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This paper investigates the global stabilization problem for a class of high-order nonholonomic systems with unknown control
coefficients and uncertain nonlinearities. An adaptive sliding mode control (SMC) law based on a constructive manipulation is
proposed by adding a power integrator technique. A switching control strategy is employed in the control scheme to overcome the
uncontrollability problem associated with the nonholonomic systems. The designed sliding mode controller could guarantee the
attractiveness of the sliding surface S = 0 and achieve the asymptotical convergence of the state as well as the boundedness of the

estimated parameters. A simulation example is provided to demonstrate the effectiveness of the proposed scheme.

1. Introduction

Nonholonomic control system as a particular class of
nonlinear systems represents a wide class of mechanical
systems with nonholonomic (nonintegrable) constraints. The
stabilization control for nonholonomic control systems is
a formidable problem in the nonlinear control area [1],
because the nonholonomic systems cannot be asymptotically
stabilized by means of known linear and nonlinear control
methods. The difficulty of controlling this class of systems
lies in the fact that nonholonomic systems do not satisfy
Brockett’s necessary conditions for stability as shown in [2]. In
the past two decades, many interesting approaches have been
proposed to overcome the stabilization obstruction associ-
ated with nonholonomic systems, including the smooth time-
varying feedback, discontinuous feedback, and nonsmooth
time-varying homogeneous feedback; see [1] and references
therein.

Variable structure control (VSC) has been shown to be
robust in the presence of system variations and external
disturbances. During the past few years, the VSC strategy has
been also applied to the nonholonomic system control; see
[3-9].Itisnoted in [5, 6]; a combined adaptive/variable struc-
ture control approach was presented for a class of uncertain
nonlinear systems. The proposed method not only ensures

the convergence to the sliding surface S = 0, S = 0, but also
retains the asymptotical stability of the classical backstepping
procedure. On the basis of the previously proposed control
scheme, the so-called second order sliding mode control was
exploited for nonholonomic systems in [7]. The work [8]
further extended this result to a class of nonholonomic ones
with unknown parameters and uncertain nonlinear drifts.
In [9], the adaptive SMC problem is studied for a class of
perturbed nonholonomic systems which can be transformed
into the chained form with uncertain nonlinear drifts.

It should be noted that the results listed previously are all
focused on the nonholonomic systems with the affine control
variables. High-order nonholonomic systems which include
the standard chained form systems as a special case present
a new challenge for nonlinear feedback control, since this
class of nonholonomic control systems is neither stabilizable
by time-invariant continuous state feedback nor affine in the
control inputs [10]. By means of adding a power integrator
developed in [11], the work [12] first investigated a class of
high-order nonholonomic systems in the so-called power
chained form. As the further development of this approach,
[13] studied a class of uncertain nonholonomic control sys-
tems with nonlinear drifts. The recent work [14] removed the
assumption of the control gain signs. Reference [15] proposed
an adaptive stabilization scheme for a class of high-order



chained nonholonomic systems without nonlinear drifts in
the case of unknown control coefficients.

Motivated by the recent progress in the feedback design
for nonholonomic systems, this paper will investigate the
global stabilization problem for a class of high order nonholo-
nomic systems with unknown control coefficients and uncer-
tain nonlinearities. A combined backstepping and adaptive
SMC methodology developed in [6, 16] will be applied to
the control design procedure, and adding a power integrator
technique is used to deal with the nonaffine control inputs.
The tuning function technique presented in [17] is also intro-
duced. We employ a switching control strategy to overcome
the stabilization burden associated with the nonholonomic
systems.

The paper is organized as follows. Section 2 presents the
problem statement. Section 3 gives the SMC design scheme
for x,(t,) # 0. The switching control strategy and the simu-
lation example are shown in Sections 4 and 5, respectively.
Section 6 gives some concluding remarks.

2. Problem Statement

In this paper, we consider the following class of high-order
nonholonomic systems:

Xo =d, (1) u‘g‘),
% =d, (t) xglugl + ¢y (%0, %1)
¢))

Xyt = oy (8) X UG+ g (%0, X100 X))

xn = ﬁ(t) uPn +¢n (XO,X),

where (xg, x7)T = (x,X;,...,%,)" € R™" are the states,
and u are two control inputs, d;(t) (i = 0,...,n— 1), B(t) are
nonzero functions, and ¢; : R™*' — R are smooth functions
satistying ¢;(0,...,0) = 0 (i = 1,...,n). The functions
dt) i = 0,1,...,n — 1), B(t) and ¢;(xp,xq,...,x;) (i =
1,...,n) represent the control coefficients and the uncertain
nonlinearities, respectively. It is further assumed that (¢) is
bounded fort > 0, p; > 1 (i = 0,...,n) are odd integers, and
qi (k=1,...,n— 1) are positive integers.

In the rest of this paper, an adaptive sliding mode
controller u will be first designed for system (1) such that,
given any initial state (x,(0), x(0)) € Qg = {(x,x) | x, %0},
the closed-loop system is asymptotically stabilized. Then,
a switching control strategy is proposed, which guarantees
that all the signals are bounded for the initial conditions
(x(0), x(0)) € R™.

To this end, we make the following assumptions regarding
system (1).

Assumption 1. Foreach ¢; (i = 1,...,n— 1) in (1), there exist
known smooth functions ¢; satisfying

2x;) < (x| + 0+ |x]) @i (xg0 X155 x5)

)

¢ (x50, %15
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Assumption 2. For each 0 < i < n — 1, the sign of d,(t) is
positive, and there are unknown positive constants 8, and 0,
such that

0,<d;(t)<6,, Vt=0. (3)
Assumption 3. There is a known smooth function y(x,, x)
such that |, (x,, x)| < W(x,, x), for all (x,, x) € R™.

Next, we introduce a lemma which is crucial in establish-
ing the main results of this paper.

Lemma 4 (Young’s Inequality). If the constants p,q > 1 and
satisfy (p — 1)(q — 1) = 1, then for alle > 0 and (x, y) € R?,
there holds

xy < Sl + L[yt (4)
P qel

3. SMC Applied to Backstepping Design

In this part, we first assume that x,(t,) # 0 for the system (1).
The case of x(t;) = 0 will be discussed in the subsequent
section.

For x,(t,) # 0, take u, as follows:

Uy = —Xg. (5)

Choose the Lyapunov function Vy(x,) = (1/2)x;, then
the time derivative of V(x,) along the first equation of (1)
satisfies
Vo = —d, (8) xB™ < —0,x0"! < 0. (6)
Considering p, is an odd integer, it can be concluded that x,-
subsystem is asymptotically stable. In addition, x,(t, x,(%,))
cannot converge to zero in finite time if x,(t,) # 0.
In order to carry out the control design, we introduce the

following input-state scaling discontinuous transformation
defined by

xl X2 xn
le—rl, Z2:_rz""’zn: . (7)
Uy Uy Uy

withr; = g; + pitip, 1, =0, i=1,...,n— L
Under the control law (5) and the transformation (7), the
x-subsystem can be transformed into

. _1 —_—
sr=d ()2 +dy () rxl Tz + ¢, (x0,21)

Zyy = dyy (0) 20w dy (0) 7, xE 7 2 (8)

n—1
+ g_bn_l (X0> 21>+ > Zp1) »

z, = ) ul +$n (x0:2)

where §,(xy, 21, ..., 2;) = ¢;(x0, X15 .., X)) Jug, i=1,...,n
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To invoke the backstepping method, we define the error
variables &, ..., &, as follows:

& =2y,

)
52 — ZZ _“fl""’gn — zﬁl P _arf:ilpn—l)

where o, ..., «,_; are the virtual controllers and given by

af b (xo,zl, cesZ ®)

-&.B;i (xo’zp e

(10)

,2,0), i=1..,n-1,

where Bi(xp.215...,2,0) > 0( = 1,...,n — 1) are
some smooth functiogs and O is the estimation of unknown
parameter ® = (1 + 6217") max{l, 01_1}.

Lemma 5. For every 1 < i < n — 1, there are smooth
nonnegative functions ¢.(xy, zy, . . ., z;) satisfying

¢, (%0021 >2) < (|z1| + |2a] + - + |z @, (%00 215 -5 21) -
11
Proof. According to Assumption 1, it can be derived that
|$i (xo,zl,...,z,-)|
<uy" (g + -+ |x]) @i (x00 X155 x;)
= (|| |uo|™ ™ + -+ + |zisy | o] + |
[ e S R

X @; (X0 X155 X;)

< (| +lzo] + -+ z]) (1 + g™ ™)

X @; (X5 X155 X;) -

Inviewofr, > r; (k = 1,...,i — 1), one gets (11) with ¢, =
(1 + lug" ;. O

In what follows, we give the SMC control design proce-
dure using the recursive method.

Step 1. Choose the candidate Lyapunov function V; =
(n/261)x(2) + (l/Z)Ef + (91/2))1)@2 for this step, where ® =
© - O is the parameter estimation error, and y; > 0 is the
design gain. Then, along the trajectories of system (8), we
have

nd (t) xgo+1

v = -2
1

. -\ b=
+& (d, )28 +dy (i xh 7 2, + §)) - OO

3
n—1
< - - S8 -G d (06 +dy (0 e
1
2+ff+£1€7’1
+d, (t)rlx El 1@@)
1
n—1
< - - S8 -8 d (06 +d (D Eaf
1
-1 61~*
El +l+g01+d (t)rlx - —00
0, 1
n—1
< —nxb* - 5 E-8+d (1)&E,
1
P 2 Do~ 61""\
+d, (1) & ap" + 0,08 (n+(p1+r1x0 ) y—@@.
1
(13)

_ -1 )
Denote p;(x,2,) = n+¢, +rxt", 7, = & p (x, 21), and

a direct substitution leads to

g g d (05 +d O bl
1

: Potl
Vi < —nxg

(14)
Choose the virtual control law
o’ (xo,zl, ) = -&ip1 (x021) V1 + 82 15)
= -8B (xO’Zl’ @) ]
and one gets
. n-—1
Vo - -G d b -] S8 (®-m).
1
(16)

Step i (2 < i < n). Suppose that at Step i —1, there is a positive
definite and proper Lyapunov function V;,_, satistying

n—i+li71 2
0 2.
k=1

1

Vi, < - (n—i+2)x0°+1 -
_ ka +dl l(t) 52 /py=pia ( ff szl ) (17)

+@4_@(%@_§%g)

k=2
Let
Vi= Vi + W,

Zj
W, = j (SPI'"PFI
1
«,

i—1

ey, 9)
(levjl Pz—l) A/pr-p 1)ds



Then V; is a C?, positive definite and proper function such
that

- oW, iLow. oW, . oW, =
Vi=V. +—Xg+ ) —2, +—2,+ —0
i i—1 axo Xo kglazk 2k azi Zj 20

1 —l'+ll‘71
<-(m-i+2)xh" - ) Zﬁi

i-1
2 2-(1/pipia) (P ;
=Y d, ()R (2P0 - o))
k=1

(19)

2-(1/pypi) (& -1
+Ei A/pypicy) (¢1 +d0 (t) rix()o Zi)

2=(1/py=pi1) i
+ di (l’) Ei PP, P

1+1
[0~ QoW | oW, =
+(r,-0)( 2o-Yy = )+ e,
)/1 k=2 a@ a@
With the help of Young’s Inequality, we can obtain

2=(1/py=pia) ( Pin1 Pi1
diy (6) & PP (P o)

1-(1/pypy 2-(1/pypia) | 11/ Prepic

<2 A/prp, 2)02|£i—1| P1Pia |§t| P1Piz

1 22P1pi-23

< 52 + 2—
46, "pipiod

y <4P1"‘Pi72—2
P17 Pia

Lg L penii ™ ( 4p, - py -2 >2PI“‘PH-1
> 40,08
1

40, " "PrPia b1 Piea

2pypia—1
2p1Pi-a=1 n2P1 P
) 01 62

IN

Z; G)),

II>

1
4_915,'271 + 91®Ei29i1 (xo’ Zpse

(20)

where ¢;; and ¢;; (i = 2,...,mj =
smooth nonnegative functions.
From (18), we get

.,5) given later are

ow;
0x,

d Pl"'PH
= (2 - ;>do () xgoal;
P10 Pia 0x,

Zi . wp L1/ Prpicy)
X j (spl Pi-1 _ ocf_ll P1—1) 1 1 dS

(-2 Yok
(pl.pl ol 8] | 22—

=%

aapl “Pi1
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2 P0+1

Potl 2 Po-1
xy) +&; <4 - ) 0 ) 3

0 ( Pro Pic 2

PiPic
Oa i—1

0x,

0 Pl"'Pi—l Potl
xopoﬂ +61®£,‘2((4_ 2 > i1 ) ff“*l
P1- Pina 0%,
0P°+1 + 91@)51‘291‘2 (x0>zl’ e ,z,-,@) :
(21)
In view of
oW, ( 1 )aocf’:i""’“
i (o
0z, P Pim 0z
y J‘Zi (SP1"'Pi Pl 1)1 1/py=pisy )dS
a(xpl ‘Pi-1
s<4—pl—>lil (22)
dof1 P S 9
M-yl
9Py

“* Pr1Br ZPI P Zf

aZk

it can be derived that

2
(-2 )i
Py Pia

i oy g 0 .
X Z (Pl P Brzy! Pty Z |El| ‘B_SID |Zk|
k=1 I=k k

o)
<(4-—2)E
< P1- - Pina i
i-1
x Zpl "'pk—lﬁkzlfl Pt
k=1
X (92|Zk+1lpk +0,rixh |Zkl
+(|Zl|+“'+|zk|)¢k)

ey L] e[

k=1I=

+(4
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< (4 )|£| 1 ©p 2 2 :
e < — E+0®§i(4——>
Py Pia 41k:1k ! Pr P
i1
i1
X P
I;Ih Pr1Br x <k_18(p1 P Be)

1P Po=1Y\ _P1 Pt
X (922k+1 +0, (1 + 11X )zk

. ((2 +2B + Zrkx0°71)2 (ﬁk + 7’k+1x0 ﬁk)

+ (IZI|P1"'Pk—1 Foeeet |Zk71|P1"'Pk—1

i-1
P\ +2 22 P=2g2 | g2Prer P2
+k|2k|pl PH)‘Pk) l:;H( P &
+22Pk+1'"Pl—1*2 2Pk Pro1—2
O Ly [ AT )
B V2 (3 + Bit,) )

s<4—P — )|5| .

i—1
X ZP1 “ Pr1Pr
k=1

i-1
= % & + 6,08 0 (x0>Zl’ >Zv@)
X(02|£k+1|+62( k+1+7’kx )Ifkl Lk=1 ( )
23
+0, (1 + rkxO )ﬁk 1 |£k ll By Lemma 5, we can obtain
k-1 2—(1/pypic1) (F 0—1
i Zzpzmpk,l—l (|£Z|Pl'"Pk—1 " |5171/5171|lepk71) & bep (¢i +d, (t) r;x, zi)
=1 < |Ei|2_(1/P1“'Pi—1)
X+ k(|5k| + B |5k—1|)§_0k)
0 rx !
} (Sl s o
o ey LGP A A Y =
=1 k=

i-1 ) % (lfill/pl---pffl . |§i_lﬁi_1|1/p1---pf,1)
= szi "’51‘2891(4_ ;>
40,5 p

1 Pin < |£'|2*(1/P1“'Pi—1)
= [6i
X Z(pl P lﬁk <i (lg |1/P1 *Pr-1 |Ek 1ﬁk 1|1/}71 *Pr- 1)
N po-1)2 -
(62 ((2 + 2ﬁk + Zrkxo ) x 6,‘ + Gzrix()O*l
(ﬁk + rk+1xo ﬁk) e e
) ,(lgill/l’l Pin1 + |£i—1,3i—1|1/p1 pz—l))
+2 Z (2P, A/pre-pi)
I=k+1 |E|

. €2Pk+1'~P171—2 + 22pk+1"'P1,172 g
k X Z |Ek|1/P1“'Pi—1 |€k|(Pk"'P,-,l—1)/})1___1%7l

5 v k=1
X ﬁk(pk+IE P ) | |2*(1/P P )
- + 61 1 i-1

+2k° (‘Pk + 5k‘Pk+1) )

i—1
% Z |£k|1/P1‘“PH
k=1

+ 52<4 -2 >2§§k:<_aﬁk )2212 ( 1/ /
; 17 Pici= D)/ prPic QU prepr—
i DL Py P azl '|£klpk P, PrPi /jkp Pk(Pz



+ 921’ xO |Ei|2—(1/P1"'Pi71)Igi_llgi_l|1/P1"'Pi—1

+ Ei ((p, +0,r; x0 )

Zﬁk

1k1

y <2p1 c Py — 1 ( 491 )1/(2P1"'Pi1_1)
2Py P \ProcPia

" (E (| g [0 PmICPpa D

k=1

+ |£k | (2prsrpici—D/(2py+pisy—1)
x ‘BiPk+1"‘Pi71/(2P1“'Pi71—1))
—.2P1 = pic/(2pypi—1)

X @

2 i-1/(2 i-1—1)
+(02rx0 )Pl *Pi-1/ 2Py i

X /32/(2171 ‘Pi1 > + 021, xO 1)

i-1
X ZE}% + 01®fi2
k=1

4 1/@2pypiy—1)
(==
P1 Pia

% (i (|Ek|(2Pk+1'"Pi-l*1)/(2P1"'Pi-r1)

k=1

2P Picy/ 21+ picy 1)
X ﬂk *

+|Ek|(zpk'"Pi—l’1)/(2P1"'pi—1’1) )

x ¢i2pl'"Pi—l/(zpl“'pi—l_l)

1\2P1Picr /2Py Py —1)
p 1
+ (r, 0° )

xﬁz/(ZPl Pic1— 1))

P
+@; +rx0°

i-1

- %Zgi + 01@51'291'4 (x(): Zyse.

2,0).

Substituting (20)-(24) into (19), we have

z+1kzgk ng

Vi< —(n —1+1)xp°Jrl

1

)

(24)
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ngw@f(

1k1

—i+2+0;+0p

+0i3 + 0ua)

+d, (t)E A/pypi- 1)ZPz

Denote

’Zi’@) =n—i+2+0;+0,+03+ 0
(26)

p; (xo,zl,...

T =1, +néps (xo,zl,...,zi,@).

Substituting (26) into (25), we have

n—i+1g
V, < —(n—z+1)xp°Jr1 61 Zfﬁ
k=1

1

- ng 46 ka

k=1

A/pypicy) Pz
t+1

+el@ggpi+(fi_@)<&@_ " a—”f)

+d; () E (27)

i-1
ow, oW,
+ Z_Ak (1 - 7i1) + —= 7
= 00 00
According to (26), there holds

i-1
Zawk (r; -7 1)+a—VXiTi
£96 90

|£k| EiZPi

doxr P
00

|£i| Zfipk

k=1

=)
+ 4 -
V1< P1- Pina

p1 “Prr |2
a —1

2 2
B@ & p;

i

kaPk
k=1

a(xpl ‘Pi1




Mathematical Problems in Engineering

y 2V ’
+_1<4_ ) 2,2
4 P17 Pia &

s L¥p, 1o gp 5
2 EZ&,{ + e—fi +6,& 05 (%00 215. .., 21, ©).
1k=1 1

P1Pia
Oa

(28)

As a result, (27) can be further transformed into

P

. n-—i1
Vis —(m-i+ )t - ==Y
0, k=1

_ i{i + di () E?*(l/Pl"'Pifl)ziI:il
k=1
_ N[0~ O
Y (pi@+gi5)+(f,._@)(y_1@_za_g>.

Choose the ith virtual control law

af b (xo,zl, . .,zi,@)

== (Pi (xo,zl,...,zi,@) V1 + @2 (30)

P1Pia
> Zis @) ) >

and a direct substitution into (29) results in

+0;5 (xo,zl, ..

.
. n-—i1
Vis —(m—i+ Dt - ==Y
61 k=1

i
_ Zfi + di 0 Eiz_(l/Pl"'Pi—l) (Zfil _ oc;”i) (31)
ps}

+(u-8)(2a-32%)

Yl k=2

Step n. Let
(32)
+ LKZ,
2y,
where
. =
V1< - 2xg°+1 - 6_Z£i

k=1

n—-1
2 2—(1/ Py P - -
=& d, () E PP (2P b)) (33)
k=1

(o-8)(S5-52%)

YI k=2

¥, > 0 is an arbitrary constant, A = A — A with A is the
estimate of the unknown constant A = max{6,, egp 0P P2y

Choose the parameter update law as

. n—-1
O=1,,= ZYIglipk’ (34)
k=1

and then

o ow, = oW, oW,
V=V, +=—"%+ ) —2&,+ —2%
n n—1 axo 0 kgl azk k azn n

+ a%‘@ + lKK
00 Y2

) 1 n—-1

+ 2

)
k=1

(35)

n-1

2 2—(1/py++Pn-z) - -
- ka +d, 1), P (zﬁ - 0‘5—11)
k=1

+ Z + Ei—ﬂ/plmpnﬂ)a’l

- oW, - 1 ——
+d, (t) 'Eﬁ A/ pr=pus) ypu 4 —a@"@ + y_AA'
2

According to Lemma 4, (9), and (10), we get

_ “Pn—l )

n-1

2=(1/py+Pp2) e
dn—l (t)f P17 Pna (Zﬁ 1

n—1
, 2P P
"Pr Pasa

21 Py a1

« (4P1 P 2> Prbu 62P1"'Pn72

2
P17 Pua

1 ) 22P1“‘Pn—2_3 (4p1 Py — 2 >2P1“‘Pn—2_1

—E |+ AL
4! Pr Pua P1 " Pua

= }LEZ—I + A& (an z, @) .

IN

1.
Zgn_l +£

IN

>

(36)
By Lemma 4, it can be concluded that

ow,
n - < xp0+1
0x,

PrPu
o, ' |

0x,

Potl
) 5?0—1
n

P17 P
oa, ' |

0x,

Potl
> EPO*I
n

g <<4 o -%pn_1 )

2 x4 A, (x0,2,0).

(37)



With the same strategy as previously, it follows mentioned
that

”ilawnz

=1 aZk k
SR X R R y PR Ny
s 4 kT Sn P o) & k-1Pk

+2 Z ( 2Pk ‘Pi- 1*2—2 Ezpkﬂ'“PH*Z
I=k+1

+22Pk+1 Pro1—2 (PZ

2Pk+1'"Pl—1*2)
kT k+15k

+2K (9 + Bigin) )

i) 224

k=1I=1

'Pkflﬁk)z

X
~/

n-1
28(1’1 -
k=1

: ((2 + 2 + Zrkxgo_l)2 (Bi+ 1’ Bk)

+2 Z ( 22PkPi-1™ 2—2 EZPkJrI"'PFI_Z
I=k+1

2Pks1 P12 ZPk 1"'P1-1—2)
+2 PP gign P

+2k (93 + Pedesr) )
n-1 k aﬁ
SHEIES

n—-1
= iZf}i + Afi@rﬁ (xo’ Z5 @) .
k=1

(38)

In terms of (34), it can be seen that

oW, =
00
( 2 ) a‘xr}:i'i'}’n—l
<yl4- —
D1 Pu 00
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1€, 2.2 2
R—
ool

n—-1
4—1125,3 + EﬁQnS (xo, z, @) . (39)
k=1

n—-1

ZEkPk

k=1

2 a(xﬁi'i'Pn—l

IN

00

II>

Substituting (36)-(39) into (35), we have

Vn < P0+1 - _Z‘fk + AE (in + O + Qn3 + Qn4)
1k 1

|E |2—(1/P1'"Pn—1) (40)
n

+ &0 + vl

- 1 -~
+ ﬁ (t) fft 1/py Pnfl)upn + V_AA’
2

with g,,,(x,, 2, ®) = 0. Denote

Pn (x()’ z, ) On1 T 02t Qu3 + Qua»
2 _ (4an)
© =180, (%0,2.0).
As a result, (40) can be further transformed into

Vn < P0+1 _ _ng +/3(t)f (1/pyPu1)

1k1

A 2=(1/py=pp-y)
H 8 (PB4 0s) + (5,7 P y (42
Ry (w - K) .
)
Inspired by [6, 16], the error variable £, =
o' P can be viewed as an adaptive sliding surface in the
x-coordinate. Denote the sliding manifold by S = &, then

the adaptive sliding mode control and the parameter update
law can be chosen as

1
MP" — /§ <£rl1/Pl Pn
<pn xo,z, \/1 + A%+ 0,5 xo,z ® >

~sgn(S) (k + [v]) ) :

PrPn1 _
an 1

(43)

A =w, (44)

where k > 0 is a constant and sgn(-) is the sign function.
Accordingly, we obtain

V, < - Pﬂ“——ka kISP Pbe) o (45)
lk 1

Since V,, is a positive definite and proper Lyapunov
function, (45) guarantees the convergence of the system
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trajectory to the origin of the sliding surface S = &, in finite
time. In addition, the convergence properties of the states
and the parameter estimate remain unchanged with respect
to those of the standard backstepping design procedure.
That is, the states (x,(t), x(t)) of system (1) converge to zero
asymptotically and the parameter estimates O(t), A(t) are
bounded.

4. Switching Control Strategy

In this section, we consider the case of x,(f,) = 0. Without
loss of generality, we assume that t, = 0. As to the case of
%0(0) # 0, we have given the controller (5) and (43) for 1, and
u of system (1), respectively. Now, we turn to how to select
control laws while x,(0) = 0.

We consider the constant control if |x,]| is small enough.
When x,(0) = 0, we choose 1, as follows:

1y (0) = ug, uy > 0. (46)

In accordance with the first subsystem of (1), we know that
%o (0) = dy (0) uf? (0) = d,y (0)uy” > 0. (47)

So, for any small enough constant ¢, , there exists an instant
t; > 0 such that xy(t]) = ¢,. During the finite time interval
[0,17), a new adaptive sliding mode control u = u”(x, x)
using u, as defined in (46) and two new parameter update
laws can be obtained following the procedure described in
the previous section. Combining with x,(t]) = ¢; #0, we
can switch the control inputs u, and u into (5) and (43),
respectively.
Now we state the main result of this paper.

Theorem 6. Suppose that Assumptions 1-3 are satisfied. If the
proposed control design procedure together with the previous
switching control strategy is applied to system (1), then, for any
initial conditions in the state space Q = {(x,,x) € R™1Y,
system (1) will be asymptotically stabilized at the equilibrium,
and specifically, the states are regulated to the sliding surface
S = 0 in finite time while keeping the estimated parameters
bounded.

5. Simulation Example

Consider the following example:
%o = do (£) up,

. 1
X, =d, (t) xgug + le, (48)

L3
Xo=U,

where x = (x, x;, xz)T is the state, u, and u are the control
inputs of the system, 0 < 0, < d,(t), d,(t) < 0, are unknown
control coefficients with 8, and 0, being unknown positive
constants. It can be seen that system (48) is in the form of (1)

with py = p; = p, = 3, q1 = 2, $y(x0, x1, %) = (1/4)x,.

08t
0.6
04
0.2
OF
0 5 10 15 20 25 30
o
S
e,

FIGURE 1: States of the closed-loop system.

Denote © as the estimation of ® = (1 + 62) max{l, 01_1} and
A= max{Gz,Og}.

Here, we just consider the case of x,(0) #0. In the first
subsystem of (48), we choose the control law

Uy = —X,. (49)

Using the developed design procedure in Section 3, we can
obtain that

= - ;/3 (Pz (xo,xl,xz,@) V1 + A2

+ 05 (xo)xpxz’ @) )

(50)
—ksgn(S),
0= VlEpr
- 2
A=p&p,,

where&, = x,/ul, p; = 9/4+2x}, B, = p, (1402, = x5+
§1B1 S = &, py = 1+(40/3) x5 55(1 + ©%)” + 100/3B7(B; +
4x5 +1/16) + 10/3f,, 0,5 = (100/9)y;&; p;, k, and y; and y,
are positive design parameters.

Let the unknown functions be d,(t) = 1 — (1/2) cost,
d,(t) = 1+(1/4) sint. The unknown constants can be chosen
as, = 1/2and 0, = 3/2. Take k = y; = y, = 1. Simulation
results of the closed-loop system are shown in Figure 1 with
the initial condition (x,(0), x,(0), x,(0)) = (1,-0.1,0.25).

6. Conclusions

In this paper, the global stabilization problem is considered
for a class of uncertain high-order nonholonomic systems
with unknown control coefficients. By adding a power inte-
grator technique, we propose a combined adaptive/sliding
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mode control scheme. To get around the stabilization bur-
den associated with the nonholonomic control systems, a
switching control strategy is exploited in this procedure. The
designed adaptive sliding mode controller guarantees the
global asymptotical stabilization of the closed-loop system
as well as the boundedness of the parameter estimates.
Moreover, the attractiveness of the sliding surface S = 0 in
finite time is also obtained with the help of the proposed
control approach.
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