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This paper focuses on an urban transit line which connects several residential areas and aworkplace during themorning rush hours.
The congestion is represented by some passengers whomust wait for an extended duration and board the next or the third departure
vehicles.This paper divides the time horizon equally into several small periods to measure the dynamic passenger demands. Under
period-dependent demand conditions, a biobjective optimization model is developed to determine the departure times of transit
vehicles at the start station with strict capacity constraints, in which a heuristic algorithm based on intelligent search and local
improvement is designed to solve themodel.The developedmodel can address the case in whichmore than two passengers arrive at
a station simultaneously during one same period and calculate the number of boarded passengers. Finally, themodel and algorithm
have been successfully verified by a numerical example.

1. Introduction

Public transit vehicles shuttle on the lanes in accordance
with a predetermined schedule to deliver the passengers
from origins to destinations. The schedule for urban public
transit systems is of predominant bridge between the service
provider and the passenger users. At the same time, transit
schedules and their compliance mirror the quality of public
transit service provided. How to construct a practicable and
effective schedule is a complicated task which requires the
consideration of characteristics of passenger demands and
benefit of the transit company as well as the operational
regulations.

As a matter of fact, the key problem of designing a
schedule for an urban public transit line is to determine
the departure times of transit vehicles at the start station.
This paper considers the scheduling problem for an urban
transit line which connects several residential areas and
a workplace during the morning rush hours. The spatial
and temporal imbalances of demand distributions represent
the transit congestion that occurs only at some stops or
during some times. Under such conditions, some waiting
passengers cannot board the current transit vehicle due to
the limited capacity. A constant-headway schedule cannot

satisfy effectively the time-dependent passenger demands.
An irregular schedule that allows uneven headways can
accommodate the dynamic demand patterns and accelerate
the fleet utilization that is provided by a limited number of
vehicles. This schedule type reduces the passenger waiting
times and economizes the operation costs as well.

The transit scheduling problem has received much atten-
tion in the past years [1–3]. LeBlanc introduced a model
for determining frequencies using a modal-split assignment
programming model with distinct transit routes to capture
the effects of increases or decreases on individual transit line
frequencies [4]. Lee et al. revealed that the total fleet size
required for the operation of a bus network with mixed-
size vehicles is smaller than the fleet size necessary when all
fleet vehicles have the same regular size [5]. Scheduling of
urban transit network can be formulated as an optimization
problem of minimizing the overall transfer time of transfer-
ring passengers and initial waiting time of the passengers
waiting to board a vehicle at their point of origin [6]. The
fleet size required for a bus line is decreased by inserting
express and partial services in the schedule with alternative
fleet assignment strategies, which take the headways as inputs
[7]. De Palma and Lindsey examined the schedule delay
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Figure 1: Illustration of an urban public transit line.

costs incurred from travelling earlier or later than desired
and formulated an optimization model with the objective of
minimizing the total riders’ schedule delay costs [8]. Since
passenger satisfactionwith bus services has a high correlation
with the attributes of the services supplied [9], Tom and
Mohan formulated an optimization problem to minimize the
bus operating cost and the passenger travel time by using
frequency-coded genetic algorithms [10]. Assuming that no
more than one passenger arrives at a station during a time
interval, Niu and Zhou focused on optimizing a passenger
train timetable in a heavily congested urban rail corridor [11].

A number of studies have somehow tried to model
operational control strategies that are integrated with the
scheduling problem to improve the efficiency of public transit
systems. Site and Filippi proposed a particular service pattern
including not only the short-turn strategy but also the vehicle
size and frequencies that are required to supply the service
over different operation periods [12]. By skipping a number of
stops in high-frequency transit operations, the deadheading
strategy could shorten the waiting time of passengers in the
bus transport system [13]. Leiva et al. built an optimization
method for designing limited-stop services, whichminimizes
both the travel time of passengers and the operating cost of
an urban bus corridor by optimizing the transport services
with different arrival frequencies of various types of vehicles
[14]. Fu and Liu proposed a real-time scheduling strategy
that aimed to strike an optimal balance between the benefits
of operators and passengers [15]. Under the availability of
real-time information and historical data of the system,
the total user delay can be reduced by using a multipoint
holding control strategy for a bus transit system [16].Without
considering the capacity constraints, Niu developed a non-
linear programming model and proposed a bilevel genetic
algorithm to design a transit schedule with uneven headways
and skip-stop operations [17].

The existing studies have paid much attention to regular
schedules, but they have failed to explore the scheduling
problem with uneven vehicle-departure headways based
on time-dependent passenger demands. Adopting a similar
approach to that used by dynamic traffic assignment in urban
road network, our research divides an operation day into
several equal time periods to formulate the transit scheduling
problem. These periods cannot be too short; otherwise,
obtaining the demand records will become difficult; however,
if the period length is too long, the model loses the dynamic-
demands feature. Under normal conditions, such as a one-
minute period, we face a challenge that more than two pas-
sengers could arrive at a station simultaneously during one
same period. Such a case can surely lead to some confusion
when determining the queuing order for passengers arriving
at this period under strict capacity constraints.

For a congested urban public transit line, somepassengers
must wait for an extended duration and then board the
next or the third departure vehicles. When a vehicle departs
from a station, under such time-dependent and congested
conditions, we should decide which passengers can board
the vehicle and which cannot be on the vehicle. This issue
is also associated with the calculation of the number of
boarded passengers for a departure vehicle at each station.
The main aim of this research is to optimize the departure
times of transit vehicles under strict capacity constraints.The
model proposed in this paper is a biobjective programming
problem, in which a novel heuristic algorithm is developed
to solve the model.

The remainder of the paper is organized as follows.
Section 2 presents an analysis of the vehicle fleet opera-
tions and the passenger travel behaviors, along with the
presentation of the underlying assumptions. A biobjective
optimization model for the scheduling problem with strict
capacity constraints for an urban public transit line is given
in Section 3. In Section 4, a heuristic algorithm based on
intelligent search and local improvement is developed to
solve the proposed model. In Section 5, a numerical example
is provided to illustrate the application of the model and
algorithm. The last section concludes the paper and outlines
the possibilities for future research in related areas.

2. Problem Statement

2.1. Analysis. This paper focuses on an urban transit line
which connects several residential areas and a workplace
during the morning rush hours. The stations on the urban
public transit line are numbered as 1, 2, . . . , 𝑀, 𝑀+1 along
the vehicle’s forward direction, as shown in Figure 1, where
1, 2, . . . , 𝑀 are the boarding stations; and 𝑀 + 1 is the
destination station. In this scenario, the demand distribution
is represented as multisource and single sink; specifically, the
passengers board at the intermediate stations and reach their
common destination station.

The passenger demands associated with urban public
transit systems are characterized as being time dependent
and stochastic; herewith, we use [0, 𝑇] to index the study
time horizon. In order to measure the dynamic demands,
we divide the time horizon [0, 𝑇] equally into several time
periods (e.g., one minute as a period), and we use 𝜏 to denote
a period andR to represent the set of periods (𝜏 ∈ R).

Taking into account that all passengers have the same
destination, this study uses 𝑃

𝑖
(𝜏) to indicate the number of

passengers who arrive at station 𝑖 (𝑖 = 1, 2, . . . , 𝑀) during
period 𝜏 (𝜏 ∈ R) travelling to the destination station𝑀 + 1.
At the same time, this paper uses Ω to denote the set of
vehicles that depart from the start station.Thus, the issue to be
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addressed in this paper is transformed into the determination
of the departure time 𝑑1

𝑗
of transit vehicle 𝑗 (𝑗 ∈ Ω) from

station 1.

2.2. Assumptions. In order to objectively analyze the vehicle
operation and the passengers’ behaviour for urban public
transit systems, the following assumptions aremade through-
out to facilitate the model formulation.

A1: all transit vehicles have the same capacity and
follow strict capacity constraints. Once the number
of in-vehicle passengers reaches the vehicle’s full
capacity, that vehicle is no longer available to any
other passengers.
A2: all vehicles are scheduled according to the
assumption that they travel at the same time between
any two consecutive stations and they have the same
dwell time for each station.
A3: the order for boarding a vehicle is randomly deter-
mined when several passengers arrive at a station
simultaneously during the same period.
A4: all passengers who arrive at a station in differ-
ent periods follow the principle of first-in-first-out
(FIFO) when boarding a vehicle, which means that
the passengers arrivingwithin the earlier time periods
board a vehicle prior to those arriving within the later
periods.
A5: the total supply provided by the fleet meets the
total passenger demand over the study horizon.Thus,
some of the passengers may not board the current
vehicle due to the oversaturation of demands, but the
passengers waiting for the last vehicle could board the
final run.

3. Formulation

3.1. Notation and Parameters. The following notation and
parameters are used throughout this paper:

𝑖: index of stations, 𝑖 ∈ {1, 2, . . . , 𝑀, 𝑀 + 1};
R: set of periods;
𝜏: index of periods, 𝜏 ∈ R;
Ω: set of vehicles departing from the start station;
𝑗: index of vehicles, 𝑗 ∈ Ω;
𝑑
𝑖

𝑗
: departure time of vehicle 𝑗 from station 𝑖, 𝑖 ∈

{1, 2, . . . , 𝑀}, 𝑗 ∈ Ω;
𝑃
𝑖
(𝜏): number of passengers who arrive at station 𝑖

during period 𝜏 and are travelling to the destination
station, 𝑖 ∈ {1, 2, . . . , 𝑀}, 𝜏 ∈ R;
𝑄
𝑖

𝑗
: number of boarded passengers in vehicle 𝑗 during

the vehicle’s stay at station 𝑖, 𝑗 ∈ Ω, 𝑖 ∈ {1, 2, . . . , 𝑀};
𝑟
𝑖: vehicle running time from station 𝑖 to station 𝑖 + 1,
𝑖 ∈ {1, 2, . . . , 𝑀};
ℎ
𝑖: dwell time at station 𝑖, 𝑖 ∈ {2, 3, . . . ,𝑀};

𝑐: passenger loading capacity of a vehicle;

𝐼min: prespecified minimum interval between two
consecutive vehicles at the same station;

𝐼max: prespecified maximum interval between two
consecutive vehicles at the same station.

3.2. Constraints. The core decision variables are in fact the
departure times for each vehicle at the start station. The
detailed arrival and departure times at the other stations can
be accordingly generated for scheduling applications. Given
dwell time ℎ𝑖 and running time 𝑟𝑖, the departure time for each
vehicle at each station should satisfy the following equation:

𝑑
𝑖

𝑗
= 𝑑
𝑖−1

𝑗
+ 𝑟
𝑖−1
+ ℎ
𝑖
. (1)

Now, the minimum interval between two consecutive
vehicles should be required to ensure the operational safety
of vehicles, and the predeterminedmaximum interval should
not be broken because the passenger waiting times at the
stations cannot be too long. Thus, the departure times of
two consecutive vehicles at the start station should satisfy the
inequality

𝐼min ≤ 𝑑
1

𝑗+1
− 𝑑
1

𝑗
≤ 𝐼max. (2)

To accurately calculate the number of boarded passengers
for a given vehicle at the intermediate stations, our research
introduces two parameters, namely, the boarded period 𝑏𝑖

𝑗

and residual number 𝑠𝑖
𝑗
. Figure 2 illustrates the two parame-

ters by using the cumulative flow counts.The boarded period
𝑏
𝑖

𝑗
indicates a period in which at least one passenger arriving

at station 𝑖 could board vehicle 𝑗, and no passenger at station
𝑖 can board vehicle 𝑗 offside this period.The residual number
𝑠
𝑖

𝑗
denotes the number of remaining passengers for vehicle 𝑗

at station 𝑖 during the boarded period 𝑏𝑖
𝑗
.

If we use 𝑅
𝑖,𝑗
(𝜏) to indicate the number of boarded

passengers in vehicle 𝑗 arriving at station 𝑖 during period 𝜏,
the implication of a boarded period can be also expressed as
follows:

𝑏
𝑖

𝑗
= max {𝜏 | 𝜏 ∈ R, 𝑅

𝑖,𝑗 (𝜏) > 0} . (3)

The calculation of the residual number can be achieved as
follows:

𝑠
𝑖

𝑗
= 𝑃
𝑖
(𝑏
𝑖

𝑗
) − 𝑅
𝑖,𝑗
(𝑏
𝑖

𝑗
) . (4)
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Figure 2: Illustration of board period and residual number.

On the other hand, the parameters of boarded period 𝑏𝑖
𝑗

and residual number 𝑠𝑖
𝑗
can be recursively calculated by

𝑏
𝑖

𝑗
= min

{{

{{

{

𝜉 (𝑑
𝑖

𝑗
) ,

min
{{

{{

{

ℎ |

𝑖−1

∑

𝑖

=1

𝑄
𝑖


𝑗
+ 𝑠
𝑖

𝑗−1
+ ∑

𝜏∈(𝑏
𝑖

𝑗−1
,ℎ]

𝑃
𝑖 (𝜏) ≥ 𝑐

}}

}}

}

}}

}}

}

,

𝑠
𝑖

𝑗
= max

{{

{{

{

0, 𝑠
𝑖

𝑗−1
+ ∑

𝜏∈(𝑏
𝑖

𝑗−1
,𝑏
𝑖

𝑗
]

𝑃
𝑖 (𝜏) − 𝑐

}}

}}

}

,

(5)

where 𝜉(𝑑𝑖
𝑗
) indicates a period which covers time point 𝑑𝑖

𝑗

and that the boundary conditions are 𝑏1
0
= 0 and 𝑠1

0
=

0. The number of boarded passengers in vehicle 𝑗 during
the vehicle’s stay at station 𝑖, 𝑄𝑖

𝑗
, is thus determined by the

equation

𝑄
𝑖

𝑗
= 𝑠
𝑖

𝑗−1
+ ∑

𝜏∈(𝑏
𝑖

𝑗−1
,𝑏
𝑖

𝑗
]

𝑃
𝑖 (𝜏) − 𝑠

𝑖

𝑗
. (6)

3.3. Objective. The transit operation is associated with the
passengers and the bus company.The objective of the passen-
gers is to minimize the overall waiting times at the stations,
while the company wants to decrease the number of required
vehicles.The first objective function, which aims tominimize
the number of required vehicles, is

min |Ω| . (7)

For a period with short length, this study assumes that
when passengers arrive at a station during the same period,
they actually all arrive at the start of that period. Let 𝜑(𝜏)

indicate the initial moment of period 𝜏, 𝜏 ∈ R. When
vehicle 𝑗 departs from station 𝑖, the total of the newly boarded
passengers’ waiting times is ∑

𝜏∈(𝑏
𝑖

𝑗−1
,𝑏
𝑖

𝑗
]
(𝑑
𝑖

𝑗
− 𝜑(𝜏)) × 𝑃

𝑖
(𝜏),

and the additional waiting time associated with all remaining
passengers together is (𝑑𝑖

𝑗+1
− 𝑑
𝑖

𝑗
) × 𝑠
𝑖

𝑗
. As a result, the second

objective function, which aims to minimize the total waiting
time of all passengers at all stations, is formulated as follows:

min
𝑀

∑

𝑖=1

∑

𝑗∈Ω

{

{

{

(𝑑
𝑖

𝑗+1
− 𝑑
𝑖

𝑗
) × 𝑠
𝑖

𝑗

+ ∑

𝜏∈(𝑏
𝑖

𝑗−1
,𝑏
𝑖

𝑗
]

(𝑑
𝑖

𝑗
− 𝜑 (𝜏)) × 𝑃𝑖 (𝜏)

}}

}}

}

.

(8)

4. Algorithm

The model proposed in this paper is a biobjective, non-
linear programming problem, which is difficult to solve
with conventional, gradient-based methods or commercial
optimization solvers. As a result, a heuristic algorithm based
on intelligent search and local improvement is developed to
solve the proposed model. This paper first assumes that the
departure times of vehicles fall on integerminute points, such
as 6:31 and 6:32. The main idea of the algorithm consists of
two searches. Under the condition of the vehicles used in the
least numbers, the biobjective is achieved by searching for the
departure times in order to minimize the current cumulative
waiting times, for each run at the start station.

At the start station, all possible time points are searched
forward from the earliest time, moving ahead one minute
at a time. The search process requires checking the prede-
termined vehicle-interval constraints and counting the total
number of in-vehicle passengers. If the number of passengers
in the vehicle reaches the capacity as the vehicle arrives at the
destination station, the vehicle should depart at the current
time point; otherwise, the search should move one unit for-
ward to check the next point until the end of the time horizon.
The objectives ofminimizing the number of required vehicles
and the total waiting time of passengers could be achieved
by taking the obtained points as the departure times of
vehicles at the start station.After the forward search, checking
the length of the interval between the last two consecutive
vehicles is required. The corresponding points should be
adjusted by the backward search if the interval constraints are
not satisfied.

4.1. Forward Search. With particular respect to the algorithm,
this paper uses 𝑝 to indicate the search point associated with
the departure time of the current vehicle,𝐴(𝑗) to indicate the
total number of boarded passengers for vehicle 𝑗 as it arrives
at the destination station, and𝐻(𝑗) = 𝑑1

𝑗
−𝑑
1

𝑗−1
to indicate the

interval between vehicle 𝑗 and vehicle 𝑗−1 at the start station.
The search area of the first vehicle is 𝑝 ∈ [1, 𝐼max] during

the forward process. Once the departure time 𝑑1
𝑗−1

of vehicle
𝑗 − 1 is determined, the search area of vehicle 𝑗 at the start
station is 𝑝 ∈ [𝑑

1

𝑗−1
+ 𝐼min, 𝑑

1

𝑗−1
+ 𝐼max] according to the
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Figure 3: Illustration of search forward the possible times ahead one minute at a time.
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Figure 4: Checking the length of the interval between the last two consecutive vehicles.

headway constraints. All possible time points are searched
forward from the start time𝑑1

𝑗−1
+𝐼min until a satisfactory time

point is obtained. The following two cases are possible during
the process of searching forward, as shown in Figure 3.

Figure 3(a) indicates that if the search reaches a point
located within the predetermined area [𝑑1

𝑗−1
+ 𝐼min, 𝑑

1

𝑗−1
+

𝐼max] and vehicle 𝑗 is already full (namely 𝐴(𝑗) = 𝑐),
the search should terminate and take the corresponding
point as the departure time (namely 𝑑1

𝑗
= 𝑝). Figure 3(b)

indicates that if the number of in-vehicle passengers 𝐴(𝑗)
for vehicles 𝑗 departing from all the search points within
the predetermined area is less than the capacity 𝑐, the end
moment should be taken as the departure time (namely 𝑑1

𝑗
=

𝑑
1

𝑗−1
+ 𝐼max).

4.2. Bound Check. According to assumption A5 that the
provided supply meets the total passenger demand, the
passengers waiting for the last vehicle can board the final run.
To satisfy this assumption, this paper also assumes that the
last vehicle departs from the start station at 𝑇, the study’s last
moment. When the forward search reaches the last moment,
𝑇, either all vehicles satisfy the headway constraints, or the
interval between the last two vehicles does not satisfy the
minimumheadway condition.As a result, we need to perform
the bound check while the departure times are generated
from the forward search. During the bound check process,
the following two cases, shown in Figure 4, are possible.

Figure 4(a) shows a case where the bound check is not
required because the interval𝐻(𝑗) between vehicle 𝑗 (the last
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Figure 5: Illustration of backward adjustment in order to satisfy the minimum headway constraint.

1 2 3 4

Figure 6: Illustration of a simple transit line.

run) and vehicle 𝑗 − 1 at the start station has already satisfied
the minimum headway constraint. Figure 4(b) shows, how-
ever, a case in which the minimum headway constraint is not
satisfied.

4.3. Backward Adjustment. In the case occurring in
Figure 4(b), adjustments must be made to those departure
times that do not satisfy the minimum headway constraint.
The adjustment should be executed from the last vehicle
by moving backward the associated time point when the
vehicle-interval at the start station violates the headway
constraint. The interval 𝐻(𝑗) between vehicle 𝑗 and vehicle
𝑗 − 1 at the start station must be checked, as well as the
interval𝐻(𝑗 − 1) between vehicle 𝑗 − 1 and vehicle 𝑗 − 2.

Figure 5(a) shows a case where the departure time of
vehicle 𝑗 − 1 should be moved backward to a point at which
the interval between vehicle 𝑗 and vehicle 𝑗 − 1 is 𝐼min (so
𝐻(𝑗) = 𝐼min), while the departure time of vehicle 𝑗 − 2
is not required to move backward because the new interval
𝐻(𝑗 − 1) between vehicle 𝑗 − 1 and vehicle 𝑗 − 2 still satisfies
the minimum headway constraint. Figure 5(b), by contrast,
shows a case where the departure time of vehicle 𝑗 − 2 is
required to move backward after an adjustment is made to
the departure time of vehicle 𝑗 − 1 because the new interval
between vehicle 𝑗 − 1 and vehicle 𝑗 − 2 does not satisfy the
minimum headway constraint.

4.4. Heuristic Algorithm. The above-described forward
search, bound check, and backward adjustment form a
heuristic algorithm, which is summarized as follows.
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Figure 7: Passenger demands counted in one-minute intervals at
intermediate stations.

Step 1. Set 𝑝 = 1, 𝑗 = 1, and 𝑑1
0
= 0.

Step 2. Set 𝑑1
𝑗
= 𝑝. If 𝑑1

𝑗
≥ 𝑇, then 𝑑1

𝑗
= 𝑇 and go to Step 5;

otherwise, if 𝑑1
𝑗
− 𝑑
1

𝑗−1
= 𝐼max, go to Step 4, and if 𝑑1

𝑗
− 𝑑
1

𝑗−1
<

𝐼max, go to Step 3.
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Table 1: The departure times and the associated numbers of boarded and in-vehicle passengers.

Vehicle
number

Departure
time

The first station The second station The third station

BP/RN Boarded
passengers

In-vehicle
passengers BP/RN Boarded

passengers
In-vehicle
passengers BP/RN Boarded

passengers
In-vehicle
passengers

1 6:40 10/0 13 13 15/0 17 30 22/0 26 56
2 6:47 17/0 19 19 22/0 19 38 29/2 22 60
3 6:53 23/0 22 22 28/0 22 44 34/6 16 60
4 6:58 28/0 25 25 33/0 18 43 38/9 17 60
5 7:02 32/0 18 18 37/0 18 36 44/3 24 60
6 7:06 36/0 20 20 41/0 20 40 48/3 20 60
7 7:10 40/0 22 22 45/0 20 42 52/5 18 60
8 7:14 44/0 25 25 49/0 21 46 54/12 14 60
9 7:17 47/0 20 20 52/0 15 35 59/4 25 60
10 7:20 50/0 21 21 55/0 18 39 62/0 21 60
11 7:24 54/0 30 30 59/0 23 53 64/16 7 60
12 7:27 57/0 20 20 62/0 22 42 67/17 18 60
13 7:30 60/0 23 23 65/0 19 42 70/20 18 60
14 7:32 62/0 17 17 67/0 13 30 74/5 30 60
15 7:35 65/0 22 22 70/0 19 41 76/9 19 60
16 7:38 68/0 19 19 73/0 22 41 79/16 19 60
17 7:41 71/0 16 16 76/0 26 42 81/18 18 60
18 7:44 74/0 14 14 79/0 23 37 84/11 23 60
19 7:48 78/0 18 18 83/0 24 42 88/13 18 60
20 7:53 83/0 13 13 88/0 17 30 95/2 30 60
21 8:00 90/0 14 14 95/0 16 30 102/0 14 44

Table 2: The departure times of vehicles at start station associated with a regular schedule.

Vehicle number Departure time Vehicle number Departure time Vehicle number Departure time
1 6:36 8 7:08 15 7:36
2 6:42 9 7:12 16 7:40
3 6:48 10 7:16 17 7:44
4 6:52 11 7:20 18 7:48
5 6:56 12 7:24 19 7:52
6 7:00 13 7:28 20 7:56
7 7:04 14 7:32 21 8:00

Step 3. Calculate 𝐴(𝑗) = ∑𝑀
𝑠=1
𝑄
𝑠

𝑗
. If 𝐴(𝑗) = 𝑐, go to Step 4;

otherwise, set 𝑝 = 𝑝 + 1 and go to Step 2.

Step 4. Set 𝑗 = 𝑗 + 1, 𝑝 = 𝑝 + 𝐼min, and go to Step 2.

Step 5. Calculate𝐻(𝑗) = 𝑑1
𝑗
− 𝑑
1

𝑗−1
.

Step 6. If 𝐻(𝑗) ≥ 𝐼min, set 𝐻(𝑗 − 1) = 𝑑
1

𝑗−1
− 𝑑
1

𝑗−2
and go to

Step 7; otherwise, set 𝑑1
𝑗−1
= 𝑑
1

𝑗−1
− 1 and go to Step 5.

Step 7. If𝐻(𝑗 − 1) ≥ 𝐼min, then stop; otherwise, set 𝑗 = 𝑗 − 1
and go to Step 5.

5. Numerical Example

In this section, we consider a simple transit line on which
there are three boarding stations and one destination station,
as shown in Figure 6. The running time from station 1 to
station 2 is 4 minutes; from station 2 to station 3, the time
is 6 minutes; and from station 3 to station 4, the time is
15 minutes. The dwell time at each station is 1 minute. The
study horizon is from 6:30 to 8:00, and the length of each
subdivision is 1 minute. Each transit vehicle has a capacity of
60 passengers, and the maximum and minimum headways
are 10 minutes and 2 minutes, respectively.
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Table 3: Comparison of regular schedule with irregular schedule.

Schedule Number of departed
vehicles

Total waiting time
(min)

Average waiting
time (min) Boarded passenger Average load rate

(%)
Irregular 21 1417 1.14 1240 98.41
Regular 21 3943 3.38 1168 92.70

6:30 8:3040 50 10 20 30 40 50 10 20
Time

St
op

7:00 8:00

2

1

3

4

0 7 3 8 2 6 0 4 7 0 4 7 0 2 5 8 1 4 8 3 0
13 19 22 25 18 20 22 25 20 21 30 20 23 17 22 19 16 14 18 13 14

17 19 22 18 18 20 20 21 15 18 23 22 19 13 19 22 26 23 24 17 16

26 22 16 17 24 20 18 14 25 21 7 18 18 30 19 19 18 23 18 30 14

56 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 60 44

Figure 8: Illustration of transit schedule corresponding to heuristic algorithm.
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Figure 9: Illustration of demand and supply curves.

The period-dependent passenger demands, as shown in
Figure 7, are illustrated by the total number of passengers
arriving at the intermediate stations within each minute. By
using the heuristic algorithm developed above, the departure
times of vehicles at the start station and the associated num-
bers of boarded and in-vehicle passengers are determined; the
results are given in Table 1. In this case, the necessary number
of vehicles is 21.

In Table 1, BP and RN denote board period and residual
number, respectively, and the total waiting time of all pas-
sengers at the stations is 1417 minutes. Using the information
presented in Table 1, the corresponding schedule was created;
this schedule is shown in Figure 8. Figure 8 shows that longer
intervals between departure times occur from 6:30 to 7:00
than from 7:30 to 7:45. This temporal distribution of vehicles
is approximately consistent with the passenger demands.
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Figure 10: Cumulative curves of the demand and supply.

In Figure 9, the two curves illustrate the relation between
the demand and supply associatedwith the designed schedule
for the transit line.The demand curve shows the total number
of passengers waiting at the stations every five minutes.
The five-minute periods used at a subsequent station should
be equivalent to those at the first station delayed by the
running time between this subsequent station and the first
station because the same vehicle arrives at that subsequent
station after no less than the running time between the
stations. The supply curve displays the number of boarded
passengers every five minutes as the vehicles follow the
designed schedule. The corresponding cumulative curves
are shown in Figure 10, which indicates the correspondence
between the demand and supply.

In order to further demonstrate the advantage of the
method proposed in this paper, Table 2 shows a regular
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schedule associated with the same fleet supply and other
parameters; in this case, 72 passengers cannot board the last
vehicle.

In Table 2, the intervals between the first three vehicles
are 6 minutes, and those between the remaining vehicles are
4 minutes. A comparison between the designed schedule and
the regular schedule is made in Table 3.

From Table 3, we can see that all passengers can board
the vehicles using the designed schedule, while some cannot
when using the regular one. Moreover, the average waiting
time associated with the proposed method is reduced by
66.27%, which further demonstrates the efficiency of the
method proposed in this paper.

6. Conclusions

This paper studies the transit scheduling problem to optimize
the departure times of vehicles for a congested urban public
transit line. Based on some reasonable assumptions, a biob-
jective optimization model has been established to minimize
the number of required vehicles and the total waiting times
of passengers. Under period-dependent demand and strict
capacity conditions, our method has fully considered the
situation in which there are more than two passengers
arriving at a station simultaneously during one same period.

The proposed model is a nonlinear programming prob-
lem, which is difficult to solve with a conventional approach.
Due to the potential of heuristic approaches to handle com-
plex problems, a hybrid procedure embedded in a heuristic
algorithm is applied to solve the model. The validation of the
model and the algorithm has been successfully tested with
the help of a numerical example. In future research, we will
consider the response of passengers to the optimized schedule
and extend our method to a more general transit case.
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