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A boundary value problem for the singular fractional differential system with impulse effects is presented. By applying Schauder’s
fixed point theorem in a suitably Banach space, we obtain the existence of at least one solution for this problem. Two examples are

presented to illustrate the main theorem.

1. Introduction

Fractional differential equations have received increasing
attention during recent years since the behavior of many
physical, chemical, and engineering processes can be properly
described by using fractional differential equations theory;
see the books [1-3], papers [4, 5] and references therein. For
details on the geometric and physical interpretation of the
derivatives of noninteger order, see, for example, [6-11]. For
some recent works with applications to engineering we refer
the reader to [12-15].

For an introduction of the basic theory of impulsive
differential equation, we refer the reader to [16]. Among
previous research, little is concerned with differential equa-
tions with fractional order with impulses [17]. Ahmad and
Sivasundaram [18, 19] gave some existence results for two-
point boundary value problems involving nonlinear impul-
sive hybrid differential equations of fractional order 1 <
« < 2. Ahmad and Nieto in [20] establish sufficient
conditions for the existence of solutions of the antiperiodic
boundary value problem for impulsive differential equations
with the Caputo derivative of order g € (1,2]. Some recent
results on impulsive initial value problems or boundary value
problems for fractional differential equations on a finite
interval can be found in [21-23] and references therein. The

memory property of fractional calculus makes studies more
complicated.

This paper is motivated by [24] in which the following
boundary value problem for the fractional differential equa-
tion

Dix(t)=f(ty®,DLy®), te(1),

Dp.y (1) = g (t:x (1), Dj.x (1)),
x(0)=0, y(0)=0, x(1)-yx(n)=0,

y) —yy(n)=0

was studied, where 1 < o, $ < 2,0 < p < f-1and0 <
g<a-1Ly>0,1>p 1>y and f,9: [0,1] x
R*> — Rare continuous functions, and Dy is the Riemann-
Liouville fractional derivative. An existence result was proved
for BVP (1) in [24]. The growth assumptions imposed on f
and g are sublinear cases (see [25, Theorem 3.1]); that is, there
exist functions a, b € L'(0, 1), nonnegative constants €, €, >
0,8,,6, = 0and p;, p,,0,,0, € (0, 1) such that

te(0,1),
@

If (t.x,p)] < a () + e lxl” +&)y]™ o
2
|g (8,5, y)| < b.(6) + 8, %I + 8, y|™.



In [25], the following boundary value problem for the
fractional differential equation

Dix(®) = f(Ly®),Dhy®), te(©1),
Diyt)=g(t.x(®).DLx(®), te(@1,

x(0)=0, y(0)=0, x(1)=0, y(1)=0

was studied, where 1 <o, $<2,0<p<f-land0<g<
«—1,and f,g : [0,1] x R”* — R are continuous functions,
and D, is the Riemann-Liouville fractional derivative. The
growth assumptions imposed on f and g are sublinear cases
(see [25, Theorem 3.1]), that is, there exist functions a,b €
L'(0, 1), nonnegative constants €,,e, > 0, 8;,8, > 0, and
Pi> P2, 01,0, € (0, 1] such that

If (b2 y)| < a(t) +elxl” + &)y, "
|9 (6%, y)| < b() +8,1x1 + 8] y[™,

or sublinear cases, that is, there exist nonnegative constants
€,€, > 0,68,,8, > 0and p,, p,,0,,0, € (1,00) such that

If (t.x,9)] < el + ey,

lg (8.2, y)| < 8, 1xI™ + 8,y

©)

We find that in the superlinear cases, BVP (3) has a pair of
solutions (x, ¥) = (0, 0) without needing any other assump-
tions. Hence, these cases are trivial ones discussed in [25].

Itis interesting to consider the solvability of BVP (1) when
the growth assumptions imposed on f, g are superlinear
cases. Furthermore, the solvability of BVP (1) is not studied
wheng>a—-1lorp>f-1.

In this paper we consider the following nonlinear bound-
ary value problem for the singular multiterm fractional
differential equation with impulse effects whose boundary
conditions are of integral form

Dix®)=¢®) f(t.y®),DEy®),

te(0,1), t#t,

DEy(6) =y (6) g (t.x (), DLx (1)),

te(0,1), t#t,

1 (6)

tli_r}l})tzf"‘x t) = L u(s)G (s, y(s), Dg,,y (s)) ds,

tlig})tz—ﬁ y(t) = Ll v(s)H (s, x(s), Dl x (s)) ds,

1
x(1) = L m(s)M(s,y(s),Déy(s))ds,

Mathematical Problems in Engineering

1

y(1) = .[o n(s)N(s,x(s),D&x(s))ds,

Ax(t)) = tli_’ntlfx (t) - tli_}rrtlix =1 (tl,y (t,),Dfy (tl)) ,
Ay(t) = th_)ntlry (t) - tlijrtlIJ’ t) =7 (l‘px (t,), Dgix (tl)) ,
AD{ x(t,) = tli_)ntlfDéx @) - tli_)ntlIDéx ®)

=1, (1.5 (t,). DLy (1)),

1Lm Dby (1) - tan}_Dg+ y(t)

t—t

=] (tl’x(tl) »D§+x(t1)) >

AD0P+J’ (tl)

(7)
where

(Al <o f<2,0<p<Pand0 < g < a, Dy is the
Riemann-Liouville fractional derivative,

(b) ¢, ¥ :(0,1) — R, f, g defined on (0,1) x R?,

() m,nuv: (0,1 — Rwithm, nu v e L'(0,1),
G, H, M, N defined on (0,1) x R,

(do=t,<t; <t,=1,
(e) Ia Il) ]) ]1:(071)><R2 - R

A pair of functions (x, y) defined on (0,1) is called a
solution of BVP (1) and BVP (3), ifxl(tk)tM], Dg+x|(tk,tk+1] and

Yt Dg+ Y., (k = 0,1) are continuous, there exists
the limits

lim ™ %x (),
t— t,'(’

lim Py (t),
tatk

lim tzJ'q_o‘Dg+ x(t),
t—ty

tlin}tzﬂo_ﬁ Dby, 8
7
k=0,1,

Dy x, D§+ y € L'(0,1) and (x, y) satisfies all equations in (6)
and (7).

The novelty of this paper is as follows: first, the fractional
differential equations in (6) are multiterm ones and their
nonlinearities f, g depend on the lower fractional derivatives;
second, both ¢ and y may be singular at + = 0 and
t = 1, that is, ¢(t) f(t, x, y) and w(t)g(t, x, y) may be not
continuous functions on [0, 1] x R?, the boundary conditions
are integral boundary conditions, and we obtain the results
on the existence of at least one solution of BVP (6)-(7); third,
0 < p < Pand0 < g < « are supposed; the growth
assumptions imposed on f,g,G,H,M,N and I,1,,], ], are
allowed to be sublinear cases. Finally, two examples are given
to illustrate the efliciency of the main theorem.

The remainder of this paper is as follows: in Section 2, we
present preliminary results. In Section 3, the main theorem
and its proof are given. In Section 4, two examples are given
to illustrate the main results.
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2. Preliminaries

In this section, we present some background definitions and
preliminary results.

Definition 1 (see [1]). The Riemann-Liouville fractional inte-
gral of order « > 0 of a function g : (0,00) — R is given

by

I g (t) = ﬁ JO (t - s)“ilg (s)ds, (9)

provided that the right-hand side exists.

Definition 2 (see [1]). The Riemann-Liouville fractional
derivative of order « > 0 of a continuous function g :
(0,00) — Risgiven by

Dig(t) = a Jt 99 4o )

r(n_“)ﬁ 0 (t_s)a—n+1 >

where n — 1 < « < n, provided that the right-hand side is
pointwise defined on (0, 00).

Definition 3. K : (0,1) x R* — Ris called a -Caratheodory
function if K satisfies that

At —  KGtP2U,tPP2V) is continuous on
(tiotr) (k =0,1) for every (U,V) € R?;
(i) (U, V) — K(ttP72U,t#P72V) is continuous on R?
for every t € (0, 1);
(iii) for each r > 0 there exists a constant A, > 0 such that
IK(t,tF2UtF P2V < A, t € (0,1), [U], [V < 7.

Definition 4. Q : (0,1) x R* - Riscalleda a-Caratheodory
function if Q satisfies that

()¢t — Q(+ t°2U,t9%V) is continuous on
(ti>trsy] (k =0,1) for every (U, V) € R

(i) (U, V) — Q(tt“2U,t“97%V) is continuous on R*
for every t € (0,1);

(iii) for each r > O there exists a constant B, > 0 such that
|Q(t, t* 72U, t*972V)| < B,, t € (0,1), [U|,[V| < 1.

Lemma 5 (the Leray-Schauder nonlinear alternative [23]).
Let X be a Banach space and T : X — X be a completely
continuous operator. Suppose Q) is a nonempty open subset of X
centered at zero. Then either there exists x € 0Q and A € (0, 1)
such that x = ATx or there exists x € Q such that x = Tx.

Let the gamma and beta functions I'(«) and B(p, q) be
defined by

+00
['(a) = J x* e dx,
0

B(p.q) = Ll (1 - %) dx, (11)

1
[ml, = J |m(s)|ds forme L' (0,1).
0

Choose
X

0
x|(tk’tk+l] € C (tk’ tk+1] (k = 0, 1) 5

0
Dg+x|(tk)tk+l] eC (tk’ tk+l] (k = 0, 1) N
Jx:(0,1] — R there exist the limits
lim+t27“x ®),

L=t

lim £#*9°*D? x (1)
t— t;{'

y|(tk’tk+1] eC’ (tk’tk+1] (k=0,1),
Dg*x|(tk’tk+1] € CO (tk’ tk+1] (k =0,1),
1y :(0,1] — R there exist the limits

lim 2Py (1),

t—tf

i #7°FDG.y (@
k

For x € X, define the norm by
ll¢ll =l x

(13)
= max { sup % |x ()], sup ¢*T1°% |Dg+x (t)|} )
te(0,1) t€(0,1)

It is easy to show that X is a real Banach space. For y € Y,
define the norm by

Iyl = lxly

(14)
= max{ sup *7F ly @), s(up)tzﬂ’_ﬁ 'D0P+y(t)|]> .
te(0,1

te(0,1)

It is easy to show that Y is a real Banach space. Thus, (X x
Y, ||-]) is a Banach space with the norm defined by ||(x, y)I| =
max{||x||x, [[¥lly} for (x,y) € X x Y.

In this paper, we suppose the following:

(A) ¢ satisfies that there exist constants L, > 0, k > -1,
d € (q—a,0]suchthata+26—g > 0,a+k+8-q > 0,
and |(t)] < L,t*(1 - t)° for all ¢ € (0,1); v satisfies
that there exist constants L, > 0,1 > —-1,0 € (p—3,0]
such that B+20-p > 0,8+1+6-p > 0, and
ly(t)] < Lot'(1 - 1) for all £ € (0, 1).

(B) f,G, M, 1,1, are 3-Caratheodory functions and g, H,
N, ], ], are a-Caratheodory functions.

Remark 6. Suppose that f is a f-Caratheodory function. For
example, « = 7/4,q = 1/8, choose k = -1/2,8 = -3/4
and (1) = t*(1 - 1)°, then k > -1, 8 € (~a,0] such that
a+20-q>0,a+k+8-q=>0,and |¢(t)] < (1 -1)° for all
t € (0, 1). It is easy to see that ¢ is singularatt = 0O and ¢ = 1.



Lemma 7. Suppose that y € Y, and (a)-(e), (A)-(B) hold.
Then x € X is a solution of

Dix®)=¢®) f(ty®,DLy®), te(0,1), t#t,
1

thi%tz—“x t) = L u(s)G (s, y(s), Dg+y (s)) ds,

1
x(1) = L m(s)M(s,y(s),Déﬂy(s))ds,

Ax(t)) = I(tl’y(tl)’D0P+y(tl))’

ADg. x(t,) = 1, (tp)’(tl) >D0p+)’(t1)) ,
(15)

if and only if x € X satisfies the integral equation

t (t— )oc—l
L r(sa) ¢ ) f (u,y (w),Df, y (w)) du

ttxfl
T'(x)

x L 1=9"¢ () f (59 (), DLy (s))ds

02 Jol u(s)G (s, y(s) ,Dg+y (s)) ds

%71 jl m(s) M (S, y(s), D107+y (S)) ds
0
t(X—l

II

+

X( T(@ aga_ T(a-1) ta_q_2>
T(a-gq)" Ia-g-2)"

xI (tl’y(tl) ,Do‘ly(tl))

)

II
xI, (tl’)’(tl)»Dg+J’(t1)) o te (o],

t _ el
L (tr(s(i) ¢ () f(s,y(s), DL,y () ds

t(X—l

"T()

+

x(t) = 1 (16)

1
x L 1-9"¢ () f (59 (), DLy (s))ds

+ (toﬁZ _ tocfl)

1
X L u(s)G (s, y(s) ,Df;y (s)) ds

1
! JO m(s) M (s, y(s), Df;y (s)) ds

. ttx—l _ tOL—Z T ((X) t(x—q—l

xI (tl’y(tl) ,ng(tl))
toc—Z _ toc—l ol »
+Tt1 I (tl’y(tl) ’D0+)’(t1)) >
te(t,1],
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where

— r ((X - 1) _ r (“) t20c—q—3 (17)
I(a-g-1) T(a-q))"
Proof. If y € Y is a solution of BVP (15), then
Iyl = max { sup P |y ()], sup 7P |DF, y (t>|}
te(0,1) te(0,1) (18)

=r < +090,

and x satisfies all equations in (31) From (B), f is a f3-
Caratheodory function, then there exists A, > 0 such that

|f (63 ), Dy )]

=|f (6722 y (), P22 PDE y ()| < A

re

(19)

Similarly we get that there exist constants A’, A", B/, B > 0
such that

|G (t.y(®),Dly (t))| <A,
|M(t,y(t), D8y ()] < A7,
te(0,1), (20)

|I (tl’y(tl) >D0p+)’(t1))| <B,

I

'Il (tl’y(tl)’Dop+y(t1))' <B,.

It follows from (15) that, for ¢ € (ty,t;,;]1(k = 0, 1), there
exist constants ¢, dj € R such that

1 (f o
x(t) = m JO (t-s) 1¢(s)f(s,y(s) ,D0P+y(s))ds o

+ ot di t* 7, te(tpty,], k=0,1.

From limtﬂotz_“x(t) = Jol u(s)G(s, y(s), D€+y(s))ds, we
get
1

d, = J u(s)G (s, y(s), Dg+y (5)) ds. (22)

0

From x(1) = _[01 m(s)M(s, y(s), D0p+y(s))ds, we get

1 1 “_
s L0900 s (600 DLy @) e

1
= Jo m(s) M (s,y (s), Dg+y (s)) ds.
(23)

From Ax(t,) = I(t,, y(t,), Dg+y(t1)), we get

(q-¢) t?il +(dy ~ do)tiﬁ2 =1 (tl’y(tl) ’D§+y(t1))-
(24)
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From ADY x(t,) = I, (t,, y(t,), D L y(t))), we get
T (@) ['(a—1)

_ oc q-1 a—q-2
(Cl CO)F(OC— ) +(d dO) ( q_z) 1
=1 (tl’y(tl) ’D0+,'V(t1))-
(25)
It follows that
T-1) o
== (et (4). Dy (1)

—ﬁ”h(h&%h%DéyOJ)>an*,

dy—dy = <t(1x_111 (t1>y(t1) ,D§+y(t1))

(&) aqg-
S ey (). Dy (1)

x (I .
(26)
Then
d, = (t?_lh (tl’y(tl)’D0p+y(tl))
r(‘x) oc q- 1 -1
e 1y ()0 (1) ) < )
J u(s)G(s y(s), D y(s))
(27)
So

1
¢ = L m(s)M(s,y(s),Doﬂy(s))ds

1 1
‘%L“‘

_ (t‘l"‘ll1 (tl, y(t) ,DOPJ (t1))

T
I (a-q)

)9 () f (5.(), Db,y (9)) ds

A (1 (1), Dy (1)) < @0
1
—J u(s)G(s y(s), D y(s))

1
G = J m(s)M(s y(s), D0+y(s))ds

__L
I'(x)

- (t?lh (tl’y(tl) >

I'(x)

I(a—gq) "

1
L(1—s“1¢uyf¢)49 D y(s))ds

D§+y (t1)>

“QIIODyGJ,Dgyao))xan*

1

‘Jl“”G(Sy@)D Ly (s))ds
F( _1) a—q—
(e (02D (1)

-4T510pyGJ,D§yOJ))x(H)P
(28)

Hence, for t € (0,t,], we have

() = L (t - s)
_;v;)r

+ 52 J-Ol u(s)G (s, y(s), Dg+y (s)) ds

¢<u)f(u y(w), D8,y () du

=9%7¢ () f (57 (5), Dy (s))ds

[ M 5y . DEy ) ds
fi( T ()
I FW—@
xI(t,y (1), Dy (1))
e (-

. —)Il (10 (0. D (1),

IT

a—gq-1 _ r (‘X B 1) toc—q—z
b T(a-q-2)"

(29)

And for t € (t;, 1], we have

a—1
x(t) = j(t 9 6(5) £ (57(9), DLy (5)) ds

ta—l

1
_I%a)L(l— 9%$(5) £ (5,7 (5), DL,y (5)) ds

+ (1‘”"2 —t‘H)J u(s)G(s ¥ (s), D y(s))

+t7! L m(s)M(s y(s),D? y(s))
t(x—l _ toc—Z T ((X) g1
m T(a-q)"

x I (t1>)’(t1) ’D§+y(t1))

toc—2 _ toc—l

II

+

t?_lll (tp)’ (t,) ,Df}y (tl))'
(30)

Hence, x € X satisfies (16).

Onthe other hand, if y € Y and x € X isasolution of (16),
then we can prove that x € X is a solution of BVP (6)-(7). The
proof is completed. O



Lemma 8. Suppose that x € X, and (a)-(e), (A)-(B) hold.
Then y €'Y is a solution of

DEy(t)=y () g(t.x(®),DLx (1), te(0.1), t#t,

}iiI})tZ—ﬁy ) = J: v(s)H (s, x(s), Dg+x (S)) ds,

1

y(D==L)n@)N(ax(g,Déx(g)dg

Ay(t)) = ](tl’x(t1)>DZ+x(t1)) >

AD§+y(t1) =/ (tl’x(tl) ,D§+x(t1)) >
(31)

ifand only if y € Y satisfies the integral equation
( Jf (t-s)"
I (B)

P

T (B)
X J 1- s)ﬁ_ly/(s)g (s,x (s),Dg+x (s)) ds
0

() g (u x (u), D, x (u)) du

+F2

X J; v(s)H (s,y (s), D0P+y (s)) ds

+P!

X J n(s) N (s,x (s),DSﬁx (s)) ds
0

¢
+

1]

X( L' (p) Bt r(g-1) tﬂ—p—2>
T(B-p)' r(-p-2)"

xJ (tx (t,), D% x (t,))

+t’H (52 -¢5)

y® =9 xj (tl,x?tl),Dg+x(t1)), te (0],

t(p_g)f!
L (tf(lz)

P!

I (B)
1
X L 1- s)ﬁflt// (g (s,x (s),Dg+x (s)) ds

+(tF2 =P

y(s)g (s, x(s) ,Dg+x (s)) ds

X J: v(s)H (s,y (s), D0P+y (s)) ds
+tF!
X J: n(s) N (s, x(s), Dg+x (s)) ds
52 TR
8 T(B-p)’
xJ (. x (t,), D% x (t,))
+ A ¢!

= 1

xJy (tx (1), DLx (1)), te(t,1],

(32)

where
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C(TB-1) T(B) s
: (F(ﬁ—p—l) F(ﬁ—p)>t1 -

Proof. The proof is similar to that of the proof of Lemma 7
and is omitted.

Now, we define the operator T on X x Y by T(x, y)(t) =
((Tyy)(®), (T,x)(t)) with

(Tyy) @)

|

|

t (t _ S)(x—l
T'(x)

¢ W) f (uy 1), Dfy (W) du

toc—l 1

- L (1=9"6(5) f (57 (), DL,y (5)) s

14972 J: u(s)G (5, y(s), D0P+y (S)) ds

e Jol m(s) M (s, y(s), Dély (s)) ds

ﬁ r (“) tochfl _ r ((X B 1) ttqu)
T(a-q)" T(a-gq-2)"

11
<Lty (1), Dby (1))

toc—l (tzlx—z _ t({c—l)
IT

+

xI (tl))’(tl)>D§+J’(t1))> te(0.t],

Lt —s)*!
T (a)

$() f (s y(), DL y(s))ds

toc—l 1 o
T(w) jo (1=9) 1¢(S)f<S>J’(5),Dg+J’(S))ds

() Jol u(s)G (57 (), Df. y (s)) ds

s Ll m(s) M (s, y(s), Dély (s)) ds

N T(@) g
+ r((x_q)tl ! II(tl,y(tl),D0P+y(t1))

II

toc—Z _ toc—l )
+Tt‘1’67 I, (tl)}’(tl)’Dg+y(t1))>

te(t,1],
(34)
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(Tpx) (t)
i Jf (t-9""
o T(B)

£

T(B

y(u)g (u,x (u) ,Dg+x (u)) du

-L 1- s)ﬁ_lq/(s)g (s,x (s) ,Dg+x (s)) ds
+tP?
1

)
Jl v(s)H s,y(s),DgQ/(s))ds
0

+F J

(
1 n(s) N (s,x (s),Dg.x (s)) ds

tﬁl F(ﬁ) B 1
g (F(ﬁ il
( x(tl))
Bl (tﬁZ t/s )

+7]1 (t1>x(t1)»DZ+x(t1))>

=

r(ﬁ_l) p-p-2
T(-p-2)" )

= te(0,t,],
fe-s)f! .
L N0 y(s)g (s, x(s), Dy, x (s)) ds

1
_F(ﬁ) L (1 —s)ﬁflw(s)g(s,x(s),D&x(s)) ds

+ (tﬁ*Z — tﬁ’l)J v(S)H(S,}/(S) D y(s))
0
e J n(©N (5x(5), Dx () ds
0

tF1 B2 T(B) B-p-1
+ t
& TI(B-p)"
xJ (t;,x (t,), D% x (1))
2 ft
+Tff 1]1 (t1>x(t1)’Dg+x(t1))’
€ (t,1].
(35)
O

Remark 9. By Lemmas 7 and 8, (x, y) € X x Y is a solution
of BVP (6)-(7) if and only if (x, y) € X x Y is a fixed point of
the operator T.

Lemma 10. Suppose that (a)-(e) and (A)-(B) hold. Then T :
X xY — X xY is well defined and is completely continuous.

Proof. The proof is very long, so we list the steps. First, we
prove that T is well defined; second, we prove that T is
continuous, and, finally, we prove that T" is compact. So T is
completely continuous. Thus, the proof is divided into three
steps.

Step 1. ProvethatT: X xY — X xY is well defined.
For (x, y) € X xY, we have ||(x, )|| = r > 0. Then

max{ sup 2% |x (t)], sup £7*1°¢ |Dq x(t)|} <r < +oo,
te(0,1) te(0,1)

ma <[sup £ ﬁ|y(t)| sup e "|Dpy(t)'} <7 < +00.

te(0,1)
(36)

From (B), f,G, M, I, I, are 3-Caratheodory functions, then
there exist constants A, > 0 such that

|f(ty®.DEy®)| <A, te(1),
|G(t.y ), Dy ®)| < te (1),
|M t,y(t), D0+y(t))'sA te(0,1), (37)

'I(t1>y(t1)’D0P+)’(t1))| <A, te(01),

|11 (tl’y(tl) >D0P+)’(t1)>| <A, te(01).

Hence,
J(t_S)
o I'(a)
t(t_s)(xl
SJ T((x)
B(a+68,k+1)

I'(x)

From (34), (37), and (38), we see that (T, y)(¢) is defined on
(0, 1], continuous on (0,¢,] and (¢,, 1], respectively. One sees
that

¢ W) f (uy w), Db,y () du

|¢>(u)f u, y (), D5, y (u) |du (38)

<AL

= “ir1

“(Ty) @

lim#*

t—0
a—1

_ lim [ L (tr (S)) ¢ @) f (1 y ), DEy @) du

t—0
_ﬁr

1
L u(s)G(s y(s), D y(s))

cx l(p(s)f(s y(s) D y(S))

1
+t Lm(s)M(s y(s), D y(s))

t I'(a) ag-1 _ [la@-1) ag-
+n(r<a—q>“ Tla-q-2)" )
¥ (t). Dy (1))

1 e 2 )|

<I(t
G

1
= J u(s)G(s y(s), D y(s))ds,
(39)
and there exits the limit lim, _, o (T, ¥)(@).



On the other hand, we have

D§+ (Tyy) (®)

[ t(t_ )oc—q—l
Jy ey @ f (1 @), Dl y @) du

toc—q—l
T (a-q)
1
X L 1=9""¢(s) f (5,3 (), DE.y () ds
a—q-2 r(‘x - 1)
e [(a-g-1)
1
><J- u(s)G(s y(s), D y(s))
a—g-1 r(‘x)
I'(a-q)
><J- m(s)M(s y(s), D y(s))

7 T ()
I T'(x-q)
['(a) ag-1 _ Fla-1) ag-
X(r(a—q)“ fa-q-2)" )
xI (tl’y(tl%DgJ’(tl))

T (06) toc—q—l (trlx—Z _ t?—l)

+t

I'(ax-q) I
I, (t;, y (1), Dby (1)), te(0.t],
a—g-1
L & (s)f(s y(s), D0+y(s))ds

I'(a—q)
tocql
I'(a-q)
1
() f (57 (),DEy(s))ds

<), -
+(t“_q_z P@-1) g1 T@) )
g}

I(x-g-1) I'(a-q)

u(s)G(s y(s), D y(s))

a—g-1 r(“) !
+1%71 ml m(s)M(s y(s), D y(s))
1 a—q—-1 F(OC) a—q-2 F(“_l)
A )

F(a) aq-
Xr(,qu)tl 1 ll(tl’y(tl)’D€+y(t1))

1 ago Tl-1) 0y T(a)
*ﬁ(t Tla—qen r(a—q>)

Xt[fHIl (tl’y(tl) ’D0P+)’(t1)) . te(f,1],
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Dop+ (Tyx) (1)

r (t —s)f P!
o T(B-p)

t:B_P_l
L(B-p)
1
X J 1- s)ﬁ_lu/(s) g (s,x (s) ,Dg+x (s)) ds
0

L T(B-1)
Y ey

1
J v(s)H(s y(s), D0+y(s))ds

LT
oy

X J: n(s) N (s, x(s), Dg+x (s)) ds

v (u) g (u,x (1), DL x (1)) du

#2 1(B)
T T(B-p)

( L(B) ppr_ T(B-1) )
r(B-p)! T(B-p-2) )
xJ (tl,x(tl) ,D§+x(t1))

Fr (=AY )
E T(B-p)
xJy (t1,x(t,),DLx (1)), te(0.t],

+

M S S, X (S X (S
L Gy Y ©09(5x(9.DLx(9)ds
P T(p)
T(B) I(B-p)

X J 1- s)ﬁ_ v(s)g (s,x (s) ,Dg+x(s)) ds

e TB-) . T()
(t Tt U F(ﬁ—p))

1
J v(s)H(s y(s), D0+y(s))ds

Ao TB) e T(B-1)
(s G
% r(/j) B-p-1 x qx

T(B- p)tl ](tl’ (t1), Dy, (tl))
+= (ﬁp2 F(ﬁ ) _pp1 F(ﬁ) )
2 T(B-p-1) T(B-p)

xtf—lh (tl,x( 1), 0+x(t1)), te (t1,1],

(40)
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Step 2. We prove that T is continuous. Let (x,, y,) € X x
Y with (x,, y,) — (%0, %) asn — 00. We will show that
t(t—s)* ! T(x,, y,) — T(xy, yy)asn — oo,thatis, provethatT,y, —
J —¢(u)f(u y (u), D} y(u)) l Ty, and T,x,, — T,xyasn — co.

F( ) (41) In fact, we have r > 0 such that ||(x,,, ¥,)|| = r > 0. Then

It is easy to see that

B(a+6- q,k+1)
I'(a-q)

<AL,

max{ sup t* *|x, (1)], sup e 'D X, (t)|}
From (37) and (41), we see that Dg+ (T, »)(t) is defined on te(0,1) te(0,1)

(0, 1], continuous on (0, ¢,] and (¢,, 1], respectively. One sees

that <r<+400, n=0,1,2,...,
(43)
. 2+g-a 4
limt* ™ DE, (T y) (¢) { sup 7 |y, (1)), Sup 7P |Dk y, (t)]}
t€(0,1)
:}i_%[tz“fq‘“ <r<+400, n=0,1,2,....
(t— S)OL q-1
8 Jo I'(x—q) (p(u)f(u y @, Dy y(u)) From (B), f,G, M, 1,1, are f3-Caratheodory functions,
then there exist constants A, > 0 such that
t
I'(a-q)
. | (t:5.®), DL y,®)| < A,
j (1-9"7¢() f (5, y(s). DLy (5)) ds
te(0,1), n=012,...,
F(a—-1) r
+ | u@G)G(sy(s), D Ly (s)
F(oc—q—l) ( ) |G(t yn(t) 1)()*-)/rl(t))'S
1
+t (o) J m(s)M(s,y(s) D? )’(s)) te@n, n=012...,
I'(a—q)
t T(a) M (£, 3, 8), Dy, (1))| < A
IIT (& —
(c-q) te(0,1), n=0,1,2...,
r (“) a—g-1 _ r (‘X B 1) a—q-2
x (F(oc—q)tl F(oc—q—z)t1 |I(t1’)’n (t1)>D§+yn(t1))| <A,
Xl(tl,y(tl),D{;y(tl)) te(())l)’ n=0,12,..., (44)
I'(x) t(tiH - ttlel) |I1 (tp)’n (t) ’D{;)’n (tl))' <A,
[(a-q) T
te(0,1), n=012,...,
p
X 11 (tpy (tl) ,D0+)’ (tl)) sup thoc |xn (t) - X, (f)| -0,
te(0,1)
F(a-1) r
=~/ G D ds,
g 1) o 4G (79, DLy (@) ds sup 55,0 3.
(42)
2+g-a D _ Dq
and there exits the limit lithtID& (T, ¥)(@). t:z(l)Pl)t | +%y (£) = Dy %o (t)| —0
From the above discussion, we have (T} y) € X. Similarly,
we can show that (T,x) € Y. Hence, ((T}y), (I,x)) € X xY. sup {2+pB |D0+)’n (t) - D{;yo (t)' o,

ThenT: X xY — X xY is well defined. te(0,1)
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asn — 00. We have
D{, (Tyy,) (8)

([t
JO

)

_ a—g-1
%¢ (w) f (u v, (u), D0+yn (u)) du
ta—q—l
I (a-q)
1
<] =979 £ (51309, D]y, 5) ds
ta—q—ZM
[(a-q-1)
1
L u(s)G (s, Y, (8), D0+yn (s)) ds
o1 I'(x)
toc q-1
T T
X L m(s) M (s, ¥V, (), Df;yn (s)) ds
1 T ()
II T(x-q)

r (“) a—q-1 _ r (0‘ - 1) a—gq-2
X(r(a—q)“ a-q-2)" )
xI (t1>)’n (tr)s D§+yn (tl))

r@ 7 (E7-1)
I (a-q) 1

Iy (tl’yn (t1)> Dg. v, (tl)) . te(0,1],

(t— )oc—q 1

ﬁ¢ () f (5,3, (s), Dby, (s)) ds
ra!

T'(a-q)
j (1=9°76() £ (5 y(5), DL,y (5)) ds
I'(x-1)

(e )

L u(s)G (s ¥V, (s), D0+yn (s)) ds
I'(x)
I (a-q)

1
L m(s)M(s ¥V, (), D0+yn (s))ds
IF'(ex—1) )
T(a-—g-1)
Dg+yn (tl))
T (a) )
I(a-q)

te(t,1].
(45)

_ ta—q—l

a7t

+l <ttx—q—l r (“) —t
1 I'(a-q)

SO (1, 1),

T(a—q)"

a—q-2

+l< a—gq-2 r((x_ 1)
I F(a—q-1)

xti ', (tp Va (t) »D§+yn (tl)) >

_ 4a—q-1
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From the Lebesgue dominated convergence theorem, we get

sup t° ﬁ| (Tyy,) () = (Tyyo) ()],

te(0,1) (46)
sup 7 DF. (Ty,) (t) = D}, (Ty0) (9] — 0,
te(0,1)
asn — 00. Similarly, we can show that
sup £ |(Tyx,) (1) = (To%o) (O] — 0,
te(0,1) (47)

sup t717% |Dq+ (Tyx,) (t) - DL (T,x,) (t)' — 0,

te(0,1)

asn — 00. It follows from (46) and (47) that T is continuous.

Step 3. We prove that T is compact, that is, for each nonempty
open bounded subset Q) of X x Y, prove that T(Q) is relatively
compact. We must prove that T(Q) is uniformly bounded,
equicontinuous on each subinterval [a,b] < (t;,t,,1(k =
0,1), T(Q) is equiconvergent ast — 0, and equiconvergent
ast — ;.

Let Q) be a bounded open subset of Y. We have r > 0 such
that

te(0,1)

ma x«l sup £7F |y (1)], sup e ﬁle }’(f)'}
(48)

<r<+o00, yeQ.

From (B), f,G,M,I,I, are -Caratheodory functions,
then there exist constants A, > 0 such that

If(ty®,DEy®)| <A, te©),
IG(t,y®),DLy®)|< A, te),
Mty . D5y )| <A, te@D,  (49)
[1(ti,y(t),DEy (t)| < A, te(),
|I tLy(t).Dhy(t ))| te(0,1).

Substep 3.1. Prove that T(Q) is uniformly bounded.
In fact, for t € (0,¢,], use (49), we have

£ '(le) (t)|

o (=9
=t L T (@)
t

s [a=o e £ (s y @10

6@ f (1. @), DS,y )| du
0p+y(s))|ds
o[ w6 (539 D5y ) s

J. 'm(s)M(s v (s), D Ly (s) |ds
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+ i r (0‘) tochfl _ r (0‘ - 1) a—gq-2
T (a-q) " [(x-g-2)"
X |I (tl’y(tl) )D0p+)/(t1))|
G
b= (0 (6) . Dy (1)
B(a+d6,k+1) A,L,
<A,L + B(a+38,k+1)
YT T («)
Alluly + A limll,
ﬁ r(“) a—g-1 _ r(“ B 1) a—-q-2
I T (a-q) " [(a-q-2)"
t(x—z _ toc—l
+ MAr < 00.
11

Similarly, we can get for t € (¢,,1] that

£ l(le) (t)l

B(a+6,k+1) +

<A,L 1Bm+8k+D
T H)
Ar I'(a) a-g-
* Al + Adimly + T et
Ar a—1
+ —t1 < 00.
I
Furthermore, we have for ¢ € (0,¢,] that
7% |DA, (T, y) ()]
SArLlB(oc+6—q,k+ 1)
T'(a-q)
A,L
+ B(a+38,k+1)
FW @
AT (x - AT (x
+ ( e T
T(x-g-1) T'(a-q)
. ﬁ I'()
IIT(x-q)
r (OC) a—q-1 _ r ((X _ 1) a—q-2
T(a—q)" [(a-g-2)"
r A (67-17)
< 00,
I'(a-q) I

11
and for ¢ € (¢, 1] that
t2+q—oc |Dg+ (le) (t)l
B S—qk+1
<AL, (a+d-gk+1) AL B(ax+08,k+1)
T'(e-q) T'(e-q)
T(a-1) T («)
A
+(r@—q—n*rw—qo Al
I'(a)
A
+F(oc—q) r”mnl

I' ()

+%<rw—m+

[(ax-1) [(a) ag1
rw—q—n)rw—qfl Ar

I'(ex—1)

1
+ﬁ<rw—q—n+r

T (x)
(a—q)

)t‘flA, < 0.
(53)

(50) Hence,

2
ax { sup t
te(0,1)

< 400,

)0, swp 2 |0 (1) 0
te(0,1) (54)

yeQ.
Similarly, we can show that
max { sup 2P |(Tx) (8)], sup £*77F | DE, (72x)(t)|}
(55)

te(0,1) te(0,1)
(51)

<400, yeQ.

It is easy to see that T(Q) is uniformly bounded.

Substep 3.2. Prove that T(Q) is equicontinuous on each subin-
terval [a,b] C (t;, tyq] (K =0,1).

For each [a,b] < (ty,t,], and s, s, € [a,b] withs, < s/,
we have

|57 (Ty) (5,) = 27 (Ty) (s,)|
51 J (51_ )

I
=1 L(z Jil ¢ @) f (uy ), DLy @) du

<

¢ (W) f (4, y ), DY, y (u)) du

+l$1_52lAr
(52) y [LIB((x+6,k+1)
I'(x)
F(OC) a-q-1
T (a-q) "

-2 -1
i
II

+ [Imll,

1 r ((X - 1) a-q-2

l(a-g-2)"

(56)

Note that |7{ — 75| < |7, — 7,|° forall 7;,7, > Oand ¢ € (0, 1).
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Since

S? JO (51—5) ¢(u f( (),

T D}y () du

55 ¢ L Sin ) ¢ ) f (u,y (W), Dh.y (u)) du

B(a+38,k+1)

2-a 2—a
<l|s; —s, |AL
| 1 2 ' r1 F(OC) (57)

1 a+é-1, k
_ 1-w wdw
+ b2 “ArL15‘f+k+6J ( )
52/51 r ((X)

w1 AL >

- s
I @ Ls(l—s) ds — 0

+]s; = 5]
uniformly as s, — s,.
It follows that
|77 (T) (s1) =3 (Ty) (s2)] — 0

uniformly as s, — s,.

(58)

For [a,b] € (t;,1], and s, s, €
prove similarly that

[a,b] with s, < s, we can

s (M) (1) =5 (Tyx) ()| — 0

uniformly as s; — s,.

(59)

On the other hand, for [a,b] < (t,,t,], and s;, s, € [a
s, < s, we have

,b] with

|51 D3. (1,9) (1) = D, (Tyy) ()]
s, AN 1
< [0 (@D ) da
a—q—1
e g 0y )
LB(a+38,k+1) TI(a)|m],
+|$2_51|Ar[ T'(a—q) T(a-q)
1 T'(x)
Thr (x—q)
% r (“) a-q-1 r (“ - 1) a-q-2
Fa-q) '  T(a-g-2)"
T@ [B7-67"
Tla-q) T |
(60)
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It is easy to see that

1 a+d—q-1 kd
2+q-o 2+qfoc (1 - w) w-das
s |AJ{L —0

I'(a-q) (61)

uniformly as s, — s,,

P A L Jl (1- w)aiqilwkdw 50
s T(a-q) (62)

uniformly as s; — s,.

For the third term, ifa — g — 1 > 0, use |1} — 75| < |1, — 1,|%,
then

2 |(s1 - S)a_q_l = (s, -
L I'(a-q)

ocl
DR

k( - s)ads

o (P (63)
< sy —52|“ 1 IJ ﬁsk(l -9)%ds — 0
o F(a—gq

uniformly as s, — s,.
Ifa—g—-1<0,use IT1 —T2| < |1y — 1,9 then

(51 - S)OHF1 — (s, - S)aiqil'

Kz T'(a-q)

sk(l - s)ads

'Soc+8+k a_ garsriog B(a+d+k-qk+1) (64)
y(a-q)
B(a+20-q.k+ l)‘l— sy
I (a-q)

uniformly as s; — s,.

-8

+ b(x+k+6—q —0

For [a,b] < (t,,1], and s;,s, €
prove similarly that

[a,b] with s, < s;, we can

|57 DG (T1y) (s1) = 5™ D5, (Thy) ()] — 0
(65)
uniformly as s, — s,.

Similarly, we can show that for each [a,b] < (f,,t;], and
51,8, € [a,b] with s, < s, we have

’sffﬁ (Tx) (s;) - sifﬁ (Tx) (52)| —0
(66)
uniformly as s; — s,.

For [a,b] € (t,,1], and s;,s, €
prove similarly that

[a,b] with s, < s;, we can

|5f_ﬁ (Tx) (sy) - Si_ﬁ (Tx) (sz)l —0
(67)
uniformly as s; — s,.
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For each [a,b] € (ty,t;], and s;, s, € [a,b] with s, < s, we
have

s§+p7ﬁD0P+ (Tx) (s;) - s?p*ﬁDO{ (Tx) (52)’ —0 -
uniformly as s, — s,.

For [a,b] < (t;,1], and s;,s, € [a,b] with s, < sy, we can
prove similarly that

$;7PDS () (s1) = 5577 Df, (1) (5,)| — 0 )
uniformly as s; — s,.

So T(Q) is equicontinuous on each subinterval [a,b] <
(tk>tk+1](k = O, 1)

Substep 3.3. Prove that T(Q)) is equiconvergentast — 0,and

equiconvergentast — t;.
We have

1
£ (Ty) (t) - Jo u(s)G (s, y(s),Dly (s)) ds

2+kro B+ 68,k +1)

<ALt
I'(a)
+ FLATLIB (a+6,k+1)
+tA, |lmll;
n t I' (@) ttlx—q—l _ [(x-1) ?—q—z A,
IT{T (- q) [(a-g-2)
¢ toc72 _ toc—l
+ MA}‘
11
It follows that
. 1
t“@mw—Lu@G@ywiﬁywws—w(m

uniformly as ¢+ — 0.

Similarly, we can show that tzf“(Ty)(t) is equiconvergent at
t = t,. On the other hand, we have

T'(a—1)

t2+‘1“”D§+ (Ty) ) - m

1
X Jo u(s)G (s, y(s), D0p+y (s)) ds

2+k+8B(‘X+6_q’k+1)
I(a-q)
t

+ ———A,LB(a+68,k+1)

I'(a-q)

I'(x)
+t———A,|m|; +

I'(a-q)

<ALt

t I'(x)
T (- q)

13
™ r (“) ‘leqfl _ r (“ - 1) t(ichfz Ar
T'(e-q) [(a-q-2)
@t -6,
I'(e-q) I "
(72)
It follows that
- IF'(a-1)
197D (Ty) () - ——————

1 - (73)
X J u(s)G(s,y(s),Dwy(s))ds —0
0
uniformly as t — 0.

Similarly, we can show that t2+q_“Dg+ (Ty)(t) is equiconver-
gentatt =1;.
Similarly we can prove that

27 (Tx) (1) - Jl v(s)H (s,x(s),DLx (s)) ds| — 0
0

(74)

uniformlyas t — 0,

and t**P7F D€+(Tx)(t) is equiconvergent at t+ = 0, both
2 P(Tx)(t) and **P7F D0p+ (Tx)(t) are equiconvergent at ¢ =
t.

Hence, T(Q) is equiconvergent as t — 0 and T(Q) is
equiconvergentast — t;.

So T(Q) is relatively compact. Then T' is completely con-
tinuous. The proofs are completed. O

3. Main Result

In this section, we will establish the existence of at least one
solution of BVP (6)-(7).

Definition 11 (see [26]). An odd homeomorphism © of the
real line R onto itself is called a pseudo-sub-multiplicative
function if there exists a homeomorphism w of [0, c0) onto
itself which supports ® in the sense that for all v;,v, > 0
we have O(v;v,) > w(v;)P(v,). w is called the supporting
function of ®.

Remark 12. Note that any submultiplicative function is a

pseudo-submultiplicative function. Also any function of the
form ®(u) := ZI;:O chuIJu, u € R is pseudo-sup-multiplica-
tive, provided that ¢; > 0. Here, a supporting function is

defined by w(u) := min{t*™, u}, u > 0.

Remark 13. Tt is clear that a pseudo-submultiplicative func-
tion ® and any corresponding supporting function w are
increasing functions vanishing at zero; moreover, their
inverses ® ! and v, respectively, are increasing and for all
v}, v, = 0, we have @' (v,v,) < v(v)) D' (v,).
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Theorem 14. Suppose that (a)-(e) and (A)-(B) hold, © : where

R — Risasubmultiplicative-like function with the supporting

function w, its inverse function is denoted by ®' : R — R 0 =L B(a+d,k+ l)C + LB(a+d,k+1)
with the supporting function v. Furthermore, suppose that ! ! I'(x) f I' () f

(i) there exist nonnegative numbers Cy, B¢, A ¢, Cg, Bg, + |ull,Cg + Imll,Cy
A Cyp By and Ay such that

a-277 ,0—q-2 1 I' () a—g-1 [(a-1) a—q-2
LUV = - t C
4 ) - ta-g-9" |
<Cy+ B0 (UD+ A7 VD), o e
1 1
+——C,p
|G (£, 20,2V I b
(75)
- - B(a+d,k+1
< Co +Bo®™ (U + Ac@™ (VD) 0, = L=t [+ 4
a2 a—q-2
|M (£,65720,2V)| LB(a+08,k+1)
_ [B +A ]
» - T (@) e
< Cpp + By @7 (IUD) + A @7 (|07 (UY)),
holds for all (U, V) € R%, £ € (0, 1], +luly [Bo + Al +Imly [Bag + A
(ii) there exist nonnegative numbers Cg, By, A 5, Cyy, By, . 1] T(@ g1 Tlx-1) a2
Ay, Cy» By, and A such that T (a-q) " T(a-g-2)"
|g (620,772 < C, + B,O (U) + A, @ (V) o2 — |
1 h
X |Bp+ Al + B, ;+A ],
|H (8,720, F7772V)| < Cpy + B@ (U) + A @ (V), [Br+ 4] I [Bur+ Avil
IN (8,720, P P2V)| < Cyy + By® (U) + Ay (V), 0, -1,° (a+8-gk+1) :
(76) r (‘X - q)
hold for all (U,V) € R, t € (0,1]. +%B((x+5,k+l)cf
(iii) there exist the nonnegative numbers Cy, B, A},C, |, *~1
B, |, and A | such that T(ax—-1) ()
X ﬁ"””lCG + ﬁ"”ﬂth
(6,770,677 < G+ BT (UD) + A, 07 (V) *=q- *-q
- 1 T(«)
a—2 a—q-2 -
|1 (1, 15720,677772V)| M (a-gq
-1 -1
<Cur+ B @ (UD+A @ (V) o7 “ I' () (it—q—l - T(e-1) T—q—z c,
I (a—q) [(a—-q-2)
hold for all (U, V) € R%. |t“72 ~ t“71|
(iv) there exist the nonnegative numbers C;, B}, A;,C, j, [ |1 e,
By, and A ; such that I'(a-q) I ’
B-2r; B-p-2 B d-qgk+1
’J(tptl Ut V)‘sC,+B,CD(U)+A]<D(V), 0,-L, (a+8-gk+ )[Bf+Af]
i i I (a—q)
| A V)| <C, +B,®U)+A,,D(V), L
+ —B@+d8,k+1)|B,+A
(78) T(a-q) (o )| f f]
hold for all (U, V) € R’. I'(a—1) (Bos A
Then BVP (6)-(7) has at least one solution if T (a—q-1) lull B + Ag
max {0,,%,,0,,%,} v (2max{Y,,A,, Y,,A,}) <1 or T ()
+ ————|mll; [By + Ay
max (Y, Ay Yp Ay} _ I'(a—q)
w((2max(0,,%,0,2,1) ") 1 T(a)

(79) i T (a—q)
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r ((X) a—q-1 _ r (06 - 1) toch—z
T(a-q)" T(a-q-2)"

x [By+ A;]

r((x) | ?—2 _ v<—1|

+F(oc—q) I

[BI,I + AI,I] >
B(a+6,k+1) +L1B((x+8,k+1)
T (a) / T (a) /

1 r(“) ¢qu
Hr( )1

5, =L,

1
C;+ —¢“ Cip

+lull,Cg + gh

B(a+6,k+1)

2= M T (a) [Bf+Af]

EBEBED (8 + ] + il 1B + A
+$ragz)“qﬂ&+A] £ B+ ALl
%:Iqu;i;2§+ncf
Btk DG
+ (r(r“(f - i)l) N r(ra(f)q)) Jual Ce
. %nmuch
(i o) T

1 I'(e—1) T'(x) o1
+ﬁ<Fm—q—Uﬁﬁwa—@)“ Cur
B(a+6-qgk+1)

s, =L
N T(a-g)

B+ 4]
L,
"T(a-q)
( F(x-1) . I («)
Fla-q-1) T(a
I'(a)

CET)

1 I'(x)
+ﬁ(r<a—q>+

T'(x)
T(a- @

B(ax+6,k+1) [Bf+Af]

) ) lull, [Bs + Ag]

lmlly [Bas + An]

[(ax-1) )
F(a—g-1)

t5 ql[BI+AI]

R ()

15

1 I'(ae—1) I'(x)
+ﬁ<r<«x—q—1) ' r<<x—q>)
xty " [Bir+ Ayl
(80)
B(B+6,1+1)
r(B) J
. L,B(B+06,1+1)
L' (B)
F(ﬁ) tﬁ—pfl _ F(ﬁ - 1) tﬁfpfz
r(g-p)" r(p-p-2)"
s

Y, =1L,

Cy+ IV, Cp + Inl,Cy

<

(x| —

+ — Cyp
B(B+0,1+1)
r'(p)
L,B(B+6,1+1)
r(B)

+ bl [By + Ag] + Inll, [By + Ax]
T(B) ppr_ T(B-1)
r(p-p)'  T(p-p- 2)

B2 p-1
><[B]+A]]+|tl h |

Y, =L, [B,+A,]

[By +4,]

1

[BI,I + Al,]] >

m

B(B+60-p,l+1)
r(B-p) Co
N T
r(B-p)
, L= )"” )
TG-p-n et T
L1 T
ET(B-p)
XIFW)ﬁwq r(B-1)
r(g-p' r(B-p- )

| t{%—z tf—l

Yz =1L,

B(B+0,l+1)C,

Il Cy

C]

I (B)
T (B-p)

B(B+0-pl+1)

Cup

1

[B,+4,]
+ L,
r(B-p)

. L-1)
r(f-p-1)

B(ﬁ+0,l+1)[Bg+Ag]

Ivlly [Be + Ap]
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RION
"T(B-p)

1 T(B)
TET(B-p)
><| I (B) (Bp1_ r(g-1) [Bp-2

r(-p' r(p-p-2)"
i

Inll, [By + Ax]

(B + A)]

, LB
r(-p) E

B(ﬁ+6,l+1)C +L2B(ﬂ+6,l+1)
r(p) ’ r(p) ’

G+ L LB

ET(B-p)

B(B+06,1+1)
r(p)

[Bl,] + Au] >

A =L,

_p— 1 5
tf P IC] + :tf ICI’],

A,=1L, [B,+4,]

+ % [Bg +Ag] + vl [By + Ayl

L1 T
ET(B-p) "
B(B+60-pl+1)
rB-p)
P
r(B-p)
r(-1) I (B)
+((ﬁ p-1) T(- ))“%CH
, L)
T (B-p)
( I (B) r(f-1) ) T (B) e
r(B-p) T(B-p-1))T(B-p)"

FE-1) TP\ g
((ﬁ PRV ))“ Cop

B(B+0-pl+1)
rw—m

Ay =1L,

B(B+0,l+1)C,

I, Cn

G

[m|—

m|—

Ay=1L, [Bg+Ag]

1"(/3 )B(ﬁ+01+1 [B +A]

( r(g-1 r(p)
TB-p-1) T(B-

)
r(B- )

) ) IV, [By + Ap]

Inll; [By + Ay]

1
PP B+ A+ —tF (B, + Al
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+1( I'(p) s r(g-1) )

E\T(B-p) T(B-p-1)
F(ﬁ) tﬁ p-1
r(-p)'

L(TB-) IO N,
(F7on * rim) B Al
(81)

(B; + 4]

—
=
=

Proof. To apply Lemma 5, we should define an open bounded
subset ) of X x Y centered at zero such that assumptions in
Lemma 5 hold.

Let Q, = {(x,y) € XxY: (x,y) = AT(x, y) for some
A € (0,1)}. We prove that Q; is bounded. For (x, y) € Q,, we
get (x, ¥) = AT(x, y). It follows that x = AT} y and y = AT,x.

For t € (0,t,], we obtain £*™%|x(t)| < t* *|(T,y)(t)| <
©, + @, (lIyl).

Fort e (t;,1],

7% |x (1)

« t(t— )oc—l
2 L r(s(x) '¢(S)f(S’Y(S),DOP+y(s))|ds

ﬂj (1= b (s) £ (5, 7(5), DL y ()| ds

+(1-1t) J |u(s)G(s,y(s) ,D(I;y(s))' ds

J 'm(s)M(s y(s), D Ly (s) |ds

1-t TI'(a) o
o T (- q) q1|I tlyt)Do+y(t))|

+ %t[;_l |Il (tp)’(tl) ’D§+y(t1))|

<X+ qu)_l (”)’”)
(82)
It follows that

sup 2% |x ()| < max [©,,2,} + max {©,,%,} ! (v -
te(0,1)

(83)
Similarly, we have for t € (0,t,] that

t127 Dl x (8)] < 05+ 0,07 (| y]) (84)

and for ¢ € (0, ¢,]
t727% D8 x (1)) < 2y + 2,07 ([y]). (85)

It follows that

sup t7117% |D x(t)|

te(0,1) ( 8 6)

< max {©3, 25} + max {8, 2,} @ (|y]) -
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Hence,

[x| < max{©,,%,,0;,%,}

1 (87)
+max{0,,%,,0,,2,} 0 (|y])-

Similar to the above discussion we can prove that

[yl < max{Y;, A, Y5 A} + max {Y,, Ay, Y A} @ (J1x]) .
(88)

Case 1. Consider (max{®,, X,,0,,%,}v 2max{Y,,A,,Y,,
AL} <1).
With out loss of generality, suppose that

Ixl > @ ( (89)

max {Y;, A}, Y5, A}
max {Y,,A,, Y, AL )

Then use Remark 13, and the previous inequalities to get
Ixll < max {©,, %, @3, %5}

+max {0,,%,,0,, %} v(2max {Y,, A,, Y, A,}) Ix].
(90)

It follows that there exists a constant W > 0 such that ||x]|| <
W. Thus

Y, A, Y5 A
||x||£max{‘/\/,<l)_l<max{l L3 3}>}. (91)

max {Y,, Ay, Yy, Ay}
Then
Iyl < max {Y;, A, Y5, A5}
+max{Y,, Ay, Y, Ay @
x [ max 4w, ! max {Y;, A}, Y5, A5} _
max {Yy, A, Yy, A 4}
It follows that ), is bounded.
Case 2. Consider ((max{Y,,A,,Y,, A }/w((2 max{0®,,%,,

©,%)7) <1).
Without loss of generality, suppose that

(92)

max {@1,21,63,23}> (93)

>0

b (max {©,,2,,0,,Z,}

Then using Remark 12 and the previous inequalities, we get
Iy < max{Y;, A}, Y5, A5}

L
w((2max{®2,22,®4724})_1)

It follows that there exists a constant W > 0 such that || y|| <
W. We get

0,,%,,0;,%2
] < max {w, o (P LOLEON N )
max {0,,%,,0,,%,}
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Then
[x]| < max{©,,%,, @5, Z,}

+max{0,,%,,0,,3,} o7

x | max { W, ® max {0, 21, 05, %5} .
max {0,,%,,0,,%,}
It follows that Q, is bounded.
To apply Lemma 5, let QO be a nonempty open bounded
subset of X such that Q > Q, centered at zero.

It is easy to see from Lemma 8 that T is a completely con-
tinuous operator. One can see that

(%, y) #AT (x,y) V(x,y) €0Q,A € (0,1). (97)

Thus, from Lemma 5, (x, ¥) = T(x, y) has atleast one solution
(x,y) € Q. So (x, y) is a pair of solutions of BVP (3) and BVP
(6). The proof of Theorem 14 is complete. O

(96)

4. Two Examples

To illustrate the usefulness of our main result, we present two
examples that Theorem 14 can readily apply.

Example 15. Consider the following impulsive boundary
value problem:

DPx )=t -p

X (c + bt6/5[y (l‘)]3 + atg/S[Dl/Sy (t)]3> ,

0+
fe(01), t#-
bl b 27
Dy (1)
=t Pa-n
y <Co +b0t1/15[x DI +aot2/15[D(1){5x(t)]1/3>,
te(0,1), t#t,
.25 _ .15 _
limt™"x (1) = G, limt™™y (1) = H,
1 1
wx(3) e a(3)=a
1 1 1 1
ADO*’“(E) =ap ADO*J’(E) =q
(98)

where ¢, b, a, ¢, by, ay, Gy, Hy, My, Ny, Cy, Cy, C, 1, Cy 5
are constants.
Corresponding to BVP (1), we have

() x =8/5,8=9/5p=q=1/5,

(b) ¢(t) = w(t) = t7P(1-1), f(1,U, V) = c+bt* U+
at’*V? and gt,U V) =¢ + botl/lsUl/3 + 6101.‘2/15V1/3
defined on (0,1) x R?,
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() ut) = v(t) = m(t) = n(t) = 1,G(t,U,V) = Gy, H(t,
U,V)=H, M(t,U, V) = My, N(t,U,V) = N,,
(d) o=ty <t;=(1/2) <t, =1,
(e) I(t, U) V) = CI’ Il(ta U) V) = C])I: ](t) U) V) = C]) ]1(t)
U, V) = Cl,]'
It is easy to show that
(A) ¢ satisfiesaa +20 —gq > 0, + k+ 8 —q > 0, and
[p(t)] < thk(l - t)‘S forallt € (0,1) with L, = 1 and
k=-(1/5)=6;
yosatisfiesy +20 —p > 0, +1+60 —p > 0, and
ly(£)] < Lyt'(1 - 1) forall t € (0,1) with L, = 1 and
I=-(1/5) =6
(B) f,G, M, I,I, are 3-Caratheodory functions and g, H,
N, ], ], are a-Caratheodory functions.
Furthermore, we have ® ' (x) = x> and ®(x) = x!7 with
w(x) = x'° and »(x) = x°. Tt is easy to see that

(i) the inequalities
|f (62720, 72| < Cp + B,@ 7 (U + A 07 (IV)),
|G (£,£°72U, #7972V )| < Cg + Bo@ ™' (JU]) + Ag®@™ (IV),
|M (£,£7%0, %712V )|

< Cp + By @' (IUD) + A @7 (|07 (UD))
(99)

hold for all (U, V) € R, t € (0,1] with C; = |c|, B; =

bl A, = lal, Cg = |Gyl Bg = 0,Ag = 0and Cy =
[My|, Bp; = 0, Ay = 05

(ii) the inequalities
|g (6,20, 72V)| < C, + B,O (U) + A, @ (V),
|[H (£,P20,6F772V)| < Cpy + By® (U) + A @ (V),

IN (8,720, tF7P72V)| < Cy + By® (U) + Ay @ (V)
(100)

hold for all (U,V) € R’ t € (0,1] with C, = g,

Bg = |bo|>Ag = |t10|, CH = |H0|:BH = AH 0,
Cn =Ny, By = Ay = 0;
(iii) the inequalities
|1 (t,, 65720, 67 72V)| <+ B (U + A, 07 (IV)),
|I1 (t,.157°U, t‘{"q'zv)|
< Cyp+ B @7 (U + Ay 07 (V)
(101)

hold for all (U, V) € R* with C; = |¢|, B; = A; = 0,
Cir=laylBy=A;=0

Mathematical Problems in Engineering

(iv) the inequalities

(680 < e B )+ 4,0 (1),

(682072 < Cpa B0 @) + A0 W)
(102)
hold for all (U,V) € R*with C; = |g|, B; = A; = 0,
Cl,] = |C1’]|, Bl,] = Al,] = 0.

By direct computation, we know that

B (7/5,4/5)

©,=2 I (8/5)

(16| + |al],
_B(7/5,4/5)
277 1(8/5)

[ B(6/5,4/5)
4‘( r7/s)

[1bl + lal],

B (7/5,4/5)
I'(7/5)

> (16l + lal],

B (7/5,4/5)
I (7/5)

- <B(6/5, 4/5)

I (7/5) > (16l + lal],

(103)
__B(8/5,4/5)

2= Tm[lol

([ B(7/5,4/5)
4‘( r(s/5)

+ag|] s

B (8/5,4/5)
T (8/5)

) sl + )

B (8/5,4/5
2 = 22 L (] + ],

_ (B(7/5,4/5)
A‘*‘( r8/5)

B (8/5,4/5)
I(8/5)

>[|bo| + o] -

Then Theorem 14 implies that the existence of at least one
solution if

{ZB(8/5,4/5) B (7/5,4/5)

B (8/5,4/5) }
ro/s5 ° T(8/5)

I(8/5)

o <max {ZB(7/5’4/5) B(6/5,4/5) N

B(7/5,4/5)} )1/3
/5 ° TI(7/5)

I(7/5)

< [[ep] + [aol] 161 + lal)"” < —=.

V2 (104)

Example 16. Consider the following boundary value problem
without impulse effects:

Dl'x) =t -

x (C+ B[y @] + A Dy, y (t)]3) ,

te(0,1),
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Dyl*y (1)

= VB )8

1/3
x (Co Byt L (0] + A [ D x (1)) )
te(0,1),

lim % (1) =0, lim %y (1) =0,

x(1) =0, y(1)=0,

(105)
where C, B, A, C,, By, and A, are constants.
Corresponding to BVP (1), we have
(@A) a=7/4,B=5/4, p=1landg=1/4,
®) ¢ = Ha -y = B -7

f,g defined on (0,1) x R*, f(t,U,V) = C +
Bt'2UP + A2V and g(t,U, V) = Cy+ Byt /*U +
A0t7/12V1/3,

(c) m(t) = n(t) = ut) = v(t) = 0, Gt,U,V) = H(t,U,
V)= M(t,U,V) = N(t,U,V) = 0,

(d) there exists no impulse point,

(e) I(t)U)V) = I](t>U)V) = ](t)U:V) = ]1(t)U)V) = 0'

It is easy to show that

(A) psatisfiesa +20 —g > 0, a+k+06—g > 0,|p(t)] <
L,t*(1—-t)° forall € (0,1) withL, = 1,k = —(1/4) =
y satisfies B +20 —p > 0, +1+60 - p > 0,and

lw(t)] < Lyt'(1 — ) forall t € (0,1) with L, = 1,
I=—(1/8) = 6;

(B) f,G, M, I,1I, are 3-Caratheodory functions and g, H,
N, ], ], are a-Caratheodory functions.

Furthermore, ®(x) = x> and @ '(x) = x°, we have w(x) =
x% and »(x) = x°, and

(i) the inequalities

|f (62720, 72| < Cp + B, (U + A 07 (IV)),
|G (£,6°72U, 92V )| < Cg + Bo@ ™ (JU]) + Ag®@™ (IV),
|M (£,620, %712V )|

< Cp + By @' (IUD) + A @7 (|07 (UD))
(106)

hold for all (U,V) € R* t € (0,1) with C; = B =
AG = CM = BM = AM = O, Cf = |C|,Bf = |B| and
Af: |A|;
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(ii) the inequalities
|g (t.¢720,¢#7772V)| < C, + B,® (U) + A, (V),
|H (6,720, 6F772V)| < Cpy + B® (U) + A @ (V),

IN (6,620,572 < Cy + By® (U) + Ay @ (V)
(107)

hold for all (U,V) € R* t € (0,1) with C; = By =
Ay =Cy=By=A4Ay=0,C, =|Cyl, B, = |By| and

(iii) the inequalities
|1t 65720,V

<Cp+ B (U + A0 (V) w0
108
I (865720, 7772V

<Cyp+By® " (UD+ A7 (IV])
hold for all (U, V) € R* withC; = B; = A; = Cy; =
By =A=0
(iv) there exist the nonnegative numbers A;;,B;;,
Cix (i =1,2) such that
| I (0,270, tf‘P‘2V)| <C +BOU)+ A (V),

[ (860 72V)| < €+ BLO U) + 4,,0(V)
(109)
hold for all (U,V) € R*withC; = B, = A; =C,, =
B ;=A,;=0.
By direct computation, we know that

B (3/2,3/4)
277 I(7/4)
_,BG/2,3/4)
277 T(7/4)

(B(5/4,3/4) B(3/2,3/4)
®4‘< rG2) | TGP

s _(B(5/4,3/4) B (3/2,3/4)

R VEYR) [(3/2)
B (9/8,7/8)
2T T(5/9)

_(B(1/8,7/8) B(9/8,7/8)
- (BRI BORIID 15+ ]

(1Bl + |A[],

(1Bl + Al

) [1B] + |Al].

) (1] + A]].
(110)
[|Bo| + IAOH’

B (9/8,7/8
2, =22 (g, ),
B(1/8,7/8) B (9/8,7/8)
< [ (1/4) " T (1/4) >[|BO|+|A0|]-

4=
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Then Theorem 14 implies the existence of at least one
solution if

{23(3/2,3/4) B (5/4,3/4)

B (3/2,3/4) }
L(7/4) ° T@3/2)

T (3/2)

o (max {ZB(9/8, 7/8) B(1/8,7/8)
I(5/4) ° T(B-p)

x [|By| +|4,|]” [IBI + |A]] <

)

| =

(111)

Remark 17. 1t is easy to see that the previous boundary value
problems have at least one solution for sufficiently small
|B,|, |B,| and |Ayl, |Byl, lal, 1bl, |a,| and |b,|. They cannot be
solved by the theorems in [24, 25].
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