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The flow between two large parallel plates approaching each other symmetrically in a porous
medium is studied. The Navier-Stokes equations have been transformed into an ordinary
nonlinear differential equation using a transformation ψ(r, z) = r2F(z). Solution to the problem
is obtained by using differential transform method (DTM) by varying different Newtonian fluid
parameters and permeability of the porous medium. Result for the stream function is presented.
Validity of the solutions is confirmed by evaluating the residual in each case, and the proposed
scheme gives excellent and reliable results. The influence of different parameters on the flow has
been discussed and presented through graphs.

1. Introduction

The study through a porous medium is an interesting and hot issue in these days,
especially, with the introduction of the modified Darcy’s Law [1], in contrast to the classical
Darcy’s Law [2] and the Brinkman model [3]. The flow through a porous media has wide
spread applications in engineering and science, such as ground water hydrology, petroleum
engineering, reservoir engineering, chemical engineering, chemical reactors to agriculture
irrigation and drainage and the recovery of crude oil from the pores of the reservoir rocks
[4–9].

Squeezing flows are common in moulding, food industry, and chemical engineering,
and they have, therefore, been studied for a long time as researchers and scientists have
sought to optimize processing operations to produce improved components. These flows are
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also interesting from rheological perspective [10]. The fundamental analysis of the squeezing
flow between two large parallel plates was carried out by Stefan [11] in which he developed
an ad hoc asymptotic solution for a thin film of Newtonian fluid. Naduvinamani et al. in
[12, 13] studied static and dynamic behavior of squeeze-film lubrication of narrow porous
journal bearings with coupled stress fluid and a squeeze film lubrication of a short porous
journal bearing with couple stress fluids, respectively.

The determination of squeeze flow characteristics has attracted the attention of several
investigators due to its importance in the practical problems of improving the performance
of hydraulic machine elements, food industry, chemical engineering, polymer processing,
compression, and injection molding [14–20].

Differential transform method (DTM) is one of the numerical methods for differential
equations. The basic idea of differential transformation was initially introduced by Zhou
[21] in 1986. Its main application therein is to solve both linear and nonlinear initial value
problems in electrical circuit analysis. This method constructs the solution in the form of a
polynomial. It is different from the traditional higher-order Taylor series method. The DTM
is an alternative procedure for getting Taylor series solution of the differential equations.
This method reduces the size of computational domain and is easily applicable to a variety
of problems. The method was applied to differential algebraic equations (DAEs) of index-
1 by Ayaz [22]. Liu and Song [23] analyzed higher index differential algebraic equations
using this technique where they showed that the method is effective in case of index-2
DAEs but not suitable for DAEs of index-3. Application of the two-dimensional differential
transformmethod was studied by Ayaz [24] for partial differential equations. Comparison of
this method with ADM was done by Hassan [25] to solve PDEs. The same author has used
this method to solve higher-order initial value problems where he studied second- and third-
order initial value problems to show the efficiency of the method. Islam et al. [26] used this
method for the solution of special twelfth-order boundary value problems.

The study reported in this paper considers the axisymmetric squeezing flow of a
viscous fluid between two large parallel plates in a porous medium separated by a small
distance 2H and the plates approaching each other with a low constant velocity V , and the
flow can be assumed to be quasisteady. We use DTM to find the approximate solutions of the
modeled problem.

2. Basic Equations and Problem Formulation

Employing the modified Darcy’s Law, the two-dimensional flow of an incompressible
axisymmetric homogenous fluid in a porousmedium in the absence of body force is governed
by the following equations [27, 28]:

∇ · u = 0, (2.1)

ρ
du

dt
= ∇ · T + r, (2.2)

where u = [ur(r, z), 0, uz(r, z)] is the velocity vector, d/dt denotes the material time deriva-
tive, ρ is the constant density, T is the Cauchy stress tensor where T = −pI + μA1 in which
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A1 = ∇u + (∇u)T is the Rivlin-Ericksen tensor, ρ is the pressure, μ is the viscosity, and r is the
Darcy’s resistance given by the relation,

r = −μud
k
, (2.3)

here, k is the permeability and μ is the effective viscosity of the porous medium and μ̃d is
the Darcian velocity which is related to the fluid velocity ũ by ud = ũ∅, (0 < ∅ < 1) being
the porosity of the medium. This assumes the same velocity in each pore, and the fluid in the
pores is averaged over the volume. In general, the effective viscosity μ and the fluid viscosity
μ are different. However, at the macrolevel we may take them equal, though this assumption
does not hold at the microlevel. Following Naduvinamani et al. [12] and Breugem [29], (2.3)
can now be written as

r = −μ∅ũd
k

. (2.4)

Continuity equation (2.1) implies the existence of a stream function ψ(r, z) such that

ur(r, z) =
1
r

∂ψ

∂r
, uz(r, z) = −1

r

∂ψ

∂r
. (2.5)

Substitution of (2.5) together with (2.4) in (2.2) and elimination of pressure from the resulting
equations using ∂2p/∂x∂y = ∂2p/∂y∂x yield

−ρ

⎡

⎢

⎣

∂
(

ψ, E2ψ/r
)

∂(r, z)

⎤

⎥

⎦
=
μ

r
E4ψ − μ

k

μE2ψ

r
, (2.6)

where E2 = ∂2/∂r2 − (1/r)(∂/∂r) + (∂2/∂z2).

3. Basic Idea of Differential Transform Method (DTM)

If F(z) is a given function, its differential transform is defined as

F(r) =
1
r!
drF(z)
dzr

∣

∣

∣

∣

z=0
. (3.1)

The inverse transform of F(r) is defined by

F(z) =
∞
∑

r=0

zrF(r). (3.2)
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Table 1

Function Transformed function
K(z) = αK1(z) ± βK2(z) K(r) = αK1(r) ± βK2(r)
K(z) = F(m)(z) K(r) = ((m + r)!/r!) F(m + r)
K(z) = K1(z)K2(z) K(r) =

∑r
n=0K1(n)K2(r − n)

K(z) = zm K(r) = δ(r −m), δ(p) =
{

1, p=0
0, p /= 0

K(z) = K1(z)K2(z) · · ·Km(z) G(r) =
∑r

lm−1=0

∑lm−1
lm−2=0

· · · ∑l3
l2=0

∑l2
l1=0

{K1(l1)K2(l2 − l1) · · ·Km(r − lm−1)

In actual application, the function F(z) is expressed by a finite series

F(z) =
N
∑

r=0

zrF(r). (3.3)

Equation (3.2) implies that

F(z) =
∞
∑

r=N+1

zrF(r) (3.4)

is negligibly small.
The fundamental operations of the DTM are given in Table 1.

4. Analysis of the Method

Consider a fourth-order boundary value problem

F(4)(z) = G(z, F), 0 < z < H, (4.1)

with the following boundary conditions:

F(0) = α0, F(H) = α1, F(1)(H) = α2, F(2)(0) = α3, (4.2)

where αi, i = 0, 1, 2, 3 are given values.
The differential transform of (4.1) is

F(r + 4) =
G(r)

∏4
i=1(r + i)

, (4.3)

where G(r) is the differential transform of G(z, F).
The transformed boundary conditions (4.2) are given by

F(0) = α0,
N
∑

r=0

HrF(r) = α1,
N
∑

r=0

rHrF(r) = α2, F(2) =
α3
2
. (4.4)
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Table 2

z DTM NDSolve DTM residual NDSolve residual
0 0 0 0 −5.106 × 10−2

0.1 −0.018294487 −0.01829449 −8.673 × 10−18 −5.649 × 10−3

0.2 −0.036260143 −0.0362660146 −1.146 × 10−14 1.243 × 10−3

0.3 −0.053563634 −0.053563633 −2.229 × 10−12 4.938 × 10−5

0.4 −0.069862544 −0.069862646 −9.383 × 10−11 −2.755 × 10−4

0.5 −0.084800661 −0.084800660 −1.706 × 10−9 1.459 × 10−4

0.6 −0.098003041 −0.09800304 −1.826 × 10−8 −1.237 × 10−5

0.7 −0.109070812 −0.109070809 −1.35 × 10−7 −1.475 × 10−4

0.8 −0.117575636 −0.117575632 −7.683 × 10−7 6.424 × 10−4

0.9 −0.123053816 −0.123053811 −3.550 × 10−6 −2.699 × 10−3

1.0 −0.125000000 −0.124999996 1.395 × 10−5 −3.186 × 10−2

Using (4.3) and (4.4), values of F(i), i = 4, 5, . . . are obtained which give the following series
solution up to O(zN+1),

F(z) =
N
∑

r=0

zrF(r) +O
(

zN+1
)

. (4.5)

5. Our Problem

Here, we consider an incompressible Newtonian fluid, squeezed between two large planar,
parallel plates which are separated by a small distance 2H and moving towards each other
with velocity V . For small values of the velocity V , the gap distance 2H between the plates
changes slowly with time t, so that it can be taken as constant, the flow is steady [30, 31]:

F(iv)(z) −m2F ′′(z) + 2RF(z)F ′′′(Z) = 0, (5.1)

with the following boundary conditions:

F(0) = 0, F(2)(0) = 0, F(H) = −V
2
, F(1)(H) = 0, (5.2)

where
√

k/μ, R = ρ/μ.
The transformed boundary conditions (5.2) are

F(0) = 0, F(1) = a, F(2) = 0, F(3) = b, (5.3)

where a and b will be determined later.
The differential transform of (5.1) is

F(r + 4) =
r!

(r + 4)!

{

(r + 1)(r + 2)F(r + 2) − 2R
r
∑

k=0

(k + 1)(k + 2)(k + 3)F(k + 3)F(r − k)
}

.

(5.4)
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Table 3

z
k = 1, ρ = 0.8,

μ = 1
k = 0.5, ρ = 0.9,

μ = 5
k = 0.1, ρ = 1,

μ = 10
k = 0.1, ρ = 0.8,

μ = 1
k = 1, ρ = 1,
μ = 10

k = 0.5, ρ = 1,
μ = 1000

0 0 0 0 0 0 0
0.1 −2.220 × 10−16 6.939 × 10−18 0 −5.551 × 10−17 0 −1.084 × 10−19

0.2 −1.716 × 10−12 2.470 × 10−15 4.025 × 10−16 −8.640 × 10−13 4.163 × 10−16 −3.253 × 10−19

0.3 −3.361 × 10−10 4.476 × 10−12 7.697 × 10−14 −1.675 × 10−10 7.978 × 10−14 −3.253 × 10−19

0.4 −1.427 × 10−8 2.016 × 10−11 3.240 × 10−12 −7.014 × 10−9 3.367 × 10−12 −4.337 × 10−19

0.5 −2.626 × 10−7 3.699 × 10−10 5.892 × 10−11 −1.267 × 10−7 6.143 × 10−11 8.674 × 10−19

0.6 −2.849 × 10−6 3.400 × 10−9 6.303 × 10−10 −1.343 × 10−6 6.599 × 10−10 1.01 × 10−17

0.7 −2.149 × 10−5 3.005 × 10−8 4.675 × 10−9 −9.857 × 10−6 4.198 × 10−9 7.720 × 10−17

0.8 −1.243 × 10−4 1.729 × 10−7 2.652 × 10−8 −5.520 × 10−5 2.805 × 10−8 4.402 × 10−16

0.9 −5.871 × 10−4 8.125 × 10−7 1.226 × 10−7 −2.513 × 10−4 1.304 × 10−7 2.026 × 10−15

1.0 −2.367 × 10−3 3.253 × 10−6 4.821 × 10−7 −9.705 × 10−4 5.168 × 10−7 7.914 × 10−15

Using (5.3) and (5.4), we obtain the following values of F(i), i = 1, 2, 3, . . .15:

F(2k) = 0, for k = 0(1),

F(5) =
1

120

(

6bm2 − 12abRe
)

,

F(7) =
1
840

{

20m2F(5) − 2Re
(

6b2 + 60aF(5)
)}

,

F(9) =
1

3024

{

42m2F(7) − 2Re
(

66bF(5) + 210aF(7)
)}

,

F(11) =
1

7920

{

72m2F(9) − 2Re
(

60F
2
(5) + 216bF(7) + 504aF(9)

)}

,

F(13) =
1

17160

{

110m2F(11) − 2Re
(

270F(5)F(7) + 510bF(9) + 990aF(11)
)}

,

F(15) =
1

37260

{

156m2F(13) − 2Re
(

210F
2
(7) + 564F(5)F(9) + 996bF(11) + 171aF(13)

)}

.

(5.5)

We fix H = 1 and V = 0.25. The permeability k = 1 and the fluid parameters μ = 1, ρ =
1 are taken without units as they appear in the value ofm and Rwhich have been nondimen-
sionalized. For these values, the unknowns a and b are determined by the following system:

μ
15
∑

r=0

r(H)r−1F(r) = 0,
15
∑

r=0

r(H)rF(r) =
−V
2
. (5.6)

We find that a = −0.183491427, b = 0.054618193.
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Table 4

z H = 1, V = 0.5 H = 0.5, V = 1
0 0 0
0.1 −2.082 × 10−17 −1.859 × 10−12

0.2 −2.047 × 10−14 −1.492 × 10−8

0.3 −3.991 × 10−11 −2.799 × 10−6

0.4 −1.684 × 10−10 −1.115 × 10−4

0.5 −3.072 × 10−8 −1.874 × 10−3

0.6 −3.299 × 10−7 X
0.7 −2.458 × 10−6 X
0.8 −1.401 × 10−6 X
0.9 −6.515 × 10−5 X
1.0 −2.578 × 10−4 X

Now, using the inverse differential transform, the following approximate solution of
O(z16) is obtained:

˜F(z) =
15
∑

k=0

zkF(r)

= −0.183491427z+ 0.054618193z3 + 0.003733107z5 + 0.000144123z7

− 3.226 × 10−6z9 − 7.452 × 10−7z11 − 2.701 × 10−8z13 + 1.975 × 10−9z15.

(5.7)

Residual of the solution is

� =
d4

˜F(z)

dz4
− d2

˜F(z)

dz2
+ 2 ˜F(z)

d3
˜F(z)

dz3
. (5.8)

In Table 2, numerical results of the DTM solution are compared with the results of
Mathematica NDSolve solution. Residuals of both the solutions are given for comparison.
List Interpolation is used for the construction of approximating polynomial of the numerical
solution by NDSolve.

In Table 3, residuals of the DTM solutions have been evaluated for various values of k,
μ, ρ, keepingH = 1 and V = 1 fixed.

In Table 4, we fix k = 1, μ = 1, ρ = 1 and varyH , V . The reliability of the solution can
be seen by looking into the residual at different mesh points.

6. Conclusion

In this paper, we studied squeezing flow in a porous medium between two parallel plates.
Flow pattern for various parameters of Newtonian fluids are derived. When the parameters
H , m, and R are fixed as 1, and velocity of the plates is varied, different velocity profiles
are obtained. It is clearly visible that when the velocity of the plates is increased the fluid
velocity is increased (Figure 1). For k ≤ 1, the variation in flow pattern is negligible but
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H = 1, m = 1, R = 1

Figure 1: Velocity profiles of the squeezing flow in a porous medium when the plates velocity V is varied.
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Figure 2: Velocity profiles of fluid flow when permeability κ, is increased for a fixed μ.

for higher values of k it does matter as seen in Table 2, and Figure 2. It is also noticed
that at lower velocity of the plates the flow rate is also lower. The results obtained by
the application of DTM are reliable with high accuracy. Applicability of the method is
simple and needs no restrictions of large and small parameters. It avoids the difficulties and
massive computational work encountered in other numerical techniques such linearization,
discretization and perturbation. Moreover this method has superiority over the Adomian
decomposition method as it does not require calculation of Adomian polynomials in case
of nonlinearity. Furthermore, the solution obtained by this method converges rapidly to
analytical solution in case of integrable system.
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