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This study reports the three-dimensional (3D) flow of Ag-MgO hybrid nanofluid (HNF) over a spinning disc of flexible thickness
in the presence of modified Fourier law. The HNF is contained of silver and magnetic nanoparticulate in the base fluid engine oil.
The energy transition has been examined in the involvement of melting heat propagation. The highly nonlinear system of partial
differential equations (PDEs) is processed by adopting the proper similarity conversions to attain the coupled ODE system. The
obtained system of modeled equations is numerically solved by employing the Parametric Continuation Method (PCM). The
nature of various constraints, as opposed to the velocities, energy, and mass transmission, is portrayed and described. In
comparison to the simple nanofluid flow, the hybrid nanoliquid flow’s velocity and heat conduction are observed to have a
significant influence. As a result, the functionality of the hybrid nanoliquid is significantly superior to that of the conventional
nanofluid. The positive variation in power-law exponent n and Reynold number Re significantly enhances the fluid velocity.
The effect of both melting coefficient and thermal relaxation term reduces fluid temperature.

1. Introduction

In the analysis of HNF due to its substantial participation in
engineering constraints and modern machinery, the exami-
nation of HNF flow over a turning disk with energy commu-
nication has taken significant interest [1, 2]. The well-
recognized uses consist of electric control techniques, cocir-
cling apparatus, aerodynamic systems, whirling machines,
biochemical reactions, supercomputer management, and
hydrothermal sectors [3]. Lv et al. [4] investigated the effects
of magnetism and Hall potential on nanofluid flow across a
revolving disc. Their target was to increase the level of heat
dissipation for technological reasons. As per the conclusions,

the modification of CNTs in water is substantially more
favorable than that of other nanoparticles due to their C–C
interaction. Li et al. [5] employed the bvp4c packages to
perform a percentage approximation for Darcy HNF flow
over a pierced rotation disc with heat slip. Khan et al. [6]
investigated the chemical reaction that influences Maxwell
fluid flow over a diagonally gyrating oscillating disc with
the magnetic flux during unstable motion. It should be
observed that the energy transference ratio raises drastically
when the disc radiation and rotation factors increase. The
unsteady slip flow with entropy production over a revolving
disc under the action of a ferromagnetic material was stud-
ied by Shuaib et al. [7] and Bilal et al. [8]. The slip factor
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seems to be effective in regulating flow and heat characteris-
tics. The Oldroyd-B fluid flow was investigated by Hafeez
et al. [9] using a whirling disc. As the relaxation time factor
is increased, the flow rate is spotted to diminish. The fluid
potential spectrum is also lowered as the thermal relaxation
phase develops. HNF flow through a swaying disc with ses-
sile microbes and chemical reactions was discovered by
Waqas et al. [10]. A concordance with previous research
and a full simple geometric presentation for key variables
aid the presented rebuttal. Tassaddiq et al. [11] created an
HNF flow over an indefinite impermeable rotating disc.
The role of magnetic flux was used to accurately analyze
the positive rotation of nanofluid flow. Their primary project
purpose was to raise public awareness about energy usage in
scientific and technological contexts. The addition of ferric
oxide Fe3O4 nanoparticles enhances the heat transition rate
considerably [12].

Nanofluids are a new type of solution that operates effi-
ciently in heat exchanger when compared to traditional
fluids. When the thermal sensitivity is high enough, nano-
composite can be used in a wide range of thermal processes,
including freezing [13–17]. Nanofluid flow is used in a vari-
ety of applications, including heat converters, geothermal
energy, heat pumps, metallurgy, climate control, the auto-
mobile sector, turbines, microelectronics, nuclear condenser
networks, ships, medicine, and circuit condensation [18–21].
The vast demand for thermal energy in the era of develop-
ment of science and technology cannot be met with widely
utilized fluids. When similar base liquids were produced
with the addition of tiny-sized particles, however, a substan-
tial improvement in thermal properties was seen [22]. In the
present analysis, we have utilized the MgO (magnesium
oxide) and Ag (silver) nanomaterials in the base fluid.
MgO is a chemical made up of Mg2+ and O2- ions at 700–
1500°C [23]. For metallurgical and electronic operations,
MgO is more practical [24]. Similarly, Ag nanoparticulates’
might be exploited to control bacterial movement in an
array of products, involving dental work, injuries and wound
therapy, surgery, and biomedical apparatus [25, 26]. Ahma-
dian et al. [27] investigate a 3D simulation of an unstable
Ag-MgO HNF flow with heat conduction induced by a
curvy spinning disc going up and downwards. With the dis-
persion of Ag-MgO nanocrystals, the HNF is created. The
issue was solved using the PCM technique. The usage of
Ag-MgO is thought to be more effective in overcoming poor
energy transfer. Among metal and metal oxide, silver and
magnesium oxide nanoparticles have been widely recorded
to have broad-spectrum antibiotic assets [28]. Silver nano-
particles are the most widely utilized inorganic nanoparti-
cles, having several applications in biomaterial detection
and antibacterial activities [29]. Anuar et al. [30] used Ag
and MgO nanocrystals in water to evaluate the energy distri-
bution of a hybrid nanoliquid through an extending sheet
with suction and buoyant force effects. The findings show
that improving the quantity of Ag nanoparticles in HNF
lowers the energy transference. Gangadhar et al. [31] arith-
metically addressed the heat transport properties of a hybrid
nanofluid mixture combining Au and MgO nanoparticulate.
Hiba et al. [32] evaluated the thermal performance of HNF

including magnesium oxide and Silver and across a highly
permeable hollow microplate under magnetic impact.
Recently, several researchers have been reported on the
study of hybrid nanofluid flow [33–36].

PCM tackles a lot of challenging nonlinear boundary
value problems that other numerical techniques cannot
solve. Convergence is subject to the relaxation variables
and initial strategy for many problems that are generally
addressed by traditional computational approaches
[37–40]. The PCM’s goal is to determine that the pro-
posed methodology can be used to solve complex nonlin-
ear problems related to industry [41]. Shuaib et al. [42]
emphasized the 3D oscillating fluid and energy conductiv-
ity across the surface of an irregular elastic revolving disc.
The fluid flow has been examined in the context of an
external magnetism flux. The phenomena of an ionic fluid
flow throughout a spinning disc were discovered by
Shuaib et al. [43]. The Poisson’s and Planck models were
used to computing the molecular interactions. Dombovari
et al. [44] investigated the robustness of nonlinear hydro-
logical systems using a parametric continuation technique.
They also looked into static bifurcation, which arises while
addressing complex initial value systems with distinctive
roots, and devised a method for efficiently determining
the points of bifurcation. Ref. [45, 46] may be used to
solve the stated challenge in the future.

The assessment was aimed at reporting the 3D flow of
Ag- and MgO-based HNF over a spinning disk of flexible
thickness. The HNF is synthesized with the composition of
silver and magnetic nanomaterials in the engine oil. The
energy transition is examined with the involvement of melt-
ing heat propagation. To evaluate the behaviors of the fluid
flow, Tiwari and Das’s model is employed. The nonlinear
system of PDEs is processed through the proper similarity
conversions to attain the coupled ODE system. The obtained
system of modeled equations is numerically solved employ-
ing the Parametric Continuation Method (PCM). In the next
section, the formulation, solution methodology, and results
and discussion have been discussed in detail.
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Figure 1: Spinning disk geometry.
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2. Mathematical Formulation

In this study, we considered the steady and incompressible
flow of Ag-MgO hybrid nanoliquid over a gyrating disk of
variable thickness z = að1 + r∗Þ−m, moving with fixed angu-
lar velocity Ω about the z-axis. Here, u, v, and w are the
velocity component along r, θ, z direction, respectively. T∞
is the free stream temperature, and Tm is the temperature
of the melting surface. Figure 1 reveals the flow mechanism
over a spinning disk. The modeled equations can be rebound
as [47–49]
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Here, ðu, v,wÞ exhibit the velocity element, and νhnf ,
khnf and ðρCpÞhnf reveal the kinematic viscosity, thermal

conductivity, and volumetric heat capacity, respectively.
The boundary conditions are

u = 0,w = 0, v = rΩ, T = T∞, C = C∞at z = 0,

khnf
∂T
∂z
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z=a 1−r∗ð Þ−m

= ρhnf λ∗ + Cs Tm − T0ð Þð Þw r, zð Þ,
u⟶ 0, v⟶ 0, T ⟶ T∞,

C⟶ C∞when z⟶∞:

ð6Þ

Table 1 shows the thermophysical properties of nano-
fluids and hybrid nanofluids in terms of viscosity, density,
heat capacity and thermal conductivity.

Incorporating the following transformation in Equations
(1)–(5) and (6)

u =ΩrF ηð Þ, v =ΩrG ηð Þ,w = −R0Ω 1 + r∗ð Þ−m
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The transform conditions are

F αð Þ = 0,G αð Þ = 1,
khnf
kf

MeRe1−n/1+n 1 + r∗ð Þ2mθ′ αð Þ

+
ρhnf
ρf

Pr J αð Þ = 0, θ αð Þ = 1, φ αð Þ = 1,

F ∞ð Þ = 0, θ ∞ð Þ = 0, φ ∞ð Þ = 0, G ∞ð Þ = 0:
ð13Þ

Here, α is the disk thickness coefficient, Re is the Rey-
nold number, Me is the melting constant, ε is the constant
coefficient, r∗ is the dimensionless radius parameter, γ is
the thermal relaxation parameter, and Pr is the Prandtl
number defined as [47]
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,
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where F, G, and J denote the radial, tangential, and axial
velocities, and ϕ, θ show the dimensionless concentration
and temperature. The deformations are expressed as

f ξð Þ = f η − αð Þ = F ηð Þ,
j ξð Þ = j η − αð Þ = J ηð Þ,
g ξð Þ = g η − αð Þ =G ηð Þ,
θ ξð Þ = θ η − αð Þ = θ ηð Þ,
φ ξð Þ = φ η − αð Þ = φ ηð Þ:

ð15Þ

Using Equation (15), Equations (7)–(12) take the form
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The skin friction is stated as
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τwθ

ρf R0Ωð Þ2 : ð22Þ

Shear forces are
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The nondimensional form is
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=
μhnf
μf

1 + r∗ð Þm
" #

r∗g′ 0ð Þ:
ð24Þ

3. Numerical Solution

The basic steps of PCM are as follows:Step 1: simplifying
Equations (16)–(20) to 1st order with the boundary
conditions
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Step 2: introducing parameter p

χ1 = f ξð Þ, χ2 = f ′ ξð Þ, χ2 ′ =
B∗ 2 χ1ð Þ2 + χ2 χ5 +m ξ + αð Þεχ1ð Þ − χ3ð Þ2	 
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,

χ3 = g ξð Þ, χ4 = g′ ξð Þ,

χ4 ′ =
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� �
α2 1 + r∗ð Þ−2m :

ð26Þ
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Figure 2: The nature of radial velocity f ðηÞ and tangential velocity gðηÞ profiles versus (a) volume friction ϕ1, (b) volume friction ϕ2, (c)
Reynold number Re, (d) power-law exponent n, and (e) Reynold number Re.
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Figure 3: The energy outlines θðηÞ versus (a) volume friction ϕ1, (b) volume friction ϕ2, (c) Reynold number Re, (d) melting coefficientMe,
and (e) thermal relaxation parameter γ, respectively.
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Figure 4: The nature of mass transition φðηÞ versus (a) volume friction ϕ1, (b) volume friction ϕ2, (c) Schmidt number Sc, (d) chemical
reaction d1, respectively.
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Step 3: apply the Cauchy principle and discretized Equa-
tion (26)

Ui+1 −Ui

Δη
= AUi+1, W

i+1 −Wi

Δη
= AWi+1: ð27Þ

Finally, we get the iterative form as

Ui+1 = I − ΔηAð Þ−1Ui,Wi+1 = I − ΔηAð Þ−1 Wi + ΔηR
� �

:

ð28Þ

4. Results and Discussion

The discussion segment analyzed the comportment of veloc-
ity, energy, and mass-circulation as compared to the devia-
tion of numerous physical parameters for hybrid
nanoliquid consisting of Ag and magnetic nanoparticles.

The default values used while solving the set of 1st order
ODEs through PCM code are ϕ1 = ϕ2 = 0:01, Re = 0:5, n =
1:0, Me = 0:2, γ = 0:1, Sc = 0:2, d1 = 0:01 and τ = 0:4.

4.1. Velocity Profile. Figures 2(a)–2(e) expose the nature of
radial velocity f ðηÞ and tangential velocity gðηÞ profiles ver-
sus volume friction ϕ1, volume friction ϕ2, Reynold number
Re, power-law exponent n, and Reynold number Re.
Figures 2(a) and 2(b) particularize that the velocity field rises
with the growing values of volume friction of both silver and
magnetic nanoparticulates. Physically, the specific heat
capacity of engine oil is much higher than silver and magne-
sium compounds that is why the increasing quantity of such
nanomaterials reduces the average heat capacity of HNF and
causes the elevation of fluid velocity. Figures 2(c) and 2(e)
display the dominance of both radial f ðηÞ and tangential
velocity gðηÞ profiles against Reynold number Re. The
upshot of Reynold’s number increases the rotation of the
disk, which accelerates the fluid particles and exercises their
kinetic energy, which causes the improvement in the velocity

Table 6: Numerical outcomes for Sherwood number.

Sc d1 ϕ1, ϕ2 Dnf /Df

� �
φ′ 0ð Þ Dhnf /Df

� �
φ′ 0ð Þ

0.2 0.0632328 0.0642322

0.4 0.062932 0.0639336

0.6 0.0615843 0.0614845

0.8 0.5930261 0.5910240

0.1 0.0714336 0.0734331

0.2 0.0761427 0.0771426

0.3 0.0817223 0.0867224

0.4 0.0822516 0.0882513

0.01 0.0627612 0.0677635

0.02 0.0638732 0.0728754

0.03 0.6687450 0.7774504

0.04 0.7026718 0.7906714

Table 5: Arithmetic results for Nusselt number ðknf /kf θ′ð0Þ, khnf
/kf θ′ð0ÞÞ.

Parameters PCM PCM bvp4c
Me Re ϕ1, ϕ2 knf /kf

� �
θ′ 0ð Þ khnf /kf

� �
θ′ 0ð Þ khnf /kf

� �
θ′ 0ð Þ

0.1 0.0474535 0.0484531 0.0484340

0.5 0.0354123 0.0366122 0.0366031

1.0 0.0364852 0.0369853 0.0369542

1.5 0.0291107 0.0271407 0.0271268

0.2 0.0564588 0.0554555 0.0554463

0.3 0.0574760 0.0575961 0.0575870

0.4 0.0578962 0.0589965 0.0589834

0.01 0.0673420 0.0683460 0.0683352

0.02 0.0683241 0.0693271 0.0693160

0.03 0.0690324 0.0713142 0.0713021

0.04 0.0723419 0.0743319 0.0743237

Table 2: The experimental values of Ag, MO, and engine oil [47].

ρ kg/m3� �
Cp J/kg · Kð Þ k W/mKð Þ

Engine oil 884 1910 0.114

Magnesium oxide 3560 955 45

Silver 10,500 235 429

Table 3: Comparative analysis with the existing literature, when
n = 1 and ϕhnf = 0:.

Order of approximations f ′ 0ð Þ −g′ 0ð Þ
Present work 0.499321 0.500761

Zhang et al. [47] 0.497201 0.509623

Xun et al. [50] 0.410221 0.515911

Ming et al. [51] 0.410200 0.515901

Table 4: Statistical outcomes for skin friction ð f ′ð0Þ,−g′ð0ÞÞ.

m τ Re ϕ2 f ′ 0ð Þ −g′ 0ð Þ
0.1 0.4 1.0 0.03 0.0474535 0.0702328

0.5 0.4 1.0 0.03 0.0554123 0.0739932

1.0 0.4 1.0 0.03 0.0664852 0.0815843

1.5 0.4 1.0 0.03 0.0791107 0.1130261

1.0 0.1 1.0 0.03 0.0664588 0.0817175

1.0 0.3 1.0 0.03 0.0664760 0.0716306

1.0 0.7 1.0 0.03 0.0664968 0.0815362

1.0 0.4 1.0 0.03 0.0665151 0.0814336

1.0 0.4 0.1 0.03 0.0629418 0.1161421

1.0 0.4 0.5 0.03 0.0685427 0.0857223

1.0 0.4 1.5 0.03 0.0656935 0.0792518

1.0 0.4 2.5 0.00 0.0644128 0.0764015

1.0 0.4 1.0 0.01 0.0726520 0.1136461

1.0 0.4 1.0 0.02 0.0705745 0.0893014

1.0 0.4 1.0 0.03 0.0686036 0.0852958

1.0 0.4 1.0 0.04 0.0667325 0.0815843
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field. Similar behavior of radial velocity has been observed
versus the increment of power-law exponent n in Figure 2
(d). The positive variation in the power-law exponent signif-
icantly enhances the fluid velocity in the radial direction.

4.2. Energy Distribution Profile. Figures 3(a)–3(e) illuminate
the nature of energy transition θðηÞ versus volume friction
ϕ1, volume friction ϕ2, Reynold number Re, melting coeffi-
cient, and thermal relaxation parameter γ, respectively. As
discussed in Figure 2, the specific heat capacity of engine
oil is much higher than silver and magnesium compounds
that is why the increasing quantity of such nanomaterials
reduces the average heat capacity of hybrid nanofluid and
causes a rise in internal heat, which encourage both velocity
and energy transmission rate. Figure 3(c) reports the Rey-
nold number upshot on the energy profile. The number of
rotations enhances with the variation of Reynold number
that is why due to internal kinetic energy fluid temperature
θðηÞ also enhances. The effect of both melting coefficient
and thermal relaxation term γ reduces energy contour as
shown in Figures 3(d) and 3(e). The specific heat capacity
of fluid improves with the flourishing values of melting coef-
ficient, as a result, energy transference enhances.

4.3. Mass Transfer Profile. Figures 4(a)–4(d) spot the nature
of mass transition φðηÞ versus volume friction ϕ1, volume
friction ϕ2, Schmidt number Sc, and chemical reaction d1,
respectively. Mass transmission enhances with the rising
quantity of nanoparticles, because, as we have discussed ear-
lier, the rising values of volume friction parameters ϕ1 and
ϕ2 significantly elevated the heat and fluid velocity that is
why the mass transition also enhances their effects as shown
in Figures 4(a) and 4(b). The upshot of the Schmidt number
boosts the fluid kinetic viscosity, which results in the reduction
of concentration profile φðηÞ as illustrated in Figure 4(c). The
energy transport rate is reduced by the chemical reaction var-
iable, while the mass transport rate is increased. An increase in
the intensity ofd1indicates that the species concentration
interaction is less with the thermal boundary layer and more
with the momentum Figure 4(d).

Figure 5 reports the comparative assessment of PCM
technique with Matlab code bvp4c. From Figures 5(a) and
5(b), it can be clearly observed that both techniques show
best settlement and PCM procedure is a reliable method.
Table 2 describes the experimental values of Ag, MgO, and
engine oil. Table 3 displays the comparative analysis of the
current work with the existing literature, in which the pres-
ent work revealed the best settlement with them. Table 4
presents the numerical results for skin friction. It has been
observed that the drag force enhances along both radial
and tangential direction with the variation of parameter m
and τ while reduces the effect of Reynold number. Table 5
communicates the numerical outcomes for Nusselt number
versus melting coefficient, Reynold number, and both nano-
fluid and hybrid nanofluid. As comparative to the simple
nanofluid, hybrid nanofluid energy transition rate is faster
against volume friction coefficient ϕ1, ϕ2, respectively.
Table 6 displays the Sherwood number versus volume fric-
tion parameter ϕ1, ϕ2, Schmidt number, and chemical reac-

tion d1 constant, respectively. The mass transference rate
diminishes with the rising effect of Schmidt number while
enhances against the increasing quantity of chemical reac-
tion parameter and volume friction constants.

5. Conclusion

The 3D flow of Ag and MgO HNF past over a gyrating disk
of varying thickness has been reported in the present estima-
tion. The hybrid nanoliquid is synthesized by using silver,
magnetic nanoparticulate, and engine oil. The energy transi-
tion consequences are examined in the involvement of melt-
ing heat propagation. The highly nonlinear system of PDEs
is processed through the proper similarity conversions to
attain the coupled ODE system. The obtained system of
modeled equations is numerically solved through the PCM
technique. The key points are rebound as follows:

(i) The radial f ðηÞ and tangential gðηÞ velocities and
energy propagation enhance with the rising values
of volume friction of both silver ϕ1=Ag and magnetic
nanoparticulates ϕ2=MgO

(ii) The upshot of Reynold number Re improves the
velocity and energy transition of fluid flow, due to
an increase in the number of disk’s rotation

(iii) The positive variation in power-law exponent n sig-
nificantly enhances the fluid velocity in the radial
direction

(iv) The increasing quantity of nanomaterials reduces
the average heat capacity of hybrid nanofluid and
causes a rise in internal heat, which encourages both
velocity and heat transition rate

(v) The effect of both melting coefficient and thermal
relaxation term γ reduces fluid temperature
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