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In this article, the novel approach to equations of motion for serial manipulators developed in literature by Bertrand and Bruneau
(2013) is extended to make it usable for manipulators with general joints (i.e., prismatic and/or rotational). In this method, the
dynamic model is explicitly and directly obtained from the structural parameters of the manipulator and matrix algebra without
intermediate heavy calculations such as energy derivation. Te correctness and efciency of the described method are dem-
onstrated through simulation of the dynamical equations of a 5-DOF SCARA robot.Te simulation results obtained using the new
formulation were compared with those derived by Kane’s method, Lagrange–Euler formulation, and GIM (generalized inertia
matrix)-Christofel’s algorithm, which proves the efciency and correctness of the presented model. It was concluded that the new
formulation requires less CPU time to generate explicit closed-form inverse dynamics. Finally, to illustrate the power of the new
formulation in real-time control, a trajectory tracking control for the SCARA manipulator based on the numeric and symbolic
computation of the inverse dynamic is established, and it is shown that the numeric and symbolic approaches based on our
method are equivalent. As a consequence, the applicability of the new formulation in real-time model-based control is proved.

1. Introduction

Te dynamics of industrial manipulators are highly non-
linear. Te precise, explicit, closed-form dynamics of robots
play an important role in their design, simulation, and
control. Tere are two categories of dynamics modeling:
direct and inverse dynamics. Inverse dynamics modeling is
used to calculate the required actuator generalized forces in
order to achieve the planned trajectory and is also known as
model-based control, whereas the direct dynamics model
determines the end efector motion for a given actuator
force/torque.Te inverse dynamics are related to the control
and design of the manipulator, whereas the direct dynamics
are associated with simulation. As regards robot control, the
dynamic model is the most important part to design con-
trollers and determine controllers’ parameters; inverse dy-
namics are always employed to calculate the generalized

forces as feed-forward data in order to follow the desired
trajectory, which is called computed torque control or in-
ternal model control. Te trajectory tracking performance of
most commercial robots is limited because they are con-
trolled by ignoring coupled dynamics and using a simple
single-joint feedback controller, which is an imperfect model
[1–4].

Several techniques have been employed to derive the
dynamics model of manipulators: the Newton–Euler
method [5–7], Lagrange–Euler method [4, 8–11], Kane’s
method [12, 13], and Gibbs–Appell equations [14].

Using theNewton–Euler approach, the acceleration of each
isolated rigid body and each reaction force and moment be-
tween the links should be determined, whereas the workless
constraint moments and forces are not used to control the
manipulator, which results in a large number of equations and
leads to a high computational cost. Te alternative one, the
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recursive Newton–Euler method [6, 7], gives the more efcient
algorithm; however, it is not applied to the control design of the
manipulator and does not give better insight into the form of
the equations. For this purpose, a set of explicit closed-form
equations of motion must be determined.

In Lagrange’s formulation, the manipulator is consid-
ered an entire system instead of isolating each link; all
workless constraint forces and moments can be automati-
cally eliminated in the beginning. However, its disadvantage
is the calculation of complex derivatives of Lagrangians,
which always leads to a huge number of intermediate and
complicated computations. Terefore, the Lagrange–Euler
equations are the most adequate form for controllers’ design
and simulation of manipulators. Unfortunately, this method
is consuming more computational time for online control of
manipulators because the procedure involves laborious
manipulation of energy expressions. So, the controller de-
sign of a manipulator was usually based on neglecting the
centrifugal and Coriolis terms of the dynamic model.

Kane’s method is based on analytic mechanics and
vector mechanics. To obtain the generalized forces by using
Kane’s equation, the active forces and inertia forces are
multiplied, respectively, by the intermediate vector entities
such as partial angular speeds and partial speeds. It has the
beneft of automatically eliminating workless forces and
moments without applying the principle of virtual work.Te
introduction of intermediate variables results in a bit of
laborious calculation.

Te Gibbs–Appell’s formulation is formulated from the
Gibbs function, which is considered the kinetic energy of
acceleration. Te dynamics model is derived by diferenti-
ating the Gibbs function with respect to the generalized
velocities.

However, none of the previous formalisms cited above
ofers a simple and straightforward combination between the
structural parameters of the manipulators and the dynamical
equations. In fact, the dynamical equations are usually
established based on recursive algorithms or require com-
plicated calculations, such as the diferentiation of energies.
Terefore, this kind of model cannot directly provide a clear
description and comprehension of the dynamical equations of
a multibody system in order to exploit it efciently and ac-
curately in the robot control industrial architecture. Conse-
quently, the dynamic equations have not been clarifed yet, and
the complete comprehension of the dynamics of a given
multibody system has not been reached. One way to improve
this point is to revisit the dynamical formalisms.

In addition, the motion of manipulators with variable or
unknown loads may slow down or speed up, and the ma-
nipulators are not capable of tracking the planned trajectory
closely. In order to control a manipulator with an unknown
or variable load that follows a desired trajectory, it is nec-
essary to calculate the generalized forces required to move all
its joints repeatedly and accurately at an acceptable time step
(between 10ms and 1ms).

In general, the control algorithm involves the calculation
of the suitable input generalized forces employing the
measured values of generalized speeds and coordinates and
the calculated values of generalized accelerations, which are

normally computed from dynamic formulations cited in
literature. Te execution time of the dynamics model is one
of the main problems because none of the aforementioned
formulations can be exploited numerically in real-time
control. Te challenging task for real-time control is that the
dynamic model must be computed very frequently at every
integration step. Consequently, the feasibility of online
implementation is highly dependent on the dynamics for-
mulation, which afects the computation cost.

A novel formulation that satisfes all of the above re-
quirements has been proposed by [15]. In this novel formu-
lation, the dynamical equations were obtained by considering
only the structural parameters and matrix algebra. Tis
method is simple and straightforward, as the terms of the
inertia matrix and coriolis/centrifugal matrix can be computed
simultaneously and independently of the generalized velocities
and accelerations. But it was developed especially for a single
kinematic chain with only rotational joints. Using this for-
mulation, a dynamical approach was developed for trajectory
planning of a Mikron UCP710 multiaxis machining system
and a KUKA anthropomorphic robot [16].

Terefore, we aim with the new formulation to obtain a
precise and efcient inverse dynamic for both symbolic and
numeric approaches without any simplifcation of the dy-
namical equations for the development of the explicit form
of the equations of motion in the active joint space.

Te contributions of this paper: the frst objective is to
improve the previous formalism [15] to make it usable for
serial manipulators with general joints (i.e., prismatic and/or
rotational). Furthermore, computation efciency is an im-
portant issue in the derivation of inverse dynamics; however,
the computational cost of this new formulation with respect
to other approaches has not been compared yet, which is the
second objective. Te fnal objective is to demonstrate the
feasibility of online control for manipulators based on the
new formulation.

Tis study is organized as follows: Section 2 introduces
the system and notation used in the new formalism. Section
3 presents the generalized new formalism for serial ma-
nipulators with general joints. In Section 4, the kinematic
and dynamic properties of the 5-DOF SCARA manipulator
based on this formalism are presented using the symbolic
computer algebra software SYMPY. Section 5 discusses the
simulation results. Te future work and conclusions are
highlighted in the last section.

2. Notations

Tis section reviews briefy some of the notations used for
the new formalism.

2.1. General Presentation. Te considered multibody system
is shown in Figure 1. It is a serial manipulator composed ofN
rigid links and N single-degree-of-freedom joints of a
general type, either revolute or prismatic. Te base frame is
numbered as a link 0. Te joint i being the connection
between link i− 1 and link i. Te generalized actuated force
associated with joint i is denoted by τi.
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2.2. Notations. Te notations and their descriptions are
given in Table 1.

3. New Formulation of a Serial
Manipulator with General Joints

Te objective of this section is to extend the existing work
presented in [15], which is developed especially for serial
manipulators with only revolute joint to cover those with
revolute or prismatic joints.

3.1. Accelerations of the Body Sk in the Case of General Joints.
Te angular velocity ωk/0 of the body Sk with respect to the
base is expressed as follows:

ωk/0 � 
k

j�1
εjωj/j−1 � 

k

j�1
εj _qju

j
. (1)

Its dual matrix can be expressed as

ωk/0 � 
k

j�1
εj ωj/j−1 � 

k

j�1
εj _qju

j
, (2)

where the term x denoted the dual tensor associated with a
vector x � x1 x2 x3 

T, which is defned by

dual(x) � x �

0 −x3 x2

x3 0 −x1

−x2 x1 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (3)

Te linear velocity V
j−1
oj

and the linear acceleration Γj−1
oj

of body Sj with respect to frame Rj−1 are expressed, re-
spectively, by

V
j−1
oj

� εj _qjuj,

Γj−1
oj

� εj €qjuj.
(4)

As shown in [17] and by using equations (1) and (2), the
angular acceleration ak/0 of Sk relative to R0 for the general
joints can be derived as follows:

ak/0 � 

k

j�i+1
εj €qjuj + _qj 

j−1

n�1
εn _qnunuj

⎛⎝ ⎞⎠. (5)

As shown in [15], the dual matrix ak/0 can be established
as follows:

αk/0 � 
k

j�1
εj €qju

j
+ _qj 

j−1

n�1
εn _qn u

n
u

j
− u

j
u

n
 ⎡⎢⎣ ⎤⎥⎦. (6)

Te expression of the acceleration Γck
of the mass center

ck can be derived as follows:

Γck
� Γok

+ ak/0∧okck + ωk/0∧ ωk/0∧okck( , (7)

Γok
� 

k

j�1
εj Γ

j−1
oj

+ 2ωj−1/0∧V
j−1
oj

  + 
k−1

j�1
εj aj/0∧ojoj+1 + ωj/0∧ ωj/0∧ojoj+1  . (8)
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Figure 1: General scheme of the considered serial manipulator [15].

Table 1: Notations for the new formulation.

Symbols Designations
Si Te i-th body or link
i ∪N

k�iSi Te i-th subsystem

q
Te N-dimensional generalized

coordinates.

_q, €q
Te N-dimensional velocities and
accelerations vectors of the joints.

εi, εi � (1 − εi)

Te i-th joint type, εi is zero if the i-th
joint type is a revolute, εi is one if the i-th

joint type is a prismatic.
oi Te i-th joint center.
ci Te centeroid of the link Si

cij � oicj

Te position vector of cj relative to joint
center oi

ui Te i-th joint axis.

ug

Te downward unit vector specifying the
gravity direction.

Βi Te i-th base that is attached to body Si

Ri(oi,Βi) Te frame attached to body Si

mi Te mass of body Si.

Ιi
Te 3× 3 inertia tensor associated with

body Si defned in ci

Ji � −Ii + (1/2)Tr(Ii)I
Te 3× 3 pseudoinertia tensor associated

with body Si defned in ci

I Te 3× 3 identity matrix

τ � [τ1 . . . . . . τN]T Te N-vector of the joint generalized
forces.

Rij

Te rotation matrix of base Βj with
respect to base Βi
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Consequently, including equations (8) in equation (7),
we have

Γck
� ak/0okck + ωk/0∧ ωk/0∧okck(  + 

k

j�1
εj Γ

j−1
oj

+ 2ωj−1/0∧V
j−1
oj

  + 

k−1

j�1
εj aj/0∧ojoj+1 + ωj/0∧ ωj/0∧ojoj+1  . (9)

By using the relation between cross product and dual
tensor, which is defned by x∧y � x · y � −y · x, we can
write

Γck
� ak/0 + ωk/0ωk/0( okck + 

k

j�1
εj Γ

j−1
oj

+ 2ωj−1/0V
j−1
oj

  + 
k−1

j�1
εj aj/0 + ωj/0ωj/0 ojoj+1. (10)

As demonstrated in [15] and taking into account (2) and
(6), the vectors 

k−1
j�1εj(aj/0 + ωj/0ωj/0)ojoj+1 and (ak/0 + ωk/0

ωk/0)okck can be expressed by



k−1

j�1
εj aj/0ωj/0ωj/0 ojoj+1 � 

k

j�1
εj €qjuj+ _q

2
j ujuj + 2 _qj 

j−1

n�1
εn _qnunuj

⎛⎝ ⎞⎠ojok, (11)

ak/0 + ωk/0ωk/0( okck � 
k

j�1
εj €qjuj + _q

2
j ujuj + 2 _qj 

j−1

n�1
εn _qnunuj

⎛⎝ ⎞⎠ · okck. (12)

By using (2) and (4), we get



k

j�1
εj Γ

j−1
oj

+ 2ωj−1/0V
j−1
oj

  � 

k

j�1
εj €qjuj + 2 _qj 

j−1

n�1
εn _qnunuj

⎛⎝ ⎞⎠. (13)

Lastly, based on equations (11)–(13), the acceleration Γck

can be derived as follows:

Γck
� 

k

j�1
εj €qjuj + 2 _qj 

j−1

n�1
εn _qnunuj

⎛⎝ ⎞⎠ + εj €qjuj + _q
2
j ujuj + 2 _qj 

j−1

n�1
εn _qnunuj

⎛⎝ ⎞⎠cjk
⎡⎢⎢⎣ ⎤⎥⎥⎦

� 
k

j�1
εj €qjI + 2 _qj 

j−1

n�1
εn _qnun

⎛⎝ ⎞⎠ − εj €qjI + _q
2
j uj + 2 _qj 

j−1

n�1
εn _qnun

⎛⎝ ⎞⎠cjk
⎡⎢⎢⎣ ⎤⎥⎥⎦uj

� 
k

j�1
εjI − εjcjk €qj − εj _q

2
j ujcjk + 2 _qj 

j−1

n�1
εn _qnun εjI − εjcjk ⎡⎢⎣ ⎤⎥⎦uj.

(14)
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3.2. Te Dynamic Generalized Forces. Te dynamic gener-
alized forces denoted by Fd(Σi) can be expressed by

Fd Σi(  � εiδΣi oi(  + εiRd Σi(  � 
N

k�i

εiδSk
oi(  + εiRd Sk( , ∀i ∈ [1, N], (15)

where δoi
(Sk) is the torque vector generated by the dynamic

forces applied about oi to body Sk, and Rd(Sk) is the vector of
the force due to the dynamic forces applied to the bodySk.

Fd Σi(  � 
N

k�i

εi εkδSk
ci(  + mkcik · Γck

  + εiRd Sk( , (16)

where Rd(Sk) and δSk
(ck) are described by the New-

ton–Euler equations as follows:

Fd Σi(  � 

N

k�i

εi Ιk · αk/0 + ωk/0 Ιk · ωk/0( (  + mkcik · Γck
  + εimkΓck

.

(17)

As shown in [15], by considering equations (1), (2), and
(5), and by using equation (14), equation (17) becomes

Fd Σi(  � 
N

k�i

εiεk 

k

j�1
εj €qjIk + _q

2
j ujΙk + 2 _qj 

j−1

n�1
εn _qndual Jkun( ⎡⎢⎣ ⎤⎥⎦uj

⎧⎪⎨

⎪⎩

+ mk εicik + εiI(  

k

j�1
εjI − εjcjk €qj − εj _q

2
j ujcjk + 2 _qj 

j−1

n�1
εn _qnun εjI − εjcjk ⎡⎢⎣ ⎤⎥⎦uj

� 
N

k�i



k

j�1
εiεkεj €qjIk + _q

2
j ujΙk + 2 _qj 

j−1

n�1
εn _qndual Jkun( ⎡⎢⎣ ⎤⎥⎦

⎧⎨

⎩

+ mk εicik + εiI(  εjI − εjcjk €qj − εj _q
2
j ujcjk + 2 _qj 

j−1

n�1
εn _qnun εjI − εjcjk ⎡⎢⎣ ⎤⎥⎦

⎫⎬

⎭uj.

(18)

3.3. Generalized Force Due to the Environment Forces.
Te environmental generalized forces applied to the i-th
DoF denoted by Fe(Σi), can be denoted by

Fe Σi(  � εiNoi
Σi(  + εiRe Σi(  � 

N

k�i

εiNoi
Sk(  + εiRe Sk( ,

(19)

where Noi
(Sk) are the total external torques applied about oi

on bodySk, and Re(Sk) are the total external forces applied to
bodySk.

Since the external torque is applied about ck, the vector
Fe(Σi) can be written as

Fe Σi(  � 
N

k�i

εi Mk + cik∧ Fk − mkg · ug   + εi Fk − mkg · ug 

� 
N

k�i

εi Mk + cik Fk − mkg · ug   + εi Fk − mkg · ug ,

(20)

where Fk is the external force other than gravity applied on
bodySk, and Mk is the external torque other than gravity
applied on the body Sk expressed aboutck.

3.4. Te Generalized New Formulation of Inverse Dynamics.
Te dynamic equations can be established by

τi � Fd Σi(  + Fe Σi( ( ui, ∀i ∈ [1, N]. (21)
By using (18), (20), and (21), the generalized new for-

mulation of the inverse dynamics for a serial manipulator
with general joints can be derived as

τi � 
N

k�i

εi 

k

j�1
€qj εj εkIk − mkcikcjk  + εjmkcik 

⎧⎪⎨

⎪⎩

⎧⎪⎨

⎪⎩

+ _q
2
jεj εkujΙk − mkcikujcjk 

+ 2 _qj 

j−1

n�1
εn εj εkdu al Jkun(  − mkcikujcjk 

+ εjmkcikun _qn]uj + Mk + cik Fk − mkgug  }

εi 

k

j�1
mk εjI − εjcjk €qj − εjmkujcjk _q

2
j

⎧⎪⎨

⎪⎩

+ 2mk _qj 

j-1

n�1
_qnεnun εjI − εjcjk ⎤⎥⎦uj + Fk − mkgug 

⎫⎬

⎭

⎫⎬

⎭u
i
.

(22)
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Te above expression for τi is very simple to obtain than
appears at frst sight because the coefcients εi and εi cannot
both be nonzero simultaneously.

Te inverse dynamics can be established in the following
equivalent form:

τi � 

N

k�i



k

j�1
Hijk €qj + βijk _q

2
+ 2 _qj 

j−1

n�1
ζ ijnk _qn

⎛⎝ ⎞⎠ + Gik + Qik.

(23)

Te coefcients of the generalized inertia matrix Hijk, the
coefcients relative to centrifugal forces βijk, the coefcients
relative to Coriolis forces ζ ijnk, the gravity forces Gik, and the
external forces Qik can be expressed in function of the
system’s structural parameters independently of the gen-
eralized velocities and accelerations ( _q, €q):

Hijk � εi εj Ik − mkcikcjk  + εjmkcik  + εi εjmkI − εjmkcjk  uj ui, (24)

βijk � εj εi εkujΙk − mkcikujcjk  − εimkujcjk uj ui, (25)

ζ ijnk � εn εi εj εkdual Jkun(  − mkcikuncjk  + εjmkcikun  + εiun εjmkI − εjmkcjk  uj ui, (26)

Gik � −mkg εicikug + εiug ui, (27)

Qik � εi Mk + cikFk(  + εiFk ui. (28)

Te advantages of this dynamic model are as follows.
Tis formulation uses 3× 3 matrices and 3×1 vectors to

describe the dynamics of the system, which can be exploited
to reduce the computational complexity of the closed-form
equations of motion.

Tis formulation signifcantly improves the under-
standing of the equations of motion of a specifc system:

It provides the ability to separate the dynamic forces
with respect to its mass and inertia and with respect to
its type of joint (translational or rotational)

It may be employed to accurately identify the infuence
of a body on each joint force. Furthermore, the later
operation can be accomplished with each part of the
equations, such as the inertia, gravity, centrifugal,
Coriolis, and external force terms, of each body Sk

applied to each joint.

For applications, in order to use this method, it is
necessary to consider the attached bases of the diferent
matrices and vectors by using the rotation matrices between
the bases. As a consequence, equations (24) through (28)
should be written as follows:

Hijk � εi εj εkRikIkRkj − mkcikRijcjk  + εjmkcikRij  + εiRij εjmkI − εjmkcjk  uj ui,

βijk � εj εi εkRijujRjkIkRkj − mkcikRijujcjk  − εimkRijujcjk uj ui,

ζ ijnk � εn εi εj εkRikdual JkRknun( Rkj − mkcikRinunRnjcjk 

+ εjmkcikRinunRnj+εiRinunRnj εjmkI − εjmkcjk ujui,

Gik � −mkg εicikRi0ug + εiRi0ug ui,

Qik � εi RikMk + cikRikF
k

  + εiRikFk ui.

(29)

3.5. Matrix Form of the Equations of Motion. Te dynamic
equations of motion (23) can be established in a more closed
form vector-matrix notation as follows:

τ � M(q)€q + _q
T
C(q) _q + G(q) + Q, (30)

where τ ∈ RN is the generalized forces vector; q, _q, €q ∈ RN

are the joint positions, velocities, and accelerations vectors;

M(q) ∈ RN×N is the generalized inertia matrix of the ma-
nipulator; C ∈ RN×N×N is the centrifugal/Coriolis matrix;
G(q) ∈ RN is the gravity force vector; and Q(q) ∈ RN is the
vector of external forces. In this formulation, the inertia and
Coriolis/centrifugal matrices of the manipulator as well as
the gravitational force is only dependent on the confgu-
ration of the manipulator q.

Te generalized inertia matrix M (q) can be denoted by
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M(q) �

M11 M12 M13 . . . M1N

M21 M22 M23 . . . M2N

M31 M32 . . . . . . . . .

. . . . . . . . . . . . . . .

MN1 MN2 . . . . . . MNN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�


N

j�1
H11j 

N

j�2
H12j 

N

j�3
H13j . . . 

N

j�N

H1Nj



N

j�2
H21j 

N

j�2
H22j 

N

j�3
H23j . . . 

N

j�N

H2Nj



N

j�3
H31j 

N

j�3
H32j . . . . . . . . .

. . . . . . . . . . . . . . .



N

j�N

HN1j 

N

j�N

HN2j . . . . . . 
N

j�N

HNNj

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (31)

Te centrifugal/Coriolis N × N × N matrix C can be
denoted by

C � C1 C2 . . . CN 
T
, (32)

where Ci is a N × N matrix denoted as

Ci �

Bi1 Ci21 Ci31 . . . CiN1

Ci21 Bi2 Ci32 . . . CiN2

Ci31 Ci32 . . . . . . . . .

. . . . . . . . . . . . . . .

CiN1 CiN2 . . . . . . BiN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�


N

j�max(i,1)

βi1j 

N

j�max(i,2)

ζ i21j 

N

j�max(i,3)

ζ i31j . . . 
N

j�max(i,N)

ζ iN1j



N

j�max(i,2)

ζ i21j 

N

j�max(i,2)

βi2j 

N

j�max(i,3)

ζ i32j . . . 
N

j�max(i,N)

ζ iN2j



N

j�max(i,3)

ζ i31j 

N

j�max(i,3)

ζ i32j . . . . . . . . .

. . . . . . . . . . . . . . .



N

j�max(i,N)

ζ iN1j 

N

j�max(i,N)

ζ iN2j . . . . . . 
N

j�max(i,N)

βiNj

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (33)

4. Application Example: 5-DOF
SCARA Manipulator

4.1. Presentation of the Manipulator. Te proposed method
has been employed for the 5-DOF SCARA robot (Figure 2)
[10].

q � q1 q2 q3 q4 q5 
T: the generalized coordinates

for revolute joints i � [2, 3, 4], qi � θi and for prismatic
joints i � [1, 5], qi � di.
l1, l2, l3, l4, l5: the lengths of the fve links
lc2, lc3, lc4: the lengths from the origins to the centers of
mass of the second, third, and fourth links
m1, m2m3m4, m5: the masses of the links
I2, I3, I4: the inertia matrix of the second, third, and
fourth links

4.2. Kinematics. To write the transformations for each link,
the Denavit–Hartenberg method [10, 17] has been used,
whose parameters are mentioned in Table 2.

Te general transformation matrix between the i− 1th
link and the i-th link can be given by

Ti−1,i �

cos θi −cos αi sin θi sin αi sin θi ai cos θi

sin θi cos αi cos θi −sin αi cos θi ai sin θi

0 sin αi cos αi di

0 0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(34)

Te general rotation matrix between the i− 1th link and
the i-th link can be given by

Ri−1,i �

cos θi −cos αi sin θi sin αi sin θi

sin θi cos αi cos θi −sin αi cos θi

0 sin αi cos αi

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (35)

Substitute the DH parameters from Table 2 in equation
(34). Ten, the homogenous transformation matrix between
the end-efector and the base can be expressed by

T �

c234 s234 0 l2c2 + l3c23 + l4c234

s234 −c234 0 l2s2 + l3s23 + l4s234

0 0 −1 l1 + d1 − l5 − d5

0 0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (36)
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From equation (36), we can get the end-efecter
coordinates:

x � l2c2 + l3c23 + l4c234,

y � l2s2 + l3s23 + l4s234,

z � l1 + d1 − l5 − d5.

⎧⎪⎪⎨

⎪⎪⎩
(37)

For simplicity, the condition φ � θ2 + θ3 + θ4 is set. Where
φ is known, then the inverse kinematic model is given by

c3 �
x − l4cφ 

2
+ y − l4sφ 

2
− l

2
2 − l

2
3 

2l2l3( 
,

s3 � ±
�����

1 − c
2
3



,

θ3 � arctan 2 s3, c3( ,

s2 �
y − l4sφ  l2 + l3c3(  − l3s3 x − l4cφ  

l
2
2 + l

2
3 + 2l2l3c3 

,

c2 �
x − l4cφ  l2 + l3c3(  − l3s3 y − l4sφ  

l
2
2 + l

2
3 + 2l2l3c3 

,

θ2 � arctan 2 s2, c2( ,

θ4 � φ − θ3 − θ2,

d5 � l1 + d1 − l5 − z,

(38)

where z and d1 are known.

4.3.Te Inverse Dynamics of the 5-DOF SCARAManipulator.
Te inverse dynamic model of the SCARA manipulator
when the external forces are omitted can be expressed in a
compact form as

τ � M(q)€q + _q
T
C(q) _q + G(q). (39)

Here, M(q) ∈ R5×5 is the generalized mass matrix;
C ∈ R5×5×5 is the centrifugal/Coriolis matrix; G(q) ∈ R5×1 is
the gravitational force; q, _q, €q ∈ R5×1 are the generalized
coordinates, speeds, and accelerations, respectively; τ ∈ R5×1

is the generalized forces vector.
To the opposite of the aforementioned methods, the

main advantage of the new formalism is to derive the dy-
namics model directly from the physical parameters and
confguration of the manipulator without complex com-
putations, such as the diferentiation of energies, and
without recursive algorithms. Practically, it is only needed to
introduce the physical parameters of the system and to apply
matrix algebra.

Tis procedure is implemented in a symbolic computer
software algebra called SYMPY based on the Python lan-
guage, as shown in Figure 3.

In the next section, a comparative study in terms of
computational cost between our approach and other for-
mulations is made to illustrate the power of the new
formulation.

5. Results and Discussion

In the previous section, the dynamic description of a 5-DOF
SCARA manipulator is obtained by the generalized new
formulation. However, the efciency of this method with
respect to other existing formulations has not been deter-
mined to date. Te objective of this section is to validate the
presented method, then compare it with other approaches in
terms of dynamic formulation complexity, and fnally prove
its applicability for online control.

Figure 2: Scheme of the 5-DOF SCARA robot.

Table 2: Parameters of Denavit–Hartenberg.

Joint i θi di ai αi

1 0° l1 + d1 0 0°
2 θ2 0 l2 0°
3 θ3 0 l3 0°
4 θ4 0 l4 180°
5 0° l5 + d5 0 0°
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5.1. Model Validation. Te direct dynamics are employed
to validate the present model. For the direct dynamic
problem, the generalized active forces are given. Te
objective is to determine the end-efector trajectory or
motion. To prove the correctness of the dynamical model,
the simulation results in terms of the joint profle ob-
tained by our approach and those derived by existing
methods like Kane’s method are compared with each
other. Figure 4 shows the results calculated using the two
methods. Te results are identical, which means they
produce the same output, which validates the correctness
of the presented model.

5.2. Computational Cost. In order to prove the power of this
new formulation with respect to other existing methods, we
also employed the Lagrange–Euler method, Kane’s method,
and GIM (generalized inertia matrix)-Christofel’s algo-
rithm to calculate the same equations of motion of the 5-
DOF SCARA manipulator. Te computer algebra software
SYMPY is used to compute symbolically the dynamics
model using these four methods. Te algorithm is executed
on a computer equipped with an Intel Core i3-6006U CPU.
Table 3 shows the comparison of simulation results in terms
of computational cost obtained by the aforementioned
methods and our method.

Te results confrm clearly the power of the new for-
malism for efcient generation of the explicit form of
equations of motion. By using more advanced computer
architecture, we can have the minimum CPU time. As the
diferent terms of the dynamic equations can be computed
simultaneously, the present method is more appropriate for
parallel algorithms. Consequently, the robot model can be
implemented for real-time control.

It is more desirable to get precise and efcient explicit
forms of equations of motion because of their important role

in model-based control. In Section 5.3, we will illustrate that
the dynamics model obtained from our method could be
implemented in real-time control.

5.3. Computed Torque Control CTC Based on the New
Formulation. In the previous section, a comparative study in
terms of CPU time between the diferent algorithms was
achieved, and it was concluded that the new formulation is the
more efcient one in providing the explicit form of equations of
motion. In this subsection and based on the SCARA manip-
ulator, we will demonstrate that the fully numeric computation
and the symbolic computation of the inverse dynamic for
online control based on the new formulation are equivalent.

Te desired trajectory to follow denoted by
Xd � xd yd zd φd  is defned as

xd(t) � 0, 1. cos
t

2
 cos(t) + 0, 2,

yd(t) � 0, 1. sin
t

2
 cos(t) + 0, 2,

zd(t) � 0, 2,

φ(t) �
π
3

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(40)

To track the desired trajectory, the model-based control
scheme chosen in the present work is the computed-torque
control as shown in Figure 5.

To illustrate the power of the new formulation in online
computation of equations ofmotion, the numeric and symbolic
computation of the inverse dynamic of the SCARA manipu-
lator are elaborated and compared using the SymPy and
NumPy libraries of the Python language. In the numerical

Figure 3: Equations of motion for the 5-DOF SCARA manipulator.
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methods, a numerical value is related to each variable that is
added in model construction, and the equations of motion are
repeated for each integration step. In symbolic methods, a
symbol is associated with each variable, which represents their
dependence on system parameters and states. Unfortunately,
the generation of symbolic equations is an extremely complex
problem for complicated mechanisms.

Te control law is defned by

τ � M €qd + Kp · e + K d · _e(  + _q
T
C _q + G, (41)

where e � qd − q ∈ Rn is the error vector in the joint space
and is the diference between the desired values of the joint
coordinates and the actual values, and Kp� diag (kp),
Kd� diag (kd).

To simulate the manipulator motion, the direct dynamic
is used, and then, equation (39) can be written as

€q � M
− 1 τ − _q

T
C _q − G , (42)

where τ represents the control torque vector. For a given
value of generalized control input τ, the resultingmotion can
be obtained by the numerical integration of the generalized
accelerations. As for the 5-DOF SCARA manipulator, we
can get the discrete state space model as follows:

q(k + 1) � q(k) + _q(k) · dt +
1
2

€q (k) · dt
2
,

_q(k + 1) � _q(k) + €q(k) · dt,

(43)

where the integration step is chosen to be dt � 1ms, the
initial conditions of the system are given as
q(0) � [0.1, −0.8, 1.9, −0.1, 0.284]T,
_q(0) � [0.1, 0.4, 0, −0.5, 0.1]T, the values of the CTC control
gains are selected through numerical simulation as follows:
kp� 200, kd � 10. Te numerical values of diferent pa-
rameters are given in Table 4. Finally, a Python program is
developed to simulate the end-efector motion during the
task using the developed algorithm.

After developing the manipulator model and the sim-
ulation environment and establishing the control laws to be
used, a test trajectory in space was determined to make the
manipulator model follow it.

Te control simulation algorithms are executed by a
Python program on the same computer mentioned before.
Function “time” in Python gives the estimated run time of
the control cycle of each algorithm; for the fully numeric
algorithm, it is 0.016 s. Whilst, for the code generated from
symbolic computation, the computational cost of the control
cycle is about 0.0175 s.

It is shown that the computational costs of the numeric
and symbolic approaches based on the new formulation are
equivalent, which is not the cases when using the traditional
methods. It can be concluded that the numeric approach
based on the new formulation is more suitable for online
control. In addition, the present method is more suitable for
parallel programming as the diferent terms of the equations
of motion can be computed separately and simultaneously.

By considering only the revolute joints, Figure 6 shows
the desired and actual motions in the workspace. Te ac-
tuation torques are shown in Figure 7. Te trajectory
tracking error in joint space is shown in Figure 8.Te desired
and actual trajectories in joint space are shown in Figure 9.
Tese results validate the actuator torques computed by the
developed model.
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Figure 4: Joints profle computed by (a) the proposed method and (b) Kane’s method.

Table 3: Computational cost.

Formulations Estimated CPU time (s)
Kane’s method 46
Lagrange formulation 32
GIM-Christofel’s algorithm 7
New formulation 3
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Imperfections are present in the robot model, such as
friction in the joints and unknown external perturbations
and uncertainties in the parameters. So, it is more important
to take these efects into account in order to obtain precise
and perfect explicit closed-form dynamics in the actuation
space because of their crucial role for model-based control;

the more perfect the model is, the better the performances of
its model-based controllers are [18]. However, when the
dynamic model is employed in model-based control, the
neglecting of any part of the dynamic equations will afect
the control performance largely, which will be shown in
Figure 10.

Xd

Inverse
kinematics

qd

Kd

q = M–1 (τ–qrCq–G)
q

Kp

e
qd q

M C G

τ
Xd
·

Xd
··

qd
· q·

e·

q·

q··
·· · ·τ = M [qd + Kp.e+Kd.e] +qrCq+G··

··
· · ·

Figure 5: Computed-torque control scheme for trajectory tracking control of the manipulator.

Table 4: Parameters of the SCARA manipulator.

Parameter Value (kg) Parameter Value (m) Parameter Value (m) Parameter Value (kgm2)
m1 1.228 l1 0.524 lc1 — Izz1 —
m2 1.023 l2 0.2 lc2 0.229 Izz2 0.0058
m3 1.023 l3 0.2 lc3 0.229 Izz3 0.0058
m4 1.023 l4 0.2 lc4 0.229 Izz4 0.0058
m5 0.5114 l5 0.14 lc5 - Izz5 —
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Figure 6: Desired and actual trajectories in the workspace.
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Figure 7: Actuation torques.
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6. Conclusion

In this paper, the domain of multibody dynamics is
restudied, and a new systematic approach is extended to
derive explicit closed-form dynamic equations for a general
serial manipulator (i.e., systems with revolute and/or
prismatic joints). Te method depends on matrix algebra
prior to performing diferentiation. Owing to the use of a
3× 3 matrix instead of a 4× 4 matrix and the fact to isolate
the efect of each body with respect to its inertia and mass
and with respect to the type of joint (translational or ro-
tational), the computational redundancy is reduced from
the modeling procedure, making it also an efcient auto-
mated method of model formation. Furthermore, it is
shown that the inertia and centrifugal/Coriolis matrices
can be calculated separately and independently of gener-
alized velocities and accelerations, which makes the de-
termination of the equations of motion straightforward and
more compact. Based on the demonstration of the devel-
oped model, a 5-DOF SCARA (selective compliant as-
sembly robot arm) manipulator is used to illustrate its
simplicity and correctness as compared with other for-
malisms, which are proved by simulations. A comparative
study of dynamics formulation complexity has demon-
strated the power of the new formulation with respect to
Kane’s method, Lagrange–Euler method, and GIM-
Christofel’s algorithm. It is shown that the derivation
process using the new formulation for the explicit closed-
form equations of motion is more efcient, and the
computational cost is low enough for online model-based
control. In future work, it is important to adapt the new
formulation to parallel manipulators.
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