirectionally
elongating surface is used to generate an unsteady flow mechanism with the action of the Lorentz force. Derived equations of basic
laws are firstly nondimensionalized and then numerically solved by applying the Keller-Box method. The local Nusselt number for
both the thermal cases is calculated and discussed. Percent-wise enhancement in the rate of heat transport has also been included
in the analysis. It was concluded through the present exploration that at lower volume fractions of magnetite and silver, the rate of
heat transport is observed to be dominant. The rate of heat transference has attained identical values for both the provided thermal
conditions at the surface. Moreover, intensities of velocity and thermal profiles diminish with the appreciation of the choice of
unsteadiness. The temperature-controlling indices also affect the thermal profile, and it is reduced with the intensification in the
considerations of these indices. The values of thermal conductivity, density, and electrical conductivity have been improved with
the inclusion of nanospheres (magnetite (Fe3O4) and silver (Ag)), whereas the value of specific heat is reduced with the mixture of
these nanospheres. The Nusselt number is increased up to 5% with the involvement of magnetite nanospheres, and it is enhanced
up to 4% with the involvement of silver nanospheres.

1. Introduction

A staggering and unprecedented advancement in the field of
microelectronics, microfluidics, chemical synthesis, optical
devices, high-power engines, shipping, microsystems, and
electrical and mechanical components has entirely trans-
formed the foundations of human life. These developments
additionally demand effective cooling procedures in order
to explore the performance of thermal conductivity and reli-
ability of operational devices. The basic idea of controlling
the thermal efficiency via cooling through fluids seems to

be deficient, and hence, this issue has been resolved by sub-
merging the tiny particles into the host fluid that certainly
affects its thermomechanical possessions. This colloidal mix-
ture of tiny particles into the host fluid is famous for the
name nanofluid. Famous theoretical models regarding the
study of thermal conductivity have been proposed by Choi
et al. [1], Maxwell [2], and Bruggeman [3]. The pioneer
nanofluid model for the study of tiny particle shapes/sizes
is presented by Hamilton and Crosser [4], and it shows that
the shapes of the dispersed tiny particles sufficiently affect
the thermophysical behavior of heterogeneous substances.

Hindawi
Journal of Nanomaterials
Volume 2022, Article ID 1915185, 15 pages
https://doi.org/10.1155/2022/1915185

https://orcid.org/0000-0002-0388-1996
https://orcid.org/0000-0002-6435-2916
https://orcid.org/0000-0001-7082-2024
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/1915185


Later on, Masoumi et al. [5] presented the model to com-
pute the operative viscosity of nanomaterials. The develop-
ment of knowledge in the field of nanofluid has also led us
to the understanding of tiny particle shapes/sizes as an
important factor causing changes in thermal conductivity
and viscosity. Some more recent developments in the
existing nanofluid models regarding the shapes/sizes of
nanoparticles are disclosed by Mooney [6] and Ohshima
[7]. In these nanofluid models, it is inferred that the ther-
mal conductivity performance of water-conveying nano-
material is significantly improved by submerging the
nanospheres. Some more extraordinary explorations
regarding the control of the nanoparticle shape factor on
the thermal executions of various substances are made by
the researchers via Refs. [8–12].

Recently, an improved class of nanofluids with the
name hybrid nanofluid has come into existence to bear
the high performance of thermal conductivity associated
with the mono-nanofluid. With the utilization of hybrid
nanofluids, revolutionary applications in the field of heat
transfer processes are found in generator and nuclear cool-
ing systems, automobile radiators, electronic cooling with
coolants in the machinery, solar heating, welding, lubrica-
tion, drug reduction, biomedicine, cooling and heating in
buildings, and defense. The main issue for the regular
nanofluid network is that they either have a good thermal
conductive performance or have a better rheological setup.
Single-handedly, they do not possess all the necessary
properties which are mandatory for a certain heat
exchanger application. Therefore, with the suitable choice
of two or more nanoparticles, hybrid nanofluid can pro-
vide us with a well-suited mixture, which owns all physi-
cochemical features of different substances that can
scarcely be found in a separate substance. These distinctive
properties of hybrid nanofluids have increased the atten-
tion of worldwide investigators, and therefore, many
research articles have been published in this fascinating
field over the last decade. Numerical exploration regarding
the 3D flow of hybrid nanofluid ðCu −Al2O3/H2OÞ
towards an expanding obstacle with the significance of
the Newtonian heating and Lorentz force is made by Devi
and Devi [13] and obtained that the frequency of heat
transference for the hybrid nanofluid is much better than
that for the ordinary nanofluid even with the effect of
the magnetic environment. Hayat et al. [14] conferred
the 3D radiative dynamics of hybrid nanofluid ðAg −
CuO/H2OÞ impinging over a bidirectionally expanding
slippery surface in a rotating frame and concluded that
the rate of heat transference of the hybrid nanofluid is
improved as compared to that of the traditional nanofluid.
The detailed analysis of the thermal conductivity and vis-
cosity of hybrid nanofluid ðAl2O3 − CuOÞ with ethylene
glycol and propylene glycol binary host fluid with different
shapes of nanoparticles (i.e., spherical, cylindrical, platelet,
blade, and brick) is disclosed by Kumar and Sahoo [15]
and concluded that the nanoparticles having spherical
shapes have two percent higher thermal conductivity to
that of platelet-shaped nanoparticles. Moreover, the impact
of volume fraction on nanoparticles is detected incredibly

in the thermal conductivity of nanofluids. Nabil et al.
[16] comprehensively discussed the thermophysical fea-
tures of hybrid nanofluids and hybrid nanolubricants with
potential applications in the engineering sector with the
predictions of their future utilization. Rashid and Liang
[17] presented the numerical solution for the dynamics
of MHD nanofluid with the significance of different shapes
of nanoparticles over a rotating stretchable obstacle
through a porous domain. A theoretical investigation
regarding the transitory steady flow of water-conveying
hybrid nanofluid containing magnetite and silver nano-
spheres is conducted by Nabwey and Mahdy [18]. Zainal
et al. [19] numerically explored the impact of MHD on
the steady bidirectional flow of hybrid nanofluid contain-
ing copper and aluminum oxide nanoparticles with water
as host fluid. Besides, many researchers [20–25] have con-
tributed to the field of hybrid nanofluid with various ther-
mal engineering aspects.

Passive/variable thermal aspects play a significant role
in the development of aircraft cooling frames, heat
exchanger devices, fuselage condensation processes, air
conditioning condensers, refrigeration systems, electric
heaters, power converters, motor controllers, and many
other industrial and mechanical applications. Oliveira
et al. [26] presented a design for a passive heat exchanger
system to control the cooling system of aircraft for vari-
able thermal conditions. In this investigation, water is con-
sidered a host liquid with the features of natural, forced,
and mixed convection. The aspects of passive heating on
the dynamics of fluid in the boundary layer zone are ini-
tially discussed by Liu and Andersson [27] by considering
the variable surface temperature (VST) and variable sur-
face heat flux (VHF) mechanisms. The rate of heat trans-
ference is expressively enhanced with the presence of these
heating mechanisms. Ahmad et al. [28] numerically dis-
closed the unsteady 3D flow of copper-water nanofluid
with variable thermal aspects. Ahmad et al. [29] also
reported the unsteady 3D rotating flow of nanofluid with
the aspects of the prescribed thermal environment. The
hybrid nanofluid flow over an expanding cylinder with
the characteristic of prescribed surface heat flux is exam-
ined by Waini et al. [30]. Waini et al. [31] also disclosed
the significance of prescribed surface heat flux on the
dynamics of hybrid nanofluid past over a thin needle.
Khashi’ie et al. [32] discussed the flow of hybrid nanofluid
over a shrinking domain with prescribed thermal condi-
tions. The effect of suspended particles on the flow of
nanofluid with the effect of VST and VHF mechanisms
is also analyzed by Gireesha et al. [33]. Some leading
explorations regarding the outcomes of prescribed thermal
conditions on the flow of nanofluids as well as hybrid
nanofluids are found via Refs. [34–37].

Entropy is a physical property of the system that obeys
the thermodynamic second law. It measures the level of dis-
orderliness and unproductive energy within the environ-
ment. The entropy of a reversible system is constant,
whereas the entropy of an irreversible system varies with
the factors involved in transport equations. In general, real
processes are reversible (i.e., the system responds according
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to the environmental scenario). Entropy transport in hybrid
nanofluid is a new area of research and got considerable
importance nowadays. Entropy transport in nanofluids as
well as hybrid nanofluids within the thermal environment
is inquired by Huminic and Huminic [38]. Khan et al.
[39] scrutinized the entropy transport in the rotatory flow
of hybrid nanofluid influenced by magnetization. Heat
transport and entropy transport in hybrid nanofluids
packed in a flattened tube are examined by Huminic and
Huminic [40]. Entropy transport with temperature-
controlled viscosity in hybrid nanofluid comprising
single-walled as well as multiwalled carbon nanotubes is
elaborated by Ahmad et al. [41]. Entropy transport in
the peristaltic-type flow of hybrid nanofluid is reported
by Zahid et al. [42]. Hussien et al. [43] discussed the
entropy and thermal transport in hybrid nanofluids by
considering microtubes. Sheikholeslami et al. [44] consid-
ered the entropy transport in hybrid nanofluid contained
in a porous tank with the impact of the Lorentz force.
Heat and entropy transport assessment in the bidirectional
flow of hybrid nanofluid by the movement of convectively
heating devices is disclosed by Upreti et al. [45]. Saleh and
Sundar [46] focused on entropy and exergy transport in
hybrid nanofluid containing nanodiamond in a circular
tube. Recently, Eswaramoorthi et al. [47] investigated the
entropy and heat transport in magnetized water-driven
nanofluid over a bidirectional moving device with a radia-
tion phenomenon.

The above literature survey reveals the statement that
no attention has been given in order to investigate the
unsteady 3D entropy optimized flow of water-based hybrid
nanofluid containing nanospheres, i.e., magnetite and sil-
ver, towards an elongating surface with passive thermal
controls. The effect of the Lorentz force is also considered
in the modeling for physical relevancy. A passive heat con-
trolling system consists of both variable surface tempera-
ture and variable surface heat flux mechanisms.
Similarity transformations have been used to accomplish
the mathematical model for solvable situations. The
Keller-Box method [48–52] with Newton’s linearization
scheme has been endorsed to find the numerical solution
of the modeled problem. The validity of the acquired
results is discussed through the grid-independent tactic.
The graphical aids have been provided to discuss the influ-
ence of various emerging entities on thermal as well as
entropy setups. The relations based on the coefficient of
skin friction, entropy formation, Bejan number, and local
Nusslet number have also been derived and discussed
through various scientific patterns.

2. Mathematical Formulation

The mathematical formulation of the problem has been
completed in view of the undermentioned assumptions:

(i) Incompressible, laminar, and unsteady flow

(ii) Bidirectional stretching

(iii) Thermal equilibrium situation of nanospheres (i.e.,
magnetite and silver) with water

(iv) No-slip condition at the surface within the bound-
ary layer region

(v) Utilization of variable thermal conditions

(vi) Magnetohydrodynamic three-dimensional flow

(vii) Entropy and heat transport

2.1. Flow Description. The Cartesian configuration is used to
frame an unsteady mathematical model regarding the dynam-
ics of hybrid nanofluid containing nanospheres
(Fe3O4 andAg) suspended in water towards a bidirectionally
elongating surface. Magnetite nanospheres can be used in
the process of water purification, drug delivery, and steel
manufacturing, whereas silver is the best electrical as well as
thermal conductor among all metals and hence ideal for elec-
trical applications. The concept of variable magnetic field Bðt
Þ = B0/

ffiffiffiffiffiffiffiffiffiffiffi
1 − ct

p
having strength B0 is externally applied

through the Lorentz force in the absence of an electric field.
The nanospheres are in thermal equilibrium with the base liq-
uid. The concept of the no-slip condition at the surface within
the boundary stream is also utilized for laminar and incom-
pressible flow. The hybrid nanofluid is restricted in the
domain 0 < z <∞, whereas the disturbance in the hybrid
nanofluid is created through expansion velocity uw = ax/ð1
− ctÞða > 0, c > 0Þ along the x-direction and expansion veloc-
ity vw = by/ð1 − ctÞðb ≥ 0Þ along the y-direction of the system
configuration (as shown in Figure 1). The thermophysical
properties of water H2O, magnetite Fe3O4, and silver Ag are
included in the mathematical modeling through Table 1.

In view of the aforementioned assumptions, component
forms of governing equations are composed as (Ref. [12])

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= 0, ð1Þ

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

+w
∂u
∂z

=
μhnf
ρhnf

∂2u
∂z2

−
σhnf
ρhnf

B tð Þ2u, ð2Þ

∂v
∂t

+ u
∂v
∂x

+ v
∂v
∂y

+w
∂v
∂z

=
μhnf
ρhnf

∂2v
∂z2

−
σhnf
ρhnf

B tð Þ2v, ð3Þ

with (Ref. [9])

ρhnf = ψ1ρp1 + ψ2ρp2 + 1 − ψ1 − ψ2ð Þρf ,
σhnf
σbf

= 1 +
3 σp2/σbf
� �

− 1
� �

ψ2

σp2/σbf
� �

+ 2 − σp2/σbf
� �

− 1
� �

ψ2
,

σbf
σf

= 1 +
3 σp1/σf
� �

− 1
� �

ψ1

σp1/σf
� �

+ 2 − σp1/σf
� �

− 1
� �

ψ1
,

μhnf
μbf

= 1 + 2:5ψ2 + 6:2ψ2
2,

μbf
μf

= 1 + 2:5ψ1 + 6:2ψ1
2:

ð4Þ
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Supported BCs are (Ref. [34])

z = 0 : u = uw x, tð Þ = ax
1 − ct

, v = vw y, tð Þ = by
1 − ct

,w = 0,

ð5Þ

z⟶∞ : u⟶ 0, v⟶ 0: ð6Þ

Similarity variables comprise (Ref. [35])

u =
ax

1 − ct
f ′ ηð Þ, ð7Þ

v =
ay

1 − ct
g′ ηð Þ, ð8Þ

w = −
aϑf
1 − ct

� �1/2
f ηð Þ + g ηð Þ½ �, ð9Þ

η =
a

ϑf 1 − ctð Þ
� �1/2

z: ð10Þ

In the application of equation (7), equation (1) is identically
balanced and equations (2)–(5) are of the following forms:

ε1 f ′′′ − f ′2 + f + gð Þf ′′ − S f ′ + η

2
f ′′

� �
− ε2M

2 f ′ = 0,

ε1g′′′ − g′2 + f + gð Þg′′ − S g′ + η

2
g′′

� �
− ε2M

2g′ = 0,

ð11Þ

with

f 0ð Þ + g 0ð Þ = 0, ð12Þ

f ′ 0ð Þ = 1, ð13Þ

g′ 0ð Þ = α, ð14Þ

f ′ ∞ð Þ⟶ 0, ð15Þ

g′ ∞ð Þ⟶ 0: ð16Þ
In the bidirectional flow, authors are generally concentrat-

ing on choosing the range of α as 0 < α < 1 because for α > 1,
the axes x and y are interchanged, and for α = 1, the stretching
rate becomes alike in both directions; thus, the flow profile turns
out to be axisymmetric. Also, considering the limiting situation
(i.e., α⟶ 0), the flow becomes unidirectional. Wang [53]
reported that without any loss of generality, the condition f ð0
Þ + gð0Þ = 0 can be restored by f ð0Þ = 0 and gð0Þ = 0. Further,
in equations (1)–(12), velocity measures corresponding to the
ðx, y, zÞ-directions are ðu, v,wÞ, respectively. The presence

Fe3O4

Unsteady
bidirectional

stretching sheet

Water based hybrid
nanofluid regime

y-axis

x-
ax
is

z-
ax

is

Microscopic view of nanoparticles

Variable magnetic field

Ag

Tw = T∞ + T0 (xr ys)
1 – ct

uw = 1 – ct
ax

uw = 1 – ct
by

Figure 1: Graphical abstract of the mathematical model.

Table 1: Thermophysical features of water, magnetite nanoparticles, and silver nanoparticles (Ref. [20]).

Thermophysical features
Base fluid Nanoparticles

H2O Fe3O4 ψ1ð Þ Ag ψ2ð Þ
Density: ρ (kgm−3) 997.1 5180 10500

Thermal conductivity: k (Wm−1K−1) 0.613 9.7 429

Specific heat: Cp (Jkg−1K−1) 4179 670 235

Electrical conductivity: σ (Ω−1m−1) 0.05 2:5 × 104 6:3 × 107

Prandtl number: Pr 6.20 — —
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of time is denoted by t, whereas the temperature is symbol-
ized by T, and hnf stands for the hybrid nanofluid, bf sym-
bolizes the base fluid, nf discusses the nanofluid, μ expresses
the viscosity, ρ reports the density, σ evokes the electrical
conductivity, p1 depicts the magnetite nanoparticles having
concentration ψ1, p2 illustrates the silver nanoparticles hav-
ing concentration ψ2, and ð f , g, ηÞ posts the similarity vari-

ables with the involvement of ϑf (i.e., kinematic viscosity).
Moreover, S = c/a, M = ðσf /aρf Þ1/2B0, and α = b/a diagnose
the unsteady, magnetic, and expansion ratio parameters,
respectively. The coefficients ε1 and ε2 are communicated as
(Refs. [9, 12])

2.2. Heat Transport. In the current model, the heat transport
phenomenon can be described by the following equation:

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

+w
∂T
∂z

=
khnf

ρCp
� �

hnf

∂2T
∂z2

, ð18Þ

with (Ref. [9])

ρCp
� �

hnf = ψ1 ρCp
� �

p1 + ψ2 ρCp
� �

p2 + 1 − ψ1 − ψ2ð Þ ρCp
� �

f ,

khnf
kbf

=
kp2 + 2kbf
� �

+ 2ψ2 kp2 − kbf
� �

kp2 + 2kbf
� �

− ψ2 kp2 − kbf
� � ,

kbf
kf

=
kp1 + 2kf
� �

+ 2ψ1 kp1 − kf
� �

kp1 + 2kf
� �

− ψ1 kp1 − kf
� � :

ð19Þ

Here, two types of thermal BCs are used to discuss the
variable thermal activity. These are variable surface temper-
ature (VST) and variable surface heat flux (VHF). Mathe-
matically, we have

VST case : z = 0 : T = Tw x, y, tð Þ = T∞ + T0
xrys

1 − ct

� �
, z⟶∞ : T ⟶ T∞,

VHF case : z = 0 : −kf
∂T
∂z

� �
w
= qw x, y, tð Þ = T1

xrys

1 − ct

� �
, z⟶∞ : T ⟶ T∞:

ð20Þ

Similarity transformations for both the thermal activities

are (Ref. [12])

VST case : θ ηð Þ = T x, y, z, tð Þ − T∞
Tw x, y, tð Þ − T∞

, ð21Þ

VHF case : T − T∞ =
T1
kf

ϑf
a 1 − ctð Þ

� �1/2
xrysϕ ηð Þ: ð22Þ

As an application of equation (21), we have

VST case : ε3θ′′ + Pr f + gð Þθ′ − rf ′ + sg′
� �

θ − S θ +
η

2
θ′

� �� �
= 0,

VHF case : ε3ϕ′′ + Pr f + gð Þϕ′ − rf ′ + sg′
� �

ϕ − S ϕ +
η

2
ϕ′

� �� �
= 0,

ð23Þ

with

θ 0ð Þ = 1, ð24Þ

ϕ′ 0ð Þ = −1, ð25Þ
θ ∞ð Þ⟶ 0, ð26Þ

ϕ ∞ð Þ⟶ 0: ð27Þ
In equations (18)–(24), the free stream temperature is

specified by T∞, whereas ðT0, T1Þ are dimensional constants.
The variation in the surface temperature is controlled by the
indices ðr, sÞ along the ðx, yÞ-directions, respectively. Thermal
conductivity and specific heat capacitance are conveyed by k
and ρCp, respectively. The Prandtl number is expressed by
Pr = ðρCpÞfυf /kf , and the coefficient ε3 may be expressed as

ε1 =
1 + 2:5ψ2 + 6:2ψ2

2� �
1 + 2:5ψ1 + 6:2ψ1

2� �
ψ1 ρp1/ρf

� �
+ ψ2 ρp2/ρf

� �
+ 1 − ψ1 − ψ2ð Þ

� � ,

ε2 =
1 + 3 σp2/σbf

� �
− 1

� �
ψ2/ σp2/σbf

� �
+ 2 − σp2/σbf

� �
− 1

� �
ψ2

� �� �� �
1 + 3 σp1/σf

� �
− 1

� �
ψ1/ σp1/σf

� �
+ 2 − σp1/σf

� �
− 1

� �
ψ1

� �� �� �
ψ1 ρp1/ρf

� �
+ ψ2 ρp2/ρf

� �
+ 1 − ψ1 − ψ2ð Þ

:

ð17Þ

ε3 =
kp2 + 2kbf
� �

+ 2ψ2 kp2 − kbf
� �� �

/ kp2 + 2kbf
� �

− ψ2 kp2 − kbf
� �� �� �

kp1 + 2kf
� �

+ 2ψ1 kp1 − kf
� �� �

/ kp1 + 2kf
� �

− ψ1 kp1 − kf
� �� �� �

ψ1 ρCp
� �

p1/ ρCp
� �

f

� �
+ ψ2 ρCp

� �
p2/ ρCp

� �
f

� �
+ 1 − ψ1 − ψ2ð Þ

: ð28Þ
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2.3. Entropy Transport. The equation that represents the
entropy transport (ET) in the present situation may be
expressed as

ET =
khnf
T∞

2
∂T
∂x

� �2
+

∂T
∂y

� �2
+

∂T
∂z

� �2
" #

+
σhnfB tð Þ2

T∞
u2 + v2
	 


+
μhnf
T∞

∂u
∂z

� �2
+

∂v
∂z

� �2
" #

:

ð29Þ

In equation (29), the first term is due to the heat trans-
port and the second term is due to the magnetic field. It is
appropriate to formulate the entropy transport as a factor
form of the entropy transport (ET) rate and characteristic
entropy (Ec) rate. Characteristic entropy for both the ther-
mal regulations is defined as

Ec1 =
khnf Tw − T∞ð Þ2

T∞
2x2

����
VST case

,

Ec2 =
khnf T − T∞ð Þ2

T∞
2x2

����
VHF case

:

ð30Þ

2.3.1. Local Entropy Transport for the VST Case. The local
entropy transport in dimensionless form for the VST case
can be calculated as

ET1 =
ET
Ec1

= Rexθ′
2 + r2θ2 + s2θ2 +

RexBr
α1

� Mε4 f ′
2 + ε5 f ′′

2h i
+
ReyBr

α1
Mε4g′

2 + ε5g′′
2h i
:

ð31Þ

Here, Br = μfuw
2/kf ðTw − T∞Þ constitutes the Brinkman

number, α1 = ðTw − T∞Þ/T∞ organizes the temperature dif-
ference parameter, and ðε4, ε5Þ are due to the hybrid mixture
of nanoparticles, and these may be expressed as

2.3.2. Local Entropy Transport for the VHF Case. The local
entropy transport in dimensionless form for the VHF case
can be calculated as

ET2 =
ET
Ec2

= Rexϕ′
2 + r2ϕ2 + s2ϕ2 +

RexBr
α1

Mε4 f ′
2 + ε5 f ′′

2h i

+
ReyBr

α1
Mε4g′

2 + ε5g′′
2h i
:

ð34Þ

2.4. Physical Quantities. The key expressions for thermal
engineering importance and heat exchanger devices are the
skin friction coefficients (i.e., Cfx and Cfy) for the measure-
ment of applied stresses at the wall, local Nusslet number
(i.e.,Nux) for the measurement of the rate of heat transference
through the surface, and Bejan number ðBeÞ for the measure-
ment of irreversibility distribution. These engineering expres-
sions are calculated through the following relations:

Cfx =
τwx
ρfuw

2 ,

Cfy =
τwy
ρfvw

2 ,

Nux =
xqh

kf Tw − T∞ð Þ ,

Be =
EGdue to heat transfer

Total EG
,

τwx = μhnf
∂u
∂z

� �
z=0

,

τwy = μhnf
∂v
∂z

� �
z=0

,

qh = −khnf
∂T
∂z

� �
z=0

: ð35Þ

The aforementioned quantities in equations (33) and (34)
utilizing Reynold’s numbers Rex = xuw/ϑf and Rey = yvw/ϑf
are expressed as

ε4 =
1 + 3 σp2/σbf

� �
− 1

� �
ψ2/ σp2/σbf

� �
+ 2 − σp2/σbf

� �
− 1

� �
ψ2

� �� �� �
1 + 3 σp1/σf

� �
− 1

� �
ψ1/ σp1/σf

� �
+ 2 − σp1/σf

� �
− 1

� �
ψ1

� �� �� �
kp2 + 2kbf
� �

+ 2ψ2 kp2 − kbf
� �� �

/ kp2 + 2kbf
� �

− ψ2 kp2 − kbf
� �� �� �

kp1 + 2kf
� �

+ 2ψ1 kp1 − kf
� �� �

/ kp1 + 2kf
� �

− ψ1 kp1 − kf
� �� �� � , ð32Þ

ε5 = 1 + 2:5ψ1 + 6:2ψ1
2� �

1 + 2:5ψ2 + 6:2ψ2
2� �
: ð33Þ
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Rex1/2Cfx = ε5 f ′′ 0ð Þ,
Rey1/2Cfy = α−3/2ε5g′′ 0ð Þ,

Rex−1/2Nux =
−
khnf
kf

θ′ 0ð Þ VST caseð Þ,

khnf
kf

1
ϕ 0ð Þ

� �
VHF caseð Þ,

8>>><
>>>:

Be1jVSTcase =
Rexθ′

2 + r2θ2 + s2θ2

Rexθ′
2 + r2θ2 + s2θ2 + RexBr/α1ð Þ Mε4 f ′

2 + ε5 f ′′
2h i

+ ReyBr/α1
� �

Mε4g′
2 + ε5g′′

2h i ,

Be2jVHF case =
Rexϕ′

2 + r2ϕ2 + s2ϕ2

Rexϕ′
2 + r2ϕ2 + s2ϕ2 + RexBr/α1ð Þ Mε4 f ′

2 + ε5 f ′′
2h i

+ ReyBr/α1
� �

Mε4g′
2 + ε5g′′

2h i :

ð36Þ

3. Keller-Box Simulation

The next task after the mathematical modeling of the
physical model is to construct the solution of the modeled
equations. Here, we preferred the implicit finite difference
technique, namely, the Keller-Box method, for the numer-
ical solution of the modeled equations because it has
second-degree accuracy with the flexibility of step size
adoption. This method is most suitable for the solution
of boundary layer flow problems because of its faster con-
vergence rate as compared to ordinary numerical
approaches (i.e., shooting method, BVP4c, and RK
method). By using this method, the higher-order differen-
tial equations are converted to first-order differential equa-
tions, and then the first-order differential equations are
transformed into difference equations by using central dif-
ference formulae. The difference equations are converted
into linearized forms by means of Newton’s linearization
approach, and then these equations are arranged into the
matrix-vector form. The solution of the matrix-vector
form of linearized equations is obtained by using the LU
decomposition method. In the whole process of the
numerical solution, the physical domain ½0∞Þ is shortened
to the finite domain ½η0 η∞� by adjusting η0 = 0, η∞ = 20,
np = 500, and h = ðη∞ − η0Þ/np to obtain the first approxi-
mation of the numerical solution, and then the numbers

of grid points np are increased by reducing the step size
h to achieve the desired accuracy, i.e., ε = 10−6. The com-
plete description of the Keller-Box simulation/numerical
code is presented via a flow chart (Figure 2).

The grid-independent solution of the modeled problem
via the Keller-Box method is presented in Table 2 for suit-
able choices of involved physical parameters with the help
of thermophysical features of water, magnetite, and silver.
Table 2 discloses that with the upgradation of grid points,
the solution approaches its convergence criterion. 1000 grid
points are enough for the convergence of f ′′ð0Þ, 2000 grid
points are enough for the convergence of g′′ð0Þ, 5000 grid
points are sufficient for the convergence of θ′ð0Þ, and
3000 grid points are necessary for the convergence of ϕ
ð0Þ. However, the Keller-Box solution of the mathemati-
cal model is presented with up to 10,000 grid points for
the declaration of its stability. This grid-independent

Define finite difference coefficients

Shift profile data

Deleted unwanted variables

Algorithm for solving linear system

Start

Input

Parameters

i=1

k=1

i>1

C

C
B

B

No

No

No

No

Yes

Yes

Yes

Initial value profiles

A

A

k=k+1

i=i+1

Converge

Shift profiles

i>nx

Stop

Figure 2: Flow chart for the Keller-Box simulation.

Table 2: Keller-Box solution of the present mathematical model
using the grid-independent approach when α = S =M = 0:5, r = s
= 1:0, and ψ1 = ψ2 = 0:02:

Grid points: np −f ′′ 0ð Þ −g′′ 0ð Þ −θ′ 0ð Þ ϕ 0ð Þ
500 1.423414 0.639961 3.502719 0.285493

1000 1.423413 0.639953 3.502253 0.28553

1500 1.423413 0.639952 3.502167 0.285538

2000 1.423413 0.639951 3.502137 0.28554

2500 1.423413 0.639951 3.502123 0.285541

3000 1.423413 0.639951 3.502115 0.285542

3500 1.423413 0.639951 3.50211 0.285542

4000 1.423413 0.639951 3.502107 0.285542

4500 1.423413 0.639951 3.502105 0.285542

5000 1.423413 0.639951 3.502105 0.285542

10,000 1.423413 0.639951 3.502105 0.285542
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solution is further used to manipulate the outcomes for
physical quantities of thermal importance and for graph-
ical illustrations against various choices of pertinent
involved entities.

3.1. Robust Validation. In order to the validation of the
numerical technique using the grid-independent approach,
a restricted comparison is incorporated with the existing lit-
erature by using 10,000 grid points in Table 3. A convincing
pact is found among current scrutiny and previous
investigations.

4. Results and Discussion

The major and foremost outcomes of the present investi-
gation are discussed in this section of the report in the
form of tables and various graphical representations. The
impact of unsteady factor S on hybrid nanofluid velocity
component f ′ðηÞ, velocity component g′ðηÞ, thermal
setup θðηÞ for the VST environment, and thermal setup
ϕðηÞ for the VHF environment is discussed through
Figures 3(a)–3(d), respectively. It is observed through
Figures 3(a)–3(d) that the progression in the choice of

Table 3: Robust validation of the present outcomes with previous investigations when S =M = ψ1 = ψ2 = 0:0.

f ∞ð Þ g ∞ð Þ −f ′′ 0ð Þ −g′′ 0ð Þ
α = 1:0

Current outcomes 0.751494 0.751494 1.173721 1.173721

Liu and Andersson [27] 0.751494 0.751494 1.173721 1.173721

Wang [53] 0.751527 0.751527 1.173720 1.173720

α = 0:5
Current outcomes 0.842360 0.451663 1.093096 0.465206

Liu and Andersson [27] 0.842360 0.451663 1.093096 0.465206

Wang [53] 0.842360 0.451671 1.093097 0.465205

α = 0:0
Current outcomes 1.0 0.0 -1.0 0.0

Liu and Andersson [27] 1.0 0.0 -1.0 0.0

Wang [53] 1.0 0.0 -1.0 0.0
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Figure 3: (a–d) The impact of the unsteady factor on f ′ðηÞ via panel (a), on g′ðηÞ via panel (b), on θðηÞ via panel (c), and on ϕðηÞ via
panel (d).

8 Journal of Nanomaterials



the unsteady factor from S = 0:0 − 2:0 reduces the impact
of velocities f ′ and g′, impact of thermal setup θðηÞ for
the VST approach, and impact of thermal setup ϕðηÞ for
the VHF approach nearer to the stretching device. Opposite
trends are noticed in the far-field environment. Physically, the
unsteady factor is the ratio of the dimensional constant c to
the expansion rate a, and thus, the escalation in the choice of
S produces a lower expansion rate and enhances the impact of
c (i.e., positive expansion). Mathematically, the unsteady factor
is also involved in the modeled equations in the product form
with the quantities f ′ðηÞ, g′ðηÞ, θðηÞ, and ϕðηÞ, respectively.
As a result, these quantities are reduced with the escalation in
the choice of the unsteady factor nearer to the stretching device.
Moreover, the thickness of the boundary stream is also reduced
with the improvement in the choice of the unsteady factor.

The significance of temperature-controlling indices r
and s on the thermal setup is discussed in Figures 4(a) and
4(b) for the VST environment and Figures 4(c) and 4(d)
for the VHF environment. It is noticed through these figures
that intensifying choices of r and s diminish the thermal
setup for both the prescribed heating mechanisms. Physi-
cally, r and s are involved in the energy equation as the prod-
uct of θðηÞ and ϕðηÞ, that is, the main cause of temperature
reduction. Moreover, negative choices of r and s produce
more temperature distribution than positive choices of r
and s. Furthermore, the temperature distribution is activated
higher for the VHF environment than the VST environment
for r = −2, whereas it is triggered higher for VST aspects
than VHF aspects for all the adopted choices of the index s
. The augmentation in the choice of r reduces the thickness
of the thermal layer, and the thickness of the thermal layer

dominates for the diverse considerations of r than the con-
siderations of s (i.e., thermal index along the y-direction).
Figure 5(a) accompanies the significance of M and implica-
tion of α on f ′ðηÞ. The first velocity component f ′ðηÞ is
abbreviated with the enlargement of M from M = 0:0 − 1:6
and amplification of α for α = 0:4 and α = 0:7 (i.e., dashed
lines). Physically, the stretching rate a lies in the denomina-
tor of both factors M and α, and therefore, the reduction to
f ′ðηÞ can be observed.

Figure 5(b) conveys the importance of M and infer-
ence of α on g′ðηÞ. The second velocity component g′ðη
Þ is abridged with the development of M from M = 0:0 −
1:6, and it is enhanced with the magnification of α for α
= 0:4 and α = 0:7 (i.e., dashed lines). Physically, the
stretching rate b lies in the numerator of α, whereas the
stretching rate a deceits in the denominator of M (i.e.,
magnetic parameter). Therefore, the proliferation in g′ðη
Þ is noticed for α and reduction in g′ðηÞ is observed for
the magnetic factor. The thickness of the momentum layer
is also improved due to the resistivity impact of the
Lorentz force. Figure 5(c) illustrates the consequence of
M and significance of α on θðηÞ. Temperature θðηÞ is con-
densed with the progression of α, whereas it is intensified
with the evolution of the magnetic factor. Physically, the
Lorentz force slows down the velocity of the hybrid nano-
fluid and gave the domination chance to θðηÞ (i.e., tem-
perature for the VST process). Figure 5(d) elucidates the
importance of M and worth of α on ϕðηÞ. Temperature
ϕðηÞ is shortened with the evolution of α, whereas it is
deepened with the advancement of the magnetic feature.
Actually, the Lorentz force acts as a resistive agent for
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Figure 4: (a–d) Impacts of indices r on θðηÞ via panel (a), s on θðηÞ via panel (b), r on ϕðηÞ via panel (c), and s on ϕðηÞ via panel (d).
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the velocity of the hybrid mixture, and hence, ϕðηÞ is
increased with its positive approach.

Table 4 provides the significance of magnetite tiny parti-
cle volume fraction ψ1 and silver tiny particle volume frac-
tion ψ2 on the skin friction coefficients and local Nusslet
number for fixed choices of other involved entities. It is
elaborated in Table 4 that higher choices of ψ1 and ψ2
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Figure 5: (a–d) Impacts of M and α on f ′ðηÞ via panel (a), on g′ðηÞ via panel (b), on θðηÞ via panel (c), and on ϕðηÞ via panel (d).

Table 4: Significance of nanoparticle volume fractions ψ1 and ψ2
on the physical quantities having thermal engineering interests
when α = S =M = 0:5 and r = s = 1:0.

Nanoparticle
volume
fractions −Rey1/2Cfx −Rey1/2Cfy Rex−1/2Nux

ψ1 ψ2

0.01 0.01 1.456536 1.853745 3.855186

0.03 0.01 1.54797 1.969733 3.903703

0.05 0.01 1.643119 2.090527 3.951304

0.07 0.01 1.742064 2.216231 3.997992

0.07 0.03 1.898586 2.412816 4.046919

0.07 0.05 2.058013 2.613309 4.094455

0.07 0.07 2.221041 2.818552 4.140588

Table 5: Variation in the thermophysical features for the present
mixture of substances with ψ1 = 0:01.

ψ2 ρhnf ρCp
� �

hnf × 103 khnf × 10−1 σhnf × 10−2

0.00 1038.929 4.14391 6.284229742 5.151514233

0.01 1133.958 4.10447 6.473818137 5.307620725

0.03 1324.016 4.02559 6.864669077 5.629489779

0.05 1514.074 3.94671 7.271901012 5.964911215

0.07 1704.132 3.86783 7.696565802 6.31475938

0.09 1894.19 3.78895 8.139807334 6.679985485

Table 6: Variation in the thermophysical features for the present
mixture of substances with ψ2 = 0:01.

ψ1 ρhnf ρCp
� �

hnf × 103 khnf × 10−1 σhnf × 10−2

0.00 1092.129 4.13956 6.31495557 5.151515151

0.01 1133.958 4.10447 6.473818137 5.307620725

0.03 1217.616 4.03429 6.799670393 5.629487827

0.05 1301.274 3.96411 7.136828795 5.964907143

0.07 1384.932 3.89393 7.485892168 6.134753003

0.09 1468.59 3.82375 7.487502391 6.679976602
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enhance the worth of skin friction coefficients. Mathematically,
the skin friction coefficients consist of the factor of tiny particle
volume fractions, and therefore, strictly increasing behavior in
the amount of skin friction is achieved with the development
of volume fractions of tiny particles. Moreover, the skin friction
coefficient is detected higher for the y-direction as compared
to the x-direction as its mathematical expression involves the
term of expansion ratio α with negative fraction power. The
rate of heat transference is increased for both 0:01 ≤ ψ1 ≤
0:07 and 0:01 ≤ ψ2 ≤ 0:07. Physically, the rate of heat trans-
ference depends on the value of thermal conductivity for
magnetite and silver nanoparticles. As the thermal conductiv-
ity is higher for silver, silver is higher than magnetite, and
therefore, silver nanoparticles have produced a faster rate of
heat transference as compared to magnetite nanoparticles.
Table 5 provides the impact of volume fraction ψ2 on the
thermophysical features of hybrid nanofluid with the present
mixture of the substances, whereas Table 6 discloses the
effect of volume fraction ψ1 on the thermophysical features
of hybrid nanofluid with the mixture of water, magnetite,
and silver. It is noticed through these tables that higher
choices of ψ1 and ψ2 reduce the effective heat capacity of
hybrid nanofluid, whereas the escalating amounts of these
substances (magnetite and silver) boost the worth of thermal
conductivity, density, and electrical conductivity of the
hybrid nanofluid. These outcomes are favorable for a lot of
industrial and engineering applications. Table 7 is included
to discuss the percentage increase in the rate of heat trans-
port for the suspensions of magnetite and silver in the host

liquid, i.e., water. According to the calculated results, silver
is more reliable and efficient in order to enhance the rate
of heat transport than magnetite. Physically, the thermal con-
ductivity of silver is much higher than that of magnetite, and
so the percent-wise enhancement in the rate of heat trans-
port is observed to be higher for silver nanoparticles.

Figure 6(a) is included to discuss the control of Brink-
man number Br on entropy transport for the VST case,
whereas Figure 6(b) illustrates its impact on entropy trans-
port for the VHF case. Entropy is augmented with the
upgradation of Br from Br = 0:2 − 1:1, and the worth of
this augmentation is almost doubled for the VST case as
compared to the VHF case. Physically, the velocity of the
fluid enhances with the progression of Br and declines
with the augmentation of the temperature difference
between the wall and the far-field. So, these spectacular
trends are achieved with the variation of the Brinkman
number. Figure 7(a) is incorporated to confer the influ-
ence of temperature difference parameter α1 on the Bejan
number for the VST case, whereas Figure 7(b) elucidates
its impression on the Bejan number for the VHF case.
The Bejan number is amplified with the evolution of α1
from α1 = 0:1 − 0:9, and the net impact of this intensifica-
tion is almost doubled for the VST case as compared to
the VHF case. Physically, the far-field temperature contracts
with the advancement of α1 and amplifies with the growth of
the temperature difference between the wall and the far-field.
So, these enormous tendencies are attained with the variant
of the temperature difference parameter.

Table 7: Percent-wise heat transport calculation for the various possessions of nanoparticles, α = S =M = 0:5 and r = s = 1:0, by using the
following formulae, i.e., %Increase = ððWith nanoparticles −Without nanoparticlesÞ/Without nanoparticlesÞ × 100 = Result and %
Enhancement = Result − 100%.

ψ1, ψ2
Rex−1/2Nux

Fe3O4 ψ2 = 0:0ð Þ Ag ψ1 = 0:0ð Þ
0.00 3.789531 3.789531

0.01 3.813768 (0.6395778% increase) 3.814161 (0.6499485% increase)

0.02 3.837764 (1.272796% increase) 3.838539 (1.2932471% increase)

0.04 3.885047 (2.520523% increase) 3.886515 (2.5592613% increase)

0.06 3.931391 (3.7434712% increase) 3.933425 (3.7971453% increase)

0.08 3.976797 (4.9416669% increase) 3.979245 (5.0062659% increase)
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Figure 6: (a, b) Entropy transport for the variation of the Brinkman number.
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5. Conclusions

Heat transport and entropy transport in bidirectional hybrid
nanofluid containing nanospheres (magnetite and silver)
with VST (variable surface temperature) and VHF (variable
surface heat flux) mechanisms are scrutinized. The
Hamilton-Crosser nanofluid model is used to inspect the
impact of nanospheres. Water is considered the base fluid
with the amalgamations of nanospheres. The Keller-Box
method has been used to solve the modeled problem, and
outcomes have been discussed graphically as well as in tabu-
lar arrangements. The pertinent observations are as follows:

(i) The velocity setup for the present mixture of nano-
spheres into the host liquid remains on the inferior
side

(ii) The reduction in the thermal setup has been
chronicled for the amplification in the choices of
heat distribution indices

(iii) The Nusselt number for the present combination of
nanospheres shows its proficiency for escalating
nanosphere volume fractions

(iv) The nanospheres play a vital role in the improve-
ment of the thermal conductivity of hybrid
nanofluid

(v) Percentage enhancement in the rate of heat trans-
port is observed to be higher for silver nanospheres
as compared to magnetite nanospheres

(vi) Entropy is amplified with the positive estimation of
the Brinkman number, and the Bejan number is
also amplified with the positive tendency of the tem-
perature difference parameter

The outcomes of the present investigation are helpful in
the development of heat exchangers, coating a sheet with
nanoparticles, the purification process of water, steel
manufacturing, drug delivery, etc.

Nomenclature

ðx, y, zÞ: Cartesian configuration
ðu, v,wÞ: Velocity field components
t: Time
T : Temperature
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Figure 7: (a, b) Bejan number for the variation of the temperature difference parameter.
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η: Similarity variable
ð f , g, θÞ: Similarity functions
ðr, sÞ: Indices
Pr: Prandtl number
ET: Entropy transport
Ec: Characteristic entropy
VST: Variable surface temperature
ET1: Entropy for the VST case
VHF: Variable surface heat flux
ET2: Entropy for the VHF case
ða, bÞ: Stretching rates
c: Positive constant
B0: Magnetic field strength
ðuw, vwÞ: Stretching velocities
H2O: Water
Fe3O4: Magnetite
Ag: Silver
ρ: Density
k: Thermal conductivity
Cp: Specific heat
σ: Electrical conductivity
μ: Dynamic viscosity
bf : Base fluid
hnf : Hybrid nanofluid
ψ1: Concentration of magnetite nanospheres
ψ2: Concentration of silver nanospheres
ϑf : Kinematic viscosity of fluid
S: Unsteady parameter
M: Magnetic parameter
α: Bidirectional stretching parameter
εi, i = 1 − 5: Hybrid nanofluid coefficients
qw: Heat flux
ðT0, T1Þ: Dimensional constants
Tw: Surface temperature
ðRex, ReyÞ: Reynold’s numbers
T∞: Ambient temperature
Br: Brinkman number
α1: Temperature difference parameter
ðCfx , CfyÞ: Skin friction coefficients
Nux : Nusselt number
ðBe1, Be2Þ: Bejan numbers
h: Step size
ε: Convergence criterion.
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