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This paper studies the problem of delay-dependent robust H output feedback control for a class of uncertain fuzzy neutral systems
with both discrete and distributed delays. The system is described by a state-space Takagi-Sugeno fuzzy model with distributed
delays and norm-bounded parameter uncertainties. The purpose is to design a fuzzy dynamic output feedback controller which
ensures the robust asymptotic stability of the closed-loop fuzzy neutral system and satisfies an H,, norm bound constraint for all
admissible uncertainties. In terms of linear matrix inequalities, sufficient conditions for the solvability of this problem are presented.

Finally, a numerical example is included to demonstrate the effectiveness of the proposed method.

1. Introduction

Fuzzy control, as a promising way to approach nonlinear
control problems, has had an impact on the control com-
munity [1-4]. Furthermore, the Takagi-Sugeno (T-S) fuzzy
dynamic model [5-9] is nonlinear system described by fuzzy
IF-THEN rules which give local linear representations of
the underlying systems [10, 11]. It has been shown that such
models can describe a wide class of nonlinear systems. Hence
it is important to investigate their stability analysis and
controller design problems, and in the past two decades many
stability and control issues related to the T-S fuzzy systems
have been studied; see, for example, [12-15] and the references
cited therein.

On the other hand, time delays exist commonly in
dynamic systems due to measurement, transmission, trans-
port lags, and so forth [16], which have been generally
regarded as a main source of instability and poor perfor-
mance. Thus the analysis of time delay systems and controller
design for them is very important [17-20]. Recently, T-S
fuzzy systems with time delays have attracted a great deal
of interests. For example, in [21], the stability analysis and
stabilization problems for T-S fuzzy delay systems were
considered, and state feedback fuzzy controllers and fuzzy
observers were designed. The robust H,, control problem

for T-S fuzzy systems with time delays was investigated in
[22, 23], and state feedback fuzzy controllers were designed;
the corresponding results for the discrete case can be found
in [24, 25], while in [26, 27], the robust H,, output feedback
controllers were designed for the continuous and discrete
fuzzy time-delay systems, respectively.

Quite recently, T-S fuzzy time-delay systems of neutral
type were introduced in [28], where both the stabilization and
H_, control problems were studied. It should be point out that
distributed delays were not taken into account. While in [29],
authors considered the problems of robust stabilization and
robust H,, control for uncertain T-S fuzzy neutral systems
with both discrete and distributed time delays. However, the
results in [28, 29] were all delay-independent. It is known
that delay-dependent results are less conservative than delay-
independent ones, especially in the case when the size of the
delay is small. On the other hand, these obtained results,
however, are mainly dealt with through a state feedback
controller design method that requires all state variables to
be available. In many cases, this condition is too restrictive.
So it is meaningful to investigate the output feedback control
method. To the best of our knowledge, so far, there are
no results of delay-dependent robust H,, output feedback
control for uncertain fuzzy neutral systems with both discrete
and distributed delays. This motives the present studies.



In this paper, we consider the delay-dependent robust H
output feedback control problem for fuzzy neutral systems
with both discrete and distributed delays. The system to be
considered is described by a state-space T-S fuzzy model with
mixed delays and norm-bounded parameter uncertainties.
The distributed delays are assumed to appear in the state
equation, and the uncertainties are allowed to be time varying
but norm bounded. The aim of this paper is to design a full-
order fuzzy dynamic output feedback controller such that the
resulting closed-loop system is robustly asymptotically stable
while satisfying an H_, norm condition with a prescribed
level irrespective of the parameter uncertainties. A sufficient
condition for the solvability of this problem is proposed
in terms of linear matrix inequalities (LMIs). When these
LMIs are feasible, an explicit expression of a desired output
feedback controller is also given.

Notation. Throughout this paper, for real symmetric matrices
X and Y, the notation X > Y (resp., X > Y) means that the
matrix X —Y is positive semidefinite (resp., positive definite).
I is an identity matrix with appropriate dimension. N is the
set of natural numbers. &, [0, co) refers to the space of square
summable infinite vector sequences. | - ||, stands for the usual
Z,[0,00) norm. The notation M represents the transpose of
the matrix M. Matrices, if not explicitly stated, are assumed
to have compatible dimensions. “#” is used as an ellipsis for
terms induced by symmetry.

2. Problem Formulation

A continuous T-S fuzzy neutral model with distributed
delays and parameter uncertainties can be described by the
following.

Plant Rule it if s, () is p4;; and - -+ and s,,(¢) is y4;,, then

x(t) = [A;+AA, (D] xO) +[A;+AA,; )] x(t- 1)

+[Ay+AA, ()] x(t-1,)

t

+[Ay + AA; (1)] J x(s)ds

+ [B; + AB; ()] u(t) + Djw (1),
y () =[C;i+AC; ()] x (t) + Cyx (t —7,) + Dyw (t),
z(t)=Ex(t)+Ex(t—1) +Gu(t),

x(t)=¢@) Vtel[-T,0],i=12,...,1,

@

where y;; is the fuzzy set, r is the number of IF-THEN rules,
ands, (t),..., sp(t) are the premise variables. Throughout this
paper, it is assumed that the premise variables do not depend
on control variables; x(t) € R”" is the state; u(t) ¢ R™
is the control input; y(t) € R® is the measured output;
z(t) € R is the controlled output; w(t) € R’ is the noise
signal; 7; > 0 (i = 1,2,3) are integers representing the
time delay of the fuzzy systems; T = max{7;, 7,, 7;}; A;, A},
Ay, Asy, B, Ci, Cyy, Dy, Dy, E;, Ey;, and G; are known real
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constant matrices; AA;(t), AA;(t), AA (1), AA5;(t), AB(t),
and AC;(t) are real-valued unknown matrices representing
time-varying parameter uncertainties and are assumed to be
of the form

[AA;(t) AA; (1) AA, (t) AA5 () AB;(t) AC;(t)]
i=1,2,...,7,
(2)

where M;, Ny, Ny;, Ny, Ns;, Ny, and Ng; are known real
constant matrices and F;(:) : N — R are unknown time-
varying matrix function satisfying

= M;F;(t) [Ny; Ny; Ny Ny Ny Ng]

E®'F @) <1, Vit 3)

The parameter uncertainties AA;(f), AA;(f), AA,(t),
AA5;(t), AB,(t), and AC;(t) are said to be admissible if both
(2) and (3) hold.

Then the final output of the fuzzy neutral system is
inferred as follows:

£ = Yy 6@ {4+ 24,0] x(0)
i=1
+[A+AA (D] x(t-17)

+[Ay+AA, (D] x(t-1y)

t

+ [A3i +AA;; (1) J x(s) ds]
t

—T3

+ [B; + AB; ()] u (t) + Djw (t)} ,

y (&) = Y hi (s ) {[C; + AC; (1)] x (¢)

i1
+Cux (t - 1) + Dyw (1)},

r

z(t) = Zhi (s () [Ex (t) + Eyx (t - 7y) + Gu (1)],

i=1

(4)
where
@, (s (1))
h. = GV
O = S @)
p
@ (s(®) = [ [ (5;0). ©)
j=1

s(t) = [51 ) s, (@) - Sp (t)] >

in which yij(sj(t)) is the grade of membership of sj(t) in ;.
Then, it can be seen that

@;(st)=0, i=1,...,r1,

Yo, (s 1) >0,

i=1
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for all t. Therefore, for all ¢,

h (s(t)) 2 0,

i=1,...,7,

r 7)
Yhi(st) =1, V.
i=1

Now, by the parallel distributed compensation (PDC), the fol-
lowing full-order fuzzy dynamic output feedback controller
for the fuzzy neutral system in (4) is considered.

Control Rule i: if s, (¢) is y;; and - - - and sp(t) is pp» then

X (1) = AR () + By (1), (8)
u(t)=Cux(t), i=12...,r )
X()=0, t<0, (10)

where X(t) € R" is the controller state and A;;, By;, and Cy;
are matrices to be determined later. Then, the overall fuzzy
output feedback controller is given by

X(t) =Y hi(s() [AgX (1) + By (1], (11)
i=1
u(t) = Yh(s®)CuX(t), i=12..,r. (12)
i=1
From (4) and (11), one can obtain the closed-loop system as

()= ) Y hi(s @) hj (s (1))

i=1 j=1

x {[Aij +AA; (D] e(t)

+ [Ah-j+A2f1i (t)]e(t—rl) 13)
+ [Zle- +AA,, (t)] é(t-1,)
+ [K3i +AA; (t)]

d ii )
X L—‘@ e(s)ds + Dw (t)}

2(t) =Y Y hi(s())hy (s () [Ege () + Eye (t— 1)
i=1 j=1
(14)

3
where
. x(t
¢ = [?(t;]’
A _[ A Bickj]
Yo BiCi Ay |7
AA, () AB-(t)Ck]
AA; (t) = i M|
i (©) [BijCi ® 0
A; O —~ _[AA; () O
— A, 0 — AA,; (t) O
AZiZ[OZI 0]’ AAZi(t):[ (2)1() 0],
— Ay 0 — AA4 () 0
A3i:[03 0]’ AA3i(t):[ 0 0]’
Dli
Py = [Bijzl] ’ E; = [E GCyl,
E,; = [Ey; 0].

Then, the problem of robust fuzzy H_, control problem to be
addressed in the previous is formulated as follows: given an
uncertain distributed delay fuzzy neutral system in (4) and
a scalar y > 0, determine a dynamic output feedback fuzzy
controller in the form of (8) and (9) such that the closed-loop
system in (13) and (14) is robustly asymptotically stable when
w(t) = 0 and

Izll, < ylwll,, (16)

under zero-initial conditions for any nonzero w(t) €
Z,10,00) and all admissible uncertainties.

3. Main Results

In this section, an LMI approach will be developed to
solve the problem of robust output feedback H, control of
uncertain distributed delay fuzzy neutral systems formulated
in the previous section. We first give the following results
which will be used in the proof of our main results.

Lemmal (see [30]). Letof, D, S, W', and F be real matrices of
appropriate dimensions with % > 0 and F satisfying F'F < I.
Then one has the following.

(1) For any scalar € > 0 and vectors x, y € R”,

2% DFSy <X DD x+ey" STSy. (17)

(2) For any scalar € > 0 such that W — e > 0,

(A +DFS) W (A +DFS)
g\—1 (18)
<d"(W-e22”) d+e'S"S.



Lemma 2 (see [31]). Given any matrices X, ¥, and Z with
appropriate dimensions such that Y% > 0, then, one has

T+ T <Y+ 7Y ' % (19)

[11,;; IL; PA, PAs PD; 1R,
* ] 0 0 0 1R,
* x —-P 0 0 0
* ® *  —-Q, 0 0
* * * * —yzl 0
* * * * * 7,Q,
* * * * * *
* * * * ES *
* * * * * *

| * * * * * *

A Ny s
* 4ij ASij
* * Aéij

where

Ay

I+, T;+1,; PA, +PA,; PAy+PA;;
* 0

= 2]1 0
. . 2P, 0 ’
. " * -2Q,
PD;+PD;; 2t,R, Ej+Ej; T;+T}
=1 =T
Asyij = 0 2nRy Ey+Ey; Ty + Ty |
0 0 0 L +1;
O 0 0 r3i + r3]
T AT
PMy; PMj; Nj; N
0 0o Nj Nj
Asjj = NT NT |’
0 0 N, sz
0 0 Ny Nj
—2)/21 0 0 1—‘41']' + I‘411
A _ * —2T1Q1 0 0
4ij * * 21 0 ’
* * * —2];
0 0 00
o 0 o0
A5ij - 0 0 0 0 >
]zTMij ]2TMJ'1' 00
—;l 0 0 0
* —EﬁI 0 0
Neij=| o« & -’10 |
* * * —G_II
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Theorem 3. The uncertain fuzzy neutral delay system in (13)
and (14) is asymptotically stable, and (16) is satisfied if there
exist matricess P > 0, P, >0, P, >0,Q, >0,Q, >0, Ry, and

R, and scalars €;; > 0,1 < i < j <, such that the following
LMIs hold:
T A
L; PM; Nj
T 0 0
L, 0 0
L, 0 0
Ly 0 0 ]
0 0 0 <0, 1<i<r,
0 0 0
(20)
_]2T ]2TMii 0
*  —eul 0
* * —ei_ilI_
0, 1I<i<j<r,
Y, =H' (P, +15Q, - R, - R{ ) H,
T
I;; =Y, + PA;; + AijP,
T T
Y,=H' (R -R;), TL;=Y,+PAy,
T
Lj=Aj (P, +11Qy),
T =T
Ly = Ay (P, +71Q), L = Ay (P +1Q),
=T T
L = Ay (P +11Q), L; = Dy (P, +1,Qy),
Ji=-P+R,+R;,  J,=P+1,Q,
M 0 = _ |E@ 0
M;; = [ 0 Bij,-]’ E®) = [ 0 FE®)]
_ [ Noi N3Gy 5 _|Nu 0
Ny = [N4i ' Ni=10" o]’
— [Ny, 0 — [Ny 0
R[] ma )
(21)

Proof. To establish the robust stability of the system in (13),
we consider (13) with w(t) = 0; that is,

()= )" Y hi (s @) hy (s (1))

i=1 j=1
x {[A,.j +AA; ()] e (t)
+ Ay + A )] e(t-17,)
+[Ay+ A, )] et - 1,)

+[Ay + MKy (1)] J;t_ e(s) ds} :

(22)
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For this system, we define the following Lyapunov function
candidate:

V) =vit)+V, ) +V5@#) + V() + Vs (t) + Vs (),

(23)
where
Vi () = e(t) Pelt),
V, () = j e P ds
V() = j 9 Pe(9ds
0 (24)

Vy(t) = J

-1

Ve (t) = f “t e(G)TdG] Q Ht e () de] ds,

r &()TQ,é (o) dac B,
t+f

Vi (t) = La ds J;_ﬁ (0 -t +p)e(a) Qe (a) daxdp.

The time derivative of V(t) is given by

V)=V, ) +V, )+ V3 () + V, (t) + Vs (t) + Vi (1),
(25)

where
V, (t) = 2e(t) Pé (1),
V, (t) = e(t) P (t) — e(t - TI)TPle (t-1),
V, (t) = e(t) e (t) — é(t — 1) Py (t - 1,),

V, (t) = 1,6(t)"Q,é (t) - L_ é()'Q,é () dax,
Vi (t) =2 r (6-t+1,)e(t) Qe (0)dd

([, o) [ e 0]

V, (8) = %Tge(t)TQze ) - Li (0=t +1,)e0)7Qye (6) 6.
3 (26)

Now, by Lemma 1, it can be shown that

2e()'Que () < e(t) Qye (1) +e(0) Que (0). (27)

Therefore
. 1
Vi (t) < Erge(t)TQze(t)

. L_ (Ot +13)e(0) Qe (6)do (28)

[ wrafalf o]

This together with (26) implies

Vs (£) + Vg (£) < Toe(t) Qe (t) — a() ' Quar (), (29)

where
t

alt) = L ¢ (6) df. (30)
Then, there holds
V() < 2e(t)" Pé ()
+e®) Pe(t)—e(t-1,) Pe(t-1)

+é(t) P (t) - é(t —1,) Pyé (t — 1,)

Fre0'QE0 - | Qe (@) da

+13e() Qe (1) — alt) Qar (1) 31)
+2e(t)"R, Jt ¢ (a) da

—2e(t)"R, [e(t) —e(t - 7,)]

+2e(t-1)'R, J

t—1;

t

é(a)da

—2e(t-1,)" R, [e(®)—e(t—1,)].
It follows from (22) and Lemma 2 that

2e(t)T Pé (t)

=2e(t) PY Y i (s (0) h; (s (£)
i=1 j=1

x {[A,, +AA; ()] e

+[Ay+ AR )] e(t-1,)

1ij
* [ZZI' +AAy (t)] e(t-1,)
* [Z3i +AAy; (f)] Jt e(s) ds}
=13
<2) DI (sO) by (s (0) e®) PAB @)
i=1 j=1
+ Y Nh (s () h; (s (1)
i=1 j=1
x [sl_i;e(t)TPM,-ngPe ®)
+e,;B) NENBB)],
(32)

where
A;=[A; Ay Ay Ay,

Bt)=[e)" e(t-7)" é(t-1,)" a@)” é@T] (33)
N, =[N; Ny Ny Nyl.



It also can be verified that
é(t) Pyé ()

%ZZZmemmmmmmmmmmmﬂ
i=1 j=lu=1v=1

x| Ay + MyF (0N,

x P, [ZW +M,,E, ) NW]

wﬂ% MF () Ny} o)

r r

ZZh (s (£) h; (

i=1 j=1

s(t)) ﬁ(t

X [Zij + Mijﬁi (1) Nij]TP2 [Zij + Mijﬁi (1) Nij]

M“
Mw

hi (s () ; (s (£) BO)"

i=1 j=1
T (p-1 -1 T\ 1=+ ST
X [Aij(PZ - 82ijMijMij) A+ 82ijN1]Nij] B,
Té(1) Qué (1)

<Y Y (s®)hy (s () BE)"
i=1 j=1

A mQ) " - smmf] A,
+831]N N }/3()
(34)

Hence, with the support of the above conditions, we have

V(1) < 2e(t)TPé (t) + é(t)” Pé(t)
+ 1,67 Qe (1) +e(t) (P, +13Q,) e (t)
—e(t- Tl)Tple (t-m)

—é(t - Tz)szé (t-7) - J:_ é(“)TQ1é (o) dox

—a(t)"Q,a (t) + 2e(t)" R, jt é(a) da

t—11

—2e(t)'R, [e(t) —e(t-1,)]

t
+2e(t-1)'R, J
t

-7y

xR, [et)—e(t-1)]

= Zr:ihl (s(1))

i=1 j=1

é (o) dov - 2e(t —7,)"

(s(@®) p®)"
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x [8+ Ay(P' - e MuM]) A,

VA (' Q" - e MuME) A, ;+ NN | B o),

(35)
where
ro~
%; PAy;+R -R) PA, PA; 7R,
* -P+R,+R. 0 0 1R,
Eij=| = * -, 0 0 ,
* * * -Q, 0
% * * * -1,Q,;
%= PA; + AP+ P + 13Q, - R, - R{ + &, PM;M_:P,

(36)

for 1 < i < j < r. On the other hand, by applying the Schur
complement formula to (20), we have thatfor 1 <i< j<r,

T, <0, (37)

and from this and (7), we have that V(¢) < 0 for all B(t) #0.
Therefore, the system in (13) is robustly asymptotically stable.
This completes the proof. O

Next, we will establish the robust H, performance of the
system in (13) and (14) under the zero initial condition. To
this end, we introduce

J(t) = Jo [z(s)Tz (s) - yzw(s)Tw (s)] ds, (38)

wheret > 0. Noting the zero initial condition, it can be shown
that for any nonzero w(t) € £,[0,00) and ¢t > 0,

t
10 = | 29726 - yu w +V©)]ds -V ©

< Jt [z(s)Tz (s) = y'w(s) w(s) +V (s)] ds,
0
(39)

where V (s) is defined in (23), and then we have

Vi(e)= ) Y hi (s @)y (s (1))

i=1 j=1
x {2e(t) P[A; (e (t) + Ay (1) e(t - 1,)
+A,M)e(t-1,)

+Ay () a () + Dyw ()]}
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+e(t) Pe(t) — et - TI)TPle (t-7) Then, by noting (14) and using Lemma 2, we have
+e(0)" P (1) - é(t - 1) Pré (- 1) 2920 =YY Y Yh ) hy (&), (5(5)

i=1 j=lu=1v=1
. T .
Hnél) Qe % by (5 CS)ETE,LC (9)
_ J;_Tl e(t)TQle (0() do + T32€(t)TQ2€ (t) Zr: Zr:h (S (S)) ]’l] (S (S)) ((S)TE;I;E‘U( (S) )
i=1 j=1
41
~a(t) Qa (1) )
It can be deduced that
¢
+ Ze(t)TRl Jt—r é(a)da - 2€(t)T z(s)Tz (s) - yzw(s)Tw () +V (s)
xR [et)—e(t-1,)] Z Zh (s () (s () {() T3¢ (s)
+2e(t-1,)'R, Jt_T é () da — 2e(t —1,)" = Zr: hi(s (8))2¢(s) B (s) (42
XR,[e(t)—e(t—1)]. r t l
2 1 (40) *2 ) hGE)h (SO ———= ” i),
i,j=1,i<j
where
(% PAy;(t)+R, - Ry PA,(t) PAy(t) PD; 1R, E?} AT. ®) (P, +1,Q,) ]
* 1 0 0 0 7R, Ej A 1:] ®) (P, +11Q,)
* * -P, 0 0 0 0 AL®(P+7,Q)
Ey=|* * * -Q, 0 0 0 AL (P +1,Q) ,
* * * & -*I 0 0 Dz; (P, +1,Q)
(43)
* * -11Q, 0 0
* * -1 0
| * * * * * * * —(P2 + TIQI)T ]
() = [e@ e(t-1)" é(t-1)" at) wr) @]

E;=[E; E; 000 0],

for1 < i < j < r. Similar to the previous section, applying
the Schur complement formula to the LMI in (20) results in
815 < 0,1 <i < j < r, which together with (39) gives J(£) < 0
for any nonzero w(t) € #£,[0,00) and t > 0. Therefore, we
have [|z[l, < yllwl,.

Now, we are in a position to present a solution to the
robust output feedback H,, control problem.

Zi Ty i Zsii
* =Ry Ry 0
* % Ry 0
* * * —Ry
% % % %

Theorem 4. Consider the uncertain fuzzy neutral delay system
in (1), and let y > 0 be a prescribed constant scalar. The robust
H_, problem is solvable if there exist matrices X > 0,Y > 0,

Qp, Qy, @, ¥, and Q; and scalars €, 1 < i < j <r, such that

the followzng LMIs hold

Rs
0

Rgi | <0, 1<i<r, (44)
0

_R7



where

0

T T oT
_ |:AiX + XA; + Bi\I-’j + ‘I’j B;

AT+ Q,

T
-R, - R,

®8ij = [

[xAy
T =\ 4, AyY +ClLoj |

]Si:[

i i

0 YA

*

* ¥k X ¥ ¥

Ay
it Q0

0; =

®5ij =

-2R,

* ¥ ¥ ¥ ¥

1}21']'

R

* %

*

T
A; + Q)

[ A

]+R1—RZ,

0
YA, 0]’

E;

3ij

Zij+ 25 Ty + 2y §2ij 24ij

0
0

-1

YA; + ATY + ®,C; + C] @]

[XEiT + \PJ,TG,.T]
T >

XAT + ¢TBT QJT
A]Y +Cl @]

XN + WfN£ XNZ

T
NOi

XNT, 0]
NL o)

T
N5i

0

]Gi:[

T T
- [ 45
7i 0 0 >

]81‘]' = [D1Tz

T T
DY + Dy,

0

;]

]9:H§+H2_P2_71Q1’

]101']‘ = [

M, 0
YM, @M,

|

T
:| R ]31' — [XEli

T T
A2i AZiY:| R

0

1

|

|
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Zsij Zgij O 1

0 0 0

0 0 R

0 0 o0 |<0, 1<i<j<r, (45)
-R¢ 0 0

* -1 0

* * =1 |

__)I(] <0, (46)

®ij ®1ij 0,
Si=|* -U+Ry+R, 0 |,
* * -P,

03 04 TR,

Zyi=1 0 0 TRy,
0 0 0
O5;j Ogij Oz Og;;

22ij= Jsi ]41']' 0 Js |,
0 Jqs 0 N
055+ Osj; Ogij + Ogj; O O By Oy
Sui=| Tty JuptJyi 00 0 s s |,
0 Ja+ls 0 0 Ny Ny

H1T 73H1T Tij

0
s R Ti = [YAn + ®jcli:| )
0 0 0

0 0 0 0
T
Tzz] = [(Cix —Ocjx) :| >
0 T
T3 [(D]- CD,]’ Tyj = [(\{/] 0‘{/’) ],

T T
I, ol T; 0
ZSij = 0 0 0 Tl >
0 0 0 0
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T; 0 T, T, . 0
Zgi=|0 T, 0 0|, 6~ | YA}, + ®,Cy ]
0 0 0 O
1 1
— R, =diag(I I I),  Rq=dia (—P‘l—_111>,
0 L. 0 N; 7 g( ) 8 AR 2Q2
: 2
Ry, = diag(Q, y°I V), Ryj=10 Jgi; 0 0 ],
00 0 0 o = X I . = X I
I=|x ol 271X 0
B 0 Ju+J; 00 Ny Njj (47)
R2ij =10 ]8ij +]8ji 00 0 0 >
0 0 00 0 0 Furthermore a desired robust dynamic output feedback con-
troller is given in the form of (11) with parameters as follows:
-1 0 0 0
* —=Jo Jioij 0 -1 -1 1
R3ij= * % —ei].I 0 > AKi:<X _Y) (Qi_YAiX_YBi\Pi_(DiCiX)X >
* 0k x  —ell
Y -1 -1 -1 ;
B =(X"-Y) @, Cy=¥X"', 1l<i<r
[—2I 0 0 0 0 0 ] (48)
* =2Jo Jioij Jioji 0 0
R % gl 0 0 0 Proof. Applying the Schur complements formula to (44) and
S *  —eu;l 0 (U (45) and using Lemma 2 result in
* * * * —61-;11 0
* * * * % —e;ill - ~
) . i i Zoii
PR x —Ry, Ry | <0, 1<i<r,
R, = diag (Pll Qzl I) > * * R3Z
(49)
0 0 S 5
DI R SR S
00 O Tsij T3ij *1] II_JZR M EZU <0 l<i<i<
00 T, - 0O 0 11 2ij > <1<jJ<T,
R...= 6ij R.. = R
i~ 100 0 |’ 6ij 0o o |’ * * Rs;;
00 O 0 0
0 0 where
@, + P, + (,11)' Q, (1:11,) O, + 0 ’l e
s - ij 151t 3t 2 \I31h Lij (YA1i+CDjC1i)X 0 2i
i ~U+R,+R! 0o’
* -P,
Os;j Ogij 0y O
- 0 X(A,Y+Clo))
Zoij=| Jsi Juj+ 0 0 J 0 Js |
0 Jsi 0 N
(50)
T T T T
0 (CX-Cx) (0;-,) +(¥-¥) (YB-YB;) 0 0 0
- - = * 0 0 00
* * * % 0
B 0 (¥ -¥)(B'Y-B]Y)+(xC - xC]) (o] -@]) 0000
Zoij = Lo+ [ 0 0 0000
0 0 0000
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Note that iij Zyij+ Zyji E2ij
* 2Ry Ry | <0, 1<i<j<r
T T -1 1 24 > >
I, +1, - P, -1,Q, < I (P, +7,Q;) . (5) " + Ry
Then, by this inequality, it follows from (49) that (52)
i Zu Zu
* —R;; Ry | <0, 1<i<r, where
kX R3ii
-1 0 0 0
T -1
Ro = -1, (P, +1,Q) 1T, Jiij O
3ij ~ * ;L 0 |°
* * * —e;le
r 21 0 0 0 0 0 (53)
T -1
x 2L (P +1Q) 1IN Jwij Jwji O 0
— * * —€;1 0 0 0
Ryj=1 « * *  —e;l 0 0
* * * % —ei;lI 0
-1
| * * * * * —€ji I]
Now, set and its transpose, respectively, we have
P =1L, " (54)
Then, by (46), it can be verified that P > 0. Noting the
parameters in (48) and pre- and postmultiplying (3) by
diag (10,10, ", L, L, LI, LI, 1., 1) (55)
[11,; 1I,; PA, PAs PD; T11:{1 E; T, PM; Nj ]
« J, 0 0 0 =nR, E[ T, 0 0
« %« -P,b 0 0 0 0 T, 0 0
* % *  —-Q, 0 0 0 Iy 0 0
2
* * * * =y I 0 0 Ty 0 0 i<
. s . . ¢+ -1,Q, 0 0 0 0 <0, 1<i<r,
* * * * * * -1 0 0 0
* * * * * * * —]2T ]ZM 0 (56)
* * * * * * * o —€;l 0
B * * * * * * * * —ei:.lI_
Ay Agij A
* A4ij A5ij <O, 1Si<j§r,
* A6i]
where ﬁzij =A,+PA lij>
T 5 5 5 T
A, =H"(P+75Q,- R, -R])H, R, = I R, I1,.
_ _ - (57)
M;=A, +PA;+ALP,

_ L Finally, by Theorem 3, the desired result follows immediately.
AZZHT(RI_Rf)) D
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Remark 5. Theorem 4 provides a sufficient condition for the
solvability of the robust H, output feedback control problem
for uncertain fuzzy neutral systems with both discrete and
distributed delays. It is worth pointing out that the result in
Theorem 4 can be readily extended to the case with multiple
delays.

Remark 6. In Theorem 4, if we set A,; = 0, M; = 0, and
N,; =0 (i = 1,2,...r), then the results in [32] are included
in our paper. Also, the controller design method in our paper
can be the reference for designing the observer-based output
feedback controllers and so forth.

4. Simulation Example

In this section, we provide one example to illustrate the
output feedback H_, controller design approach developed
in this paper.

The uncertain fuzzy system with distributed delays con-
sidered in this example is with two rules.

Plant Rule I: if x, (¢) is ,, then

()= [A;+AA, O] x(t)+[A;; +AA,, ()] x(t—- 7))

+[Ay +AA, ()] X (t-1,)

t

+[As + AA5 ()] J

-7y

x(s)ds

+[B, + AB, ()] u(t) + Dyw (t),
y () = [Cy +AC; ()] x (1) + Cpyx (t —71) + Dyw (1),

z(t) = E;x () + Eyyx (t—1;) + Gu(t).
(58)

Plant Rule 2: if x, (¢) is y4,, then

()= [A,+AA, (D] x () +[Ap+AA L, (D] x(t-T1)

+[Ay +AA, ()] x(t—1))

t

+[As, + AA5, (1)] j x(s)ds

+ [Bz +AB, (t)] u(t) + Dpw(t),
y(@#)=[Cy+ AC, (t)] x (t) + Ciox (t — 77) + Dyyw (t),

z(t) =Ex(t)+ Epx(t—1,) + Gu (1),
(59)

1

where

005 O ]

0.05 0.02
A= [—0.2 ~0.06 ]

An = [—0.05 0.01

A = —-0.002 0.008
2171 0.006 0o |’

B, = [0.01 0 j|,

—-0.05 0.08
’ 0.03 0.06

As = [ 006 0

o - [-0.03 ~0.1 c. _[003 ~001
171 02 002]° 17002 002

-0.5
D, = [ 0 ]’

E,, = [-0.02 0],

0.03
Dy = [0.06]’

E, =[-02 0],
G, =[0 -0.03],

-0.05 0 ]

~0.05 0.2
Ay = [—0.2 ~0.06 ]

A = [—0.5 0.01

A = 0.008 -0.002
271-0.003 0.02 |’

B, = [0.01 —0.08] ,

0.05 -0.2
’ 0.02 0.05

Az = [—0.3 0.2

0.03 —0.1
€= [0.2 o.oz]’

-0.03 -0.01 -0.01
iz = [ 0.02 02 ] Dy, = [ 0.02 ]

-0.3
D,, = [ 0 ]»

E,=[-0.01 0],  E,, =[-0.01 0],

G, =[0 0.02],
(60)

and AA;(t), AA (1), AA,(t), AA5(t), AB;(t), AC(t) (i =
1,2) can be represented in the form of (2) and (3) with

M, = [—0.02] ’

0 Ny, = [-0.2 0.1],

N, =[-02 02],

N, =[-0.02 001],  Nj =[-0.02 0.01],
Ny = [-0.02 0.01],
w = ] (6D
Ny, = [-0.02 0.01], M, = [0‘83],

No, = Ny Nj, = Nyp»

Ny, = Nyy,s N3, = Njp,

Ny = Ny, N52 =N51-
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Then, the final outputs of the fuzzy systems are inferred as

follows:

2
x(t) = (s ()
i=1

X {[A; +AA; ()] x(t)
+[A;+AA; O] x(t-1))

+[Ay+AA, (D)) %(t - 1))

t

+[Ay +AA5 ()] J x(s)ds
t—1,
(62)
+[B; + AB; (t)] u(t) + Djw ()},
2
y ()= Y hi (s (1)
i=1
x{[C; + AC; (1)] x (t)
+C;x (t—1;) + Dyw (D)},
2
z(t) = Y I (s(®) {Ex (t) + Eyx (t - 1y) + Gu (D)},
i=1
where
l, for x; < -1,
3
hy (x (0) = 12 + lxl, for |x,| <1,
3 3
| 1, for x; > 1,
(63)
(2
-, for x; < -1,
3
hy(x,(0) =41 _ lxl’ for |x,| <1,
3 3
0, for x; > 1.

In this example, we choose the H,, performance level y = 3.

In order to design a fuzzy H,,, output feedback controller
for the T-S model, we first choose the initial condition that
is x(0) = [0.3 —O.I]T, and the disturbance input w(t) is
assumed to be

t>0. (64)

Mathematical Problems in Engineering

Then, solving the LMIs in (44), (45), and (46), we obtain the
solution as follows:

X = 0.9868 0.6071
©10.6071 1.3948|°

[12.9348 0.1814
~ 01814 63384

Q. - [—1.6069 —1.6112]

17 ]-0.0417 -3.2117)°

Q - [ 8.2076 —3.7031]

27 |-5.8461 53292 |’
(65)

O - [ 3.1848 0.0758]

17 ]-0.1899 -2.5282]°

D. = 2.0547 0.1643
27 -0.2930 -0.7113]

| —140.1869 -27.8001
17| 57867 -77.8562|’

H =

—-79.1853 —88.2601
—88.1012 —95.7242 |°

Now, by Theorem 4, a desired fuzzy output feedback con-
troller can be constructed as in (11) and (12) with

A = 87.3277 —68.0397
k1= 11399266 —107.2394 |’
A = —-24.9856 15.8880
k271 11.1983 -12.2840 |

B — [109115 —0.3725
7 116.5830 1.9936 |
(66)

B - 1.4642 -0.0212
k2 7 13,1940 0.5922 |°

Co = -16.0423
k1= 20.2647

12.7577
-14.8918 |’

14.2596 —-10.4929

Cra = [ 3.2304

~1.1934 ] :

With the output feedback fuzzy controller, the simulation

results of the state response of the nonlinear system are given
in Figure 1. Figure 2 shows the control input, while Figures
3 and 4 present the corresponding measured output and the
controlled output, respectively.

From these simulation results, it can be seen that the
designed fuzzy output feedback controller ensures the robust
asymptotic stability of the uncertain fuzzy neutral system and
guarantees a prescribed H,, performance level.

5. Conclusion and Future Work

The problem of delay-dependent robust output feedback H,,
control for uncertain T-§ fuzzy neutral systems with param-
eter uncertainties and distributed delays has been studied. In
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1.2

State response x(t)

— x; (1)
--- x(t)

FIGURE I: State response x;(t) (continuous line) and x,(t) (dashed
line).

200 T T T T T

150

100 f

50

Control input u(t)

-50 u/ 4

~100 . . . . .
0 10 20 30 40 50 60

Time (s)

— w(t)
--- uy(t)

FIGURE 2: Control input u,(t) (continuous line) and u,(t) (dashed
line).

terms of LMIs, a sufficient condition for the existence of a
tull-order fuzzy dynamic output feedback controller, which
robustly stabilizes the uncertain fuzzy neutral delay systems
and guarantees a prescribed level on disturbance attenuation,
has been obtained.

Future work will mainly cover the problem of robust
output feedback H_, control for uncertain fractional-order
(FO) T-S fuzzy neutral systems with state and distributed
delays. Firstly, investigate the robust output feedback H,
control for FO T-S fuzzy systems with state delays; then, study
the robust output feedback H, control for FO T-§S fuzzy
systems with both state and distributed delays; finally, obtain
the results about the robust output feedback H,, control
for uncertain FO T-S fuzzy neutral systems with state and
distributed delays.
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