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We construct conservation laws for a generalized coupled KdV system, which is a third-order system of nonlinear partial differential
equations. We employ Noether’s approach to derive the conservation laws. Since the system does not have a Lagrangian, we make
use of the transformation u = U,,, v = V, and convert the system to a fourth-order system in U, V. This new system has a Lagrangian,
and so the Noether approach can now be used to obtain conservation laws. Finally, the conservation laws are expressed in the u, v
variables, and they constitute the conservation laws for the third-order generalized coupled KdV system. Some local and infinitely

many nonlocal conserved quantities are found.

1. Introduction

The generalized coupled KdV system given by [1]

U + au,,., —buu, +cvv, =0,

)

Ve+dv,,, —euv, + fu,v=0,

where a, b, ¢, d, e, and f are real constants, describes the
interaction of two long waves, whose dispersion relations are
different. For the case when f = 0, soliton solutions have been
obtained in [2, 3]. Many other special cases of (1) have been
considered in the literature, and various methods have been
used to find its exact solutions. See, for example, [4-11].

In this study, we consider a special case of the generalized
coupled KdV system given by

Uy + auy,., + buu, + cvv, =0,

XXX (2)

Vi+dv ., +cuv, +cu,v=0

and construct conservation laws for (2). Recently, the conser-
vation laws of system (2) for special values of the constants
a=d=-1landb = ¢ = —6 were derived in [12] using the
multiplier approach.

Many nonlinear partial differential equations (PDEs)
of mathematical physics and engineering are continuity

equations, which express conservation of mass, momentum,
energy, or electric charge. It is well known that conservation
laws play a crucial role in the solution and reduction of
PDEs. For variational problems the conservation laws can
be constructed by means of the Noether theorem [13].
The application of the Noether theorem depends upon the
existence of a Lagrangian. However, there are nonlinear
differential equations that do not have a Lagrangian. In
such instances, researchers have developed several methods
to derive conserved quantities for such equations. See, for
example, [14-20].

The organization of this paper is as follows. In Section 2
we briefly recall some notations and fundamental relations
concerning the Noether symmetries approach, which we
utilize in the same section to obtain the Noether symmetries
and the corresponding conserved vectors. The concluding
remarks are summarized in Section 3.

2. Conservation Laws of
Coupled KdV Equations

In this section we derive the conservation laws for the
generalized coupled KdV system (2). This system does not
have a Lagrangian. In order to apply the Noether theorem we



transform our system (2) to a fourth-order system, using the
transformations u = U, and v = V.. Then system (2) becomes

U, +aU,,,, +bUU,, +cV, V., =0,
(3)
V. +dV.

XXXX

+cU,V,, +cV,.U,, =0.

It can readily be verified that the second-order Lagrangian for
system (3) is given by

L= % (auﬁx +dV2, - %bUﬁ - U, V2 -UU, - \va>
(4)
because
oL 8L
— =0V, _—= 0’ 5
sU sV ®

where §/6U and 6/8V are the standard Euler operators
defined by

& 2 d o 5 0
0 _9 p% p-%.ip
SU ~oU 'au, *au, ' tau,
2 2
D’ D.D,— —---,
i "BUxx+ 71U,
& 0 d ) d ©
2.9 p2 p 2 ip %
8V ov_ tov, rav. T Ttov,
d
D’ D.D,—— —--- .
P v T,

Consider the vector field

X =& (txUV) 9 +&(t,x,U,V) 9
i o @)

+1 (6, x,U,V) % +1 (t,x,U,V) %,

which has the second-order prolongation defined by
X = E (46U V) 2+ 8 (65U, V)
ot ox

+ 111 (t,x,U, V) % + 112 (t,x, U, V) % (8)

1 0 , 0
* s U, o v,

+...

Here
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0 d d 0
D, = 2 4U-% +V,— + U, —
£S5 T ou T ey T g,
0 0 0
+\/tta_‘/t+Utxﬁ+\/txﬁ+""
d 0 d 0 ©
D, = — — — —
<= 5x TV T Veay Uy
0 0 d
Ve + Uy + Ve 4o
+ xxan + txaUt + txavvt +

The Lie-Bicklund operator X defined in (7) is a Noether
operator corresponding to the Lagrangian (4) if it satisfies

X @)+ L[D,(¢') + D, (8)] =D, (B") + D, (B*),
(10)

where Bl(t,x,U,V), B*(t,x,U,V) are the gauge terms.
Expansion of (10) yields
1
= JUx [t + Ui + Vi - Ui - U8y
- UtVtE\I/ - ngtz - UtUtf?J - UthE\Z/]
1
= SV [+ Uiy + Vi, - ViE - Uiy
_Vtzf\ll - ngtz - UthEIZJ - VthE\Z/]
1
-3 (bUZ + eV} +U,)
x [y + Uiy + Vi = Uig, - UULE,
_Utvxg\ll - UxE)Zc - Uifé - vaxf\z/]
1
- E (CUxVx + ‘/t)
X ['l;zc + erllz] + er]é - Vtgglc - UthELIJ
_Vthg\l/ - ngi - UxVxEIZJ - ng\zl]
+dVe [DL (n') - UDL (8') - UDL (&)
- 2Utx (E_;lc + UxE[1] + ng\l/)
- 2Uxx (Ei + UxEIZJ + VxE\Z/)]
+ aUxx [D)zc (712> - \/tDJZc (El) - Vfoc (Ez)
- 2Vtx (Ealc + ngllJ + VxE\ll)

- 2Vxx (Efc + UXEEJ + ng\zf)]
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1 2 2 1,3 2
+ 5 (U2 +aV2, - SHU2 - UV UL -V, )

X [Etl + Utftlj + VtEXI, + Ei + UXEIZJ + fo‘z,]

=B} +U,B}, +V,B}, + B. + U, B}, + V,.By,.
(1)

The splitting of (11) with respect to different combinations of
derivatives of U and V' results in an overdetermined system
of PDEs for £',&%,#', 1% B', and B®. Solving this system of
PDEs we arrive at the following two cases for which Noether
symmetries exist.

Casel. b#c.
In this case we obtain the following Noether symmetries
and gauge terms:

g=A
£ =A,,
' =E®),
n=F(t), (12)
B'=P(tx),
B = —%UE (t) - —VF (t) + S (t, x),

P, +S,=0.

The above results will now be used to find the components of
the conserved vectors for the second-order Lagrangian. Here
we can choose P = 0, S = 0 as they contribute to the trivial
part of the conserved vector. We recall that the conserved
vectors for the second-order Lagrangian are given by [13, 21]

oL oL oL
T = —B' +&'L+ W[ -D,— - ]
+8 ou, ~fou, ~*ou,,
w2 p 2 p ]
A OV oV,
oL oL
D, (W! D, (W*) =,
+ f( )aUtt+ t( )tht
oL oL oL
T’ = -B+ &L Wl[ -D,— - —]
HEL+ W 55~ P~ Pegy
oL oL oL
w? — D — ...
" [aV ‘ov,, Fov,, ]
oL ,\ OL
+D, (W )aUxx +D, (W )anx'

(13)

Here W' and W are the Lie characteristic functions, given by
W!'=y' -UE -U, & and W? = 1* - V,&' — V. Using (13)

together with (12) and u = U, v = V. we obtain the following
independent conserved vectors for system (2):

T, = = (aul +dv’ ——bu —cuv),

1
2 3

2

x | udx + au,, J u,dx (14)

T? = ! Jutdx J udx + % (bu2 + cvz)
1

+3 J v dx J vdx +dv,, J v, dx

+cuvjvtdx auu, — dv,u,,
1
T) = - +
=),
) (15)
T22 =auu,, +dvv,, Eau - —dv + bu +cuv’,

and for the arbitrary functions E(t) and F(¢),

1 1
T, .. = ——uE(t) - —vF (¢ R
o) = ~5UE () = SV (O

T(ZEF E (t)Judx+ %F’ (t)Jvdx
1 1
- EE () Jutdx - EF () J v, dx (16)

1
-5 (bu2 + cvz) E(t) —au, E(t)
—dv, F(t)—cuvF (t).
Conserved vector (14) is a nonlocal conserved vector, and (15)

is a local conserved vector for system (2). We now derive two
particular cases from conserved vector (16) by letting E(f) = 1

and F(t) = 0, which gives a nonlocal conserved vector
1
Ty = —~u,
P2

. . (17)
Té) == (bu2 + cvz) — Ay, — J u,dx,

and by choosing E(t) = 0 and F(t) = 1, we get the nonlocal
conserved vector



Case2. b=c.
The second case gives the following Noether symmetries
and gauge terms:

El :Als
E = cAyt+ A,
111 =A,x+F(1),
2 _
B' = —%A2U+P(t,x),

1 1
B = _EUF, (t) - zVG’ (t) + R(t,x),

P,+R,=0.

Again we can set P = 0 and R = 0 as they contribute
to the trivial part of the conserved vector. The independent
conserved vectors for system (2), in this case, are

1 1
T, = 3 <aui +dv’ — gbu3 - cuv2> ,
T? = ! Jutdx J u,dx + 1 (bu2 + cvz) J u,dx
b2 2
1
+au,, J u,dx + 3 J v dx J v dx
+dv,, J vedx + cuv J v dx —auu, — dv,u,,

T21 = (—xu +ctu? + etV + Judx) ,

1
2
T? = t dt 2tu® — Lot

S = au, +actuu, +cdtvy, + c"tuy axuxx+3c u

1
- <actui + cdtvi +bxu® + cxv’ + x J utdx> ,
2
(20)

r-1en),

N | —

(21)

1 1 1
T32 = auu,, +dv,, — Eaui - Edvi + gbzf +cuv?,

and for the arbitrary functions E(t) and F(t), we obtain

1 1
Tigr = ~JUE(®) = SVF (@),
T2, . = lE' () J udx + lF’ (t) J vdx
EH 2 2
- %E (t) J u,dx — %F () J v dx (22)

_ % (bu2 + cvz) E(t) - au,, E(t)

—dv, F(t)—cuvF (t).
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Conserved vectors (20) are nonlocal, whereas (21) is a local
conserved vector for system (2). Conserved vector (22) for
E(t) = 1 and F(t) = 0 gives a nonlocal conserved vector
1
Ty = --u,
3 2”
(23)

2 Lo o 5 1
T = -3 (bu +cv ) e u,dx,

and for E(t) = 0 and F(t) = 1 it gives a nonlocal conserved
vector

1
1
" B (24)

1
TZ =—cuv—-dv,, — 5 J v dx.

We note that for arbitrary values of E(t) and F(t) infinitely
many nonlocal conservation laws exist for system (2).

3. Conclusion

In this paper we studied the third-order generalized coupled
Korteweg-de Vries system (2). This system did not have a
Lagrangian. In order to apply Noether theorem the transfor-
mations u = U, and v = V, were utilized, and the system was
transformed to fourth-order system (3) in U and V variables.
This system admitted the Lagrangian (4). Noether theorem
was then used to derive the conservation laws in U and V
variables. Finally, by reverting back to our original variables
u and v we obtained the conservation laws for the third-
order generalized coupled KdV system (2). The conservation
laws obtained consisted of some local and infinite number of
nonlocal conserved vectors.
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