Supplementary Material

Appendix A: Lemmas

Lemma Al: (Trenkler and Toutenburg, 1990)

Let 3; and j3, be two linear estimator of 5. Suppose that D = D(;) — D(B,) is positive definite, then A =
MSEM(B;) — MSEM(B,) is non negative if and only if b5(D + b;b;)~*b, < 1, where D(B;), MSE(B;)
and b; denote dispersion matrix, mean square error matrix and bias vector of /?1- respectively, j = 1, 2.

Lemma A2: (Wang et al., 2006)
Letn X nmatricesM > 0,N = 0,thenM > N ifandonlyifA, < 1,where A, is the largest eigenvalue
of the matrix NM 1.

Lemma A3: (Baksalary and Kala, 1983)
Let B> 0 of type n X n matrix, b is a n X 1 vector and A is a positive real number. Then the following
conditions are equivalent.

i. AB—bb'=0

ii. B>0, beR(B) andb'B~1b < A, where R(B) stands for column space of B and B~! is a
independent choice of g-inverse of B.

Appendix B: Tables



Table B1. Bias vector, Dispersion matrix and MSEM of the estimators

Estimators (¥ ;)

Bias(7()), D(?) and MSEM (7))

YMRE

Bias(¥ure) = TA
D()?MRE) =0T

MSEM (Pyre) = o2t + (TA)(74)’

YsrrRE

Bias(Psgrp) = (1 + k)1 (tA — ky)
D(Psgre) = (1 + k)20t

MSEM (Jsrre) = (1 + k) (0?7 + (TA — ky)(rA — ky)")

VSRAURE

Bias(Pspayre) = (1 + k)72 ((1 + 2k)TA — kzy)
D (Pspavre) = (1 + k)7 (1 + 2k)?0?T

MSEM (Pspavrs) = (1 + k) ~((1 + 2k)20%T + ((1 + 2Kk)zd — k2y)((1 +
2k)TA — kzy)’)

VSRLE

Bias(Pspie) = 27H((1 + d)TA — (1 — d)y)
D(Pspie) = 272(1 + d)%o?t

MSEM (PepL5) = 2-2((1 +d)20%t+ (1 + d)rd — (1 — d)y)(( + d)7A -
1 -ay))

VYsrRAULE

Bias(Pspavre) = 272(1 + d)(3 = d)tA — (1 — d)?*y)
D (Pspavie) = 27*(1 + d)*(3 — d)?o?t

MSEM (Pspauis) = 274((1 + d)*(3 — d)?0?z + (1 + d)(3 — d)7A —
(1= )%)((1 + d)(3 - d)yzd — (1 - d)?y)')

Ysrpcr

Bias(Jsgpcr) = (TpTp — Dy + TpTpTA

D (Psgpcr) = 0* Ty TRty Ty

MSEM (Psgpcr) = 02 Th Tt Ty Ty + ((Tw Ty — Dy + Ty TtA) (T, T, — Dy +
T, Ti7A)’

Vsrrk

Bias(Psgri) = (1 + k)71 (T, Ty — (1 + k)Dy + T, T 7A)
D(Pspri) = (1 + k) 20T, Tyt T, T,
MSEM (Pspre) = (1 + k)—z(azThT,;rT,;Th + (T T — A+ k)Dy +

Ty ThtA)((Ty Ty — (1 + KDy + ThT,;rA)’)

Vsrra

Bias(Pspra) = 2711 + )((T,, Ty, — 2(1 + ) Dy + T, TitA)
D(Pspra) = 272(1 + d)* 0T, TytT Ty,
MSEM (Jsprq) = 272(1 + d)z(azThT,;rT,;Th + (T, T -2+ D) Dy +

T, TitA)((Ty Ty — 2(1 + d) "Dy + ThT,;rA)')




Table B2. Estimated SMSE values of the estimators

k/d 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
(I,p)=(40)

SMSE (Puri) 0119 0119 0119 0119 0119 0119 0.119 0119 0.119
SMSE (Pspre) 0545 1.672 3174 4860 6.621 8388 10.124 11.805 13.420
SMSE (Jspavre) 0116 0142 0246 0456 0777 1206 1.729 2.333  3.002
SMSE (PspLr) 12104 9550 7.302 5359 3722 2390 1364 0.644 0.229
SMSE (Jspavie) 2450 1545 0930 0536 0304 0182 0.131 0117 0.117
SMSE(Psgpcr) ~ 3.336  3.336 3.336 3.336 3.336 3336 3.336 3.336 3.336
SMSE (9,1) 3695 4731 6131 7.713 9.369 11.035 12.674 14.263 15.791
SMSE (9,4) 14546 12132 10011 8182 6.644 5399 4.445 3784 3.414
Lp)=@G 1)

SMSE (Puri) 2974 2974 2974 2974 2974 2974 2974 2974 2974
SMSE (Psrri) 1171 0395 0255 0511 1.014 1.668 2411 3.202 4.014
SMSE (Pspavre) ~ 2.771 2.323 1803 1.312 0900 0588 0379 0269 0.248
SMSE (Pspur) 3349 2156 1251 0634 0305 0263 0509 1043 1.865
SMSE(Pspavs) 0259 0437 0767 1185 1.633 2064 2440 2730 2912
SMSE (Jsgper) 13712 13712 13.712 13712 13.712 13712 13.712 13.712 13712
SMSE (P10) 13273 13276 13.541 13.959 14.464 15015 15586 16.159 16.725
SMSE (9,4) 16.263 15395 14.673 14.097 13.667 13.384 13.247 13.256 13.411
(p)=Q22)

SMSE (Puri) 8499 8499 8499 8499 8499 8499 8499 8499  8.499
SMSE (Fspri) 4873 2617 1251 0477 0102 0001 0085 0.297 0.598
SMSE (Pepapre) 8128  7.285 6253 5197 4.203 3314 2544 1897 1.365
SMSE (Pspir) 0347 0040 0036 0336 0938 1844 3053 4565 6.381
SMSE(Pepape) ~ 1792 2787 3.847 4904 5898 6780 7.508 8.051 8.386
SMSE (Fspcr) 12232 12.232 12.232 12232 12232 12232 12232 12232 12.232
SMSE (1) 12916 13542 14.111 14.627 15095 15521 15910 16.265 16.591
SMSE (9,4) 16.326 15784 15264 14.765 14.288 13.834 13.400 12.989 12.599




Table B3. Estimated SMSE values of the predictors

k/d 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
(Lp)=(40)

SMSE Durz) 7954.9 79549 7954.9 79549 79549 7954.9 79549 7954.9 7954.9
SMSE (§sgri) 6460.6 5334.0 44649 37815 32350 27919 24280 21258 18725
SMSE (Dspavre) 78127 74818 7060.7 66060 6149.6 5709.1 5293.2 49059 4548.1
SMSE (§spuz) 20765 25417 3053.8 3613.0 42193 48724 55726 6319.7 71138
SMSE (Dspaus)  4838.6 54288 5977.7 64748 69109 72783 7570.6 7783.0 7911.8
SMSE (§sgpcr) ~ 7954.8 7954.8 79548 7954.8 79548 79548 7954.8 7954.8 7954.8
SMSE (§sgric) 6460.5 53339 4464.8 37814 32351 2790.0 2428.1 21259 1872.6
SMSE (§spra) 20766 25418 30539 3613.1 42192 48723 55725 6319.6 7113.7
(Lp)=G1)

SMSE Duri) 3496.8 34968 3496.8 3496.8 3496.8 3496.8 3496.8 3496.8 3496.8
SMSE (§sgri) 2966.2 25574 22351 19762 17647 15894 14424 1317.7 1210.9
SMSE (Dspavre) 34467 33300 3180.7 3018.3 2854.2 26945 25424 23995 2266.3
SMSE (§spLe) 1297.0 1488.7 16935 19115 21427 2387.1 2644.7 29155 31995
SMSE (Dspave) 23746 25921 2792.0 29713 3127.3 32579 33614 3436.3 34816
SMSE (§sgpcr) ~ 5417.8 5417.8 5417.8 5417.8 54178 54178 5417.8 5417.8 5417.8
SMSE Dsrric) 45725 39228 34120 30024 2668.7 2392.8 21618 19664 1799.3
SMSE (§sra) 19341 22344 25565 29002 3265.6 3652.7 40615 44919 4944.0
(Lp)=(22)

SMSE ($yre) 48645 48645 48645 48645 48645 48645 48645 48645 4864.5
SMSE (§sgri) 41103 35303 3073.9 27079 24095 21626 19559 1780.8 1631.1
SMSE (§spavre) 47933 4627.3 44150 41843 39513 37247 3509.1 3306.6 3118.0
SMSE (Dspre) 17519 20209 2309.1 26165 29432 3289.0 3654.1 4038.3 44418
SMSE (§spavre) 32713 35795 3863.0 4117.5 4339.1 45248 46719 47784 48429
SMSE Dsppcr) 847.0 847.0 8470 847.0 847.0 847.0 847.0 8470 847.0
SMSE (§sgric) 7378 6526 5846 5293 4836 4453 4128 3850 360.9
SMSE (§sra) 3803 4231 4681 5154 5650 6168 6709 727.3 786.0




Table B4. Estimated SMSE values of the estimators when n = 50 and p = 0.9

k/d 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

(L,p)=(@3,0)

SMSE (Purz) 573 573 573 573 573 573 573 573 573
SMSE (Pspri) 738 1201 1823 2525  32.60  39.98 4723 5427 6103
SMSE (Pspaure) 570 578  6.18 701 832 1008 1224 1474 1752
SMSE (Pspur) 5552 4484 3544 2733 2051 1498  10.74 778 6.11
SMSE (Jspay) 1523 1148  8.95 734 6.40 593 574 570 571
SMSE (Jsgpcr) 16501 16501 165.01 165.01 16501 165.01 16501 16501 165.01
SMSE (Pspric) 165.18 166.59 168.68 171.13 173.74 176.40 179.04 181.60 184.08
SMSE (Pspra) 182.06 178.16 17476 171.87 169.47 167.58 166.18 16529 164.90

Lp)=@& 1)
SMSE (Purz) 31497 31497 31.497 31.497 31497 31497 31497 31497 31.497
SMSE (Psprz) 17.883 9773 5207 2969 2280 2.631 3679 5192  7.009
SMSE (Jspayre)  30.085 26.888 23.008 10.078 15433 12229 9522  7.312 5568
SMSE (Pspur) 5503  3.268 2314 2640 4248 7136 11305 16.755 23.486
SMSE (Pspayrs) ~ 6.961 10.369 14.144 17.998 21.683 24.985 27.733 29.792  31.066
SMSE (Psppcr) 44136 44136 44136 44136  44.136 44.136 44.136 44.136  44.136
SMSE (Pspric) 37.801 34469 33.032 32809 33.368 34.431 35814 37.393 39.085
SMSE (Pspra) 37.694 35326 33729 32903 32.848 33563 35050 37.308 40.336
(Lp)=(Q22)

SMSE (Pyrg) 61.869 61.869 61.869 61.869 61.869 61.869 61.869 61.869 61.869
SMSE (Psprr) 41520 27.719 18282 11.828  7.455 4559 2724 1661  1.161
SMSE (Pspavrs)  59.848 55213  49.447 43.407 37.559 32.139 27.250 22.918 19.130
SMSE (PspLr) 1533 3238 6192 10.397 15.851 22555 30.509 39.712  50.166
SMSE (Pspavre) 22190 28.818 35416 41.703 47.435 52406 56.448 59.428 61.254
SMSE (sgpcr) ~ 38.090 38.090 38.090 38.090 38.090 38.090 38.090 38.090 38.090
SMSE (Psprc) 34.346 32175 31.013 30508 30.438 30.657 31.066 31.601 32.216
SMSE (Psgra) 31708 30.913 30.494 30.451 30.784 31.493 32579 34.040 35.877




Table B5. Estimated SMSE values of the estimators when n = 50 and p = 0.99

k/d 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
(Lp)=(0)
SMSE (Purg) 589  5.89 580 589 589 580 589 589 589
SMSE (Pspri) 738 1193 1843 2516 3254 39.97 4729 5438 61.21
SMSE (§spavre) 584  5.88 623 7.02 829 1002 1216 1465 17.42
SMSE (Pspur) 55.65 4487 3541 27.25 2041 14.88 1067 776  6.17
SMSE (Pspaver) 1513 1141 891 734 644 601 58 584 587
SMSE (Jspper) 19579 19579 19579 19579 19579 19579 19579 19579 195.79
SMSE (spee) 19566 196.47 197.82 199.45 201.22 203.04 204.85 206.63 208.36
SMSE (sprq) ~ 206.95 20425 201.91 199.94 19834 197.10 196.22 19571 195.57
(Lp)=11)
SMSE(Pyre) 19939 10939 10939 19.939 19.939 19.939 19.939 19.939 19.939
SMSE (Jsgrz) 10064 5145 3333 3494 4914 7.431 9.844 12850 16.014
SMSE (Pspavre) 18.862 16462 13629 10873 8458 6.497 5017 4.004 3.417
SMSE (Jsps) 13416 8899 5691 3795 3.209 3.934 5969 9315 13.972
SMSE (Pspavre)  3.866 5457  7.647 10.142 12.685 15060 17.091 18.640 19.609
SMSE (Psppcr)  47.194 47194 47194 47.194 47.194 47.194 47.194 47.194 47.194
SMSE (Pspe) 42791 41218 41373 42592 44459 46.710 49.175 51.742 54.339
SMSE (sprq) 52213 48337 45290 43.073 41.686 41.128 41.400 42502 44.433
(p)=G2)
SMSE(Purs)  49.955 49955 49955 49.955 49.955 49.955 49.955 49.955 49.955
SMSE (§sprz) 31645 19652 11.823 6.804 3.718 1.979 1190 1076 1.443
SMSE (spavre) 48.113 43906 38710 33.317 28.157 23.440 19.254 15617 12.509
SMSE (PspLr) 1112 1367 2914 5755 9.889 15316 22.036 30.049 39.355
SMSE (spavrr) 15.014 20589 26.283 31.807 36.908 41.372 45025 47.731 49.394
SMSE (Psppcr) 44297 44297 44297 44297 44297 44297 44.297 44297 44.297
SMSE (spee) 40730 38.850 38.034 37.900 38.206 38.796 39.565 40.445 41.389
SMSE (Jspra) ~ 40.613 39293 38.406 37.951 37.928 38.337 39.179 40.452 42.158




Table B6. Estimated SMSE values of the estimators when n = 50 and p = 0.999
k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(Lp) =G0

SMSE (Pyre) 2.39 2.39 2.39 2.39 2.39 2.39 2.39 2.39 2.39
SMSE (VsgrrE) 452 946 1590 23.06 3049 37.93 4521 5226 59.02
SMSE (Yspavre) 241 2.60 3.13 411 5.55 7.44 9.71 1230 15.16
SMSE (¥sriE) 5351 4281 3336 2517 1823 1255 8.13 4.96 3.05
SMSE (Jspavie)  12.80 8.91 6.23 4.47 341 2.81 2.53 242 2.40
SMSE (¥sppcr)  196.31  196.31 196.31 196.31 196.31 196.31 196.31 196.31 196.31
SMSE (Psrric) 196.66 197.70 199.12 200.72 202.39 204.08 205.74 207.35 208.90
SMSE (¥sgra) 207.64 205.19 203.05 201.19 199.64 198.38 197.41 196.75 196.38

Lp) =41
SMSE (Pyre) 13.160 13.160 13.160 13.160 13.160 13.160 13.160 13.160 13.160
SMSE (Vsgre) 5343 2031 1501 2.706 4988 7.929 11255 14.786 18.405
SMSE (Jspavre) 12.276 10.327 8.073 5949 4176 2841 1962 1516 1.461
SMSE (Vspie) 15440 10.116 6.059 3.270 1749 1496 2510 4.792 8.342
SMSE (¥spaure) 1478 2206 3.608 5401 7336 9.204 10.835 12.095 12.889
SMSE (Vsgpcr)  45.790 45790 45.790 45.790 45.790 45.790 45.790 45.790 45.790
SMSE (Psrric) 42,368 41.593 42412 44190 46.535 49.198 52.022 54906 57.784
SMSE (Vsgra) 55.431 51.070 47532 44.815 42922 41.850 41.602 42.175 43.571
Lp)=G.2)

SMSE (YmrEe) 42748 42748 42.748 42.748 42.748 42748 42.748 42.748 42.748
SMSE (Ysrre) 26.110 15416 8.618 4435 2035 0870 0566 0.866 1.589
SMSE (Vspaure) 41.064 37.224 32498 27.618 22.976 18.767 15.066 11.885 9.204
SMSE (¥spie) 0971 0590 1465 3595 6.982 11.624 17.521 24.675 33.084
SMSE (Yspavrp) 11.362 16.241 21.300 26.256 30.864 34.916 38.244 40.715 42.235
SMSE (Jsppcr)  44.641 44641 44641 44.641 44.641 44641 44641 44641 44.641
SMSE (Vsgric) 41.468 39.910 39.365 39.461 39.965 40.726 41.646 42.659 43.722
SMSE (¥spra) 42,850 41.326 40.233 39.571 39.339 39.538 40.168 41.229 42.720




Table B7. Estimated SMSE values of the predictors when n = 50 and p = 0.9

k/d 01 02 03 04 05 06 07 08 09
(Lp)=(50)
SMSE(wre) 26713 26713 26713 26713 26713 26713 26713 26713 26713
SMSE (§sprs) 22354 19021 16413 14333 12646 11258 10101 9127 8298
SMSE (Dspavre) 26300 25340 24112 22781 21439 20136 18900 17741 16665
SMSE (§sgir) 8966 10464 12081 13816 15669 17641 19731 21940 24267
SMSE (Dspavr) 17540 19304 20931 22396 23674 24747 25598 26214 26588
SMSE (§sppcr) 26257 26257 26257 26257 26257 26257 26257 26257 26257
SMSE (§sprx) 21978 18705 16144 14101 12444 11080 9944 8987 8172
SMSE (§spra) 8829 10301 11889 13593 15413 17350 19402 21571 23856
(Lp)=(41)
SMSE($wre) 16251 16251 16251 16251 16251 16251 16251 16251 16251
SMSE (§sprg) 13669 11690 10139 8898 7891 7060 6366 5781 5282
SMSE (Dspavre) 16007 15438 14711 13922 13126 12352 11618 10929 10288
SMSE (§spr) 5684 6584 7553 8590 9695 10869 12112 13423 14803
SMSE (Dspaps) 10809 11858 12824 13693 14451 15087 15591 15956 16177
SMSE (§sppcr) ~ 8636 8636 8636 8636 8636 8636 8636 8636 8636
SMSE Dspric) 7314 6299 5502 4863 4342 3912 3552 3248 2988
SMSE (Jsrra) 3198 3666 4167 4703 5273 5877 6516 7188 7895
(Lp) =@ 2)
SMSE(§yre) 14936 14936 14936 14936 14936 14936 14936 14936 14936
SMSE (Depre) 12511 10657 9207 8051 7114 6344 5702 5161 4702
SMSE (§spavre) 14707 14172 13489 12748 12002 11277 10590 9945 9347
SMSE Dspir) 5072 5903 6800 7764 8794 9890 11052 12280 13575
SMSE (§spavre) 9833 10814 11719 12534 13245 13842 14316 14659 14867
SMSE (Dsppcr) 5972 5972 5972 5972 5972 5972 5972 5972 5972
SMSE Pspri) 5054 4350 3799 3358 3000 2705 2458 2250 2073
SMSE Dspra) 2216 2536 2880 3248 3641 4059 4500 4966 5457




Table B8. Estimated SMSE values of the predictors when n = 50 and p = 0.99

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(Lp) =(50)

SMSE(9mgs) 20010 20010 20010 20010 20010 20010 20010 20010 20010
SMSE (§srre) 16798 14337 12410 10871 9620 8591 7731 7007 6390
SMSE (§spavre) 19707 18999 18094 17112 16122 15161 14248 13392 12596
SMSE (§srie) 6887 8001 9201 10487 11859 13318 14862 16492 18208
SMSE (§spavre) 13243 14546 15748 16828 17771 18562 19189 19643 19918
SMSE (§srpcr) 19969 19969 10969 19969 19969 19969 19969 19969 19969
SMSE (§srre) 16763 14309 12386 10849 9602 8574 7717 6994 6378
SMSE (§sgra) 6875 7986 9184 10467 11836 13291 14832 16458 18171

Lp)=G1

SMSE(9pe) 17211 17211 17211 17211 17211 17211 17211 17211 17211
SMSE(9sprs) 14481 12380 10748 9436 8369 7490 6756 6135 5607
SMSE (§spavre) 16953 16351 15583 14749 13907 13089 12313 11584 10906
SMSE (Pspir) 6033 6986 8012 9109 10279 11521 12835 14221 15680
SMSE (§spavre) 11457 12566 13589 14507 15308 15980 16513 16899 17132
SMSE (9sppcr) 10589 10589 10589 10589 10589 10589 10589 10589 10589
SMSE (§src) 8960 7709 6725 5937 5295 4765 4321 3946 3625
SMSE (Fsrra) 3884 4461 5080 5741 6444 7189 7976 8805 9676

Lp)=@G2)

SMSE(9mrg) 15859 15850 15859 15859 15859 15859 15859 15859 15859
SMSE(9srge) 13285 11318 9779 8552 7556 6738 6056 5482 4994
SMSE (Dspayre) 15615 15048 14323 13537 12745 11976 11246 10562 9927
SMSE (Pspre) 5388 6270 7223 8246 9340 10503 11737 13040 14414
SMSE (Dspaprs) 10443 11484 12445 13310 14064 14698 15200 15564 15785
SMSE (§srpcr) 7664 7664 7664 7664 7664 7664 7664 7664 7664
SMSE Dspri) 6471 5557 4840 4267 3802 3418 3098 2828 2597
SMSE Dspra) 2783 3198 3646 4124 4635 5177 5751 6357 6995




Table B9. Estimated SMSE values of the predictors when n = 50 and p = 0.999

k/d 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(Lp) = (5.0

SMSE (yre) 16692 16692 16692 16692 16692 16692 16692 16692 16692
SMSE (§sprs) 14034 11998 10401 9125 8088 7234 6520 5918 5405
SMSE (Jspavre) 16441 15855 15107 14295 13475 12679 11923 11214 10555
SMSE (§sgir) 5819 6744 7741 8807 9945 11153 12432 13781 15201
SMSE (Jspapr) 11091 12170 13165 14060 14840 15494 16013 16388 16616
SMSE (§sppcr) 16689 16689 16689 16689 16689 16689 16689 16689 16689
SMSE (§sgr) 14031 11995 10399 9123 8087 7232 6519 5917 5404
SMSE (§spra) 5818 6743 7739 8805 9943 11151 12429 13778 15198

Lp)=&1

SMSE(Dure) 16427 16427 16427 16427 16427 16427 16427 16427 16427
SMSE (§sprg) 13834 11845 10284 9036 8021 7184 6484 5893 5389
SMSE (Dspavre) 16182 15610 14880 14088 13288 12511 11772 11080 10435
SMSE (§spr) 5795 6704 7680 8725 9838 11019 12269 13587 14973
SMSE (§spayrs) 10959 12014 12985 13858 14620 15258 15764 16130 16352
SMSE (§sppcr) 10765 10765 10765 10765 10765 10765 10765 10765 10765
SMSE Dspric) 9110 7839 6840 6039 5387 4848 4396 4015 3689
SMSE (§spra) 3952 4538 5168 5840 6554 7311 8111 8953 9837

Lp)=@G2)

SMSE(Jyre) 15149 15149 15149 15149 15149 15149 15149 15149 15149
SMSE (Jsrre) 12696 10820 9352 8182 7233 6452 5801 5253 4787
SMSE (Dspavre) 14917 14376 13685 12936 12181 11447 10752 10100 9494
SMSE Dspir) 5163 6006 6915 7891 8934 10043 11219 12463 13772
SMSE (Pspapre) 9986 10979 11895 12719 13439 14042 14521 14868 15079
SMSE (Jsppcr) 7736 7736 7736 7736 7736 7736 7736 7736 7736
SMSE Pspri) 6527 5600 4874 4294 3823 3435 3111 2838 2605
SMSE Dspra) 2793 3213 3665 4150 4667 5216 5798 6412 7058
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Appendix C: Corollaries

Corollary C1:
a) Vsrrp IS superior to ¥y re in MSEM sense when the regression model is misspecified due to excluding
relevant variables if and only if
TA—ky)' (k2 +Ek)d*t+ 1+ k)?@AEA) (tA—ky) <1

Proof: Consider D; jy = D(Pmre ) — D (Psrre) = 0°T — (1 4+ k) 20?1
=((1+k)?-1)A+k) %%t
=k(2+k)1+k)%0%t

Since k > 0 and = > 0, hence D(; j, > 0. This completes the proof.

b) If A > 0, Ysgrg IS sSuperior to Yy s iN MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(A) and9'A716 <1, where A =X,(k(2 +
DA+ 202t + (TAGA — A+ k) 2@A—ky)tA—ky) + k2(1 + k) 2(y + tA)(y +
TA)N)X. + 868", R(A) stands for column space of A and A~1 is an independent choice of g-inverse of A
and 8 =68 + k(1 + k) X, (y + 14).

Corollary C2:
a) Vsraugrg IS superior to ¥ zr in MSEM sense when the regression model is misspecified due to excluding
relevant variables if and only if

(1 + 2k)TA — k2y) (k2 (k? + 4k + 2)a%T + (1 + k)*(zA) (TA)) ™ ((1 + 2k)TAd — k?y) < 1

Proof: Consider D; jy = D(Pyre ) — D (Fsravre) = 0°T — (1 + k)™*(1 + 2k)?0?t
=((1+K*— 1 +2))A+ k) *o%t
=k?(k* + 4k + 2)(1 + k) %021

Since k > 0 and 7 > 0, hence D; j > 0. This completes the proof.

b) If A= 0, Ysrayrg IS superior to yyrr in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and 8’4716 < 1, where 4 = X, (kz(k2 + 4k +
2)(1+ k) 0%t + (TA)(TA) — (1 + k)™ ((1 + 2k)TA — k2y)((1 + 2k)TA — k2y) + k*(1 +
D™y +tA){y + TA)’)X; + 88', R(A) stands for column space of A and A~! is an independent
choice of g-inverse of Aand 8 = § + k?(1 + k) 72X, (y + tA).

Corollary C3:

a) VYsrLp IS superior to 7y rp in MSEM sense when the regression model is misspecified due to excluding
relevant variables if and only if

(A+d)ytdA- (1 - d)y)'((3 +d)(1 - d)o?t+22(A)(A) ) (1 +d)tA—- (1 —d)y) <1

=(@d-1+d)?*2%%t
=223+ d)(1 - d)o*t

Since 0 <d < 1landt > 0,henceD; > 0. This completes the proof.
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b)

If A >0, Ysppp 1S Superior to ¥z in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 8 € R(4) and 9’A~10 < 1,where A = X, (2‘2(3 +d)(1 -
d)o?t+ TA)EA) - 272(1+d)tA—- 1 —-d)y)(A+ DA — (1 — d)y)' +272(1—-ad)*(y +
tA)(y + TA)’)X; + 68’, R(A) stands for column space of 4 and A~ is an independent choice of g-
inverseof Aand 8 = § + 271(1 — d) X.(y + tA).

Corollary C4:

a)

VsravLg 1S SUperior to ¥,z iN MSEM sense when the regression model is misspecified due to excluding

relevant variables if and only if

(A+dB-d)tA- (1 - d)zy)'((7 +2d —d*)(1 - d)?o?%1 + 24(TA)(TA)')_1((1 +

ADB-dtA—-(1-d)?y) <1

Proof: Consider D; jy = D(Pmre ) — D Psravie) = 0°1 —27*(1 + d)*(3 — d)?0?t
=R*-1+d?*B-d)?»)2 %%t
=2"%(7+2d-d*)(1—-d)?*c?*t

Since 0 <d < landt >0, hence D ;) > 0. This completes the proof.

b) If A >0, YsrayLr 1S Superior to yyrg in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and 9'A~10 < 1,where 4 = X, (27*(7 + 2d —
dH)(1 - d)?c%t+ (A A - 27*(1+ DB -dDtA- 1 -dD*VN(1+dDB—-d)td— (1 —
d)?y) + 2741 - D)*(y + Ay + TA)NX] + 88', R(A) stands for column space of 4 and A~ is an
independent choice of g-inverse of Aand 8 = § + 272(1 — d)? X, (y + TA).

Corollary C5:

a) If A, <1, ¥srpcr 1S Superior to ¥y in MSEM sense when the regression model is misspecified due to

b)

excluding relevant variables if and only if
((TTy, = Dy + Ty TitA) (0%(t — Ty ThtThTy) + (TA)(TA) ) (T Th — Dy + TpThtd) < 1

where A, is the largest eigenvalue of T, T, tT, T, T .
Proof: Consider D; jy = D(Pmre ) — D (Psrpcr) = 0°T — 02Tp TptTy Ty

= 0%(t — Ty T}tT,Ty)
Since T > 0, according to Lemma A2 (see Appendix A) D ; > 0 if 1, <1, where 4, is the largest
eigenvalue of T, T, tT, Tt~ 1. This completes the proof.
If A >0, Ysrpcr IS sSuperior to ¥y rr IN MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(4) and9’'A™10 <1, where A =X, (az(r—
ThTheTiTy) + TA) (@A) — ((ThTy — Dy + TaThtA) (T Ty, — Dy + ThThtA) + (I — Th TR (v +
tA)(y +tA)'(I — ThT,’L)’)X; + 68’, R(A) stands for column space of A and A™! is an independent
choice of g-inverse of Aand 0 = § + X, (I — T, T) (y + TA).
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Corollary C6:

a)

b)

If A, <1, Ysprk IS Superior to 7y in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if

(L + k) 2((Ty Ty — (1 + k)Dy + Ty ThtA) (62(x — (1 + k) 2T, ThaThTy) + (TA) (TA)) (T, Ty —
1+ k)Dy+T,TjtA) <1
where A, is the largest eigenvalue of (1 + k)™ 2T, TtT, Tyt L.
Proof: Consider D; jy = D(Pmre ) — D Psrrr) = 02T — (1 4+ k)20 2T}, Ty 1Ty Ty
=0%(t — (1 + k) 2T, TytT,Ty,)
Since 7 > 0, according to Lemma A2 (see Appendix A) D ;) > 0 if A, <1, where A, is the largest
eigenvalue of (1 + k)™2T, T, 1T, Tyt~ 1. This completes the proof.

If A= 0, Yk IS Superior to ¥ rr in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(4) and9’A10 <1, where A =X, (JZ(T -
(14 k)T, TieTiTy) + (TA) @A) — (1 + k)2 ((ThTh — (1 + k)Dy + Ty TtA) (T T — (1 +
DY + ThThtA) + (1 + K)"2((1 + k) = T, T}) (v + tA) (v + A) ((1 + k)1 — ThT,;)')X; + 6868,

R(A) stands for column space of A and A~1 is an independent choice of g-inverse of A and 8 = § +
(14 K)™X.((A + K)I = T, Ty (y + TA).

Corollary C7:

a)

b)

If A, <1, Ysrra 1S SUperior to ¥y in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if

2721+ d)*((ThTh — 21+ ) 1Dy + ThT,;rA)'(az(r —272(1 + d)*T,THaT,Ty) +
(A A ) H((ThTh — 21+ d) 1Dy + T TirA) < 1
where A, is the largest eigenvalue of 272(1 + d)?T, Ty tT, Tyt L.
Proof: Consider D; jy = D(@mre ) — D(Fsgra) = 0°T — 272(1 + d)?0*Ty T tTh Ty
=0%(t—272(1 + d)*T,T4xT,Ty)
Since T > 0, according to Lemma A2 (see Appendix A) D ; > 0 if A, <1, where 4, is the largest
eigenvalue of 272(1 + d)2T, T, =T, Tt~ 1. This completes the proof.

If A= 0, Ysryq IS superior to Yy rg in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(4) and9'A710 < 1, where 4 = X, (JZ(T —
272(1 + d)?Ty TiaTyTy) + (TA) @A) — 2721 + )2 (T Th — 2(1 + &) Dy + T ThtA) ((Ty T, —
20+ d) Dy + ThT,;rA)' +2721+d)?*QA+d) U -T, Ty +tA)(y + 1A' (A + d)~ 1 —
ThT,’l)’)X; + 868', R(A) stands for column space of A and A~ is an independent choice of g-inverse
ofAand 8 =6 +271(1 + )X, 21 + d)~ — T, T})(y + TA).

Corollary C8:
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a)

b)

VsrrE 1 SUperior to Ysgaure iN MSEM sense when the regression model is misspecified due to excluding
relevant variables if and only if

N-1
(1 +K)?(A - ky) (k2 +3K)0%t + ((1+ 2k)7A — k2y) (1 + 2k)TA — k?y)") ~ (tA—ky) <
1

Proof: Consider

D,jy = D(Psravre ) — D(Fsgrre) = (1 + k)™*(1 + 2k)*c?*t — (1 + k) %0t
=((14+2)?-A+k)>HA+ k) *o?r
=k(2+3k)(1+ k) *c?t
Since k > 0 and = > 0, hence D(; j, > 0. This completes the proof.

If A >0, Ysgprg IS superior to Ysraure IN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and9’A™10 < 1, where A =X, (k(z +
3k)(1+k)"*o%t + (1 +k)™* (1 + 2k)7d — k2y)((1 + 2k)td — k?y) — (1 + k) 2(vA -

) (TA—ky) +k2(1+ k) *(y + 1A + rA)’) X, + 868", R(A) stands for column space of A and
A~1is an independent choice of g-inverse of Aand 8 = § + k(1 + k) 72X, (y + tA).

Corollary C9:

a)

b)

If k> (1 —d)(1+d)"Y, Jsrre is superior to ygg.z in MSEM sense when the regression model is
misspecified due to excluding relevant variables if and only if

22(1 + k)2 (A — ky)’ ((1 + )21+ d) +d +3)(k(1+d) +d — Do’ +
(A+d)tA— 1 -dy)(A+d)yTA-(1- d)y)’)_l (tA—ky) <1

PrOOf COﬂSider D(l,]) = D(),/\SRLE ) - D(),/\SRRE) = 2_2(1 + d)20'2‘[ - (1 + k)_ZO'ZT
=((1+k)?A+d)?*-22)2"2(1+ k) ?c%t
=221+ ?k(1+d)+d+3)(k(1+d) +d—1)o?1

Since k>0, 0<d<1andt>0. D; >0 if(k(1+d)+d—1) >0, which implies k > (1 —
d)(1 + d)~1. This complete the proof.

If A >0, Ysprg IS superior to yszr iN MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(A) and9’A~10 < 1, where A =X, (2‘2(1 +
K72k +d)+d+3)(k(1+d)+d— Dot +22(1+d)tA- 1 -d)y)(A+ DA — (1 -
Ay) = (1 +k)2(tA — ky) (@A —ky) +272(1+ k) 2(1 + k + d + kd)2(y + TA) (¥ +

rA)’) X! + 868, R(A) stands for column space of A and A~ is an independent choice of g-inverse of A
and @ =6+2"11+ k) ' +k+d+kd)X.(y + 14).

Corollary C10:

a)

Ifk>1—-d)?(1+d)"1(3—d)™1, Jsrre is superior to PsgayLr iIn MSEM sense when the regression
model is misspecified due to excluding relevant variables if and only if
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b)

2Y(1 + k)"2(tA — ky)' ((1 +k)2(7+2d-d*+ k(1 +dDB-d)k(1+d)B—d) —

1-d)He*t+ (1 +DB-dTA-(1-d)?y)(1+dDB—-d)TA— (1 — d)zy)')_l (tA —

ky) <1

Proof: Consider

D jy = D(Fsravre ) — D(Vsrre) = 27*1+ d)*B - d)*o*rt— (1 + k) %0%t

=((1+d)?*B-d)?*A+k)?>-22"*(1+ k) ?%0%1

=27*A+k)2(7+2d-d?*+ k(1 + DB -D))k(1+d)B—-d) — (1 —d)Ho?t

Since k>0, 0<d<1landz>0.Dgj >0 if (k(1+d)(3—d)—(1—d)?) >0, which implies

k> (1-d)?(1+d)"1(3—d). This completes the proof.

If A= 0, Ysppp IS SUPErior to Jspayr IN MSEM sense when the regression model is misspecified due to

excluding relevant variables if and only if 6 € R(4A) and6'A™10 <1, where A =X, (2‘4(1 +

K2(7+2d-d*+k(1+d)B-d))k(1+d)B-d) — (1 - d)H)o?r+27*(1+d)B -

ATA— (1 —d)?Y)((1+ B - d)TA — (1 —d)?y) — (1 +k)"2(TA — ky)(TA — ky)' +27*(1 +

K)™2((1+k)d(2—d) + 3k — 1)2()/ +1A)(y + TA)’)X; + 868', R(A) stands for column space of A

and A~ is an independent choice of g-inverse of Aand 8 = § + 272(1 + k)"*((1 + k)d(2 — d) + 3k —

1)X.(y + 74).

Corollary C11:

a)

If A, <1, Vsgrpcr 1S SUperior to ¥sgrg in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if

((Tw T — Dy + ThT,;rA)’(((1 + k)21t — Ty TiaTiTy)o? + (1 + k)" 2(rA — ky) (tA — ky)')‘l((ThT,;

b)

- Dy +TyThtA) <1
where A, is the largest eigenvalue of (1 + k)T, Ty T, Tt~

= ((1 + k)2t = T, TyT;Ty)o?

Since T > 0, according to Lemma A2 (see Appendix A) D ; > 0 if 1, <1, where 4, is the largest
eigenvalue of (1 + k)2T, T, T, Tt~ 1. This completes the proof.

If A> 0, Jsppcr 1S Superior to Ysprr IN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(A) and 9’4716 < 1, where A =X, (((1 +
k)2t — Ty TheTiT)o? + (1 + k) "2(tA — ky) (A — ky)' — (T Ty, — Dy + T TitA) ((Ty T, —

Dy + ThT,;rA)' +(1+k)2U-A+ T, TY +tADy +14)' I — (1 + k)ThT,’l)’>X,ﬁ + 56,

R(A) stands for column space of A and A~1 is an independent choice of g-inverse of A and 8 = & +
A+ )X, — (A + KT, T (y + tA).
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Corollary C12:

a)

b)

If A, <1, Psrri IS Superior to Psprr in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if

(T T}, — (1 + k)Dy + T ThtA) ((x = Ty ThtTiTy)o? + (TA — ky) (TA — ky)') " ((T, T, —
1+ k)Dy+T,TjtA) <1
where A, is the largest eigenvalue of T}, Ty, tT, T, 7 1.
Proof: Consider D; jy = D (Psrre ) — D (Fsrri) = (1 + k)20t — (1 4+ k)20 * Ty Ty Ty Ty
= (t — TR TytTiT) (1 + k) 202

Since T > 0, according to Lemma A2 (see Appendix A) D ;) > 0 if 1, <1, where 4, is the largest
eigenvalue of T, T, tT, T, 1. This completes the proof.
If A >0, Yspyk IS superior to Ysprrr in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(A) and9'4A716 <1, where A =X, ((r —
ThThtTET) (L + k) 202 + (L + k) 2(tA— ky) @A — ky)' — (L + K)2((Tw T, — A + k) Dy +
T ThtA)((TpTh — (1 + k)Dy + TpThtA) + (1 + k)21 = TpTo) (v + tA) (¥ + 74) (I —
ThT,’l)’)X; + 88’, R(A) stands for column space of A and A1 is an independent choice of g-inverse

ofAand 0 =6 + (1 + k)" X, (I — T, T}) (y + TA).

Corollary C13:

a)

b)

If A, <1, Ysrra IS SUperior to ysprr in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if

2721+ )*((ThTh — 21+ ) Dy + ThT,;rA)'(((1 + k)21 —272(1 4+ d)?T,ThtT,Ty)0? +
(14 k)2(tA - ky)(tA — ky)')’l((ThT,; 21+ ) Dy + TyTitA) < 1
where A, is the largest eigenvalue of 272(1 + d)?(1 + k)?T, Tyt Tyt~ L
Proof: Consider

D jy = D(Fsgre ) = DFsrra) = (1 + k)20t — 27%2(1 + d)?*0*T), Ty T, Ty,

=1+ k)2t —272(1 + )T, TyT;Ty)o?

Since T > 0, according to Lemma A2 (see Appendix A) D ; > 0 if 1, <1, where 4, is the largest
eigenvalue of 272(1 + d)2(1 + k)2T, T, tT, Tt~ 1. This completes the proof.
If A >0, Yspq IS superior to Ysgrg in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 8 € R(A) and 9’A10 < 1, where A = X, (((1 + k) %1 —
2721+ )Ty TiaTT)o? + (L + k) 2(tA — ky) @A — ky)' — 272(1 + &) ((T, T, — 2(1 +
)y + Ty ThtA)((ThTh — 2(1+ d) 1y + T,,T,;rA)' +272(1+k)2Q2I-1+k)(1+
AT, Ty + 1Ay +tA)'QI- 1+ k(A + d)ThT,’L)’) X, + 88', R(A) stands for column space of
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A and A~ is an independent choice of g-inverse of Aand 8 = § + 271 (1 + k)X, (21 — (1 + k)(1 +
d)T,Tp)(y + TA).

Corollary C14:
a) If d > (1+42k—k? 1+ k)2, Ysrayre i superior to Psg .z in MSEM sense when the regression
model is misspecified due to excluding relevant variables if and only if

22((1 + 2k)TA — k%)’ ((3 6k +k2+d(1+k)2)(k? =2k —1+d(1+k)?)ot +
(1 + (1 + d)td — (1 — d)y)((1 + d)ycd — (1 — d)y)'>_1 ((1+2K)TA— k) < 1

Proof: Consider
D jy = D(Psrre ) — DWsravre) = 272(1+ d)?0?t — (1 + k)™*(1 + 2k)%0%t
=((1+d)?*A+k)* =221 +2k)»)272(1 + k) *o?1
=@B+6k+k?+d1+k)*)(k*-2k—-1+d(1+k)*272(1 +k) *c?

Since k>0, 0<d<1andt>0. Dy >0 if (k* —2k —1+d(1+ k)?) > 0, which implies d >
(1+ 2k — k?)(1 + k)~2. This completes the proof.

b) If A = 0, Yspaure IS Superior to ysp.x in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(4) and 8’4710 < 1, where A = X, ((3 + 6k +
k24+d(1+k)2)(k?=2k—14+d(1+ k)220 +k) o2t + 22 (1 +dDtA- (1 - dy)((1 +
)T — (1 —d)y) — (L + k)™ (1 +2k)Td — k%) ((1 + 2k)TAd — k2y) + 2721 + k) ~*((1 +
dk? + 2k +1)(d — 1))2()/ +tA)(y + rA)’) X! + 868, R(A) stands for column space of A and A™1

is an independent choice of g-inverse of 4 and 6 =& + 271 (1 + k)72((1 + d)k? + 2k + 1)(d —
1))X.(y + TA).

Corollary C15:
a) If (1+d)3—d)>4(1+2k)(1+ k)2, Pspayrg IS SUperior to PsrayLe iN MSEM sense when the
regression model is misspecified due to excluding relevant variables if and only if

24((1 + 2k)TA - kzy)' (((1 +E)2A+d)B-d) +4(1+2k)(A+K)*A+ DB —d) —
41+2K)o*t+ 1+ (1 + DB -dA-1-D)*)(1+d)B-d)td— (1 -

d)zy)')_l (1+2K)TA— k%) <1

Proof: Consider
D,jy = D(Fsravre )~ D (Fsravre) = 27* 1+ d)*B - d)*o*t— (1 + k)™*(1 + 2k)?0?t
=((1+b*A+d)?*@B-d)?-2*(1+2k)>)27*(1 + k) %ot
=(A+)*A+DB-d)+4(1+2K))((1+k)*(L+dB—d) —4(1 + 2k))
2741 + k) 4ot
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Since k>0, 0<d<1andz>0. Dy >0 if ((1+k)2(1+d)(3—d)—4(1+2k)) >0, which
implies (1 + d)(3 — d) > 4(1 + 2k)(1 + k)~2. This completes the proof.

b) If A = 0, Jspayre 1S SUperior to Yepaue IN MSEM sense when the regression model is misspecified
due to excluding relevant variables if and only if 6 € R(A) and9'A™16 <1, where A =

X. (((1 +E)?A+d)B-d)+4(1+2k))((1+k)*(A+d)(3 —d) —4(1 +2k))27*(1 +
K02t +27*(1+ DB -dDtA— (1 -d?Y)(A+ DB —-d)rd— (1 - d)zy)' -1+

k)™ (14 2k)tA — k2?y)((1 + 2k)TA — kzy)' +27* A+ k)™ (k- DBk+ 1) +d2—-d)(1 +
k)z)z(y +1A)(y + rA)’)X,: + 88’, R(A) stands for column space of A and A~1 is an independent
choice of g-inverse of A and 6 =6 +272(1+ k) 2((k — 1)@k + 1) +d(2 — d)(1 + k)?)X.(y +
TA).

Corollary C16:
a) If A, <1, Vsrpcr IS superior to Ysgraure IN MSEM sense when the regression model is misspecified
due to excluding relevant variables if and only if

((TwT}, — Dy + ThT,;rA)' (((1 + k)41 + 2k)%T = Ty TheTaTr)o? + (1 + k)™ ((1 + 2k)TA —

, -1
k%y) (1 + 2K)TA — k?y) ) ((TwTj — Dy + Ty ThtA) < 1
where A, is the largest eigenvalue of (1 + k)*(1 + 2k) 2T, TptTx Tyt 1.

Proof: Consider
D jy = D@sravre ) — DWsrpcr) = (L + k)™*(1 + 2k)?0%t — 0*Ty Ty tTy Ty
= (1 +k)™*(1 + 2k)?*t — T, T/ tTy Ty 0>

Since T > 0, according to Lemma A2 (see Appendix A) D ; > 0 if A, <1, where 4, is the largest
eigenvalue of (1 + k)*(1 + 2k) 2T, T, tT, Tyt~ 1. This completes the proof.

b) If A > 0, Ysrpcr 1S SUperior to Ysr 4aure iIN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(A) and 8’4716 < 1, where A = X, (((1 +
k)™ (1 + 2k)2T — Ty ThtThTR)o® + (1 + k)™ ((1 + 2k)7A — k2y) ((1 + 2k)TA — k2y) -

((TTy, = Dy + TpThA) (TR Ty = Dy + TaTAtA) + (1 + k) ™*((1 + 2K)1 — (1 + k)2T, ) (v +
tA)(y +7tA) (1 + 2k — (1 + k)ZThT,’l)') X! + 88, R(A) stands for column space of A and A1 is

an independent choice of g-inverse of A and 6 = & + (1 + k) 72X.((1 + 2k)I — (1 + k)*T, T ) (y +
TA).

Corollary C17:
a) If A, <1, Vsprk IS SUperior to ¥sgaure iIn MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if
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b)

1+ K)2((Ty T, — 1+ KDy + ThT,;rA)' (((1 +2k)?t — (1 + k)?T,Th 1T, Ty)0? +

, -1
((1 + 2k)tA — k%y) (1 + 2k)TA — k?y) ) ((TwTi, — (L + KDy + T, Th7A) < 1
where A, is the largest eigenvalue of (1 + 2k)~2(1 + k)2T,TotT, Tyt L.
Proof: Consider
D jy = D(Psravre )= D Tspri) = (1 + k)~*(1 + 2k)?0%t — (1 4+ k) 20*Ty TptTy Ty
= ((1+2k)?>1— (1 + k)?T,TpT,Tp) (1 + k) 402
Since T > 0, according to Lemma A2 (see Appendix A) D(; ;) > 0 if A, < 1, where A, is the largest eigenvalue of
(1 + 2k)™2(1 + k)T, T xT;, Tt~ 1. This completes the proof.
If A >0, Ysprk IS SUperior to Yspaure iIn MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and 8’4716 < 1, where A = X, (((1 +
2k)* T — (1 + K)?TpThaTET) (L + k) ™% 0% + (1 + k)% ((1 + 2k)TA — k?y)((1 + 2k)TA —
k2y) = (1 + k)"2((T Ty, — (1 + k)Dy + Ty ThtA)((ThTy — (1 + k)Dy + TpThtA) + (1 +
K)™*((1+ 2K)] — (1 + k)T T) (v + tA) (v + 7A) (1 + 2k) — (1 + k)ThT,;)’) X +688',  RA)

stands for column space of A and A~! is an independent choice of g-inverse of A and 8 = 6§ +
(14 k)72X.((1 4 2K — (1 + k)T, Ty) (v + TA).

Corollary C18:

a)

b)

If A, <1, Vsrra IS SUperior to ¥sgrayre in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if

272(1 + d)?((TuTy, — 2(1 + d) "Dy + TpT;7A) (((1 )~ + 2k)2T — 272(1 +

' -1
ATy ThtTpTy)o? + (1 + k)™ ((1 + 2k)tA — k?y) (1 + 2k)TA — k?y) ) ((TyTh —
21+ d) 1Dy + T, ThtA) <1
where A, is the largest eigenvalue of 272(1 + d)2(1 + k)*(1 + 2k) 2T, TjtT; Tt~ L.
Proof: Consider
D jy = D(Psravre )~ D FTspri) = (1 + k)™*(1 + 2k)?02t — 272(1 + d)? 0Ty TytTx Ty,
= ((1+ k)™ + 2k)?1 — 272(1 + d)?T, T;tT,Ty) 0>
Since T > 0, according to Lemma A2 (see Appendix A) D(; ;, > 0 if A, < 1, where A, is the largest eigenvalue
of 272(1 + d)?(1 + k)*(1 + 2k) 2T, T, =T, Tt~ 1. This completes the proof.

IfA >0, Ysprq issuperior to Yspayre IN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(A) and 9’4716 < 1, where A = X, (((1 +
K)™*(1 + 2k)?t — 272(1 + d)° Ty TheTaTr)o? + (1 + k)™ ((1 + 2k)tA — k2y)((1 + 2k)TA —
k2y) = 272(1 + d)*((T,Th — 2(1 + )" Dy + Ty, TheA) ((TpTh — 2(1 + d) D)y + T, ThtA) +

2721+ k) RA+ 2RI — A+ k)?(1 + DT T (y + Ay + tA)' (A + 2k) — (1 + k)*(1 +
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d)ThT,;)’) X!+ 88, R(A) stands for column space of 4 and A™* is an independent choice of g-inverse

ofAand 8 =6 + 271 (1 + k) 72X, (2(1 + 2k)I — (1 + k)?(1 + )T, T;,) (y + TA).

Corollary C19:

a) VsrLr 1S SUperior to Yspayry in MSEM sense when the regression model is misspecified due to excluding
relevant variables if and only if

22(A+d)tdA— (1 - d)y)’ ((5 —d1-dA+d)?c*t+ (1+dB - d)TA -
(1-d2)((1+ DB - d)rAd— (1 - d)zy)’)_l (A+dyra-(1-dy)<1

PI’OOf Consider D(l,]) = D()//\SRAULE )_D()//\SRLE) = 2_4(1 + d)2(3 - d)ZO-ZT - 2_2(1 + d)ZO-ZT
=((3-d)?-2%)2"*(1 + d)?0?t
=G-dA-d)27*(1 +d)?0c?%t

Since 0 <d < 1landt > 0,henceD; > 0. This completes the proof.

b) IfA >0, Jsgpig iSsuperior to Yepaur iIN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and 8’A™10 < 1, where A = X, ((5 —-d)(1-
A2 1+ d) %ot + 271+ d)B —d)tA — (1 — d)*Y) (A + DB — d)TA — (1 — d)?y) —
272(1+ d)tA — (1= d)y) (A + d)TAd — (1 = d)y) + 2741 + d)2(1 — d)2(y + TA) (¥ +
rA)’)X; + 88’, R(A) stands for column space of A and A~1 is an independent choice of g-inverse of A
and 8 =6 +272(1+ d)(1 — ) X.(y + tA).

Corollary C20:

a) If A, <1, Vsrpcr IS superior to sg.z in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if

((TwTh — Dy + ThT,;rA)’ ((2-2(1 +d)*t = TpThtTiT)o? + 272 (L + d)tA — (1 -
-1
Dy)((1+ d)rd — (1 - d)y) ) ((TuTp — Dy + TyTieA) < 1
where A, is the largest eigenvalue of 22(1 + d) 2T, Ty tT, Tyt L.

= Q721+ d)?*t — T, T)1T;Ty)o?
Since T > 0, according to Lemma A2 (see Appendix A) D(; ;, > 0 if 1, < 1, where A, is the largest eigenvalue
of 22(1 + d) 2T, Ty xT, Tyt~ 1. This completes the proof.
b) If A >0, Vsrpcr IS superior to Ysg.z in MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(4) and 8'A~10 < 1, where 4 = X, ((2‘2(1 +
d)?T — Ty TheThT)o? + 272((1 + d)tA — (1 — d)y)((1 + d)tAd — (1 — d)y) = (TpTs, = Dy +
TwThtA) (TR Th — Dy + ThT,;rA)' +272(A+ ) = 2T, T) (¥ + TA) (¥ + 7A)' (1 + A)I —
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2ThT,;)') X!+ 68’, R(A) stands for column space of A and A~ is an independent choice of g-inverse
of Aand 6 = & + 272X, ((1 + d)I — 2T, T;) (y + TA).

Corollary C21:
a) If A, <1, Psprk IS Superior to ysg.r in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if

1+ k) 2((ToTh — A+ K)Dy + ThT,;rA)' ((2—2(1 +d)?t— (1 + k) 2T, T)tT,Ty)o? +

, -1
272(A+dtA-A-dy)(A+d)tA— (1 —-d)y) ) ((TwTh, — A+ K)Dy + TpThtA) < 1
where A, is the largest eigenvalue of 22(1 + d)™2(1 + k) 2T, Ty T, Tyt L.
Proof: Consider D; jy = D (Psge )~ D (Psgrie) = 272(1 + d) 0%t — (1 4+ k) 20T}, Ty Ty Ty
=Q72A+d)?*t— (1 + k) 2T, Ty1T;Ty)o?
Since T > 0, according to Lemma A2 (see Appendix A) D; jy > 0 if 1, < 1, where 4, is the largest
eigenvalue of 22(1 + d)™2(1 + k) 2T, T =T, Tyt~ . This completes the proof.

b) If A > 0, Ysgryi 1S Superior to Ysp; z in MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 8 € R(A) and 8’4716 < 1, where A = X, ((2‘2(1 +
d)?t — (1 + k) 2TpTitTiT)o? + 272 (1 + d)tA— (1 —d)y) (A + d)td— (1 — d)y)’ -1+
k) 2((Ty Ty, — (1 + KDy + Ty ThtA) (T Ty, — (1 + k)Dy + T ThtA) +272(1 + k)"2((1 +
YA+ - 2T,T)(y + Ay +tA)'(L+ kA + ) — 2ThT,;)’)X; +88', R(A) stands for

column space of A and A~! is an independent choice of g-inverse ofA and 6 =6+
271+ k)X, (1 + k(1 + d)I = 2T, T;) (y + tA).

Corollary C22:
a) If A, <1, Vsgrq iSSuperior to ysg.r iIN MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if

((TwTh -2+ ) Dy + ThT,;rA)' ((r — ThThtTiTh)o? + (1 + d)~2((1 + d)7A —

-1
1-ady) (A +drA-(1-dy) ) ((ThTh — 21+ ) Dy + TpTitA) < 1
where A, is the largest eigenvalue of T, T, tT, T, T~ 1.
Proof: Consider D; jy = D (Psrie )- D Psrra) = 272(1 + d)?0t — 272(1 + d)?0*T, Ty 1Ty T,
= (t — TpThtTiTR)27%(1 + d)?0?
Since T > 0, according to Lemma A2 (see Appendix A) D(; ;) > 0 if 1, < 1, where A, is the largest eigenvalue
of T, Ty T, Tt~ 1. This completes the proof.

b) IfA >0, Vsrrq iSsuperior to Ysg;z in MSEM sense when the regression model is misspecified due to

excluding relevant variables if and only if 6 € R(A) and9’4A716 <1, where A =X, ((‘L’—
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ThThtTET)2 2 (1 + d)?0? +272(1+ D)tA— (1 - d)y) (L + DA — (1 - d)y)' —-272(1+

A ((ThTh — 21+ )1y + Ty TieA) (T T — 2L+ d) Dy + ThT,;rA)' +272(1+ d)*(I -
ThTr)(y + tA)(y + 1A)' (I — ThT,;)’>X; + 68, R(A) stands for column space of 4 and A~ is an
independent choice of g-inverse of Aand 8 = § + 271(1 + &)X, (I — T, T}) (y + tA).

Corollary C23:
a) If A, <1, Vsrpcr IS superior t0 Yspayrr IN MSEM sense when the regression model is misspecified
due to excluding relevant variables if and only if

((TwTh — Dy + ThT,;TA)' ((2-4(1 +d)2(3 — d)*t — TpTHtTiTr)o? + 274 (1 + d)(3 — d)TA —

1-D*) (A +dDB-d)td—(1 - d)zy)’)_l ((TyT — Dy + TpThtA) < 1
where 4, is the largest eigenvalue of 2*(1 + d)™2(3 — d) 2T, TptT, Tt~ L.
Proof: Consider
D(jy = DWsriave )= D @Psrpcr) = 274 (1 + d)*(3 — d)?0 %1 — 0Ty ThtTx Ty
= Q™A +d)*(B —d)?1 — T, T;tT,Ty)0?
Since 7 > 0, according to Lemma A2 (see Appendix A) D ;) > 0 if A4, <1, where A, is the largest
eigenvalue of 2*(1 + d)~2(3 — d) 2T, T,tT;, T, L. This completes the proof.

b) IfA >0, Jsrpcr IS SUperior to Ysgaur IN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(A) and9’'A~16 < 1, where A = X, ((2‘4(1 +
d)?*B - d)?t —TpThtTaTh)o* + 274 (1 + B -d)tA— (1 - D* V(A + B -dTtd— (1 -
d)2y) = (Ty T}, = Dy + TpThtA) ((ThTh — Dy + T ThtA) +274((1 + d)(3 — d)I — 22T, T}) (y +
Ay +7tA)' (L + DB - d)I - 22ThT,’l)'> X! + 868, R(A) stands for column space of A and A~ is
an independent choice of g-inverse of A and 6 = & + 272X, ((1 + d)(3 — d)I — 22T, T;)(y + 7A).

Corollary C24:
a) IfA, <1, Vsgrr 1S Superior to Yspayre iIn MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if

1+ k)2((TpTh — L+ KDy + ThT,;rA)' ((2-4(1 +d)?(B —d)*t— (1 + k) 2T, T)1T;Ty)o? +

-1
2741+ )B-DA-1-D?y) (1 + DB -d)TtA— (1 —d)?y) ) ((TwT — (L + KDy +
TyThtAd) < 1
where A, is the largest eigenvalue of 2*(1 + d)™2(3 — d)~2(1 + k) 2T, TjtT) Tt~ L.
Proof: Consider D; jy = D (Psrrave )~ D Psrrr) = 274 (1 + d)*(B — d)?0?t — (1 + k) 20> T}, T 1T, Ty,
=R+ d)?*B—-d)?t— (1 + k) 2T, T)tT;Ty)o?
Since 7 > 0, according to Lemma A2 (see Appendix A) D ;) > 0 if 4, <1, where A, is the largest

eigenvalue of 2*(1 + d)~2(3 — d)~2(1 + k) 2T, T, tT;, Tt~ 1. This completes the proof.
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b)

If A >0, Vsprk iSsuperior t0 Yspayre IN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(A) and9'A10 < 1, where A = X, ((2‘4(1 +
d)?*B-d)?t— 1+ k) 2Ty ThtTiT)o? + 274 (1 + DB -d)tdA— (1 —d)*V(1+ (B -
AT — (1= d)?y) — (1 +k)2((TW Ty — (L + K)Dy + T TheA)(ThTy, — (1 + k)Dy +

TpThtA) + 2741+ k) 2((1 + k)(1 + d)(3 — d)I — 22T, Ti) (y + tA)(y + tA)' (1 + k)(1 +
d)3—-d) — 22ThT,’l)’)X; + 88, R(A) stands for column space of A and A~1 is an independent
choice of g-inverse of Aand 8 = § + 272(1 + k)X, (1 + k)(1 + d)(3 — d)I — 22T, T;) (y + TA).

Corollary C25:

a)

b)

If A, <1, Vsrraq IS SUperior to Ysgaure IN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if

221+ d)?((TyTh — 21+ D)™ Dy + T,,T,;TA)'(((s —d)?t — 22Ty ThTy Ty (1 + d)%0? +
(1+dDB-DA-1-D)(Q+d)B-d)tdA— (1 - d)zy)’)—l((ThT,; -21+d) Dy +
TyThtA) <1
where 4, is the largest eigenvalue of 22(3 — d) 2T, Tp 1Ty Tyt 2.
Proof: Consider

D jy = D(Psrrave )~ D Psrra) = 27*(1+ d)*B - d)?*o?t — 272(1 + A) 0 * Ty Tt Ty Ty

= (3 —d)?t — 22T, TixT;Tp)2~*(1 + d)?a?

Since T > 0, according to Lemma A2 (see Appendix A) D; jy > 0 if 1, < 1, where 4, is the largest
eigenvalue of 22(3 — d) 2T, T, =T, Tt~ 1. This completes the proof.

IfA >0, Ysrrq IS Superiorto Yspayrr iN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and 8’4716 < 1, where 4 = X, (((3 —d)’t —
22Ty ThtTi T2 * (1 + d)?0? + 274 (1 + DB - dD)tA— 1 - D)*)(A + DB —d)tA — (1 —
d)2y) = 272(1 + d)*((Tp Ty, — 2(1 + d) Dy + T ThtA) ((Th Ty — 2(1 + d) )y + T, ThtA) +
271+ (B =) = 2T, T))(y + tA)(y + A (B = d)I — 2ThT,’l)’) X.+ 88", R(A) stands for

column space of A and A~! is an independent choice of g-inverse of A and 8 =6 + 272(1 +
)X, ((3 —d)I — 2T,T;)(y + TA).

Corollary C26:

a)

If T}, TytTy Ty, is positive definite, Jggy IS superior to Psgpcr i MSEM sense when the regression
model is misspecified due to excluding relevant variables if and only if

(1 + k) 2((Ty Ty — (1 + k)Dy + T, ThtA) (k(z + k) + k) 20Ty ThtThTy + ((Th Ty — Dy +
n—1
T, ThtA) ((Ty Ty, — Dy + Ty ThtA) ) ((TWTh = (1 + k)Dy + T, ThtA) < 1

Proof: Consider D; jy = D (Psrpcr )~ D Psrrk) = 0 TpTatTpTy — (1 4+ k)20 *Ty Ty tTy Ty
= o?T,Th(t — (1 + k) 20T, Ty
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= 02T, Thk(2 + k)(1 + k) 21T, T,
=k + k)1 + k) 202T,TitT, Ty,
Since k > 0and > 0. D(; j) > 0 if T, T, 7T, T}, is positive definite. This completes the proof.

b) If A>0, Jsprk IS Superior to Ysppcr iIN MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 8 € R(A) and9’A™10 < 1, where A = X, (k(z +
K)(1 + k) 20Ty Th Ty Ty + ((Th T — Dy + Ty ThtA) ((Th T — Dy + ThT,;rA)' -1+
K)2((Ty Ty — (1 + KDy + Ty ThtA) (T Ty, — (1 + k)Dy + TyThtA) + k(1 + k) 2T, Th(y +
tA)(y + TA)’T,;Th) X! + 88, R(A) stands for column space of A and A~ is an independent choice of
g-inverse of Aand 6 = § + k(1 + k)" X, T, T, (y + TA).

Corollary C27:

a) If T}, T, tT;, Ty, is positive definite, Psg,q IS SUperior to Psgpcr in MSEM sense when the regression model
is misspecified due to excluding relevant variables if and only if

2721+ A)((ThTh — 2L+ ) Dy + T,,T,;TA)'(Z—Z(3 +d)(1 — A)o?T,TiTTA Ty, +
((TTy, — Dy + TuTitA) (TR Ty, — Dy + TuTitA) )2 (1 + d) (T, Th — 2(1 + d) D)y + T, ThtA) <
1
Proof: Consider D; jy = D (Psrpcr )~ D (Psgrk) = 0 TpTatTp Ty — 272(1 + d)?0* T, T 1T T,
= 0?TpTp(t — 272(1 + d)* 1) TR Ty
= 02Ty T;272(3 + d)(1 — )T, Ty
=223+ d)(1 — d)o? Ty TytTHTy
Since 0 < d <landt > 0.D ) > 0if T,T,tT, T, is positive definite. This completes the proof.

b) IfA >0, Ysprq iSsuperior to Ysppcr In MSEM sense when the regression model is misspecified due
to excluding relevant variables if and only if 6 € R(A) and 8’4716 < 1, where 4 = X, (2‘2(3 +
(1 = A)o? Ty Tt Ty + ((Tw Ty — Dy + T ThtA) ((Th T — Dy + ThT,;rA)' -272(1+
d)?((TyTh — 21+ )™ Dy + T, ThtA) (T T — 2(L + d) 1Dy + ThT,;rA)' +272(1 -

AT, T (y + tA) (v + rA)’T,’lTh) X!+ 66", R(A) stands for column space of A4 and A1 is an
independent choice of g-inverse of Aand 8 = § + 27 1(1 — )X, T, Ty, (y + tA).

Corollary C28:

a) If (k(1+d)+d— 1)T,TytT, Ty, is positive definite, Y5z, IS superior to Psg,q in MSEM sense when
the regression model is misspecified due to excluding relevant variables if and only if

(1 + k) 2((TyTh — (1 + k)Dy + T, Ti7A)’ (2—2(1 +R)2k(l+d)+d+3)(k(1+d)+d—
DTy ThtTi Ty + 272(1 + )2 (T T — 2(1 + )™ Dy + T TitA) ((ThTh — 2(L + )™ 1Dy +
ThT,;rA)’)_1 ((TyTh — (L + KDy + T, ThrA) < 1
Proof: Consider D; jy = D (Psrra )~ D (Psrr) = 272(1 + d)?0* T, Ty 1Ty Ty, — (1 + k) 7202 T), Ty T, Ty,
=0Ty Th (2721 + d)?> — (1 + k) )T, T,
= 02Ty T2 2(k(1+d) +d+3)(k(1 +d)+d — D)1 + k)" 2tT; Ty,
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b)

=221+ k) 20?2kl +d)+d +3)(k(1 +d) +d — DT, TyzT, Ty
Since 0 <d <1, k>0andt>0. D;jy >0 if (k(1+d)+d—1DT,T,tT, Ty is positive definite.
This completes the proof.
If A >0, Psgrr IS SUperior to Ysp-q iN MSEM sense when the regression model is misspecified due to
excluding relevant variables if and only if 6 € R(A) and 9’A~10 < 1, where 4 =X, (2‘2(1 +
K)20?(k(1+d) +d +3)(k(1 +d) +d — DT TReTaTy + 272(1 + d)* (T Ty, — 2(1 +
) Dy + T TtA) (T T — 2L+ )™ Dy + ThT,;rA)' — A+ k) 2((TyT, - A+ k)Dy +
Ty ThtA)((ThTh — (L + k)Dy + ThT,;rA)' +2721+)?(A+ DA+ k) — z)ZThT,;(y +1A)(y +
rA)’T,{Th) X+ 868', R(A) stands for column space of A and A~ is an independent choice of g-inverse
ofAand 0 =6 +271(1 + k)"1((1 + )1 + k) — 2)X, T, Ty (y + TA).
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