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Sensitivity analysis can take structural parameters as variable and achieve the relationship only with one time analysis, which will
dramatically reduce the analytical work especially for large scale structures. The comparative study on frequency sensitivity of a
transmission tower is actively carried out in this study.The three-dimensional analyticalmodel of a transmission tower is established
by using the finite element (FE) method. The sensitivity coefficients to natural frequencies are deduced based on the equation of
motion of the tower. In addition, the expression of the frequency sensitivity to Young’s modulus, density of material, the cross area
of members, torsional stiffness, and bending moment inertia is proposed. A real transmission tower constructed in China is taken
as an example to examine the feasibility and reliability of the proposed sensitivity computation approach. An intensive parametric
study is conducted in detail in order to compare the sensitivity coefficients of different physical parameters.Thework on an example
structure indicated that the magnitudes of the sensitivity coefficients of Young’s modulus, the density, and the cross area are much
larger than those of the torsional stiffness and the bending moment inertia.

1. Introduction

To be a typical spatial steel structure, the transmission tower
is widely used as electrical power infrastructures throughout
the world. The transmission tower is a high-rise structure
with small damping and is prone to strong dynamic exci-
tations, such as earthquakes and wind loadings [1–3]. It is
frequently reported across the world that the excessive vibra-
tion of a transmission tower under dynamic excitations may
induce the structural damage and even failure [4–6]. There-
fore, it is necessary to evaluate the structural performance of
the transmission tower subjected to external dynamic excita-
tions. Many theoretical and experimental investigations have
been carried out during the past two decades for examining
the performance of the transmission tower [7, 8].With regard
to the approaches and techniques used for performance
evaluation, the transmission tower system is conventionally
designed and constructed using appropriate design standards
without considering the dynamic optimization effects.There-
fore, the common approach does not provide deep insights

into the structural transient behaviour under strong dynamic
excitations, even though the consideration of dynamic effects
may be important.Thus, the vibration-based structural health
monitoring (SHM) approaches have been widely utilized in
the performance evaluation of civil engineering structures
across the world [9–11]. The SHM process needs to develop
or improve a mathematical model of a physical system using
measurement data to describe the input, output, and noise
relationship [12, 13]. Variousmethods have been developed to
improve the quality of the finite element model of a structure
using measurement data [14]. Doebling et al. (1998) [15]
gave a comprehensive review on SHM. With regard to the
different SHM algorithm used, the effects of various physical
parameters on the structural responses can be examined
in detail to determine the crucial parameters for structural
dynamic design and assessment.

For a transmission tower with determined parame-
ters, it is troublesome to attain the relationship between
dynamic characteristics and changed parameters by numer-
ous recalculations which will be almost impossible for large
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scale structures, while sensitivity analysis as an alternative
approach can take structural parameters as variable and
achieve the relationship only with one time analysis, which
will dramatically reduce the analytical work especially for
large scale structures [16].The sensitivity analysis is a reason-
able and powerful tool for investigating the effects of physical
parameters on static and dynamic responses. The sensitivity
analysis concerns the relationship between parameters avail-
able to the structural responses under dynamic excitations.
The dependence of response measures, such as displace-
ment, velocity, acceleration, stress, strain, natural frequency,
mode shape, and frequency response, is implicitly defined
through the governing equations of structural mechanics
[17]. Dynamic sensitivity analysis is used to compute the
rate of dynamic property change with respect to changes of
structural physical parameters.

Current studies on the dynamic assessment of the trans-
mission tower focus on the response computation and miti-
gation. Up to now, the sensitivity analysis of the transmission
tower for dynamic assessment has been investigated rarely.
To this end, the comparative study on frequency sensitivity
of a transmission tower is actively carried out in this study.
The three-dimensional model of a transmission tower is
established by using the FE method. The differential sensi-
tivity analysis approach is presented based on the differential
sensitivity coefficient, the absolute sensitivity coefficient, and
the relative sensitivity coefficient, respectively.The sensitivity
coefficients to natural frequencies are deduced based on

the equation of motion of the tower. In addition, the expres-
sion of the frequency sensitivity to the Young’s modulus,
density of material, the cross area of members, torsional
stiffness, and bending moment inertia is proposed. A real
transmission tower is taken as the example to investigate the
effects of the structural parameters on the natural frequency
through the detailed parametric study. An intensive paramet-
ric study is conducted to compare the sensitivity coefficients
of different physical parameters. A real transmission tower
constructed in China is taken as an example to examine
the feasibility and reliability of the proposed sensitivity
computation approach. The observations made indicate that
the magnitudes of the sensitivity coefficients of the Young’s
modulus, the density and the cross area are much larger
than those of the torsional stiffness and the bending moment
inertia. The Young’s modulus, the density and the cross area
are important structural parameters affecting the dynamic
properties of the transmission tower.

2. Model of Transmission Tower

A transmission tower is a typical truss structure constructed
by using steelmembers, which can be commonlymodelled by
using beam elements based on the finite element (FE)method
[18, 19]. For an Euler-Bernoulli beam element, stiffnessmatrix
of the 𝑖th element of a transmission tower in the local
coordinate system (LCS) K𝑒

𝑖
is
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The element stiffness matrix in the global coordinate system
(GCS)K

𝑖
can be expressed as themultiple of the element stiff-

nessmatrixK𝑒
𝑖
in the LCSwith the coordinate transformation

matrix T𝑒
𝑖

K
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𝑖
. (2)

The mass matrix of the 𝑖th element of a transmission tower
in the LCS M𝑒

𝑖
can be constructed based on lumped mass

assumption [20]:
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The element mass matrix of the 𝑖th structural member in the
GCSM

𝑖
can be expressed as

M
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. (5)

The global mass matrix M and stiffness matrix K of the
transmission tower can be expressed, respectively, as follows:
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(6)

where ne is the number of elements of a transmission tower;
T
𝑖
is the freedom transformmatrix from the LCS to the GCS.

3. Frequency Sensitivity Analysis

3.1. Differential Sensitivity Analysis. The performance assess-
ment of complex structures to satisfy the dynamic responses
restrictions is commonly hampered by the computational
cost of dynamic analysis.There is a fundamental requirement
for the information relating changes in the dynamic response
quantities to changes in the structural parameters as well as
a need for rapid reanalysis in structural performance evalu-
ation. The sensitivity analysis of dynamic characteristics on
structural parameters is very important and widely accepted
in the structural design, optimization, and evaluation. Sen-
sitivity coefficients are defined as the rate of change of a
particular response quantity 𝑅 with respect to a change in a
structural parameter 𝑥. Sensitivity coefficients can be either
evaluated as absolute, relative, or normalized relative values.
Relative values are independent of the units of the parameter
value while, in addition, normalized relative parameters are
also normalized with respect to the response value.

A differential sensitivity coefficient is the slope of the
response𝑅

𝑗
with respect to parameter 𝑥

𝑖
, computed at a given

state of the parameter. When this differential is computed for
all selected responses with respect to the selected parameters,
the element of the sensitivity matrix S is obtained:

𝑆
𝑗𝑖
=

𝜕𝑅
𝑗

𝜕𝑥
𝑖

(𝑗 = 1, 2, . . . , 𝑛; 𝑖 = 1, 2, . . . , 𝑚) . (7)

In which 𝑛 is the number of the responses;𝑚 is the number of
the structural parameter. The absolute sensitivity coefficient
𝑆
𝑗𝑖
is the (𝑗, 𝑖)th element in the sensitivity matrix S.
The absolute sensitivity coefficients are computed by

using the units of the response and parameter value. If sensi-
tivities for different types of parameters are to be compared,
the relative sensitivities can be adopted:

S𝑟 = S ⋅ P, (8)

where P is a diagonal, square matrix holding the parameter
values. The relative sensitivity coefficient is given by

𝑆
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Relative sensitivities can be normalized with respect to the
response value

S𝑛 = S𝑟 ⋅ R = S ⋅ P ⋅ R, (10)

where R is a diagonal, square matrix holding the response
values. The normalized relative sensitivity coefficient is given
by
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3.2. Frequency Sensitivity. The eigenvalue equation of a
MDOF transmission tower can be expressed as [21, 22]

(K − 𝜔2M)𝜑 = 0, (12)

where M, K, and 𝜑 are the mass matrix, stiffness matrix
and modal vector of the transmission tower respectively. The
eigenvalue equation of the 𝑟th mode vibration is

(K − 𝜔2
𝑟
M)𝜑
𝑟
= 0. (13)

The mass matrix, stiffness matrix, and modal vector are the
function of physical parameters. Thus, the first derivative of
(13) to the parametric 𝑥
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of the 𝑖th structural member for the

𝑟th mode vibration results in
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To pre-multiply the vector 𝜑𝑇
𝑟
to (14) will yield
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The relationship between the circular frequency 𝜔
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The sensitivity of the frequency to the 𝑖th structural parame-
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Equation (18) provides a way to calculate the sensitivity of
the 𝑟th natural frequency to the change in the 𝑖th structural
parameter 𝑥

𝑖
. Assuming that the transmission tower is linear

and the change in natural frequency due to the change
of structural parameter is small, the change in the 𝑟th
natural frequency Δ𝑓
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, due to the variations of the structural

parameter Δ𝑥
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, can be expressed as
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3.3. Frequency Sensitivity of Structural Parameter. The sensi-
tivity of the 𝑟th natural frequency to the structural parameter
𝑥
𝑖
can be rewritten by using the element stiffness matrix K𝑒

𝑖

and mass matrixM𝑒
𝑖
of the 𝑖th element in the GCS:

𝜕𝑓
𝑟

𝜕𝑥
𝑖

=
1

8𝜋2𝑓
𝑟

⋅
𝜑
𝑇

𝑟
∑
𝑛𝑒

𝑖=1
(𝜕K𝑒
𝑖
/𝜕𝑥
𝑖
) − 4𝜋

2

𝑓
2

𝑟
∑
𝑛𝑒

𝑖=1
(𝜕M𝑒
𝑖
/𝜕𝑥
𝑖
)𝜑
𝑟

𝜑𝑇
𝑟
M𝜑
𝑟

,

(20)

in which ne denotes the total number of the members of
the transmission tower. The sensitivity of the 𝑟th natural
frequency to the Young’s modulus of the 𝑖th structural
element 𝐸
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is given by
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(27)

The sensitivity of the 𝑟th natural frequency to the Poisson’s
ratio of the 𝑖th structural element 𝜇

𝑖
is

𝜕𝑓
𝑟

𝜕𝜇
𝑖

=
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8𝜋2𝑓
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𝑖
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𝜑𝑇
𝑟
M𝜑
𝑟

, (28)

where

𝜕K𝑒
𝑖

𝜕𝜇
𝑖

= −
𝐼
𝑖

𝑥

1 + 𝜇
𝑖

⋅
𝜕K𝑒
𝑖

𝜕𝐼𝑖
𝑥

. (29)
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4. Case Study

4.1. Description of an Example Transmission Tower. To exam-
ine the frequency sensitivity based on the proposed approach,
a real transmission tower constructed in China is taken
as the example structure. Figure 1 shows the elevation of a
large transmission tower used for electric power transfer.The
transmission tower with a height of 84.5m is located in the
southern coastal area in China.The structural members used
in the transmission tower are made of Q235 steel with a
yielding stress of 235MPa. Young’s modulus of the steel is
2.01 × 1011 N/m2 and the density is 7800 kg/m3. The vertical
major members, the skew members, the cross arms, and the
platform of the tower are formed as a spatial truss tower
as shown in Figures 2(a), 2(b), and 2(c), respectively. Six
platforms are connected to the vertical major members to
form the tower body and the skewmembers are incorporated
to increase the vertical and lateral stiffness of the entire
tower. Two cross arms are constructed on top of the tower
body for the connection of the transmission lines. A three-
dimensional FE model is constructed based on the FE
method with the aids of the commercial package.

A three-dimensional finite element model is established
for the steel transmission tower using a commercial computer
package.Themodel has a total of 1324 3D beam elements and
488 nodes with 6 degrees of freedom at each node. All the
joints in the finite element model are assumed to be rigid.
The movement of all the supports in the three orthogonal
directions is restricted. For the sake of convenience in the
subsequent discussion, the beam elements in each compo-
nent of the transmission tower are numbered differently. The
beam elements in the vertical major members are numbered
from 1 to 80 (denote zc), the elements in the platforms are
numbered from 81 to 408 (denote pt), the elements in the
skew members are counted from 409 to 772 (denote xg), the
elements in the lower cross arm are counted from 773 to
1072 (denote hd1), and the elements in the upper cross arm
are counted from 1073 to 1324 (denote hd2). The number
of vertical major members is only 6% of the total number
of elements used in the structure while the number of skew
members is 24.7% of the total number of elements used in
the structure. Except that the vertical major members are of
hollow circular section, all the other members are of angle
section.

4.2. Dynamic Characteristics of the Transmission Tower. The
dynamic characteristics analysis is conducted based on the
established finite element model of the steel transmission
tower.The first eight natural frequencies and vibrationmodes
of the tower are depicted in Table 1 and Figure 3, respectively.
The first natural frequencies of the transmission tower for
the out-of-plane and in-plane vibration are 1.736Hz and
1.759Hz, respectively. It is seen that the first and second
vibration modes are the global vibration mode in the 𝑥
direction and 𝑦 direction, respectively. The third vibration
mode is a global torsional vibration mode in the 𝑥-𝑦 plane
due to the tower rotation.The fourth to sixth vibrationmodes
are the high order translational and torsional vibrationmodes
of the tower. The first eight natural frequencies computed

Table 1: Dynamic properties of the transmission tower.

Number
Natural
frequency

(Hz)
Properties of the mode shape

𝑓
1 1.736 1st global vibration mode in the 𝑥

direction

𝑓
2 1.759 1st global vibration mode in the 𝑦

direction
𝑓
3 2.63 1st global torsional vibration mode

𝑓
4 3.541 2nd global vibration mode in the 𝑥

direction

𝑓
5 3.961 2nd global vibration mode in the 𝑦

direction
𝑓
6 4.26 2nd global torsional vibration mode

𝑓
7 4.849 Local vibration mode of the

platform

𝑓
8 5.767 3rd global vibration mode in the 𝑥

direction

indicate that the natural frequencies of the structure are not
closely spaced.The dynamic responses of the first threemode
shapes are the major parts of the entire dynamic responses of
the transmission tower.

4.3. Frequency Sensitivity of the Transmission Tower. Figure 4
shows the sensitivities of the first eight natural frequencies
to Young’s modulus of each member. It is seen from the
first two figures that the first two natural frequencies are
more sensitive to Young’s modulus change of members in the
vertical major members (zc) than other members.The curves
in the third figure indicate that the sensitivity coefficients
of the first torsional frequency of the skew members are
much larger than those of the other members. All the
higher natural frequencies of the global vibration are more
sensitive to Young’s modulus change of both vertical major
members and the skew members. This is consistent with
the structural configuration and the modes of vibration; the
first two translational modes of vibration are mainly due
to the deformation of the vertical major members and the
first torsional mode is due to the deformation of the skew
members. However, the highermodes of vibration aremainly
due to the movement combination of both vertical major
members and the skew members. The seventh vibration
mode is the local vibration of the platform number 1 and
thereby the seventh natural frequency is clearly sensitive
to Young’s modulus of the platform number 1. To compare
the magnitude of the sensitivity coefficients in Figure 4,
one can find that Young’s modulus of the vertical major
members plays an important role in the first two vibration
modes in comparison with all the other vibration modes.
The sensitivity coefficients of the skew members are slightly
smaller than those of the vertical major members.

Displayed in Figure 5 is the sensitivity of the first eight
natural frequencies to the density of the material. It is
well known that the natural frequencies decrease with
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Figure 1: Analytical model of the example transmission tower.

(a) Vertical major
members (zc)

(b) Skew members
(xg)

(c) Cross arm (hd) and
platform (pt)

Figure 2: Configuration of the example transmission tower.

the increasing material density. Therefore, it is indicated
from Figure 5 that the sensitivity coefficients are negative.
It is seen that the sensitivity coefficients of the natural
frequencies to the density are quite different to those of
Young’s modulus. The first two figures demonstrate that the
first two natural frequencies are more sensitive to the density
change of members in the vertical major members (zc) and
cross arms. However, the density sensitivity coefficients of the
skew members and platforms are much smaller. The curves
in the third figure indicate that the sensitivity coefficients of

the first torsional frequency of the two cross arms are much
larger than those of the other members. This is because the
third mode is the torsional vibration of the two cross arms.
The second-order translational frequencies of both the out-
of-plane vibration and in-plane vibration, namely, the fourth
and fifth frequencies, are dominantly sensitive to the density
change of the vertical major members. Similar observations
can be made from the density sensitivity of the second
order torsional modes (e.g., the sixth mode) because this
mode is the torsional vibration of the tower body. Regarding
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(a) 1st (b) 2nd (c) 3rd (d) 4th (e) 5th (f) 6th

(g) 7th (h) 8th

Figure 3: First eight mode shapes of the example transmission tower.

the higher order translational modes, the density of skew
membersmay have slight effects on the sensitivity coefficients
as shown in the eighth figures in Figure 5.

Figure 6 indicates the sensitivities of the first eight natural
frequencies to the cross area of each member. It is clear
that the sensitivity coefficients of the cross area are quite
different to those of Young’s modulus and density. The
increase of member cross area does not always cause the
increment of the structural natural frequencies. It is seen from
the first two figures that the first two natural frequencies
are more sensitive to the cross area change of the vertical
major members than other members. As far as the first
two natural frequencies are concerned, the increase in cross
area of most of the vertical major members may induce the
increment of the natural frequencies. On the contrary, the
increase in the member cross areas of the two cross arms

may lead to the increase of the global mass instead of the
stiffness. Therefore, the structural natural frequencies may
decrease to some extents. As displayed in the third figure,
the skew members can be strengthened by increasing the
cross areas and the third natural frequency, corresponding
to the first order torsional mode, can be increased. Similar
observations can be found from the sensitivity coefficients
of the other higher natural frequencies. It is seen that the
sensitivity coefficients of Young’s modulus and the cross
area are similar to great extents. The stiffness matrix of the
𝑖th element of a transmission tower in the local coordinate
systemK𝑒

𝑖
is expressed in (1). It can be found that bothYoung’s

modulus 𝐸 and cross area 𝐴 have an important contribution
to the axial stiffness 𝐸𝐴/𝑙 of a single member. In addition,
Young’s modulus also makes the contribution to the member
bending stiffness 𝐸𝐼/𝑙3. Therefore, the comparison between
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Figure 4: Sensitivity of first eight natural frequencies to the Young’s modulus.

Figures 4 and 6 indicates that themagnitudes of the sensitivity
coefficients of Young’s modulus are slightly larger than those
of the cross area.

Sensitivity of the first eight natural frequencies to the
torsional stiffness 𝐼

𝑥
is displayed in Figure 7. It is seen

from the third figure that the sensitivity coefficients of the

third frequency to the torsional stiffness are much larger
than those of the all the other frequencies. Therefore, the
frequency sensitivity coefficients to the torsional stiffness
are substantially smaller than those of Young’s modulus, the
density, and the cross area.The torsional stiffness of structural
members may have a certain level of effects on the torsional
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Figure 5: Sensitivity of first 8 natural frequencies to the density of material.

vibration modes of the transmission tower. The sensitivity
of first eight natural frequencies to the bending moment of
inertia 𝐼

𝑦
and 𝐼
𝑧
are indicated in Figures 8 and 9, respectively.

Similarly, the frequency sensitivity coefficients to the bending
moment stiffness are also remarkably smaller than those of

Young’s modulus, the density, and the cross area. It is found
that the sensitivity coefficients of the major vertical members
are much larger than those of the other members for the
first five natural frequencies.This observation means that the
effects of the bending moment inertia of the major vertical
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Figure 6: Sensitivity of first eight natural frequencies to the cross area.

members on structural modal properties are more obvious in
comparison with other members.

5. Concluding Remarks

The feasibility of evaluating the parametric effects of a trans-
mission tower based on the frequency sensitivity analysis is

actively carried out in this study. The 3D analytical model
of a transmission tower is first constructed by using the
FE method. The differential sensitivity analysis approach is
presented based on the differential sensitivity coefficient, the
absolute sensitivity coefficient, and the relative sensitivity
coefficient, respectively. The sensitivity coefficients to natural
frequencies are deduced based on the equation of motion
of the tower. In addition, the expression of the frequency
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Figure 7: Sensitivity of first eight natural frequencies to the torsional stiffness 𝐼
𝑥
.

sensitivity to Young’s modulus, density of material, the cross
area of members, torsional stiffness, and bending moment
inertia is proposed. A real transmission tower-line system is
taken as the example to investigate the effects of the structural
parameters on the natural frequency through the detailed
parametric study.

The observations made demonstrate that Young’s mod-
ulus of the vertical major members plays an important role

in the first two vibration modes in comparison with all the
other vibration modes. The sensitivity coefficients of the
skew members are slightly smaller than those of the vertical
major members. The sensitivity coefficients of the natural
frequencies to the density are different to those of Young’s
modulus because the natural frequencies decrease with the
increasing material density. The sensitivity coefficients of the
cross area are quite different to those of Young’s modulus and
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Figure 8: Sensitivity of first eight natural frequencies to the bending moment of inertia 𝐼
𝑦
.

density. The increase of member cross area does not always
cause the increment of the structural natural frequencies.The
frequency sensitivity coefficients to the torsional stiffness and
the bending moment stiffness are substantially smaller than
those of Young’s modulus, the density, and the cross area. To
compare the magnitudes of the sensitivity coefficients, one
can find that Young’s modulus, the density, and the cross area
are more important structural parameters in assessing the
dynamic performance of the transmission tower.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The writers are grateful for the financial support from the
Technological Project of the Chinese Southern Power Grid



Journal of Sensors 13

1st freq.

−5.0 × 10−5

0.0

5.0 × 10−5

1.0 × 10−4

1.5 × 10−4

140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

0

Se
ns

iti
vi

ty
 o

fI
z

(a)

2nd freq.

−5.0 × 10−5

0.0

5.0 × 10−5

1.0 × 10−4

1.5 × 10−4

140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

0

Se
ns

iti
vi

ty
 o

fI
z

(b)

3rd freq.

−5.0 × 10−5

0.0

5.0 × 10−5

1.0 × 10−4

140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

0

Se
ns

iti
vi

ty
 o

fI
z

(c)

4th freq.

140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

−1.0 × 10−4

0.0

1.0 × 10−4

2.0 × 10−4

3.0 × 10−4

0
Se

ns
iti

vi
ty

 o
fI

z

(d)

5th freq.

0 140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

−2.0 × 10−4

0.0

2.0 × 10−4

4.0 × 10−4

6.0 × 10−4

Se
ns

iti
vi

ty
 o

fI
z

(e)

6th freq.

140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

−1.0 × 10−5

0.0

1.0 × 10−5

2.0 × 10−5

3.0 × 10−5

0

Se
ns

iti
vi

ty
 o

fI
z

(f)

7th freq.

140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

−1.0 × 10−2

0.0

1.0 × 10−2

2.0 × 10−2

3.0 × 10−2

0

Se
ns

iti
vi

ty
 o

fI
z

(g)

8th freq.

0 140012001000800600400200
Number of elements

zc pt
1

pt
2

pt
3

pt
5 xg hd1 hd2pt
4

pt
6

−2.0 × 10−4

0.0

2.0 × 10−4

4.0 × 10−4

6.0 × 10−4

Se
ns

iti
vi

ty
 o

fI
z

(h)

Figure 9: Sensitivity of first eight natural frequencies to the bending moment of inertia 𝐼
𝑧
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