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The physical phenomena of convective flow of Cross fluid containing carboxymethyl cellulose water over a stretching sheet with
convective heating were studied. Cross nanofluid containing Al2O3,Cu nanoparticles, and based fluid of CMC water is used.
Entropy generation minimization is examined in the current analysis. The system of PDEs is altered into a set of ODEs
through suitable conversion. Further, these equations are computed numerically through the MATLAB BVP4c technique. The
behavior of governing parameters on the velocity, temperature, entropy generation, and Bejan number is plotted and reported
via graphs. It is found that the larger value of unsteady variable reduced the velocity, thermal layer, and entropy production.
Surface drag frication of the Al2O3 and Cu and Al2O3 + Cu is enhanced with the more presence of unsteady parameter.
Comparison of current results in a limiting case is obtained with earlier analysis and found an optimum agreement.

1. Introduction

Carboxylmethyl cellulose (CMC) is a water-soluble cellulose
derivative [1], and it has many flow properties due to its
greater stability and high viscosity. The stability of nanopar-
ticles in CMC escalates the fluid behavior. It is engaged to
increase lubricating effects such as polymeric structures [2,
3]. These multifunction aspects of various cellulose deriva-
tives have many industrial and technical applications. To
recognize the fluid flow with CMC study, research have been
studied [4–6]. Saqib et al. [7] described the natural convec-
tive flow of CMC with carbon nanotube using a fractional
derivative approach. The effect of slip velocity and non-
Newtonian nanofluid contained with 0:5% wt CMC water
was discussed by Rahmati et al. [8]. Akinpelu et al. [9]

explored the thermophysical metal properties in CMC.
MHD flow of Casson nanofluid under heat transfer in CMC
over a solid sphere was developed by Alwawi et al. [10].

Nanotechnology has been progressively more fascinated
by the researchers because of their efficiency in several
industrial processes such as microelectronic, oil emulsion,
and molecular emulsion. Nanotechnology has the ability in
suspending nanoscale particles ð1 ≤ 100nmÞ in ordinary
fluids, like ethylene glycol, oil, and water. The origin of
nanotechnology was initiated by Choi and Eastman [11] in
1995. After, Buongiorno [12] developed a mathematical
model of heat transfer with the addition of Brownian motion
and thermophoresis effects. Tiwari and Das [13] investigated
to examine the solid volume fraction in nanofluids. Devi and
Devi [14] reported the numerical simulation of hybrid
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nanofluid over a porous surface with suction. Afridi et al.
[15] carried out the heat transfer analysis in hybrid nano-
fluid under fraction heating. The effect of second law analy-
sis with hybrid nanofluid and viscous dissipation due to
rotating disk was scrutinized by Farooq et al. [16]. Devi
et al. [17, 18] revealed the heat transfer of hybrid nanofluid
flow with two different base fluids. Gorla et al. [19]
addressed the impact of heat sink/source in the hybrid
nanofluid past the permeable surface. Chamkha et al. [20]
analyzed the time-dependent flow of mixed convective
hybrid nanofluid over half cavity. More recently, Zainal
et al. [21] disclosed the unsteady 3-D MHD stagnation point
flow of hybrid nanofluid using stability analysis. Few more
cutting edge research reports are seen in Refs. [22–28].

The study of entropy optimization has broad features in
the thermal engineering process such as heat pump, heat
engine, solar power, and refrigerator. The improvement of
the thermal system is enhanced due to the entropy produc-
tion. The Bejan number [29] is a dimensionless quantity that
represents overall entropy generation ratio of heat transmis-
sion and total entropy generation. Khana et al. [30] dis-
cussed the computational analysis of hybrid nanofluid with
entropy generation due to rotating disk between parallel
plates. Dawar et al. [31] surveyed the heat transfer analysis
through SWCNTs/MWCNTs in entropy generation and
activation energy over a moving wedge. The numerical study
of second law analysis of nanofluid due to an inclined sur-
face was discussed by Butt et al. [32]. Heat transfer in
MHD third-grade nanofluid with convective condition and
entropy generation over a stretching surface was encoun-
tered by Rashidi et al. [33]. The investigation of entropy pro-
duction for the magnetic field, thermal radiation, and porous
medium was reported by Makinde and Eegunjobi [34]. The
impact of entropy generation on two permeable stretched
surfaces was inspected by Khan et al. [35]. Afridi et al. [36]
described the hybrid nanofluid flow over a thin needle with
entropy generation. Reddy et al. [37] studied the entropy
generation on Williamson nanofluid with thermal radiation
and internal heat source over the lubricated surface.

The behavior of non-Newtonian fluid models, like sec-
ond grade, power law, and Williamson, was investigated by
many researchers in the past few years due to their vital role
in engineering and industrial applications. However, these
models cannot be recognized to analyze the behavior of fluid
at higher and lower shear rates. To illustrate the behavior of
fluid at a very low and high shear rate, the Cross fluid model
has been introduced by Cross [38]. The Cross fluid model
has optimum potential to trounce the challenges that are
overlooked while the shear rate is highly accelerated or
depreciated. Few recent developments under this direction
are collected in [39, 40]. The effect of heat source/sink on
Cross fluid with thermal radiation was studied by Nazeer
et al. [41]. Sabir et al. [42] scrutinized the heat transfer
phenomena through radiation and activation energy over
an inclined sheet. Yao et al. [43] investigated the magnetic
dipole effect for Cross fluid through spectroscopy. Khan
et al. [44] interpreted the effect of thermal radiative and
activation energy on Cross fluid near the stagnation point.
Reddy and Ali [45] constructed the MHD Cross nanofluid
under Cattaneo-Christov double diffusion theory over a
vertical stretching sheet.

The abovementioned studies reveal the focus on the heat
transport analysis of a CMC-nanofluid, but no authors
examined the CMC-hybrid nanofluid in the presence of
unsteady Cross fluid with the effect of mixed convection.
So, the authors attempted to investigate the heat transfer
analysis of CMC-based Cross hybrid nanofluid with convec-
tive heating. The system of PDEs is transformed into ODEs
through the suitable transformation, and these ODEs are
tackled through BVP4c for numerical solution. The entropy
analysis is implemented in the present study. This combina-
tion is more useful in thermal and aerospace engineering.

2. Mathematical Formulation

Let us consider the unsteady incompressible mixed convec-
tive flow of Cross hybrid nanofluid over a stretching sheet
with surface heating. Moreover, Cartesian coordinates have

Momentum layer thickness 

Thermal layer thickness 
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+
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y,v

x,v

=
,

=
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−
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Figure 1: Geometry of problem.
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been taken in the x-axis along the sheet, and y-axis is
perpendicular to surface as seen in Figure 1. The radiation
can only travel a distance within thick nanofluid; so, the
Rosseland approximation is considered into account for
radiative heat transfer.

Under the above assumptions, the flow model can be
extract as follows:

∂u
∂x

+
∂v
∂y

= 0, ð1Þ

∂u
∂t

+ u
∂u
∂x

+ v
∂u
∂y

= vhnf
∂
∂y

∂u/∂y
1 + Γ ∂u/∂yð Þn
� �

+
g

ρhnf
ρβTð Þhnf T − T∞ð Þ = 0,

ð2Þ

∂T
∂t

+ u
∂T
∂x

+ v
∂T
∂y

=
khnf

ρCp

� �
hnf

∂2T
∂y2

−
1

ρCp

� �
hnf

∂qr
∂y

:

ð3Þ

The boundary constraints are applied as follows:

u = uw x, tð Þ, v = 0,−khnf
∂T
∂y_

= hf T f − T∞
� �

at y = 0,

u = u x, tð Þ = 0, T ⟶ T∞ as y⟶∞:

ð4Þ

Here, u, v, μhnf ,ρhnf , khnf , ðρCPÞhnf , and qr are horizontal
velocity and vertical velocity, viscosity, density, thermal con-
ductivity, specific heat capacity, and thermal radiative for
hybridnanoflud, respectively. hf is the heat transfer coefficient.

2.1. Suitable Transformation for Unsteady Flow. It is relevant
to use the following appropriate transformation:

η = y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a

υf 1 − χtð Þ

s
, u =

ax
1 − χtð Þ , f ′ ηð Þ,

v =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aυf

1 − χtð Þ
r

f ηð Þ, θ ηð Þ = T − T∞
T f − T∞

:

ð5Þ

Using the suitable transformation described in Eq. (5), to
Eq. (2), Eq. (3) altered into the following ordinary differential
equations with respect to parameter η:

Π1 1 + 1 − nð Þ Wef ″
� �n� �

f ‴
h i

+Π2 f f ″ − δ f ′ + η

2
f ″

� �
− f ′
� �2	 


� 1 + Wef ″
� �n� �2

+Π3λθ 1 + Wef ″
� �n� �2

= 0,

ð6Þ

Table 1: Thermophysical properties.

Physical properties Specific heat capacity Density Thermal conductivity Coefficient of thermal expansion

CMC-water (<0.4%) 4179 997.1 0.613 21

Al2O3 765 3970 40 0.85

Cu 531.8 6320 76.5 1.80

Dynamic viscosity Π1
μhnf
μf

=
1

1 − φ1 − φ2ð Þ2:5

Density Π2
ρhnf
ρf

= 1 − φ2ð Þ 1 − φ1ð Þ + φ1ρ1s
ρf

" #
+
φ2ρ2s
ρf

Thermal expansion Π3
ρβTð Þhnf
ρβTð Þf

= 1 − φ2ð Þ 1 − φ1ð Þ + φ1 ρβTð Þ1s
ρβTð Þf

" #
+
φ2 ρβTð Þ2s
ρβTð Þf

Heat capacity Π4
ρcp
� �

hnf
ρcp
� �

f

= 1 − φ2ð Þ 1 − φ1ð Þ + φ1 ρcp
� �

1s
ρcp
� �

f

" #
+
φ2 ρcp
� �

2s
ρcp
� �

f

Thermal conductivity Π5
khnf
kf

=
k2s + 2kf − 2φ2 kf − k2s

� �
k2s + 2kf + φ2 kf − k2s

� � × knfð Þ knf =
k1s + 2kf − 2φ1 kf − k1s

� �
k1s + 2kf + φ1 kf − k1s

� �

Table 2: Validation of current results of −θ′ð0Þ with Wakif [48]
against Pr.

Pr Wakif [48] Current analysis

0.7 0.453916157 0.456051210134421

2.0 0.911357683 0.911321374513764

7.0 1.895403258 1.895381882154913

20 3.353904143 3.353886925689145

70 6.462199531 6.462184407558267

Table 3: Comparing of f ′′ð0Þ for unsteady parameter δ when
n =We = λ = 0.

δ Ali and Zaib [49] Current results

0.8 -1.261211 -1.260691

1.2 -1.377625 -1.377710
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Figure 2: (a)–(d) f ′ðηÞ, θðηÞ, NsðηÞ, BeðηÞ versus We.

Table 4: Numerical outcomes of value of skin friction coefficient and local Nusselt number.

We λ δ Bi Pr Rd Re1/2x Cf

Cu Al2O3 Cu + Al2O3

1.5 0.9 0.1 0.2 6.2 0.5 2.7247 2.3915 5.1162

2.0 0.3 1.1420 1.1102 2.2522

2.5 0.4 0.5355 0.5097 1.0452

1.0 1.4 0.2 0.2 6.8 0.7 2.7469 2.4140 5.1609

1.1 0.3 1.1550 1.1226 2.2776

1.2 0.4 0.5460 0.5102 1.0562

1.0 1.5 0.3 0.2 7.2 0.9 2.7480 2.4339 5.1819

1.1 0.3 1.1643 1.1361 2.3004

1.2 0.4 0.5507 0.5222 1.0729
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θ″ 1 +Π4Rdð Þ − Π3
Π4

η

2
δPrθ′ + PrΠ5 f θ′ = 0: ð7Þ

The transformation boundary conditions are stated as
follows:

f 0ð Þ = 0, f ′ 0ð Þ = 1,Π4θ′ 0ð Þ = −Bi 1 − θ 0ð Þð Þ, f ′ ∞ð Þ
= 0, θ ∞ð Þ = 0:

ð8Þ

Nondimensionless governing variables are Weissenberg
number Weð= Γax

ffiffiffiffiffiffi
a/v

p Þ, unsteady parameter δð= c/aÞ,
mixed convection λð= Grx/Re2xÞ, Prandtl number Prð= μf
ðcpÞx/kf Þ, radiation parameter ðRd = ð16σ∗T3

∞Þ/ðkk∗ÞÞ, the
skin friction coefficient Cf , and the local Nusselt number
which are presented by

Cf =
τw
ρf u

2
w

 !
, Nu =

xqw
kf T f − T∞
� �

 !
: ð9Þ

Wall shear stress and heat flux are as follows:

τw = μhnf
∂u
∂y

� �
y=0

, qw = −khnf
∂T
∂y

� �
y=0

: ð10Þ

In view of Eqs. (5) and (10), we get

Re1/2x Cf =Π1
f ′′ 0ð Þ

1 + We f ′′ 0ð Þ
� �n

0
B@

1
CA

y=0

, Re−1/2x Nux

= Π5 1 + Rdð Þθ′ 0ð Þ
� �

y=0
:

ð11Þ
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Figure 3: (a)–(d) f ′ðηÞ, θðηÞ, NsðηÞ, BeðηÞ versus δ.
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3. Entropy Generation

The appearance of entropy production for Cross hybrid
nanoliquid over a stretching sheet is defined as [46, 47]:

EG =
kf
T2
∞

khnf
kf

+
16σ ∗ T2

∞
3kf k ∗

∂T
∂y

� �2
" #

+ μhnf
1
T∞

∂u
∂y

� �2 1
1 + Γ ∂u/∂yð Þn
� �

:

ð12Þ

The characteristics entropy generation is described below:

E0′′′ =
khnf T f − T∞

� �
xT2

∞
: ð13Þ

The dimensionless form of entropy generation is
Ns =Nh +Nv.

Nh =Π5½1 + Rd�ðθ′Þ2 is the entropy generation due to
heat transfer, and Nv=Π4½1 + ð1/ðWef ″ÞnÞ�f ″2 is the
entropy generation due to fluid friction.

Ns =
EG

E0′′′
=Π5 1 + Rd½ � θ′

� �2
+ BrΠ4 1 +

1

Wef ″
� �n

2
64

3
75f ″2: ð14Þ

The Bejan number is defined by

Be =
Π5 1 + Rd½ � θ′

� �2
Π5 1 + Rd½ � θ′

� �2
++BrΠ4 1 + 1/ Wef ″

� �n� �h i
f ″2

:

ð15Þ

4. Numerical Investigation

The set of an altered system of highly nonlinear ODE’s equa-
tions (6)–(7) with subject to the boundary condition (8) has
been numerically computed with aid of the BVP4c method.
For this purpose, first, we converted the higher order deriv-
ative into first order.

f =Λ1, f ′ =Λ2, f ″ =Λ3, f ′′′ =Λ3′ , θ =Λ4, θ′ =Λ5, θ″ =Λ5′ ,
ð16Þ
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Λ3′ =
−Π2 Λ1Λ3 − δ Λ2 + η/2ð ÞΛ3ð Þ − Λ2ð Þ2� �

1 + WeΛ3ð Þnf g2 −Π3λΛ4 1 + WeΛ3ð Þnf g2
Π1 1 + 1 − nð Þ WeΛ3ð Þnð Þ½ � ,

ð17Þ

θ″ 1 +Π4
4
3
Rd

� �
−
η

2
δ
Π3
Π4

Prθ′ + PrΠ5 f θ′ = 0,

Λ5′ =
−PrΠ5Λ1Λ5 + η/2ð Þδ Π3/Π4ð ÞPrΛ4

1 +Π4Rdð Þ

ð18Þ

Converted boundary conditions are as follows:

Λ1 0ð Þ = 0,Λ2 0ð Þ = 1,Λ5 0ð Þ = −Bi 1 −Λ4 0ð Þð Þ,Λ2 ∞ð Þ
= 0,Λ4 ∞ð Þ = 0:

ð19Þ

The iterative process has been used, and the accuracy of
the solution is obtained to 10−6.

5. Result and Discussion

In this segment, we examine the variations of f ′ðηÞ, θðηÞ,
Ns ðηÞ, and Be ðηÞ for different flow variables, such as
Weissenberg number ðWeÞ, Biot number ðBiÞ, Prandtl

number ðPrÞ, thermal radiation ðRdÞ, nanoparticle volume
fraction (ϕ1, ϕ2), and mixed convection parameter (λ). For
performing graphical study, single variable varies, whereas
all the physical variables were kept in constant values such
as We = 0:5, n = 0:4, Bi = −0:3, λ = 1:0, Pr = 6:2, δ = 0:3, Rd
= 1:7. Table 1 demonstrates the thermophysical properties
of Cu, Al2O3, and Cu+Al2O3. Tables 2 and 3 show the com-
parison outcome of −θð0Þ against Pr and f ″ð0Þ against δ
with the limiting case n =We = λ = 0. From these tables, it
is found that our computations are optimum one. Table 4
shows the impact of We,λ, δ, Bi, Pr, and Rd on skin friction
coefficient for Cu, Al2O3, and Cu+Al2O3.

Figures 2(a)–2(d) display the fluctuation of Weissenberg
(We) on velocity distribution f ′ðηÞ, temperature field θðηÞ,
entropy production NsðηÞ, and Bejan number BeðηÞ for
nanofluids (Cu&Al2O3) and hybrid nanofluid (Cu + Al2O3).
The fluid velocity and entropy generation reduce when We
augments. However, fluid temperature and Bejan number
enhance when enhancing the quantity of We. Physically, the
Weissenberg number means shear rate time which helps to rise
the fluid thickness, and this causes to depreciate fluid velocity.
The variations of δ on f ′ðηÞ, θðηÞ, NsðηÞ, and BeðηÞ are
illustrated in Figures 3(a)–3(d) for nanofluids and hybrid
nanofluid. It is seen from these figures that the fluid velocity,

1.16

1.16

1.16
1.16

2.32

2.32

2.32
2.32

3.48

3.48

3.48

4.6399

4.6399

4.6399

5.7999

5.7999

5.7999

6.9599

6.9599

6.9599

8.1199

8.1199

8.1199

9.2799

9.2799

10.4399

10.4399

11.5999

11.5999

12.7598

12.7598

13.9198

13.9198

15.0798

15.0798

16.2398

16.2398

17.3998

17.3998

18.5598

19.7198

20.8797

22.0397

23.1997

24.3597

25.5197

26.6797

27.8397

28.9996

X

𝜂

0

1

2

3

4

5

6

0

5

10

15

20

25

30

0 1 2 3 4 5

(a)

1.1584

1.1584
1.1584

2.3169

2.3169

2.3169

3.4753

3.4753

3.4753

4.6338

4.6338

4.6338

5.7922

5.7922

5.7922

6.9507

6.9507

8.1091

8.1091

9.2676

9.2676

10.426

10.426

11.5845

11.5845

12.7429

12.7429

13.9013

13.9013

15.0598

15.0598

16.2182

16.2182

17.3767

18.5351

19.6936

20.852

22.0105

23.1689

24.3273

25.4858

26.6442

27.8027

X

𝜂

0

1

2

3

4

5

6

0

5

10

15

20

25

30

0 1 2 3 4 5

(b)

Figure 10: Stream line pattern for various values ϕ1 = 0, ϕ2 = 0 and ϕ1 = 0:02, ϕ2 = 0.
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Figure 11: Stream line pattern for (a) unsteady flow and (b) steady flow.
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fluid temperature, and entropy production decline when
increasing the magnitude of δ, and Bejan number raises when
rising the values of δ: Figures 4(a) and 4(b)present the conse-
quences of ϕ1 and ϕ2 on f ′ðηÞ and θðηÞ for nanofluids and
hybrid nanofluid for nanofluids and hybrid nanofluid. It is seen
that the fluid velocity and fluid temperature upsurge when
mounting the quantity of ϕ1 and ϕ2. The impact of radiation
on θðηÞ, NsðηÞ, and BeðηÞ was portrayed in Figures 5(a)–5(c)
for nanofluids and hybrid nanofluid. It is concluded that the
fluid temperature, entropy production, and Bejan number are
increasing function of radiation parameter. Physically radiation
parameter enhances the rate energy transport to the fluid and
thereby enriching the fluid temperature and thicken the
thermal boundary layer. Figures 6(a) and 6(b) provide the
changes of f ′ðηÞ on λ and θðηÞ on Bi for nanofluids and hybrid
nanofluid. It is detected that the momentum boundary layer
thickness escalates when enriching the λ values, see
Figure 6(a). The fluid temperature raises when raising the Biot
number, see Figure 6(b). Physically, Biot number leads to
enrich the heat transfer coefficient, this leads to enhance the
fluid thermal state, and this causes to improve the fluid temper-
ature and thicker the thermal boundary layer thickness. Figure 7
displays the effect of Pr on θðηÞ for nanofluids and hybrid
nanofluid. It is found that the fluid temperature and its associ-
ated boundary layer thickness downturn when strengthening
the Prandtl number.

Figure 8 shows the influence of δ and We on skin fric-
tion coefficient for nanofluids and hybrid nanofluid. It is
proved from this figure that the skin friction coefficient
enriches when strengthening the We values, and it is almost
fixed when changing the δ values. Further, the skin friction
coefficient is low in hybrid nanofluid than the nanofluids
case. The local Nusselt number for various values of Rd
and Bi for nanofluids and hybrid nanofluid is plotted in
Figure 9. It is seen that the heat transfer gradient depresses
when enriching the Rd and Bi for all cases. In addition, the
less local Nusselt number is attained in hybrid nanofluid
than the nanofluids case. Finally, Figures 10 and 11 present
the streamline pattern for numerous values of nanoparticle
volume fraction, Stedy and unstedy flows.

6. Final Remarks

The two-dimensional mixed convection flow of Cross fluid
is based on CMC-water with nanoparticles Cu and Al2O3
with thermal radiation over a stretching sheet. The second
law analysis has been made. The physical model is computed
via the MATLAB BVP4c function. The numerical and
graphical results for flow and energy transfer are produced
for diverse values of dimensionless variables. Moreover, skin
friction and Nusselt number have been computed. The main
findings of this work are as follows:

(i) Momentum boundary layer thickness of Cu, Al2O3,
and Cu+Al2O3 reduces as the Weissenberg number
We is enhanced.

(ii) The temperature profile Cu, Al2O3, and Cu+Al2O3
is reduced for both δ and We:

(iii) Entropy generation and Bejan number of Cu, Al2O3,
and Cu+Al2O3 are quite similar trends forWe and δ.

(iv) Temperature distribution, entropy generation, and
Bejan numberCu,Al2O3, andCu+Al2O3 are enhanced
as increases the value of thermal radiation Rd.

(v) Both Biot number and mixed convection are
enhanced for temperature and velocity distribution
of Cu, Al2O3, and Cu+Al2O3.

(vi) The drag friction and Nusselt number have an
increasing effect for nanofluid and hybrid nanofluid.

Nomenclature

a: Stretching rate
t: Time
λ: Mixed convection parameter
knf : Effective thermal conductivity
ρf : Reference density of fluid
ρs: Reference density of solid
Pr: Prandtl number
Bi: Biot number
Be: Bejan number
Ns: Total entropy generation
μf : Viscosity of fluid
We : Weissenberg number
δ: Unsteady parameter
n: Power-law index
k: Thermal conductivity of base fluid
u: Velocity along the x-axis
v: Velocity along the y-axis
ρnf : Density of fluid
μnf : Effective viscosity of nanofluid
Nux: Nusselt number
kf : Thermal conductivity of fluid
ks: Thermal conductivity of solid
Rex : Local Reynolds number
T : Fluid temperature
T f : Temperature of the hot fluid

Abbreviations

Cu: Copper
PDE: Partial differential equations
ODE: Ordinary differential equations
CMC: Carboxylmethyl cellulose.
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