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The measurement of resonator’s frequency splitting is a critical issue in vibratory gyroscopes, which would be elaborately treated in
practical applications. The high-precision measurement of frequency splitting plays a signiﬁcant role in frequency tuning control. A
novel time-domain method of frequency splitting measurement for hemispherical resonator based on the standing wave swing
eﬀect was proposed. The frequency splitting value of the resonator can be directly obtained by taking the reciprocal of the one
cycle time of standing wave swings, rather than through the frequency diﬀerence between two resonant modes. To begin with,
the method was analyzed theoretically, and the measurement resolution and accuracy of the method were researched in detail.
Simulation and experimental results showed that the frequency splitting value can be eﬀectively obtained by measuring the
period of the standing wave swings, improving the ﬁne measurement resolution and high accuracy. The frequency splitting of
lower than 0.007 Hz has to be eﬀectively obtained in the experiment. It is found that the measurement error is a small
proportional part of frequency splitting value, so the measurement accuracy is very high when the frequency splitting is very
low. Therefore, this time-domain method would contribute to the measurement of ultralow-frequency splitting for high-Q
resonators.

1. Introduction
Hemispherical resonant gyroscope (HRG) is a kind of vibrating gyroscope without high-speed rotor and movable parts,
which is in operation based on the Coriolis eﬀect. HRG oﬀers
many advantages which includes long running time, high
accuracy, small structure, and short start-up time [1]. Therefore, it has a wide range of application prospects in highprecision and long-life inertial navigation such as aviation
systems, precision guide missile, and other ﬁelds [2]. Due to
the imperfect fabrication process, machining errors and
manufacturing defects will inevitably occur on the resonator,
which results in uneven circumferential distribution of mass,
rigidity, and Q factor [3]. These problems are reﬂected in the
vibration process of the harmonic oscillator, which will lead
to the phenomenon of frequency splitting. Facts have proved
that the primary error source of HRG is the drift caused by

the frequency splitting [4–6]. The key issue in vibratory gyroscopes, therefore, will be the measurement of resonator’s frequency splitting, which would be elaborately treated by
mechanical balancing [7] or electrical treatment [8–10] in
practical applications. When the Q factor is high (typically
up to 107) and the frequency splitting is very low, it is a great
challenge to obtain the measurement, because the frequency
splitting value is suﬃciently low to reduce the gyro drift.
Choi and Kim [11] estimated the frequency splitting
amount of the natural frequencies based on the mathematical
model of imperfect shell with multiple point masses. But no
speciﬁc measurement method is proposed. Matveyev [7] proposed a method for determining the azimuth and frequency
splitting of the inherent stiﬀness axis based on the amplitude
frequency characteristics and phase angle characteristics. The
resonator is excited by a sweeping voltage signal, and the
vibration signal is recorded by two capacitive sensors at an
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angle of ±22.5°. The excitation voltage sweeps in steps of
0.001 Hz. The frequency splitting could be measured by analyzing the voltage amplitude and phase shift of the two capacitive sensors. This method has high measurement reliability
and good stability which is wildly used in MEMS hemispherical resonator gyros [12–15] and MEMS gyros [16–19]. However, the disadvantage of this approach is that two precision
capacitors need to be built around the resonator which is a
challenging work to ensure the measurement accuracy.
Besides of that, the measurement accuracy is limited by the
step of the sweeping voltage. Cho et al. [20] mounted the resonator on a stacked PZT actuator and applied z-axis linear
acceleration to the resonator. All the modes can be actuated
due to the structural asymmetry in the resonator. And the
resonant mode shapes and frequency spectrum are veriﬁed
with a Polytec PSV 400 scanning laser vibrometer. Wang
et al. [21] determined the resonant frequency through a
PSV-500 and frequency-sweeping process. The frequency
split of cylindrical axisymmetric-shell resonators was estimated based on FEM simulations and measured by getting
the two natural frequencies based on resonator’s amplitude
frequency response (AFR) characteristic [22, 23].
Measuring each resonant mode’s frequency separately
was the main methods have been previously used. The resolution of frequency splitting suﬀers from the limitations of
the Q factor of the resonators and the scanning step of exciting force. The measurement method of frequency splitting
for a high-Q hemispherical resonator based on a standing
wave swing eﬀect was simply discussed previously [24].
In this paper, the time-domain measurement method of
low-frequency splitting for a hemispherical resonator is demonstrated and analyzed in detail, which diﬀers from our previous work in the analysis in detail and the further research of
the measurement resolution and accuracy by the comparisons with the traditional AFR method and FFT analysis. A
complete set of theoretical analysis and simulations of the
time-domain measurement method based on the standing
wave swing eﬀect was investigated. The measurement resolution and accuracy of this method is researched by comparative experiments with the AFR method and FFT analysis.
The experimental results show that the measurement method
has a high-frequency resolution and accuracy. And the
method is very suitable for the measurement of low frequency splitting for high-Q resonators.
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the maximum and minimum, respectively (as shown in
Figure 2). The diﬀerence between the two natural frequencies
is called frequency splitting. And the two natural frequency
axes are called natural stiﬀness axis. If the excitation of the
harmonic oscillator is not along the natural axis direction,
the frequency splitting will cause the standing wave of the
resonator mode to slowly drift toward the natural axis until
the vibration is along the natural axis direction, resulting in
a gyro drift.
The two-dimensional dynamic model of an ideal axisymmetric hemispherical resonator could be presented as
€x + ωx − 2kΩ_y = 0,
€y + ωy + 2kΩx_ = 0,

ð1Þ

where x and y are the displacements of two vibration
modes, ω is the natural frequency of the vibration mode, k
is the precession factor (k = 0:277 for the n = 2 mode of hemispherical resonator), and Ω is the external angular velocity.
For ideal axisymmetric hemispherical resonator, the natural
frequency of two n = 2 modes is completely the same. When
the external angular velocity is ignored, the vibration of two
modes would be independently harmonic vibrations. The
relationship of amplitudes and phases is denoted as
x = x0 cos ðωt + αÞ,
y = y0 cos ðωt + βÞ,

ð2Þ

where x0 , y0 is the initial amplitude and α, β is the initial
phase.
Considering the damping issue of the vibration, the twodimensional dynamic model of the hemispherical resonator
can be expressed as
ω
x_ + ω2 x − 4kΩ_y = 0,
Q
ω
€y + y_ + ω2 y − 4kΩx_ = 0,
Q

€x +

ð3Þ

where Q is the Q factor of the damping vibration.
And the vibration of two modes is as follows:

2. Theoretical Analysis and Simulation
2.1. Theoretical Analysis. An ideal hemispherical resonator
has a completely axisymmetric structure (as shown in
Figure 1(a)), so the two working vibration mode (n = 2) are
degenerated and the natural frequencies are exactly the same,
as shown in Figure 1(b).
Due to the processing shape and position deviations of
the hemispherical resonator, such as circularity and coaxiality, and the anisotropy of the circumferential density and
Young’s modulus of the resonator material, the two modes
of the harmonic oscillator will develop into two 45° natural
axes, the nature frequencies corresponding to the secondorder bending modes of the two diﬀerent natural axes reach

x = x0 e−ðω/2QÞt cos ðωt + αÞ,
y = y0 e−ðω/2QÞt cos ðωt + βÞ:

ð4Þ

When the external angular velocity is ignored, the vibration of two modes would be exponentially decayed.
For an incompletely axisymmetric hemispherical resonator, the two n = 2 vibration modes of the resonator are not
degenerate. And the natural frequencies of the two modes
are not equal due to the frequency splitting. The simpliﬁed
dynamic model of the hemispherical resonator could be
expressed by the following formula:
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Figure 1: Basic schematic of the hemispherical resonator and vibration mode. (a) Typical structure. (b) n = 2 vibration mode.

𝜔2

45°

2.1.1. Analyze the Vibration on the Eﬀect of Frequency
Splitting. It can be seen from the formula above, the Q factor
could be ignored when analyzing the vibration on the eﬀect
of frequency splitting.
The n = 2 vibration mode of the resonator is excited
along by a certain azimuth through the speciﬁc excitation
method. As a result, the description of resonator’s initial
vibration is shown.

B

𝜔1
A

wðφ, t Þ = A cos 2ðφ − φ0 Þ cos ωt,
Figure 2: Schematic of the vibration mode of hemispherical
resonator.

ω0
x_ + ω21 x − 4kΩ_y = 0,
Q
ω
€y + 0 y_ + ω22 y + 4kΩx_ = 0,
Q

€x +

ð5Þ

where ω1 and ω2 are the resonant frequencies of two
vibration modes, respectively; ω0 = ðω1 + ω2 Þ/2 when the Q
factor inconsistency of the two modes is ignored. The external angular velocity is also negligible when analyzing the frequency splitting. Therefore, the vibration of two modes is as
follows:
x = x0 e‐ðω0 /2QÞt cos ω1 t,
y = y0 e‐ðω0 /2QÞt cos ω2 t:

ð6Þ

Thus, the vibration at the azimuth φ of hemispherical resonator can be represented as
wðφ, t Þ = x cos 2φ + y sin 2φ = x0 cos 2φe‐ðω0 /2QÞt cos ω1 t
+ y0 sin 2φe‐ðω0 /2QÞt cos ω2 t:
ð7Þ

ð8Þ

where A is the initial vibrating amplitude, φ0 is the azimuth between the standing wave and the normal axis, and
φ is the azimuth of the standing wave.
According to Matveev’s analysis, standing waves would
be destroyed over time under the inﬂuence of frequency splitting. And the resonator’s vibration could be expressed as the
superposition of two orthogonal vibration waves, which is
wðφ, t Þ = A cos 2φ cos 2φ0 cos ω1 t + A sin 2φ sin 2φ0 cos ω2 t,

ð9Þ
where ω1 and ω2 are the resonant frequencies of two
vibration modes, respectively. The frequency splitting value
of hemispherical resonator is deﬁned as
Δf =

1
1
ðΔ + Δ2 Þ =
ðω − ω1 Þ,
2π 1
2π 2

ð10Þ

where ω (ω1 < ω < ω2 ) is a reference frequency; Δ1
(Δ1 = ω − ω1 ) and Δ2 (Δ1 = ω2 ‐ω) are two oﬀset frequencies.
And the resonator’s vibration is rewritten as
wðφ, t Þ = A cos 2φ cos 2φ0 cos Δ1 t cos ωt
+ A sin 2φ sin 2φ0 cos Δ2 t cos ωt
+ A cos 2φ cos 2φ0 cos Δ1 t sin ωt
− A sin 2φ sin 2φ0 cos Δ2 t sin ωt:

ð11Þ
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It can be derived that the vibrating energy at the position
φ on resonator can be described as
Eðφ, t Þ = A2 cos2 2φ0 cos2 2φ cos2 Δ1 t + A2 sin2 2φ0 sin2 2φ cos2 Δ2 t
+ 2A2 cos 2φ0 cos 2φ sin 2φ0 sin 2φ cos Δ1 t cos Δ2 t
+ A2 cos2 2φ0 cos2 2φ sin2 Δ1 t + A2 sin2 2φ0 sin2 2φ sin2 Δ2 t
− 2A2 cos 2φ0 cos 2φ sin 2φ0 sin 2φ sin Δ1 t sin Δ2 t
= A2 cos2 2φ0 cos2 2φ + A2 sin2 2φ0 sin2 2φ
+ 2A2 cos 2φ0 cos 2φ sin 2φ0 sin 2φ cos ð2πΔftÞ:

ð12Þ
It can be obtained from (12) that the energy of a certain
position on resonator is demodulated by the frequency splitting value. And the demodulation period time is
T=

2π
1
=
:
2πΔf Δf

ð13Þ

Thus, the frequency splitting of the hemispherical resonator can be calculated by measuring the period time of the
resonator’s vibrating energy.
Take the partial diﬀerential of the vibrating energy,
which is
∂Eðφ, t Þ
= −2A2 cos 4φ0 sin 4φ + 2A2 sin 4φ0 cos 4φ cos ð2πΔf t Þ:
∂φ

ð14Þ
The azimuth of standing wave is presented as
tan 4φ = tan 4φ0 cos ð2πΔf Þt:

ð15Þ

It can be concluded from (15) that the azimuth of
standing wave is demodulated by the frequency splitting
value which results in wave swings under the inﬂuence
of frequency splitting.
2.1.2. The Analysis of Eﬀect of Q Factor on Frequency Splitting
Measurement. Without external interference, the vibration of
hemispherical resonator tends to ring down freely through
the impact of vibration damping. It implies that the Q factor
could aﬀect the frequency splitting measurement.
Formula (9) could be reexpressed as the following
formula under the inﬂuence of Q factor.
wðφ, t Þ = A0 e‐ðω0 /2QÞt ðcos 2φ cos 2φ0 cos ω1 t + sin 2φ sin 2φ0 cos ω2 t Þ:

ð16Þ
From (16), the vibration would decay completely due to
damping. The standing wave swing eﬀect is rarely observed
if the vibration attenuated to zero during the measurement
process. The frequency splitting is hardly settled consequently. Thereby, the resolution of the frequency splitting
requires that the vibration cannot be attenuated to the amplitude which is too small to be detected during the period time
(T) shown in formula (13).

Formula (12) is represented as

Eðφ, t Þ = A2 e‐ðω0 /QÞt cos2 2φ0 cos2 2φ + sin2 2φ0 sin2 2φ


+ 2 cos 2φ0 cos 2φ sin 2φ0 sin 2φ cos ð2πΔftÞ :
ð17Þ

From the formula above, the frequency splitting is much
more accessible when the stand wave swing amplitude
reaches a maximum. In this azimuth of the hemispherical
resonator, the expression for vibration energy is
Eðt Þ = A2 e‐ðω0 /QÞt f1 + cos ð2πΔftÞg:

ð18Þ

Let the initial time be zero, and the time will be
2πΔfti = 2iπ + π, i = 0, 1, 2 ⋯ ,

ð19Þ

where t i is deﬁned as the situation when the vibration
energy is one minimum value during the vibration. The
formula above can be rewritten as
ti =

2i + 1
:
2Δf

ð20Þ

The detection of eﬀective vibration is limited by the resolution of the detection devices. It will be barely detected when
the vibration signal is less than the noise of device.
The resolution of the detection device is recorded as ek
which is characterized by the ratio of the minimum vibration
amplitude to the full range of the detection device. The vibration reaches to the full scale of the detection devices at time t 0
. In order to distinguish one period time of the standing wave
swing, it requires that
Eðt 1 Þ e‐ðω0 /QÞt1
≥ ðe k Þ2 ,
=
Eðt 1 Þ e‐ðω0 /QÞt0

ð21Þ

which can be reduced to
Δf = −

ω0
:
2Q ln ek

ð22Þ

One conclusion can be drawn that under a certain resolution of the vibration detection, the resolution of frequency
splitting is higher as the Q factor increasing. The measurement method is very suitable for the high-Q resonators,
because the resolution of frequency splitting is very high
when Q factor is high enough.
2.2. Simulations. The time-domain measurement method of
frequency splitting based on the standing wave swing eﬀect
is simulated in MATLAB based on the above analysis. In
the simulations, the natural frequency of the resonator is
5000 Hz. The initial vibration amplitude is 5 μm. The frequency splitting value of the resonator is 0.015 Hz. And the
Q factor is 1 500 000. The simulation results are shown in
Figure 3. Lines 1 and 4 are the vibration attenuation curves
when the standing wave coincident with stiﬀness principal
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Figure 3: Simulation results of the vibrating energy.

Resonator

Turntable

Vacuum chamber

Laser Doppler Vibrometer (LDV)

Figure 4: Picture of experimental setup.

axis. Lines 2 and 3 are the vibration attenuation curves when
the standing wave does not coincident with stiﬀness principal
axis. It shows that a periodic oscillation signal can be
obtained when the exciting and measuring direction is in
the middle of two principal axes. And the frequency splitting
value could be calculated by taking the reciprocal value of the
signal’s period time.
2.3. Experimental Setup and Procedure. An experimental
apparatus based on a laser Doppler vibrometer (LDV) is set
up (as shown in Figure 4) in order to measure the frequency
splitting of resonators based on the standing wave swing
eﬀect.
2.3.1. Experimental Setup. As shown in Figure 4, the hemispherical resonator is ﬁxed on a turntable which could rotate
within the range of 0°~360° in a vacuum chamber. The initial
vibration of hemispherical resonator is excited by a striking

hammer in a vacuum chamber. And the vibration information is recorded by a LDV.
2.3.2. Experimental Procedure. As a ﬁrst step, adjust the exciting and measuring directions of the hemispherical resonator.
Typically, the exciting point, measuring point, and center of
resonator are in the same axial line for simplicity.
Evacuate the vacuum chamber to a certain pressure. The
resonator’s Q factor varies with the pressure of the vacuum
chamber. In the experiment, the pressure in the chamber
should be smaller than 10-5 Pa to make sure the resonator
get higher Q factor.
Strike the resonator in any initial orientation (set as 0°) to
excite the initial vibration by the striking hammer in a vacuum chamber which is controlled by a pulse switch outside
the chamber. Then, record the vibration signal of the resonator through a LDV.
The vibration signals are processed by ﬁltering and ﬁtting to get the energy exchange period time induced by the
standing wave swing eﬀect. The frequency splitting value
could be obtained by taking the reciprocal value of the
period time (T). As a matter of fact, the two natural frequencies and splitting value could also be obtained by the FFT
processing the vibration signals.

3. Results and Discussions
In this section, the resonator’s frequency splitting is measured based on the method mentioned above. And the measurement resolution and accuracy of the method
emphatically analyzed in detail. At last, this method is compared with the traditional AFR method and the FFT analysis.
3.1. The Measurement Results of Hemispherical Resonator’s
Frequency Splitting. The frequency splitting of two typical
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hemispherical resonators is measured using the method
mentioned above. As reported in ref. [24], it is validated that
the frequency splitting, as well as the Q factor of the resonator
could be obtained eﬀectively by the measurement method.
The results show that the frequency splitting value of 1#
resonator is 0.0610 Hz and the Q factor is 410000. And the
frequency splitting value of 2# resonator is 0.3275 Hz and
the Q factor is 98000.
The presented method is conﬁrmed by comparing the
simulation results and the experimental results. The parameters obtained in the experiment (Q, frequency, △f ) are
substituted into the simulation model to obtain the simulation results under the resonator’s real parameters. And the

comparison results are shown in Figure 5. The blue lines in
the ﬁgure are the measured curves of the 1# and 2# resonators, and the red lines are the simulated curves under the
parameters of measured data. It can be seen from the comparison that the simulation results are consistent with the
experimental results. The diﬀerence phase between the two
curves is caused by the selection of starting point in experimental data. The period time of vibrating signal between
the simulation and experimental results is consistent which
corroborate the correctness of this method.
3.2. The Measurement Resolution Analysis. According to the
analysis of eﬀect of Q factor on frequency splitting
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Table 1: Experimental results of the resonator.
No.

T 1 (s)

T 2 (s)

Period time (s)

△f (Hz)

1#

2.967
19.350

16.383
16.390

0.0610
0.0610

35.740

19.350
35.740
52.390/∗

16.650

0.0601

1.603
4.656
7.707
10.750

4.656
7.707
10.750
13.810

3.053
3.051
3.043
3.060

0.3275
0.3278
0.3286
0.3268

2#

∗

The vibration signal is too small to detect; therefore, it induces errors.

measurement and formula (22), it can be obtained that the
frequency splitting measurement resolution based on the
standing wave swing eﬀect depends on the Q factor of the resonator and the limit resolution of the detection devices. The
higher the Q value of the resonator and the higher the resolution of the detection devices, the higher the resolution of the
frequency splitting measurement is of this method. It is
simulated based on formula (22).
The simulation result is shown in Figure 6. The natural
frequency of resonator is set to 5000 Hz. In the paper, the resolution of the detection device (LDV) is about 1E (-5) as
shown by the orange line. Therefore, it is veriﬁed by measuring a resonator with lower frequency splitting as shown in
Figure 7. The experimental results show that the frequency
splitting of 0.007 Hz could be easily obtained while the Q factor is more than 1.69 million. The result is basically consistent with the simulation results in Figure 6. Therefore, the
resolution of frequency splitting value could reach to the level
of 10-4 Hz if the Q factor is more than 10 million.

3.3. The Measurement Error Analysis. The measurement
method based on the standing wave swing eﬀect is essentially
converting measuring the natural frequency of each mode
into a period time based on the resonator’s inherent characteristics. As can be seen from the experimental results, the
measurement error of this method is mainly on account of
the reading error at the measurement time. The vibrating
period time can be expressed by
T m = T + kT k∣ < <1,

ð23Þ

where T is the real period time without errors and k is a
small proportion estimation error. Therefore, the measured
frequency splitting value is
Δf m =


1
= 1‐k + k2 +⋯ Δf ,
Tm

ð24Þ

Δf m ≈ Δf + kΔf ,
where Δf is the real frequency splitting value of the resonator without errors.
It can be seen that the measurement error is a small proportion of the frequency splitting value. The smaller the frequency splitting, the higher the measurement accuracy is. In
this paper, the frequency splitting value is calculated by
selecting diﬀerent swing period of 1# and 2# resonators as
shown in Figure 5. The result is shown in Table 1. For 1# resonator, the period time of the third period has a little deviation compared with the ﬁrst two periods, because the
vibration signal has been greatly decayed and it is too small
to distinguish which results in extra errors. In the measurement process, the ﬁrst few periods with large amplitude
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Figure 8: The measurement results of frequency splitting base on AFR. (a) Resonator 2#. (b) Resonator 1#.

should be selected to avoid extra errors. Conclusion reached
from the results that the lower the frequency splitting value,
the lower the measurement error is. Therefore, this method
presented is particularly suitable for the measurement of
ultra-low frequency splitting for high-Q hemispherical
resonators.
3.4. Comparison with AFR Method and FFT Analysis
3.4.1. AFR Method. As reported, the measurement method of
frequency splitting based on AFR is widely used in many
areas. However, its measurement accuracy is not enough
owing to the resolution of the frequency is limited by the
sweeping step of hardware. In the paper, the frequency splitting of hemispherical resonators 1# and 2# was measured
based on AFR method for comparison, by the experimental
setup reported in the previous article [25]. The hemispherical
resonator is excited by a piezoelectric exciter in the sweeping
frequency range of the resonator’s natural frequency. The
sweeping frequency step is 0.002 Hz. The amplitude frequency response curves of the resonator in the orientation
of 0° and 22.5° are obtained, respectively.
The experimental results are shown in Figure 8. For
resonator 2#, the two resonant peaks are easily distinguished in the case of 0.326 Hz frequency splitting value.
However, for resonator 1#, the two resonant peaks are
hardly distinguished in the case of the frequency splitting
value lower than 0.061 Hz. Although the measurement resolution of AFR would be a little better when the resonator’s Q factor is higher, a sweep frequency exciter should
be placed inside the vacuum chamber, which made the
setup more complicated and expensive. It would be still
limited by the sweeping step of hardware and the sweeping
process. In addition, the natural frequency is vulnerable by
the impact of temperature changing which also make poor

measurement repeatability base on AFR method. Therefore, this measurement method presented is more suitable
for lower frequency splitting for high-Q resonators, while
the previous method based on AFR is more suitable for
larger frequency splitting.
3.4.2. FFT Analysis of the Vibration Signal. The vibration signal of the resonator could also be analyzed through fast Fourier transform (FFT), as shown in Figure 9. The results show
that the natural frequencies of each mode and the frequency
splitting value could be obtained through the FFT analysis of
the vibration signal. However, the natural frequency peak of
the FFT signal would be ﬂattened which could result in measuring errors. There are two main reasons for that. To begin
with, the frequency resolution is limited by the amount of the
data for FFT analysis. And the natural frequency could be in
the interval of two distinguishable frequencies. Moreover,
the natural frequencies of vibrating modes ﬂuctuate depend
on the external environment during the process of the ringdown vibration which would lead to the broadening of the
FFT frequency spectrum. For 1# resonator, as shown in
Figure 9(a), the natural frequency of one mode is in the
range of 7228.1069 Hz-7228.1128 Hz; and the natural frequency of the other mode is 7228.1680 Hz (the peak not ﬂattened). Therefore, the frequency splitting value of 1#
resonator is in the range of 0.0552 Hz-0.0611 Hz, while the
measured frequency splitting value is 0.0610 Hz through
time-domain analysis. For the 2# resonator, as shown in
Figure 9(b), the natural frequency of one mode is in the
range of 6129.8584 Hz-6129.8828 Hz; and the natural frequency of the other mode is 6130.2002 Hz-6130.2246 Hz.
Therefore, the frequency splitting value of 2# resonator is
in the range of 0.3174 Hz-0.3662 Hz, while the measured frequency splitting value is in the range of 0.3268 Hz-0.3278 Hz
through time-domain analysis. The experimental results

Journal of Sensors

9
1.0

1
0.9

0.9
Amp / A.U.

0.8

0.8

0.7
0.6
0.5

Amp / A.U.

0.7

0.4
0.3

0.6

0.2
7228.08

7228.1

7228.12

0.5

7228.14
7228.16
Frequency / Hz

7228.18

7228.2

0.6

0.4

0.55

0.5
Amp / A.U.

0.3

0.45

0.4

0.2

0.35

0
7227

7228.1

7228.095

0.1
7227.5

7228

7228.105

7228.11
Frequency / Hz

7228.5
7229
Frequency / Hz

7228.115

7228.12

7229.5

7228.125

7230

(a)

1.0

1
0.9

0.9

0.8

Amp / A.U.

0.7

0.8

0.6
0.5
0.4

0.7

0.3

0.1
0
6129.7

0.5

6129.8

6129.9

6130
6130.1
Frequency / Hz

6130.2

6130.3 6130.4

0.65
0.6
0.55

0.4

0.5
Amp / A.U.

Amp / A.U.

0.2

0.6

0.3

0.45
0.4
0.35

0.2

0.3
0.25
0.2
6130.16 6130.18 6130.2 6130.22 6130.24 6130.26 6130.28 6130.3
Frequency / Hz

0.1
0
6128

6129

6130

6131
Frequency / Hz

6132

6133

6134

(b)

Figure 9: The FFT analysis results of vibrating signals. (a) 1# resonator. (b) 2# resonator.

show that, in the normal case of large frequency splitting
value measurement, it could be obtained through the FFT
analysis of the vibration signal. While in the case of the
ultralow-frequency splitting measurement, the method
presented in this paper has higher measuring accuracy by
the time domain analysis.

4. Conclusions
The time-domain measurement method for low-frequency
splitting of hemispherical resonators is researched in detail
in the paper. The frequency splitting value of the resonator
can be directly obtained without calculating the frequency
diﬀerence between the two resonance modes. The experimental results reveal that the proposed method can eﬀectively obtain a frequency lower than 0.007 Hz. And based
on the proven evaluation, the resolution of frequency splitting value could reach to the level of 10-4 Hz if the Q factor

is more than 10 million. Since the measurement error only
makes up only a small fraction of the frequency splitting
value, the measurement accuracy is much higher than the
AFR method and FFT analysis. The time-domain method
can not only greatly improve the measurement resolution
of frequency splitting but also simplify the measurement procedure. Consequently, the measurement method holds great
promise prospect in the ﬁeld of high-precision inertial
sensors.
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