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The property of self-similarity, recursive irregularity, and space filling capability of fractal antennas makes it useful for various
applications in wireless communication, including multiband miniaturized antenna designs. In this paper, an effort has been made
to use the metamaterial structures in conjunction with the fractal patch antenna, which resonates at six different frequencies
covering both C and X band. Two different types of square SRR are loaded on the fractal antenna for this purpose. Particle swarm
optimization (PSO) is used for optimization of these metamaterial structures.The optimized metamaterial structures, after loading
upon, show significant increase in performance parameters such as bandwidth, gain, and directivity.

1. Introduction

The non-integral dimensions, recursive irregularity, and
space filling capability of fractal antennas make it useful for
various applications in wireless communication including
miniaturized antenna designs [1]. Their property of being
self-similar in the geometry leads to antennas of compact size
with simplified circuit designs. Antennas, which have frac-
tal geometry, are self-iterative, exhibiting multiband opera-
tion. Fractal antennas are frequency independent and have
schemes for realizing low sidelobe designs. An antenna with
fractal geometry is preferred to conventional antenna designs
due to the iterative behavior of the structure, which is believed
to improve the performance factors like gain, bandwidth,
return loss and frequency of operation [2].

Metamaterials are artificial structures designed by placing
electromagnetic (EM) resonators, such as split ring res-
onators (SRRs), at regular intervals. The metamaterials have
frequency selective response and exhibit unique EM prop-
erties such as negative permittivity and permeability, arti-
ficial magnetism and negative refractive index, which can
be used to improve the performance of antenna [3]. The
media composed of metamaterials have tunable effective
material parameters, and their electromagnetic response

can be adjusted in real time. By using metamaterials as sub-
strates or superstrates for antenna, significant improvements
have been observed in the properties of the fractal antenna.

In this paper, an effort is made to use the square split ring
resonator (SRR) in conjunctionwith the fractal patch antenna
to enhance the directivity, gain, voltage standing wave ratio
(VSWR), and bandwidth atmultiple resonant frequencies. To
serve this purpose, two different types of tunable multiband
micro-splitmetamaterial square SRR are loaded on the fractal
antenna [4]. Such an application requires design of the loaded
structure at the desired frequency range (equivalent to the
resonant frequencies of the fractal antenna, whose perfor-
mance is to be improved). Towards this, a PSO optimizer is
developed, which yields structural parameters at a particular
resonant frequency. Particle swarm optimization (PSO) is an
evolutionary computational technique based on the move-
ment and intelligence of swarms, which is used for optimizing
difficult multidimensional discontinuous problems in a vari-
ety of fields including electromagnetics [5, 6]. The optimal
structural parameters of square SRR such as length, width,
distance between successive rings for a particular resonant
frequency are obtained using this efficient optimization
technique based on an equivalent circuit analysis.
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2. Overview of Metamaterial Fractal Antennas

The term fractal was first coined by Mandelbrot in 1975, in
which rough, irregular, or fragmented geometric shape could
be subdivided in parts, each of which was reduced-size copy
of the whole [7]. A fractal antenna possesses two prop-
erties, namely, self-similarity and space filling, and hence
the resonance takes place over a wide band as well as
atmultiple frequencies.These properties of the fractals can be
used to develop new configurations for antennas and antenna
arrays. Since the fractal antennas are multi-resonant and
smaller in size, they are used for wireless applications. Fractal
antenna can be designed to receive and transmit over a
wide range of frequencies using the self-similar property
associated with fractal geometry structures [2]. Space fill-
ing fractal geometries such as Hilbert curves are used to
design miniature antennas, high-directive radiators, and
high-impedance surfaces.This concept was used for design of
miniaturized inverted-F antenna forwireless sensor networks
[8]. The overall size of the antenna was reduced to 77% by
using Hilbert geometry, instead of conventional rectangular
patch antenna for the same resonant frequency.

Radar cross section (RCS) reduction in microstrip
antenna was achieved by using Koch fractal geometry, with-
out affecting radiation performance of the antenna [9]. An
UHF Quasi-Yagi antenna surrounded by fractal metama-
terial structures was designed for RFID applications. The
operational frequency of this antenna was 2.4GHz [10].
Similarly, star-shaped fractal patch antenna was used for
miniaturization andbackscattering radar cross-section (RCS)
reduction [11]. Metamaterial unit cells could be miniaturized
by incorporating fractal geometries. The effect of various
geometrical parameters and the order of fractal curve on the
performance of the fractal antenna were also investigated and
reported that the fractal geometries of original dimensions
give better performance than the miniaturized one [12].

Further, a novel negative-epsilon metamaterial was
designed using fractal Hilbert curves with mirror symmetry
[13].The slotted SRRs in the ground plane were abandoned in
order to reduce back radiation of the antenna.The numerical
analysis and design also shows that a periodic arrangement
of Hilbert curve inclusions above a conducting ground plane
forms a metamaterial surface with high impedance [14].

Using multi-resonator configuration, a low-loss dis-
persion-optimized engineered substrate was designed for
antennaminiaturization and performance enhancement.The
proposed substrate contained four uncoupled inclusions with
3rd order fractal Hilbert structure. A circuitmodel was devel-
oped to analyze and optimize the proposedmetamaterial [15].
A metamaterial with zero refractive index was designed over
a wide frequency range and used as superstrate for patch
antenna [16]. The designed antenna showed an antenna gain
improvement by 5 dB.

It is observed from the overview of fractal antenna that
Hilbert curves proved to be efficient fractal geometries to
generate metamaterial surfaces. Fractal geometries were also
used as miniaturized antennas with metamaterial structures
as superstrate. In this paper metamaterial structures are
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Figure 1: Top view of the square SRR loaded fractal antenna.

loaded on a fractal antenna for increase in the bandwidth at
the multiple distinct resonating frequencies.

3. Design of Fractal Antenna

Fractal antennas are widely used for their compact size and
light weight in wireless applications. In this work, the fractal
antenna is designedwithmultiple resonant frequencies. Frac-
tal patch antenna is designed on a substrate with dimensions
36mm × 20mm × 1.6mm having a relative permittivity of
4.4 [17]. The patch used in the antenna layout is copper
with the area 28mm × 12mm. The size of the patch used to
feed the antenna is 0.5mm × 4mm. Figure 1 shows the
schematic diagram of the fractal patch antenna. Further
metamaterial structures are loaded on the antenna to improve
the performance.

Two different algorithms, namely, PSO and bacteria for-
aging optimization (BFO), have been implemented towards
optimization of square SRR [18]. It was observed that the
execution time and accuracy of these algorithms depend on
selection of parameters. For this optimization problem, the
details of accuracy and execution time for both the algorithms
are given in Table 1.

It is readily observed that for the class of problem in hand,
PSO is highly convergent andmore accurate compared to the
BFO. Hence, PSO algorithm is considered in this work for
further study of metamaterial antenna design.

4. PSO Optimization for SRR Design

The PSO is a simple, effective, and robust method used for
search and optimization in various EM problems. The devel-
opment of PSO can be illustrated through an analogy similar
to a swarm of bees in a field. The goal of a swarm of bees
in a field is to find the location with the highest density of
flowers [5]. This motivates the engineers to use PSO as an
optimization technique [6]. For completeness of the paper,
the step-by-step algorithm is described briefly along with the
flowchart (Figure 2).

4.1. PSO Algorithm. The PSO algorithm is given here for
better understanding of the implementation for optimization
of the resonant frequency (and hence extraction of the struc-
tural parameters) of a metamaterial SRR described in the
following section. The step-by-step procedure is given next.



Journal of Optimization 3

Table 1: Comparison of PSO and BFO for structural optimization of square SRR at a particular desired frequency. The substrate dielectric
constant is 3.86, and desired frequency is 2.388GHz.

Optimization
techniques Accuracy (𝑓err)

Gap between
rings 𝑑 (in mm)

Width of rings 𝑤
(in mm) Length 𝑎 (in mm) Execution time

(in seconds)
BFO 0.00161 0.12 0.12 3.96 12.55
PSO 0.000442 0.14 0.10 3.95 1.04

Step 1. Define the solution space. The parameters to be
optimized are selected in this space. Aminimum (𝑥min(𝑛)) and
a maximum (𝑥max(𝑛)) range is defined, where 𝑛 ranges from 1
to𝑁 (dimension of the optimization space).

Step 2. Define a fitness function.The fitness function exhibits
a functional dependence that is relative to the importance of
each characteristic being optimized.

Step 3. Initialize random swarm location and velocities. Each
particle begins at its own random location with a velocity that
is random in its direction and magnitude. The personal best
(𝑝best) and the global best (𝑔best) are found.The personal best
is the position of highest fitness locally, and global best is the
position of the highest fitness of the entire swarm.

Step 4. Systematically fly the particles through the solution
space.The algorithm acts on each particle one by one,moving
it by a small amount and cycling through the entire swarm.

The following steps are encountered on each particle.

(i) Particle’s fitness evaluation comparing 𝑔best and 𝑝best.
(ii) Further depending on the fitness value, the particle’s

velocity has been updated using the following equa-
tion:

V𝑛 = 𝑤 ∗ V𝑛 + 𝑐1 ∗ rand () ∗ (𝑝best,𝑛 − 𝑥𝑛)

+ 𝑐2 ∗ rand () ∗ (𝑔best,𝑛−𝑥𝑛) ,
(1)

where V𝑛 is the velocity of a particle in the 𝑛th
dimension; 𝑤 is known as inertial weight (range is
between 0.0 and 1.0); 𝑥𝑛 is the particle’s coordinate in
the 𝑛th dimension; 𝑐1 and 𝑐2 are two scaling factors,
which determine the relative pull of 𝑝best and 𝑔best
and rand () is random function in the range [0, 1].

(iii) Once the particle velocity has been updated, the
particle has to move to its next location. The velocity
is applied for time-step 𝑡, and new coordinate 𝑥𝑛 is
computed for each of the𝑁 dimensions according to
the following equation:

𝑥𝑛 = 𝑥𝑛 + Δ𝑡 ∗ V𝑛. (2)

Step 5. For each particle in the swarm, Step 4 is repeated.
Every second the snapshot is taken for the entire swarm, so
at that time the positions of all particles are evaluated and
correction is made to 𝑝best and 𝑔best values if required.

4.2. Implementation of PSO. Square SRR is a metamaterial
structure, which consists of double square shaped ring with a
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For each iteration (number of time
steps = 10)
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Initialize population (number of particles = 10)

If fitness (𝑥) > fitness (𝑝best )
then 𝑝best = 𝑥

If fitness (𝑥) > fitness (𝑔best )
then 𝑔best = 𝑥

Figure 2: Flowchart of the PSO algorithm used for square SRR opti-
mization.

gap.This structure is printed on a dielectric substrate of thick-
ness 1.6mm and permittivity 4.4. The schematic of a square
SRR with the dimensions is shown in Figure 3, where 𝑎 is the
side length of the square SRR, 𝑤 is the width of conductor,
𝑑 the successive distance between the rings, and 𝑔 is the gap
present in the rings. The equivalent circuit of the square SRR
is a parallel 𝐿𝐶 tank circuit, given in Figure 4. The resonant
frequency of the square SRR is obtained by equivalent circuit
analysis method. In this method, the distributed network is
converted to lumped network (Figure 4) and analysis of the
resonant frequency has been carried out [19].

The resonant frequency of the split ring resonator is given
by

𝑓𝑟 =
1

2𝜋√𝐿𝐶

, (3)
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Figure 3: Top view of a unit cell of the metamaterial structure.
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Figure 4: (a) Equivalent inductance of the square SRR. (b) Equiva-
lent circuit of the square SRR.

where 𝐿 is total inductance and 𝐶 is gap capacitance, which
are dependent on structural parameters of square SRR [20].
The expressions for 𝐿 and 𝐶 are given below.

The effective inductance of the square SRR is given by [20]

𝐿 =

4.86𝜇0

2

(𝑎 − 𝑤 − 𝑑) [ln(0.98
𝜌

) + 1.84𝜌] , (4)

Table 2: List of parameters along with their values considered in
PSO.

PSO parameters Value Use
𝑤 0.25 Inertial weight
𝑐1 2.05 Constant 1, to determine 𝑝best
𝑐2 2.05 Constant 2, to determine 𝑔best
𝑁𝑝 10 Number of particles
𝑁𝑑 5 Number of dimensions
𝑁𝑡 20 Number of time steps
𝑋min 0 Scalar, min. for particle position
𝑋max 10 Scalar, max. for particle position
𝑉min −1.5 Scalar, min. for particle velocity
𝑉max 1.5 Scalar, max. for particle velocity

where 𝜌 is the filling factor which depends on width and
thickness of the SRR.Thefilling factorwith respect to Figure 3
is given by

𝜌 =

𝑤 + 𝑑

𝑎 − 𝑤 − 𝑑

. (5)

Similarly, the effective capacitance is given by

𝐶𝑠 = (𝑎 −
3

2

(𝑤 + 𝑑))𝐶pul, (6)

where 𝐶pul is the per-unit-length capacitance between the
rings which is given as

𝐶pul = 𝜀0𝜀eff
𝐾(√1 − 𝑘

2
)

𝐾 (𝑘)

. (7)

Here 𝜀eff is the effective dielectric constant, which is expressed
as

𝜀eff =
𝜀𝑟 + 1

2

. (8)

𝐾(𝑘) denotes the complete elliptical integral of the first kind
with 𝑘 expressed as

𝑘 =

𝑑

𝑑 + 2𝑤

. (9)

The PSO optimizer acts here as a CAD package which yields
the structural parameters such as the length, width, and
spacing at a desired resonant frequency. The cost function
used for this optimization is

𝑓err =





𝑓𝑑 − 𝑓𝑐






𝑓𝑑

, (10)

where, 𝑓𝑑 is the desired frequency and 𝑓𝑐 is the frequency
arrived at by the equivalent circuit analysis. As per the algo-
rithm mentioned, the different parameters are assigned with
respect to the problem. The parameters of the PSO program
are given in Table 2. The selection of PSO parameters such
as 𝑤, 𝑐1, and 𝑐2 considered are from the original work by
Kennedy and Eberhart [5]. The inertial weight is always
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Figure 5: (a) Scattering parameters 𝑆11 and 𝑆21 parameters of the designed square SRR optimized using PSO algorithm. (b) Relative per-
mittivity of the designed square SRR as optimized by the PSO. (c) Relative permeability of the designed square SRR as optimized by the
PSO.

considered as less than one and varies with iteration [6]. The
parameter 𝑁𝑑, that is, number of dimensions is taken with
respect to square SRR parameters to be optimized such as 𝑎,
𝑤, 𝑑, 𝜀,𝑓err. Similarly, there is no specific criteria for selection
of exact values for 𝑁𝑝, 𝑁𝑡 and is generally taken by trial
and error method with respect to complexity of problem [6].
𝑋min,𝑋max,𝑉min, and𝑉max are the initial search values, which
update with the iteration cycle.

The PSO optimizes the fitness function and extracts the
structural parameters. The extracted length 𝑎, width 𝑤, and
the space between the inner and outer ring 𝑑 are 2.8mm,
0.3mm, and 0.3mm, respectively.These optimized values are

used for the design of the square SRR, and the relative permit-
tivity and permeability values are extracted using (5) and (6)
[20].

The simulated scattering parameters (𝑆11 and 𝑆21) of the
square SRR placed exactly at themiddle of the fractal antenna
and the corresponding extracted relative permittivity and
permeability are given in Figure 5(a) through Figure 5(c).The
metamaterial characteristics of the proposed structure are
readily inferred in Figure 5(b), from 9.35GHz to 9.94GHz.
Similarly, Figure 6(a) shows the top view of a unit cell of
the metamaterial structure with micro-splits. The scattering
parameters of the second square micro-split SRR placed over
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Figure 6: (a) Top view of a unit cell of the metamaterial structure with micro-splits (square micro-split SRR), (b) Scattering parameters 𝑆11
and 𝑆21 parameters of the designed square micro-split SRR. (c) Extracted permittivity of the designed square micro-split SRR. (d) Extracted
permeability of the designed square micro-split SRR.

the fractal antenna and the corresponding extracted rela-
tive permittivity and permeability are shown in Figure 6(b)
through Figure 6(d):

𝑛 =

1

𝑘𝑑

cos−1 [ 1

2𝑆21

(1 − 𝑆
2

11 + 𝑆
2

21)] ,

𝑧 =
√

(1 + 𝑆
2
11)
2
− 𝑆
2
21

(1 − 𝑆
2
11)
2
− 𝑆
2
21

,

𝜀 =

𝑛

𝑧

,

𝜇 = 𝑛𝑧,

(11)

where 𝑤 = radian frequency, 𝑑 = thickness of the unit cell.

The PSO algorithm is implemented to optimize the struc-
tural square SRR parameters such as width, length, and gap
between the splits, for a desired frequency of operation with
the overall objective to improve the performance characteris-
tics of the fractal antenna.

5. Performance Enhancement Using
Optimized Square SRR

A metamaterial square split ring resonator, whose structural
parameters were optimized using particle swarm optimiza-
tion, was designed and placed at the centre of the fractal patch
antenna as shown in Figure 1. After loading a single opti-
mized metamaterial square SRR, it is observed that although
the performance of the antenna is increased compared to
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Table 3: Characteristics of the fractal patch antenna after the addition of metamaterial structure.

Parameters Resonant frequency of the fractal patch (GHz)
3.37 4.96 6.42 7.76 8.93 12.37

Bandwidth (MHz) 40 85 99.5 220 60 420
(without SRR)
Bandwidth (MHz) 46 340 120 220 120 460
(with SRR)
Return loss (dB)

−12.50 −31.52 −26.8 −20.35 −13.30 −21.26
(with SRR)
Directivity (dB)

−3.14 4.86 3.31 7.79 5.69 6.21
(with SRR)

Patch

Square
SRR

Micro-split
SRRFeed

Substrate

Figure 7: Two different square SRR (square SRR and square micro-
split SRR) loaded in the fractal antenna elements.

the fractal patch antenna without metamaterial, it is not
significant at all the resonant frequencies. Further, in order
improve the performance of the fractal patch antenna at all
the resonant frequencies, a square SRR with micro-splits in
the outer ring is loaded in conjunction with the optimized
square SRR (Figure 7). Particle swarm optimization is used
for optimization of these metamaterial structures using the
algorithm given in Section 4.

The micro-split in the SRR ring helps to resonate at
multiple frequencies and improves multiband operation of
the antenna. By using two different types of square SRR, the
performance parameters of the fractal antenna such as return
loss, gain, directivity, bandwidth, and VSWR are improved at
multiple resonant frequencies.

The designed metamaterial fractal antenna resonates at
six distinct resonant frequencies, which covers both the C
and X band (Figure 8).The simulation results show that there
is a significant improvement in the antenna characteristics.
Table 3 shows the results after placing the metamaterial SRR
with micro-splits over the fractal patch antenna.

After placing the metamaterial SRR over the fractal
antenna, there is a significant decrease in the return loss and
at the same time the bandwidth is widened, with enhance-
ment in the gain and directivity. The radiation efficiency is
improved to 40%. It is clearly seen that the gain anddirectivity
of the antenna are improved. There is also an increase in
bandwidth at each resonant frequency. Figures 8 and 9 show
the simulation results of the fractal patch antenna with opti-
mized metamaterial SRR and micro-split SRR at the middle
of the antenna.

Frequency (GHz)
0 2 4 6 8 10 12 14

0
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−35
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𝑆 1
1

Figure 8: Return loss of the metamaterial fractal patch antenna.

Gain total (dB)

𝑋

𝑌

𝑍
5.8142𝑒+000
4.0275𝑒+000
2.2409𝑒+000
4.5425𝑒−001
−1.3324𝑒+000

−4.9057𝑒+000
−6.6923𝑒+000
−8.4789𝑒+000
−1.0266𝑒+001
−1.2052𝑒+001
−1.3839𝑒+001
−1.5625𝑒+001
−1.7412𝑒+001
−1.9199𝑒+001
−2.0985𝑒+001
−2.2772𝑒+001

−3.119𝑒+000

𝜃

𝜙

Figure 9: Radiation pattern of the metamaterial fractal patch
antenna at 7.76GHz.

6. Conclusion

A multiband metamaterial fractal antenna is designed and
simulated, which resonates at six different frequencies cover-
ing both C and X band. Two different types of metamaterial
structures, namely, a square SRR and a square micro-split
SRR, are loaded at the center of the antenna. A PSO based
optimizer is used to extract the structural parameters of these
metamaterial structures. A comparative analysis of the fractal
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antenna with and without SRR is reported. It is observed
that the radiation efficiency has increased up to 40% after
loading the optimized SRRs.The bandwidth at each resonant
frequency increases significantly because of the squaremicro-
split SRR. There is also a noticeable improvement in the
directivity, as well as the gain at various resonant frequencies.
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