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The low stiffness has limited the applications of robot to machining process. In this paper, a fuzzy-sliding mode control scheme is
proposed to manage the oscillation and chatter appearing in machining operation by adjusting the feed rate. The robotic machining
dynamics is first analyzed to identify the parameters with focus on the system stiffness and the behavior during machining process.
A controller consisting of a fuzzy estimation enginery which can determine the control gain coefficients according to system status
and a sliding mode controller which is used to guarantee convergence and global stability of the system is then proposed. Simulations
and experiments results show that, in comparison with open loop and fuzzy-PID control scheme, the fuzzy-sliding mode control
scheme can reduce the amplitude and period of oscillation.

1. Introduction
Industrial robot is now worldwide applied in many fields such
as material transfer, machining, and assembling [1–3]. As for
machining, many studies have been reported and the results
indicated that some critical issues, including trajectory error,
material removal rate, and contacting force, are needed to be
addressed.
To identify the relationship between removal rate and
contacting force, Domroes and Krewet [4] compared the performance of force dependent feed rate control and orthogonal
force control and reached a conclusion that the removal rate
at constant force varies around a mean value. This statement
is also agreed upon by Karayiannidis and Doulgeri [5], who
proposed an adaptive leaning controller to identify the surface condition with the use of force and joint position/velocity
measurements. The results show that the controller can
reduce the distortion and tracking error caused by frictional
contacts and uncertainties on the contacted surface. For
unknown object and environment, Kiguchi and Fukuda [6]
proposed an intelligent controller which was constructed on
the basis of adaptive fuzzy neural position/force strategy,
while Žarko and Vlastimir [7] proposed adaptive neurofuzzy-genetic control schemes for explicit force robot control.

However, the negative effects on machining performance,
caused by the low stiffness of robot, have not been discussed
in these studies.
The influence of the low stiffness of robot on machining
has been noticed by Matsuoka et al. [8] since 1996, who
studied the characteristics of robotic milling operation and
proposed a method to reduce the effect caused by low
stiffness. To further explore the influence of low stiffness on
machining error, Abele et al. [9] identified the robot stiffness
by two methods and conducted machining experiments
whose results indicated that the path displacement, caused
by robot low stiffness, plays a significant role in robotic
machining error. With a view of this, many researchers have
proposed some measures to compensate for the deformation.
Zhang et al. [10] analyzed the coupling relationship between
the joint rigidity and Cartesian rigidity and established
an online compensation model. Wang et al. [11] present
a compensation scheme based on joint stiffness model to
reduce the machining deformation caused by machining
force.
This paper presents a fuzzy-sliding mode control scheme
to compensate for the deformation and oscillation caused
by machining force. The robotic machining dynamics is first
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Figure 1: Generation of cutting deformation.

Compared with CNC, the stiffness of robotic is lower,
which may result in larger path deviation and oscillation
during machining process. Before establishing the dynamics
model of robotic machining, the formation of deformation is
illustrated.
2.1. Robotic Deformation. As shown in Figure 1, the rotating tool moves towards the workpiece at a feed rate 𝑉𝑤
and extrudes the workpiece to perform machining. When
machining force is applied to the machining tool, deflections
and torsion on robotic system occur and result in a position
offset on end-effector. To facilitate the following discussion,
this position offset is regarded as a deflection on end-effector
and the deflection results in an unmachined area 𝜎𝑡 =
[𝜎𝑥 , 𝜎𝑦 , 𝜎𝑧 ]T (labeled as deformation in the following discussion). The deflection is gradually released as the machining
continues.
The generation and release process of deflection can be
observed in Figure 2. The cutting force reaches the peak value
at 10 N when the encoder displays that the robot reaches the
required depth. However, the machining force does not go
back to 0 N immediately and performs a sustained oscillation,
decreasing from around 3 N to 1 N, which indicates that
the machining operation is still conducting. Therefore, it
can be deduced that a deformation 𝜎𝑡 occurs in machining
process which can lead to a deviation between actual path
and planned path as shown in Figure 3. The deformation
𝜎𝑡 can be considered as the integration of speed difference
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analyzed to identify the parameters with focus on the system
stiffness and its behavior during machining process. With the
knowledge of machining behavior, a sliding mode controller
is then constructed based on fuzzy rules to manage the complexity of robotic machining. Simulations and experiments
are subsequently conducted to evaluate the performance of
the control scheme.
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Figure 3: Deviation between planned path and actual path.

𝑉𝑐 (𝑡) between feed rate 𝑉𝑤 and removal rate 𝑉𝑒 , which can
be expressed as
𝜎𝑡 = ∑ 𝑉𝑐 (𝑡𝑖 ) 𝑡 = ∑ (𝑉𝑤 (𝑡𝑖 ) − 𝑉𝑒 (𝑡𝑖 )) 𝑡.

(1)

As shown in Figure 2, an oscillation of force appears at
stage 2. This is due to the release of deformation which occurs
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when 𝑉𝑤 (𝑡𝑖 ) ≤ 𝑉𝑒 (𝑡𝑖 ). The oscillation force can be expressed
as
𝐹𝑜 (𝑡𝑖 ) = 𝐾𝑠 𝜎𝑡 (𝑡𝑖−1 ) ∗ sin (𝑤𝑡 + 𝜑)
𝜎𝑡 (𝑡𝑖−1 ) = 𝜎𝑡 (𝑡𝑖 ) − (𝑉𝑒 (𝑡𝑖 ) − 𝑉𝑤 (𝑡𝑖 )) 𝑡,

fact that the desired machining depth is 𝑎𝑝∗ , (5) can be
rewritten as
𝑀𝑎𝑝∗̈ (𝑡𝑖 ) + 𝐶𝑎𝑝∗̇ (𝑡𝑖 ) + 𝐾𝑝 𝑎𝑝∗ (𝑡𝑖 ) + 𝐾𝑠 𝜎𝑥 (𝑡𝑖−1 ) = 𝐹x

(2)

∗
𝑎𝑝∗ (𝑡𝑖 ) = 𝑎𝑠𝑝
(𝑡𝑖 ) − 𝜎𝑥 (𝑡𝑖−1 )
𝑖−1

where 𝐹𝑜 (𝑡𝑖 ) is the force caused by the deformation release; 𝑤
and 𝜑 are the robotic system coefficients. Therefore, the force
caused by deformation can be expressed as
𝐹𝑠 (𝑡𝑖 )
𝑉𝑤 (𝑡𝑖 ) ≥ 𝑉𝑒 (𝑡𝑖 )
{𝐾𝑠 𝜎𝑡 (𝑡𝑖−1 )
={
𝐾 𝜎 (𝑡 ) ∗ sin (𝑤𝑡 + 𝜑) 𝑉𝑤 (𝑡𝑖 ) ≤ 𝑉𝑒 (𝑡𝑖 ) .
{ 𝑠 𝑡 𝑖−1

(3)

Compared with stage 1, the force at stage 2 is much smaller,
while the feed rate decreases from 𝑉𝑤 to 0. Based on this,
an assumption can be made that the values of feed rate and
deformation 𝜎𝑡 have significant influences on the force acting
on cutter.
2.2. Robotic Cutting Dynamics. General cutting dynamic
model can be expressed as
𝐹𝑝 (𝑡𝑖 ) = 𝑀𝑋̈ 𝑝 (𝑡𝑖 ) + 𝐶𝑋̇ 𝑝 (𝑡𝑖 ) + 𝐾𝑝 𝑋𝑝 (𝑡𝑖 ) .

(4)

Considering the influence of deformation, the dynamic
model in Cartesian frame can be written as
𝐹 (𝑡𝑖 ) = 𝐹𝑝 (𝑡𝑖 ) + 𝐹𝑠 (𝑡𝑖 )
𝐹 (𝑡𝑖 ) = 𝑀𝑋̈ 𝑝 (𝑡𝑖 ) + 𝐶𝑋̇ 𝑝 (𝑡𝑖 ) + 𝐾𝑝 𝑋𝑝 (𝑡𝑖 )

(6)

∗
= 𝑎𝑠𝑝
(𝑡𝑖 ) − ∑ (𝑉𝑤𝑥 (𝑡𝑗 ) − 𝑉𝑒𝑥 (𝑡𝑗 )) 𝑡,

(7)

1

where 𝑉𝑤𝑥 and 𝑉𝑒𝑥 are the feed rate and removal rate
component perpendicular to the chamfer surface and can be
calculated by
 
𝑉𝑤𝑥 = 𝑉𝑤  sin 𝜃
 
𝑉𝑒𝑥 = 𝑉𝑒  sin 𝜃

(8)

and 𝜃 is the machining angle. Define the machining force
error perpendicular to the chamfer surface as 𝑒𝑥 = 𝐹𝑥 −
𝐹𝑥 , while the machining depth error caused by robotic
deformation is 𝑒𝑝 = 𝜎𝑥 (𝑡) = 𝑎𝑝 (𝑡) − 𝑎𝑝∗ (𝑡). According to the
coupling relationship illustrated in (7), the desired machining
depth 𝑎𝑝∗ (𝑡) and machining force 𝐹𝑥 can be achieved by the
∗
∗
modifications of 𝜃, |𝑉𝑤 |, and 𝑎𝑠𝑝
(𝑡). The values of 𝜃 and 𝑎𝑠𝑝
(𝑡)
in this research are constant sets and the focus of this paper is
to adjust |𝑉𝑤 | to reduce the force deviation 𝑒𝑥 . An alternative
solution to reduce deformation is to slow down feed rate 𝑉𝑤 .
The decrease of approaching velocity can lead to a decrease
of machining efficiency. Since machining efficiency is one of
the key elements needed to be considered, this paper aims to
reduce initial overshoot and machining deformation on the
premise that the machining efficiency is guaranteed.

3. Fuzzy-Sliding Mode Control Scheme
(5)

+ 𝐾𝑠 𝜎𝑡 (𝑡𝑖−1 ) ,
where 𝐹 = [𝐹𝑥 , 𝐹𝑦 , 𝐹𝑧 ] represents the machining force, 𝑓𝑥
is the force perpendicular to the chamfer surface, and 𝑓𝑦 is
the force tangential to the chamfer surface. Machining force
consists of contact force in normal direction and friction
force in tangent direction. Considering the fact that the
machining quality in normal direction of workpiece is more
important, this paper focuses on the control of machining
deformation in normal direction. 𝐹𝑝 represents the cutting
force; 𝐹𝑠 represent the force caused by deformation; 𝑀 is the
mass coefficient; 𝐶 is the damping coefficient; 𝜎𝑡 (𝑡𝑖−1 ) is the
deformation at time 𝑡𝑖−1 ; 𝐾𝑝 is the process stiffness; 𝐾𝑠 is the
static stiffness. According to preliminary experiment result, a
preconclusion can be made that the value of 𝐾𝑠 is much larger
than the one of 𝐾𝑝 . 𝑋𝑝 (𝑡𝑖 ), 𝑋̇ 𝑝 (𝑡𝑖 ), and 𝑋̈ 𝑝 (𝑡𝑖 ) are the position
of machining tool and its first-order derivative and secondorder derivative, where 𝑋𝑝 = [𝑥𝑥 , 𝑥𝑦 , 𝑥𝑧 ]T and 𝑥𝑥 is the
cutting position perpendicular to the chamfer surface which
is regarded as machining depth 𝑥𝑥 = 𝑎𝑝 ; 𝑥𝑦 is the cutting
position tangential to the chamfer surface. Considering the

Define 𝑉𝑤 as the control output; then
𝐹̇ = 𝑓 (𝐹𝑥 ) + 𝑔 (𝐹𝑥 ) 𝑉𝑤 ,

(9)

where 𝑔(𝐹𝑥 ) is the gain coefficient of the control law; 𝑓(𝐹𝑥 ) is
the uncertainties of robotic system. According to the analysis
above, the machining force and deformation are affected by
machining angle and feed rate. To deal with the complexity
of machining force caused by the shift of machining angle, a
sliding mode control scheme based on fuzzy rules is proposed
in this part.
3.1. Sliding Mode Control Scheme for Machining Process. The
advantage of sliding mode is to transform the 𝑛th order
tracking problem into first-order stability problem. Define
the sliding surface as
𝑆=(

𝑑
+ 𝜆) 𝑒𝑥 (𝑡𝑖 ) = 0,
𝑑𝑡

(10)

where 𝜆 is a positive constant, and the control law is
𝑉𝑤 = 𝑢 = 𝑆 ̇ = −𝐻𝑘 𝑆 − 𝐻𝑐 sgn (𝑆) .

(11)
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Figure 4: Fuzzy-sliding mode control scheme.

𝐻𝑘 and 𝐻𝑐 are the gain coefficient of sliding mode control.
When the system status achieves desired status within given
precision 𝜀 at time 𝑡𝑖 , there are

A
Cut-in stage



𝑒𝑥 (𝑡𝑖 ) ≤ 𝜀,

(12)

𝑆 = 0.

Stable machining stage
C

B

Equation (10) can be rewritten as
𝜆𝑒𝑥 (𝑡𝑖 ) + 𝑒𝑥̇ (𝑡𝑖 ) = 0
𝜆𝑒𝑥 (𝑡𝑖 ) + 𝑒𝑥 (𝑡𝑖 ) − 𝑒𝑥 (𝑡𝑖−1 ) = 0

(13)

Figure 5: Machining path.



𝑒𝑥 (𝑡𝑖−1 ) ≤ (𝜆 + 1) 𝜀.
{−0.2, −0.1, 0, 0.1, 0.2}. With use of Gaussian membership
function and center of gravity method [12],

Deduce


𝑛
𝑒𝑥 (𝑡𝑖−𝑛 ) ≤ (𝜆 + 1) 𝜀.

(14)
𝐻𝑐 (𝑡𝑖 ) =

In the same way, we can get


−𝑔 (𝐹𝑥 ) 𝐻𝑐 (𝑡𝑖 ) sgn (𝑆 (𝑡𝑖 )) ≤ (𝜆 + 1) 𝜀
(−𝑔 (𝐹𝑥 ) 𝐻𝑘 (𝑡𝑖−𝑛 ) 𝑆 (𝑡𝑖−𝑛 )

𝐻𝑘 (𝑡𝑖 ) =
(15)

Lyapunov is used to ensure the global stability:

𝐿̇ 𝑝 = (−𝐻𝑘 𝑆 − 𝐻𝑐 sgn (𝑆)) 𝑆 ≤ 0.

∑𝑙1 𝜇𝑖

∑𝑙1 𝐻𝑘𝑖 𝜇𝑖
∑𝑙1 𝜇𝑖

(17)
,

where 𝑖 = [1, 2, . . . , 𝑙]; 𝑙 is the number of fuzzy sets; 𝜇𝑖 is grade
of membership. The control sketch is shown in Figure 4.

𝑛

− 𝑔 (𝐹𝑥 ) 𝐻𝑐 (𝑡𝑖−𝑛 ) sgn (𝑆 (𝑡𝑖−𝑛 ))) ≤ (𝜆 + 1)𝑛+1 𝜀.

1
𝐿 𝑝 = 𝑆2
2

∑𝑙1 𝐻𝑐𝑖 𝜇𝑖

4. Robotic Machining Simulation
and Experiments
(16)

Therefore, the gain coefficients 𝐻𝑐 and 𝐻𝑘 can be modified online during machining process when they are subject
to (15) and (16).
3.2. Fuzzy-Sliding Mode Control Scheme. Fuzzy rules are used
to determine the real-time value of 𝐻𝑐 and 𝐻𝑘 by evaluating
the status of system. The inputs fuzzy variables are force deviation 𝑒𝑥 and its first-order derivative 𝑒𝑥̇ , and their domains
are 𝑒𝑥 = {−10, −5, 0, 5, 10} and 𝑒𝑥̇ = {−10, −5, 0, 5, 10}. The
domains of 𝐻𝑐 and 𝐻𝑘 are 𝐻𝑐 = {−2, −1, 0, 1, 2} and 𝐻𝑘 =

4.1. Simulation. Before conducting machining experiments,
simulations including open loop control, fuzzy-PID control,
and fuzzy-sliding mode control are carried out to get a
preview of the control scheme performance. The machining
path for the simulation is shown in Figure 5, which can be
classified as cut-into stage and stable machining stage. At
cut-into stage, the cutter starts its path at position A and
moves towards workpiece at the feed rate 𝑉𝑤 perpendicular
to the workpiece. After reaching position B, the cutter shifts
its machining path which is parallel to the workpiece surface.
The simulation parameters are original feed rate 𝑉𝑤 =
2 mm/s; machining depth 𝑎𝑝 = 2 mm; abrasive radius 𝑅𝑠 =
6 mm; force target is 5 N.
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Figure 6: Control performance comparisons (fuzzy-PID, fuzzysliding mode, and open loop).

The simulation results are shown in Figure 6. According
to (7) and (8), the deformation value in 𝑥 direction, named as
𝜎𝑥 , is impact by feed rate value |𝑉𝑤 | and the angle 𝜃. When the
machining path of cutter is perpendicular to the workpiece
surface, the value of feed rate has a significant influence on
the robotic deformation in 𝑥 direction. As shown in Figure 6,
the peak value of machining force appears when the cutter
reaches position B. When no control is conducted on feed
rate, the force peak value of open loop control is around
19 N. The force peak values of fuzzy-PID and fuzzy-sliding
mode control are around 15 N, 4 N lower than the one of open
loop control, which is in compliance with (7). The machining
force then decreases and oscillates for a while. The oscillation
period of open loop control is around 14 seconds which
is 5 seconds more than the one of fuzzy-PID control and
almost 8 seconds more than the one of fuzzy-sliding mode
control. Besides, the oscillation amplitude of fuzzy-sliding
mode control is around 3 N, 2 N less than the one of fuzzyPID control. Therefore, compared with the other two control
schemes, fuzzy-sliding mode control has the advantage in
reducing the period and amplitude of oscillation and the
peak value of machining force. The machining depth of the
simulation is 2 mm, which is similar to machining depth of
rough machining process. And semifinishing and finishing
machining process will be conducted after rough machining
process. Considering the fact that the aim of proposed control
scheme is to reduce the scale and time period of vibration and
deformation, and the vibration and deformation could not be
thoroughly eliminated, the time period of initial oscillation is
acceptable.
Another simulation is performed to evaluate the impact
of the gain coefficients 𝐻𝑐 and 𝐻𝑘 on the performance of
control scheme. According to (9) and (11), the change of feed
rate is influenced by 𝐻𝑐 and 𝐻𝑘 , which can eventually affect
the change of machining force. As shown in Figure 7, the peak
value of machining force decreases from 11 N to 8 N as the
value of 𝐻𝑘 increases from 0.1 to 1. A reduction appears in
the period and amplitude of oscillation when 𝐻𝑘 increases.
However, while 𝐻𝑘 is larger than 0.5, an obvious chatter shows
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Figure 7: Impact of sliding mode control gain on cutting force.

up in stable machining stage, and the amplitude of it increases
as the value of 𝐻𝑘 increases, which can be illustrated by (14).
Similar performance appears in the evaluation of 𝐻𝑐 .
Therefore, a preconclusion can be made that fuzzy-sliding
mode control has the advantage in reducing the peak value
of machining force, oscillation period, and amplitude. The
modification of gain coefficients 𝐻𝑐 and 𝐻𝑘 can modify the
rate of convergence. However, due to the influence of 𝐻𝑐 and
𝐻𝑘 on the chattering amplitude, the increase of both gain
coefficients should be bounded.
4.2. Machining Experiments Based on Fuzzy-Sliding
Mode Control
4.2.1. Robotic Machining System. The robotic machining system used for experiment is composed of Cartesian coordinate
robot, expended rotating platform, force sensor, machining
tool, and workpiece. As shown in Figure 8, the robot, consisting of Cartesian coordinate robot and expended rotating
platform, has an open loop and serial structure, which is similar to general industrial robots. Therefore, it can completely
illustrate the rigidity behavior of general industrial robots.
The force sensor and machining tool are installed on the end
of axis 𝑍, while the workpiece is installed on the rotating
platform.
4.2.2. Experiments. The experiments conducted on plane
part of the workpiece and the parameters are shown in Figure 9. The machining path is the same as the one conducted in
the simulations. The machining parameters are original feed
rate 𝑉𝑤 = 2 mm/s; machining depth 𝑎𝑝 = 0.8 mm; abrasive
radius 𝑅𝑠 = 6 mm; abrasive width 𝐿 𝑠 = 5.5 mm; rotational
speed of cutter is 4000 r/min. The aim of the machining force
is 4 N. Three kinds of measurement methods are used in this
paper, including force sensor, three-coordinate measuring
system, and roughness tester.
According to (6) and (7) and simulation (1), the machining force error is significantly impacted by the feed rate
value |𝑉𝑤 | while the machining path is perpendicular to the
workpiece surface. As shown in Figure 10, a considerable
increase in machining force appears in cut-in stage and
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R34
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Figure 8: Architecture of robotic cutting system ((1) 𝑋𝑌𝑍 Cartesian coordinate robot; (2) rotating platform; (3) six-axis force sensor; (4)
cutting tool; (5) workpiece).
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Figure 9: Workpiece (aluminum alloy).

reaches the peak value of 17 N at the 3rd second. After that
the machining force decreases and oscillates with amplitude
of 7 N which is caused by the release of deformation. The
stable machining stage start at 9th second and the fluctuation
of chatter is around 5 N, while the average force is 4.5 N. The
machining force value at cut-in stage is higher than the one
at stable machining stage which implies that the change of
machining angle has a significant influence on the change
of machining force in 𝑥 direction. This performance is in
compliance with (5) and (6). The dimensional inspections are
conducted on a three-coordinate measuring system (Global
advantage 05.07.05). The actual machining depth is around
0.75 mm, and the amplitude of fluctuation is around 0.06 mm.
The roughness of machining surface is Ra 1.821 𝜇m.
The experiment result under fuzzy-PID control is shown
in Figure 11. According to (5) and (6), the modification of feed
rate |𝑉𝑤 | can change the machining force value. Therefore the
peak value is around 14 N, 3 N less than the one of open loop
control. The machining force oscillates with amplitude of 6 N
and achieves stable machining at 7th second, 2 seconds less
than one of open loop control. The fluctuation of chatter is
around 3 N which is more smooth than the one of open loop
control, and the average force is 4 N. The actual machining
depth is around 0.75 mm and the amplitude of fluctuation is
around 0.04 mm. The roughness of machining surface is Ra
1.432 𝜇m.

According to (5) and (6), the modification of feed rate
|𝑉𝑤 | can change the machining force value. Therefore, the
experiment uses fuzzy-sliding mode control to modify the
feed rate according to the real-time status of system in order
to smooth the fluctuation. The experiment result under fuzzysliding mode control is shown in Figure 12. The peak value is
around 14 N, which is almost the same as the one of fuzzy-PID
control. The machining force oscillates with amplitude of 2 N,
less than the ones of other two control schemes, and achieves
stable machining at 5th second. Compared with fuzzy-PID
control, fuzzy-sliding mode control achieves a reduction of
2 seconds in oscillation period and a reduction of 4 N in
oscillation amplitude. The chatter amplitude decreases from
3 N to 2 N. The reductions in the amplitude and period of
oscillation result in a smoother force curve which implies
verifying the validity of (8) and (10), indicating that a smooth
force fluctuation can be achieved with the use of fuzzysliding control scheme. The actual machining depth is around
0.75 mm and the amplitude of fluctuation is around 0.03 mm.
The roughness of machining surface is Ra 1.292 𝜇m.

5. Conclusion
With an open loop and serial structure, the stiffness of robot
is low and easily results in deformation and vibration during
machining process. The generation of deformation and the
robotic machining mechanism are explored in this study
to construct the dynamic model. Due to the complexity of
robotic machining, simple control scheme is not sufficient
enough to manage the force fluctuation that occurs during
machining. With the view of this, a sliding mode control
scheme based on fuzzy rule is proposed to reduce the
peak value of machining force, the oscillation amplitude
and period, and the amplitude of chatter. The simulations
and relevant experiments are then conducted to evaluate
the performance of fuzzy-sliding mode control. The results
show that fuzzy-sliding mode control has the advantages
in reducing the oscillation period and amplitude compared
with fuzzy-PID control, making the reductions of 4 N and
2 seconds. The force peak values of fuzzy-PID control and
fuzzy-sliding mode control are lower than the one of open
loop control, achieving a reduction of 4 N.
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Figure 10: Experiment result of robotic machining under open loop control.
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Figure 11: Experiment result of robotic machining under fuzzy-PID control.
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Figure 12: Experiment result of robotic machining under fuzzy-sliding mode control.

Current studies are mostly focused on system integration
and force control, yet few of them concentrated on feed rate
control. This study fills the gap in this field and provides a
reference to later research.
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