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To progress the proficiency and broaden the action bandwidth of vibration energy harvesters, this paper presents a cantilever
piezoelectric-magnetostrictive bistable hybrid energy harvester with a dynamic magnifier. The hybrid energy-harvesting system
comprises two vibration degrees of freedom and two electrical degrees of freedom. It consists of a composite cantilever beam
made of three layers, in which the magnetostrictive and piezoelectric layers are attached to the top and bottom of the base
layer. The electromechanically coupled vibration equations of the whole hybrid structure were established with the lumped-
parameter model while taking into account the magnetic interaction of two magnets. The nonlinear frequency-response of
vibrations for the hybrid harvester is calculated using the harmonic balance method, and the model has been validated by
literature. The time response and phase portraits of oscillation for the cantilever harvester and its performance in generating
electrical power under different magnet distances, dynamic magnifier features, and excitation levels are analyzed. Numerical
results have shown that the hybrid structure can harvest additional electrical power and operates at larger bandwidth than
routine bistable piezoelectric or magnetostrictive energy harvesters.

1. Introduction

With a quickly increasing market for solid-state electronics,
energy consumption demanded by microelectronic tools has
been reduced, which helps the progress of energy-harvesting
technology. Between lots of energy sources, energy harvest-
ing from mechanical vibration has developed wide-ranging
because of availability [1], besides harvesting from the ambi-
ent vibrations is much considered. In the past years, many
scholars have considered vibration energy-harvesting
(VEH) systems which are electromagnetic-, electrostatic-,
and piezoelectric-based devices. Besides, there is a new type,
magnetostrictive harvesting, which developed in recent
years [2].

To broadband operating frequencies of VEH systems,
researchers have established some resolutions such as tuning
techniques, multimodel systems, and nonlinear systems [3].
Scientists have used nonlinear methods to make energy har-
vesting available in a broadband frequency extensively. The
bistable structure was formed by the nonlinear magnetic
force between repulsive magnets, and the magnification

mechanism is presented to increase the base excitation.
The bistable energy harvesting (BEH) can produce a large-
amplitude motion with high power by means of broadening
the bandwidth greatly. One of the most familiar arrange-
ments for BEH is the magnetic repulsion harvester in which
the nonlinearity governed by the repulsion force can greatly
increase the harvesting power [4]. In recent years, the non-
linear bistable energy-harvesting (BEH) systems have
received extensive attention, since they act over a further
wide range of base excitation frequencies and can lead to
extra output power [5].

Erturk et al. [6] showed that the piezoelectric BEH
excited by harmonic inputs can show large-amplitude peri-
odic or chaotic motions. Ferrari et al. [7] compared the dis-
placement response of a BPEH under band-limited
excitation and confirmed the results by tests. Karami and
Inman [8] considered the perturbation method for BPEH
in the initial resonance state. Kim and Seok [9] planned mul-
tistable PBEH to extract power in broadband frequencies,
even at low excitation levels. Pan and Dai [10] considered
composite laminate with a new stacking sequence to regulate
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the resonance frequency of the PBEH and improved the vibra-
tion behaviors of the harvester. The lumped-parameter model
with magnetic coupling has been considered for broadening
the resonance frequency range of nonlinear bistable vibration
energy harvester by Jiang et al. [11]. Nguyen et al. [12] devel-
oped the magnetically coupled 2-DOF bistable vibration energy
harvester with a high-energy trajectory, increasing the reso-
nance frequency and elevated electrical power. The nonlinear
magnetic force has been used to establish the electromagnetic
bistable vibration system by Wang et al. [13] to improve its
effectiveness in broadening the resonance bandwidth of the har-
vester. Kianpoor and Jahani [14] considered the output power
which is from rectangular and trapezoidal bimorph piezoelec-
tric cantilever beams with tip mass analytically and optimized
the harvester geometry by implementing the genetic algorithm.
Time and frequency-response analyses of functionally graded
piezoelectric CNT-reinforced cantilever harvesters have been
studied by Heshmati and Amini [15] for harmonic and random
excitations using finite element formulation. Wu and Xu [16]
studied a bistable piezoelectric energy harvester compounds’
elastic and gravitational potential energy.

There are some arrangements of elastic magnifiers that are
generally displayed as a linear mass-spring system positioned
between the bimorph beam and the base. Aladwani et al. [17]
analyzed a PEH containing a simple spring magnifier using
finite element theory. Vasic and Costa [18] developed a double
beam harvester with a magnifier to investigate the added har-
vesting power of a traditional harvester. Dynamic analysis of
bistable PEH with elastic magnifier configuration has been con-
sidered by Wang and Liao [19] based on lumped-parameter
model and then verified experimentally. Wang et al. [20] use
an arrangement with an auxiliary mass-spring magnifier to
strengthen base excitation and deliver appropriate dynamic
energy to overcome potential wells, hence leading to large-
amplitude bistable motion. Bernard and Mann [21] merged
the features of the dynamic amplifier and nonlinear modified
energy-harvesting system to enhance the total harvesting band-
width and improve the harvested power.

Vibration energy harvesting based on magnetostrictive
(Ms) materials (MsM), which are a recent category of a
smart material, uses the change of magnetic flux density by
cause of the structural vibrations and produces voltage all
over a pick-up coil. MsM such as galfenol (iron-gallium
alloy) and Metglas (glass fiber metal compound) have
increasingly developed, in recent years. Because of their
physical features, for example, high-energy density, it seems
galfenol-based harvesters are able to deliver better energy
generating and performance. In comparison with the piezo-
electric harvester, the magnetostrictive power harvester does
not entail high corresponding impedance and evades the
leakage problems and depolarization. Thus, the attention
of researchers has been attracted by magnetostrictive vibra-
tion harvesters in this decade [22].

Ueno and Yamada [23] established a bimorph energy
harvester based on two cantilever beams of galfenol. Magne-
tostrictive vibration energy harvester made of Fe-Ga alloy
was studied by Kita et al. [24]; 35% of conversion efficiency
was reached at an input frequency of 202Hz. Damping and
energy harvesting of the magnetostrictive vibrations system

have been discussed in Fang et al. [25]. Based on thermody-
namic free-energy density approach and finite element
model, Ahmed et al. [26] proposed a magnetostrictive vibra-
tion energy harvester concerning the steady-state response
of the oscillation. Cao et al. [27] established the 2-DOF non-
linear magneto-electro-mechanic coupled model of a galfe-
nol nonlinear cantilever energy harvester + dynamic
magnifier (DM), analytically. They illustrated the influence
of some key parameters such as mass and stiffness ratios
on output voltage and power. Zhang et al. [28] analyzed a
NES–magnetostrictive coupled model based on cantilever
beam for vibration control and energy harvesting using the
harmonic balance method by means of COMSOL Multiphy-
sics. Clemente et al. [29] examined the behavior of an energy
harvester device exploits three rods of galfenol. Liu et al. [30]
selected a magnetostrictive material for the vibration har-
vesting system and studied a magnetostrictive bistable vibra-
tion harvester with displacement magnification instrument.

To overcome the energy-incompetency concern of a
single-energy harvester, hybrid energy-harvesting technol-
ogy has been developed. This fusion harvester can be divided
into two groups: multisource hybrid harvesters and single-
source harvesters with combination mechanisms. The sec-
ond one characterizes converting energy into electricity
through various forms of transduction structures, where
hybrid materials, structures, and devices are proficient in
developing energy conversion efficiency. Wang et al. [31]
investigated a 2-DOF hybrid piezoelectric-electromagnetic
energy harvester to enhance the harvested power from the
electromechanical transducer. Stochastic dynamics of the
hybrid energy harvester were considered by Sengha et al.
[32] concerning the nonlinear magnetic coupling. Consider-
ing the piezomagneto-elastic energy-harvesting system under
low-frequency excitations, Jahanshahi et al. [33] studied the
application of secondary resonances in multifrequency excita-
tions. Fang et al. [34] proposed a bistable rotational energy-
harvesting system with hybrid piezoelectric and electromag-
netic mechanisms for increasing harvested power at the low-
frequency excitation. Modeling and theoretical study of a
piezoelectric-electromagnetic hybrid energy harvesting from
vortex shedding-induced vibration have been considered by
Li et al. [35]. This study deals with a hybrid piezoelectric-
magnetostrictive energy harvester carrying the magnet at the
free end while a magnifier connected them to the base. The
hybrid vibration energy harvester includes both
piezoelectric-based and magnetostrictive-based energy har-
vester systems. The harvester consists of a three-layered canti-
lever beam with a core and smart faces while taking into
account the magnetic interaction of two magnets. To quantify
the responses, a lumped-parameter model of the simulation
system is established.

2. Structure design of Novel hybrid vibration
Energy Harvester (HVEH)

The structure of the hybrid magnetostrictive-piezoelectric
(Ms-P) vibration harvesting system with a dynamic magni-
fier (DM) is developed in this study and shown in Figure 1.
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The bistable hybrid power generation system uses
both piezoelectric and Ms layers to convert vibrational
energy into electrical energy. It consists of a composite
cantilever beam made of three layers, in which the mag-
netostrictive and piezoelectric layers are attached to the
top and bottom of a metalic core through the epoxy
adhesive glue, respectively. The surface of the piezoelec-
tric layer is completely enclosed with a tinny electrode,
and a resistance RLL is coupled to the piezoelectric energy
harvester electrically. Also, a pick-up coil, with resistance
Rc, turns N , length lc ≈ lm, and cross-sectional area Sc ≈
gm hm, is bounded on the cantilever and linked in series
with resistance RL; the power collection part is simplified
as the load impedance.

As shown in Figure 1 magnet A is attached to the beam
free end; its magnetic field direction is a reverse polarity to
the field of another fixed magnet B. The two-part permanent
magnets are mutually repellent and creates a bistable struc-
ture. The distance between two magnets A and B are
denoted by d, measured according to the undeformed shape
of the beam. By adjusting the parameter d, the force between
them is varied. When this distance is proper, the system is
bistable.

Two magnets A and C provide a bias magnetic field
Hb = 3580A/m for the Ms layer. Magnets A, B, and C
have the same volume, VA = VB =VC , and their magneti-
zations are MA, MC , and MB. The beam’s longitudinal axis
is x1, whereas the transverse axis is x3, so that the x1 − x3
plane is set on the neutral plane of the beam. The DM
consists of a mass and a spring element which is posi-
tioned between the BHEH and the base. The whole vibra-
tion harvesting system is simplified as a 2-DOF lumped-
parameter nonlinear vibration model, when the cantilever
beam vibrates in the first-order mode, as shown in
Figure 1, in which M0 and K0 denote the equivalent mass

and stiffness of the DM, respectively; l is the total effective
length of the beam ðl = lb + lvÞ, in which lv = 20mm; Fur-
thermore hp, hm, and hb are the thickness of the piezoelec-
tric, Ms, and core layers, respectively.

Besides, Me, Ke, Ce, and ωe are the equivalent (effective)
mass, stiffness, damping, and resonant frequency of the can-
tilever beam, respectively, where Me =Mt + ð33/140Þm, Ke

= 3EIb/l
3 [36]. In which Mt is the tip mass and equals to

Mt = ρA ×VA (the product of the density and the volume
of the magnet A). Also m, E, and ζ are the composite beam’s
mass, Young’s modulus, and damping ratio, respectively. EIb
is the average stiffness of the beam, and Ib is the moment of
inertia of the beam cross-section about the neutral axis. An
acceleration €u is applied to the base, and the displacement
of the mass Me and M0 are written as xeðtÞ and yðtÞ, respec-
tively. Using relative motion x, ðx = xe − yÞ.

The system currently has two steady-state equilibria, and
the harvester displays bistable features. In this arrangement,
the force among magnets A and B is regulated by changing
the distance d. Also, the mass ratio (rm =M0/Me) and stiff-
ness ratio (rk = K0/Ke) of the DM could change the vibration
behavior of the 2-DOF harvester.

3. Theoretical Model of Harvesting System

3.1. Magnetostrictive Layer Subsystem (Modeling of the
Magnetostrictive Part). When the harvester vibrates, because
of the Villari effect, the magnetic induction Bz in MsM (Gal-
fenol) is varied, so the current i and magnetic field Hc in the
coil are induced, in which Hc =Ni/lc (N = 1000 turns). The
constitutive equations for Ms layer are [37]:

εM =
σM

EM
+ dMHz , ð1Þ
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Figure 1: (a) 2-DOF nonlinear lumped-parameter model of the hybrid energy harvester (HEH) + DM. (b) Schematic structure of
piezoelectric-magnetostrictive harvesting system with DM.
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Bz = dM σM + μHz , ð2Þ
where εM denotes the strain, Hz =Hb +Hc signifies the
strength of magnetic field, σM is the stress applied to the
MsM, and Em is the Young’s modulus of the MsM; dM =
34 T/GPa is piezomagnetic coefficient, and μ is magnetic
permeability which μ = 230 μ0 is taken in this paper. The

strain is ε = 3~hð0:65l − lÞx/l3 [37] where ~h is the distance
from the neutral axis of beam cross-section to the center of
Ms layer. x is the relative displacement of the beam tip,
and l is the beam effective length as mentioned before. When
εM = 0, Equation (1) becomes σM = −EMdMNi/lc, and the
average stress σiM associated with i is given as [37]:

σiM =
1

hm + hc + hp
� �

lm

ð lm
0

ðh
0

Fi

Ib
l − x1ð Þx3dx3dx1 =

Fi 2l − lmð Þ~h
4Ib

:

ð3Þ

The force Fi derivative by Equation (3) is:

Fi = −dMkii,

ki =
4EMIbN

~h 2l − lmð Þlc
,

ð4Þ

From Equations (1) and (3), the magnetic field strength
Bz can be found as:

Bz =
3dMEM

~h 0:65l − lð Þx
l3

+ μ − EMdM
2� �

Hb +Ni/lcð Þ: ð5Þ

Considering the electrical part of the Ms layer subsys-
tem, the induced voltage vM in the pick-up coil with length
lc using faraday law is [38]:

dvM
dx1

=
−NSc
lc

dBz

dt
: ð6Þ

Replacing Equation (5) into Equation (6) and participat-
ing in the subsequent equation with respect to x1 yields, the
harvested voltage of the MsM harvester part is:

vM = β
dw
dt

− Lc
di
dt

: ð7Þ

in which [37]:

β =
3dMNScEM

~h 2l − lmð Þ
2l3

,

Lc = μ − EMdM
2� �

N2Sc/lc
� �

:

ð8Þ

Now, the output voltage of the Ms harvester is expressed
as vM = ðRL + RCÞi, considering the coil resistance RC and
load resistance RL, so the electrical equation of the subsys-
tem is expressed as:

β
dw
dt

− Lc
di
dt

− Ri = 0: ð9Þ

3.2. Piezoelectric Layer Subsystem. For the piezoelectric layer
attached to the cantilever beam, the piezoelectric constitutive
equation can be written as [36]:

εp = c−111σp + d31Ez , ð10Þ

Dz = d31σp + εT33Ez , ð11Þ
Where Ez and Dz characterize the electric field and dis-

placement in the z-direction, consistently. εp is the strain
in the x-direction; s11= c11

−1 is the compliance coefficient
under a constant electric field; σp is the stress in the
x-direction; d31 is the piezoelectric coefficient; Ez is the electric
field strength in the x3-direction; Dz is the electric displace-
ment in the x3-direction; ε

T
33 is dielectric coefficient under

constant stress.
From Equation (10), under zero strain, σp = −e31v/hp,

where e31 = c11d31, is the piezoelectric constant. Furthermore,
v = Ez hp. There is also an electromechanical coupling force
Fp related to the voltage v, as follows [39]:

σp =
1
le

ð le
0

Fp l − x1ð Þ hp + hb
� �

2I
dx1 =

Fp 2l − leð Þ hp + hb
� �

4I
,

ð12Þ

where hb is the thickness of the cantilever beam, le is the length
of the piezoelectric layer, and u is the displacement from the
center of the beam along the beam axis. From Equation (12),
one can write:

Fp = −κvv ; κv =
4Ie31

hp 2l − leð Þ hp + hb
� � : ð13Þ

Consider the relationship between the mass displacement x
and the generated current i when Ez = 0. It can be obtained
from Equation (12):

Dz = d31σp = d31Epεp =
3e31 2l − leð Þ hp + hb

� �
4l3

x, ð14Þ

where Ep is the elastic modulus of the piezoelectric layer, Then:

i = 2ble
dDz

dt
= κc

dx
dt

,

κc =
3lee31 2l − leð Þ hp + hb

� �
2l3

:

ð15Þ

Considering the Piezoelectric subsystem, the electrical equa-
tion based on the Kirchhoff’s law is expressed as [36]:

κc
dX
dt

+
v
Rp

+ Cp
dv
dt

= 0: ð16Þ
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v is the voltage across the load, Cp is the equivalent capaci-
tance of the piezoelectric layer, and Rp is the load resistance.

4. Coupling Model and Equation of Motion

The electromechanically coupled nonlinear equations of the
hybrid harvester may be found by combination of the ordi-
nary differential equations of the Ms and piezoelectric parts
as follows:

Me
d2xe
dt2

+ Ce
dx
dt

+ Kex − FN − Fv − Fi = 0 ; xe = x + yð Þ,

M0
d2y
dt2

+ K0 y − uð Þ − Kex + Ce
dx
dt

� �
+ Fv + Fi = 0,

κp
dx
dt

+ Cp
dv
dt

+
v
RL

= 0 ;

β
dx
dt

− Lc
di
dt

− Rci = 0,

ð17Þ

where the nonlinear vertical force FN , based on the Taylor
series, is [30]:

FN = k1 xe − yð Þ + k3 xe − yð Þ3: ð18Þ

k1 and k3 are the linear and nonlinear spring constants
[30].

k1 =
3μ0VAVBVMAMB

2πld4
; k3 = k1

1
l2

+
5
d2

� �
: ð19Þ

So, the coupled equations of hybrid 2-DOF piezoelectric
harvester rewrite as follows:

Me
d2x
dt2

+ Ce
dx
dt

+ Ke − k1ð Þx + k3x
3 − κvv + kidMi +Me

d2y
dt2

= 0,

M0
d2y
dt2

+ K0y − Kex + Ce
dx
dt

� �
+ κvv − kidMi − K0u = 0,

κp
dx
dt

+ Cp
dv
dt

+
v
RL

= 0,

β
dx
dt

− Lc
di
dt

− Rci = 0:

ð20Þ

Dimensionless equation can be obtained as:

X” T½ � + 2ζX ′ T½ � − aX T½ � + bX T½ �3 − ΔV T½ � + γI T½ � + Y” T½ � = 0,
ð21Þ

Y” T½ � + rk
rm

Y T½ � − 2ζ
rm

X ′ T½ � − 1
rm

X T½ � + Δ

rm
V T½ � − γ

rm
i T½ � − rk

rm
U T½ � = 0,

ð22Þ
κ2X ′ T½ � +V ′ T½ � +Θ1V T½ � = 0, ð23Þ

Θ2X ′ T½ � − I ′ T½ � − αI T½ � = 0, ð24Þ

where the nondimensional parameters and coefficients are
defined as:

X =
x
l
; Y =

y
l
; ωe =

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ke/Me

p
; ζ =

Ce

2
ffiffiffiffiffiffiffiffiffiffiffi
MeKe

p ; T = ωet,

V = v
ev

; ev =
Meg
κv

; Δ = Meg
Kel

; κ2 =
κpl

Cpev
;Θ1 =

1
ωeRLCp

,

I =
i
ei

; ei =
Meg
kidM

; α =
Rc

ωeLc
;Θ2 =

βl
eiLc

; γ =
kidM
Kel

:

ð25Þ

Assuming z1ðTÞ = XðTÞ, z2ðTÞ = X ′ðTÞ, z3ðTÞ = YðTÞ,
z4ðTÞ = Y ′ðTÞ, z5ðTÞ =VðTÞ, z6ðTÞ = IðTÞ, the state space
form of system equations are as follows:

Table 1: Physical and material properties of the model, including
piezoelectric and MsM.

Parameters Values

Layer thickness (mm)
hp = 0:5, Piezo layerð Þ
hm = 0:75, Ms layerð Þ
hb = 1:25 (substrate)

Beam width (mm) gp = gm = gb = 8

Beam lengths (mm)
lp = 32, Piezo layerð Þ

lm = lb = 38, (substrate, Ms layer)

Elastic modulus (GPa)

Ep = 66, Piezoelectricð Þ
Em = 70, MsMð Þ
Eb = 68 substrateð Þ

Density (kg/m)

ρm = 2700 MsMð Þ,
ρb = 7800, substrateð Þ

ρp = 7800, Piezoelectricð Þ
ρA = 8000, TipMagnet Að Þ

Magnet volume mm3� � VA = 5:13 × 14:142 ;
VB =VA ;

Magnet intensity (A/m)
MA = 3:2 × 106 ;
MB = 1 × 106 ;
MC = 1:8 × 106

Magnetic permeability
(H/m)

μ = 230μ0 ; μ0 = 4π × 10−7 ;
� �

Load resistance (ohm)
Rc = 36:4Ω coilð Þ ;

RL = 100Ω Ms circutð Þ ;
RLL = 25kΩ ; piezo circutð Þ

Dielectric permittivity
(F/m)

ϵ33 = 1800 ϵ0 ; ϵ0 = 8:854 × 10−12
� �

;

Piezoelectric constant
(C/m)

d31 = 190 × 10−12

Piezomagnetic coefficient
(T/Pa)

dM = 34 × 10−9 ;
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d
dT

z1

z2

z3

z4

z5

z6

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

=

z2

az1 − bz31 − 2ζz2 + Δz5 − γz6

z4

z1 + 2ζz2 + rkz3 − Δz5 + γz6½ �/rm
−κ2z2 −Θ1z5

Θ2z2 − αz6

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

+

0

0
0

rk/rm
0

0

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

€Ub Tð Þ:

ð26Þ

5. Frequency Domain Analysis of the System

In this section, the frequency domain solution of the nonlin-
ear hybrid harvester was analyzed using the harmonic bal-
ance method. According to the dimensionless coupled

equation of motions, disposing of Equation (21), one can
obtain:

Y T½ � = γ
1 + rm
rk

� �
I T½ � − Δ

1 + rm
rk

� �
V T½ � + 1 − arm

rk

� �
X T½ �

+
brm
rk

X T½ �3 + 2ζ
1 + rm
rk

� �
X ′ T½ � + rm

rk
X” T½ � +U T½ �:

ð27Þ

Then:

Y” T½ � = 1 + rmð Þγ
rk

I ′′ T½ � − 1 + rmð ÞΔ
rk

V ′′ T½ � + 1 − armð Þ
rk

X ′′ T½ �

+
3brm
rk

X T½ �2X ′′ T½ � + 6brm
rk

X T½ �X ′ T½ �2 + 2 1 + rmð Þζ
rk

X 3ð Þ T½ �

+
rm
rk

X 4ð Þ T½ � +U ′′ T½ �:

ð28Þ
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Figure 2: (a) Linear stiffness and (b) nonlinear stiffness curves of harvester versus d parameter. (c) Potential energy versus free end of
cantilever beam displacement curve.
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Substituting Equation (27) into Equation (21), a 4th-
order nonlinear differential equation is attained as follows:

rm
rk

X 4ð Þ T½ � + 2ζ rm + 1ð Þ
rk

X 3ð Þ T½ � + 1 +
1
rk

−
arm
rk

� �
X ′′ T½ �

+ 2ζX ′ T½ � − aX T½ � + bX T½ �3 + brm
rk

6X T½ �X ′ T½ �2 + 3X T½ �2X ′′ T½ �
� �

+ γI T½ � + γ rm + 1ð Þ
rk

I ′′ T½ � − ΔV T½ � − Δ rm + 1ð Þ
rk

V ′′ T½ � +U ′′ T½ � = 0:

ð29Þ

By assuming the dimensionless harmonic base excitation
equals to U ′′ = −Aex sin ΩT , the first-order periodic solu-
tion of the displacement, voltage, and current are, respec-
tively, defined by:

X T½ � = a1 cos ΩT½ � + a2 sin ΩT½ �, ð30Þ

V T½ � = b1 cos ΩT½ � + b2 sin ΩT½ �, ð31Þ
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Figure 3: Comparison of obtained numerical results) with experimental results from Yoo and Flatau [40], for (a) max displacement and (b)
harvested power versus excitation frequency, when RL = 100.
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I T½ � = c1 cos ΩT½ � + c2 sin ΩT½ �, ð32Þ

U T½ � =Ub sin ΩT½ �⟶U ′′ = −Aex sin ΩT½ �, ð33Þ
in which Ω = ωex/ωe is the dimensionless excitation fre-
quency and Aex = aex/ðlωe

2Þ is dimensionless exciting accel-
eration amplitude. Substituting Equations (30)–(33) into
Equations (21) and (29), equaling the coefficients of sinΩT
and cosΩT , respectively, six equations around variable coef-
ficients a1, a2, b1, b2, c1, and c2 can be obtained as:

Θ1
2 +Ω2� �

b1 + a2Θ1κ
2Ω + a1κ

2Ω2 = 0, ð34Þ

Θ1
2 +Ω2� �

b2 − a1Θ1κ
2Ω + a2κ

2Ω2 = 0, ð35Þ

α2 +Ω2� �
c1 − a2αΘ2Ω + a1Θ2Ω

2 = 0, ð36Þ

α2 +Ω2� �
c2 + a1αΘ2Ω − a2Θ2Ω

2 = 0, ð37Þ

D2a2 +D1a1 +D3b2 +D4c2 = −Aex, ð38Þ
D2a1 −D1a2 +D3b1 +D4c1 = 0, ð39Þ

in which:

D1 =
−2rkζΩ + 2ζΩ3 + 2rmζΩ3� �

rk
, ð40Þ

D2 =
−Ω2 − rkΩ

2 + rmΩ
4 − a rk − rmΩ

2� �� �
rk

+
3A2brmΩ

2

2rk
+
3A2b
4

,

ð41Þ

D3 =
−rkΔ + ΔΩ2 + rmΔΩ

2� �
rk

, ð42Þ

D4 =
γ rk − 1 + rmð ÞΩ2� �

rk
: ð43Þ

Parameter A represents the vibration amplitude of the
beam tip, where A2 = a1

2 + a2
2 can be obtained. Substituting

Equation (40) into Equation (6), the following equations are
obtained:

a2 D2 −D3
κ2Ω2

Θ1
2 +Ω2 +D4

Θ2Ω
2

α2 +Ω2

� �

+ a1 D1 +D3
Θ1κ

2Ω

Θ1
2 +Ω2 −D4

αΘ2Ω

α2 +Ω2

� �
= −Aex,

ð44Þ

a1 D2 −D3
κ2Ω2

Θ1
2 +Ω2 +D4

Θ2Ω
2

α2 +Ω2

� �

− a2 D1 +D3
Θ1κ

2Ω

Θ1
2 +Ω2 −D4

αΘ2Ω

α2 +Ω2

� �
= 0:

ð45Þ

Using Equations (44) and (45), one can obtain the
frequency-response equation as:

D2 −D3
κ2Ω2

Θ1
2 +Ω2 +D4

Θ2Ω
2

α2 +Ω2

� �2

A2

+ D1 +D3
Θ1κ

2Ω

Θ1
2 +Ω2 −D4

αΘ2Ω

α2 +Ω2

� �2

A2 = Aex
2:

ð46Þ
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Figure 5: Maximum displacements versus excitation frequency of cantilever at different values of mass and stiffness ratios, when aex = 2 g;
(a) d = 7:5mm, (b) d = 6:5mm.
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Substituting Equation (40) into Equation (46), and con-
sidering Equation (30) and (34), the current and voltage
solutions can be obtained as:

V =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b1

2 + b2
2

q
= A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2Ω

Θ1
2 +Ω2

s
,

I =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c12 + c22

p
= A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Θ2Ω

α2 +Ω2

r
:

ð47Þ

Therefore, the power of each circuit can be obtained:

PV =
1
2
Θ1V

2 =
1
2
Θ1 κ

4Ω2

Θ1
2 +Ω2 A

2,

PI =
1
2
α1I

2 =
1
2
α1Θ2

2Ω2

α2 +Ω2 A2:

ð48Þ

6. Numerical Results and Discussion

The geometrical, physical, and mechanical properties of the
HEH+DM model, including the piezoelectric and magneto-
strictive layers, are itemized in Table 1.

6.1. Validation of Results and Frequency-Response Analysis.
Magnetic potential energy is the main factor affecting the
nonlinearity of the energy-harvesting system. Adjusting the
distance d between the magnets can change the nonlinear
properties and strength. The curves of the linear stiffness
and nonlinear stiffness of the system as a function of d are
given in Figure 2. when d = d0 = 7:5mm, the linear stiffness
k = 0, so d0 is the critical point; when d < d0, k < 0, and k3 > 0
, the system is a bistable structure; when d > d0: k > 0, k3 > 0,

the system exhibits a monostable characteristic. At present,
the system has bistable appearances.

It can be seen when d < 7:5mm, the system is a bistable
structure. The bistable structure is one of the current
research hotspots in the field of energy harvesting. The form
of motion includes large-amplitude limit cycle oscillation,
small-amplitude limit cycle oscillation, burst chaotic motion,
and continuous chaotic motion. This paper attempts to ana-
lyze this type of system by using the harmonic balance
method and discusses the external parameters (level of accel-
eration, excitation frequency, magnet spacing, etc.) on the
system response and output power.

Figure 2(c) represents the nonlinear potential energy ver-
sus the free end of the cantilever beam displacement curve at
five different parameter d values. As seen in Figure 3, the
numerical results of the present study have been verified with
experimental results ref. [40] for a cantilever EH with Ms
layer, without tip mass, nonlinear magnetic force, and DM.
Figure 3 illustrates the comparison of the frequency-
responses of the displacement and generated power of results
from ref. [40] performances and present study for a traditional
cantilever Ms-EH. There is a small relative difference between
the present study and experimental results [40], for the tip dis-
placement and harvested power. Also, to verify the preemi-
nence of the HEH mathematical model, this study used a
typical MsEH (without the piezoelectric part) for validation.
Response curves are demonstrated at Figure 4 with two differ-
ent stiffness ratio (rk = K0/Ke) of HEH+DM. The results
showed good agreement with the literature (Cao et al. [27])
at various excitation frequencies.

In this subsection, the frequency-response curves are
plotted to investigate the effects of various parameters such
as rm and rk on the harvester responses. In Figure 5(a) the

a (N/m2)

d = 6 mm
d = 6.5 mm

d = 7 mm
d = 7.5 mm

10 20 30 40 500 60

0.2

0.4

0.6

0.8

1.0

1.2

0.0

1.4

A
 (m

m
)

(a)
A

 (m
m

)

0 50 100 150 200 250 300

0.5

1.0

0.0

1.5

Ω (Hz)

Without EM
r
m

 = r
k
 = 5

r
m

 = r
k
 = 10

r
m

 = r
k
 = 20

(b)

Figure 6: Vibration amplitude versus excitation level for (a) different d values and (b) different rm and rk.
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Figure 7: (a) Comparison of the time response of the beam oscillation at different rm and rk values. (b) Comparison of the phase portrait
diagram of beam tip for different rm and rk values. (c) Comparison of the total harvested power of hybrid system at different rm and rk
values. d: time responses of piezoelectric part voltage and Ms part current at different rm and rk values.
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Figure 8: (a) Comparison of the time response of the beam oscillation at different values of parameter d (with rm = 10, ωex = 150, and
aex = 2 g). (b) Comparison of the phase portrait of the beam oscillation at different values of parameter d (with rm = 10, ωex = 150, and
aex = 2 g). (c) Comparison of the output power of the hybrid harvester at different values of parameter d (with rm = 10, ωex = 150,
and aex = 2 g). (d) Time responses of piezoelectric part voltage and Ms part current at different values of parameter d.
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frequency-response curves are plotted for vibration of tip
mass and harvested voltage, respectively, at different values
of mass and stiffness ratios. As we can see, there are two res-
onance peaks in the frequency-response of 2-DOF vibra-
tional systems except in the harvester with no elastic
substructure. Also, response curves bend to the right notice-
ably, because of the nonlinear magnetic force. Without EM,
the resonant frequency equals ωex = 100Hz, and the max of
amplitude is equal to A = 0:68mm. Besides, there are three
solutions in the frequency domain 80Hz < ωex < 100Hz, also
the min and max responses are stable responses, and the
middle one is unstable.

As shown in Figure 5(a) when the stiffness and mass
ratios equal 10, two resonant frequencies occurred at ωex =
170Hz and ωex = 195Hz, and the max vibration amplitudes
equal to A = 2:05mm and aex = 1mm, respectively. Also,
there are three solutions for the vibration amplitude when
excitation frequency bands are 88 <Ω < 170 or 190 < ωex <
195 in which these two regions have two stable responses.
But when ωex < 88, ωex > 195, or 170 < ωex < 190, the system
has one stable response. It should be noted that frequencies
of 88Hz and 190Hz are called escape points. When rm = rk

= 30, two frequency peaks occurred at ωex =170Hz and
ωex =195Hz, in which the maximum responses were equal
to 2.2mm and 1.2mm, respectively; also, the escape points
occurred at ωex =92Hz and ωex =185Hz. The graphs in
Figure 5(b) illustrate the influence of the rm and rk ampli-
tudes on the response. In the case of vibrations with the
amplitude rm = rk = 20, the highest values of displacement
of the beam of the HEH system, A ≥ 0:5mm are observed
in the range of the frequency variability ωex ∈ ½145,215�. In
relation to the case with rm = rk = 10 and rm = rk = 5, this
zone is narrower and falls within the variability bond of
ωex ∈ ½140,175� and ωex ∈ ½130,155�, respectively. A system
with DM more effectively recovers energy in the range of
ωex ∈ ½50,250�. In the case of HEH with rm = rk = 5, a sharp
decrease in the vibration level and the efficiency of energy
extraction is observed in the zone ωex ∈ ½166,178�.

The relations between the vibration amplitude and the
excitation level with different distances d are plotted in
Figure 6 when rm = rk = 10 and ωex = 120Hz. For the har-
vester, the escape phenomena looks at a higher excitation
level with an increasing d value, for example, this phenom-
ena occurred for d = 7:5mm, when the level is aex = 3:8 g
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Figure 9: (a) Comparison of the time response of the beam oscillation at two different values of ωex . (b) Comparison of the phase portrait of
the beam oscillation at two different values of ωex . (c) Comparison of the total power of hybrid harvester at two different values of ωex .
(d) Time responses of piezoelectric part voltage and Ms part current at different values of ωex .

17Journal of Sensors



(aex = 3g)

(aex = g) (aex = 2g)

–0.6 –0.5 –0.4 –0.3
–200

–100

0

100

200

–0.5 0.0 0.5
–600

–400

–200

0

200

400

600

Displacement (mm)Displacement (mm)

–1.5 –1.0 –0.5 0.0 0.5 1.0 1.5

–1000

–500

0

500

1000

Displacement (mm)

V
el

oc
ity

 (m
m

/s
)

V
el

oc
ity

 (m
m

/s
)

V
el

oc
ity

 (m
m

/s
)

(a)

Figure 10: Continued.

18 Journal of Sensors



2.00 2.05 2.10 2.15 2.20

–0.6

–0.5

–0.4

–0.3

Time (s)
2.00 2.05 2.10 2.15 2.20

–0.5

0.0

0.5

2.00 2.05 2.10 2.15 2.20

–1.5

–1.0

–0.5

0.0

0.5

1.0

1.5

(aex = g)
Time (s)
(aex = 2g)

Time (s)
(aex = 3g)

D
isp

la
ce

m
en

t (
m

m
)

D
isp

la
ce

m
en

t (
m

m
)

D
isp

la
ce

m
en

t (
m

m
)

(b)

2.00 2.05 2.10 2.15 2.20

0

5

10

15

20

Time (s)

P
T
 (m

W
)

P
T
 (m

W
)

P
T
 (m

W
)

2.00 2.05 2.10 2.15 2.20

0

50

100

150

2.00 2.05 2.10 2.15 2.20

0

200

400

600

800

(aex = g)

Time (s)

(aex = 2g)

Time (s)
(aex = 3g)

(c)

Figure 10: Continued.

19Journal of Sensors



2.00 2.05 2.10 2.15 2.20
–20

–10

0

10

20

V
PM

 (V
)

V
PM

 (V
)

V PM
 (V

)

I M
SM

 (A
)

I M
SM

 (A
)

I M
SM

 (A
)

2.00 2.05 2.10 2.15 2.20

–20

–40

–50

–100

–60

0

20

40

60

2.00 2.05 2.10 2.15 2.20

0

50

100

2.00 2.05 2.10 2.15 2.20

–0.015

–0.010
–0.02

–0.04

–0.005

0.000

0.005

0.010

0.015

2.00 2.05 2.10 2.15 2.20

0.00

0.02

0.04

2.00 2.05 2.10 2.15 2.20

–0.05

–0.10

0.00

0.05

0.10

Time (s)
(aex = g)

Time (s)
(aex = 2g)

Time (s)
(aex = 3g)

Time (s)
(aex = g)

Time (s)
(aex = 2g)

Time (s)
(aex = 3g)

(d)

Figure 10: (a) Comparison of the phase portrait of the beam oscillation at different values of aex . (b) Comparison of the time response of the
beam oscillation at different values of aex . (c) Comparison of the total power of hybrid harvester at two different values of aex . (d) Time
responses of piezoelectric part voltage and Ms part current at different values of aex .
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and for d = 7mm at aex = 1:1 g, correspondingly. The rela-
tions between the displacement amplitude and the excitation
level with various parameters rm and rk are plotted in
Figure 5(b), when d = 7mm, ωex = 150Hz. For the harvester,
the escape phenomena occurred at a minor aex by decreasing
rm and rk values, for example, the escape appears at aex =
1:5 g when rm = rk = 20 and at aex = 2:2 g when rm = rk = 10
, correspondingly. The plots demonstrated that the greater
mass and stiffness ratios are advantageous for the HPH
+DM to stun the potential barrier and had a high-orbit
motion at low excitation levels.

6.2. Time Response Analysis. This article uses the Runge-
Kutta method to solve Equation (26) to study the output fea-
tures of the NHEH. For easiness, the impact of the initial
condition in terms of the simultaneous solution is not the
subject of analysis in this paper. The vibration response,
phase plane diagram of the beam, and total output power
of harvester are plotted in Figure 7 for various rm and rk
amplitudes with d = 7mm, ωex = 150Hz, and aex = 2g.

Without DM, the beam oscillates about an equilibrium
point with very small tip velocity and vibrations, causing
the intrawell motion and low harvested power. If the mass
and stiffness ratios increased, the output power is chaotic
because of the motion of the beam tip among two wells. By
extra rising, the rm and rk values, the beam tip shows a
high-energy interwell motion, considered by a periodic oscil-
lation with high amplitude, causing the substantial increase
of the vibration amplitudes and the harvested power.

Figures 8(a)–8(d) are plotted the graphs for various d
parameters. As demonstrated in Figure 8, when d = 6mm,
the beam oscillates about an equilibrium point with small
tip velocity and vibrations, causing the intrawell motion
and low harvested voltage. As shown in Figure 8, if the dis-
tance increased, the output voltage is chaotic among the two
wells. Considering Figure 8, by increasing instance to d = 7
mm, the beam shows a high-energy motion amplitude, and
the harvested power increases.

Figures 9(a)–9(d) plot the output voltage and phase por-
trait diagrams of HEH+DM for different excitation frequen-
cies. As shown in these plots, by increasing the excitation
frequencies toward the higher values, in which ωex < 150H
z, the harvester shows high amplitude bistable motions
between the potential wells.

As shown in Figures 10(a)–10(d), the output power and
phase diagram of the harvester are plotted at different excitation
levels when d = 7mm, ωex = 150Hz, and rm = rk = 10. With
lower excitation levels, there is chaotic motion inside the wells.

7. Conclusion

This paper offers a hypothetical background for the design
of high proficiency hybrid vibration energy harvester. The
employed principle and the corresponding theoretical model
of HEH are explained in detail and established based on the
lumped-parameter model, the second law of Newton, and
Kirchhoff’s law. The 2-DOF model and the frequency-
response analytical expressions of the NHEH+DM are
derived, and the properties of the harvester are studied.

The recognized parameters of the vibration harvester are as
declared; then the distance d and rm and rk ratios are design
constraints to magnify vibration energy. By changing the
mass and stiffness ratios at a certain value of d, the harvester
can display various dynamic motion forms under different
excitation levels, including intrawell periodic low-energy
oscillation (small-amplitude motion), interwell chaotic oscil-
lation, and interwell periodic high-energy oscillation (large-
amplitude motion). By investigation of the electromechani-
cal coupled model, numerical results showed that the DM
could intensely enhance the generating power and broader
exciting frequency band.
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The data that support the findings of this study are avail-
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