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In order to improve the precision of forecasting a time series, set pair analysis based on phase space reconstruction (SPA-PSR)model
is established. In the newmodel, by using chaos analysis, we reconstruct the phase space with delay time and embedding dimension.
Based on it, we rebuilt history sets and current sets in the SPA-PSR model. Two cases of forecasting extreme temperature in Mount
Wutai andDatong are taken to examine the performance of SPA-PSRmodel.The results indicate that themean relative error (MRE)
of SPA-PSRmodel has decreased by 65.97%, 59.32%, and 7.79% in the case ofMountWutai and 29.11%, 32.82%, and 9.03% in the case
of Datong, respectively, compared with autoregression (AR) model, rank set pair analysis (R-SPA) model, and Back-Propagation
(BP) neural network model. It gives a theoretical support for set pair analysis and improves precision of numerical forecasting.

1. Introduction

Theglobal and regional climates have already begun changing
[1], and as the important factor of climate change, temper-
ature plays a significant role in human’s daily life [2, 3]. It
is important to forecast extreme temperature accurately [4].
Temperature change process is usually nonlinear, complex,
and dynamic, so the accurate prediction of extreme temper-
ature is faced with a high degree of scientific uncertainty,
which traditional deterministic mathematical model cannot
solve perfectly. And numerical simulation method can solve
the problem better [4–6].

Auto regression (AR) model is the traditional method
used to deal with the time series forecasting [7]; for example,
Bańbura et al. used Bayesian vector autoregressions for com-
mercial forecasting [8]. In recent years, artificial neural
network (ANN) algorithms are widely used to deal with fore-
casting meteorological objects [9]. Based on the genetic
algorithm (GA) and particle swarm algorithm, Yang designed
the Back-Propagation (BP) neural networks to establish the
multifactor time series forecasting model [10]. At the same

time, set pair analysis (SPA) model which is easy to operate
and gives good prediction results is also popular in meteoro-
logical forecast field [5, 6]. Yang et al. gave the set pair analysis
based on similarity forecast (SPA-SF) model for forecasting
water resources changing process, and the application results
showed that the statistic and physical concepts of SPA-SF
were distinct and its precision was high [9]. Recently, Mei et
al. used SPA to find an optimal choice of Bioretention media
[11] and Guo et al. employed it to assess the ecoenvironment
quality for uncertain problems [12]. Because SPA model
does not provide a unified standard of quantifying the
set element symbols, the rank set pair analysis (R-SPA)model
is presented by using the rank set pair analysis [5, 9, 10], and
the results are proved to be better.

However, for SPA (including R-SPA) [5, 9], there is
no accurate method to determine the dimension of his-
tory sets and currant sets, which is used to calculate the
connection degree and affects prediction results. And by
finding the most similar history set, SPA model uses sub-
sequent value as the forecasting value of current set, while
it does not give a satisfying theoretical proof. Phase space
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reconstruction, based on chaos time series analysis, is the
newest development to deal with nonlinear time series [13–
17]. It has an excellent description of the system’s dynamic
behavior by applying the nonlinear dynamics theory and
fractal theory. In particular chaos systems are dynamical
systems that defy synchronization. They are ubiquitous in
nature, and most of them do not have an explicit dynamical
equation and can be only understood through the available
time series [18]. Under some circumstances, such processes
can create time series that appear to be completely random—
the corollary of this is that some seemingly random series
are in fact chaotic and thus to a certain extent predictable
[14]. In 2012, Khatibi et al. studied the chaos in river time
series [16] and Di et al. discussed the chaos control and
synchronization of a nonlinear system [17]. Based onmultiple
criteria decision making (MCDM), Yang et al. presented
using the chaotic Bayesian method for forecasting nonlinear
hydrological time series [19]. Comparedwith the results of the
add-weighted one-rank local-region method (AOLM), the
method can improve the forecast accuracy of daily runoffs.
And by analyzing the chaos of time series, She and Yang also
used the new adaptive local linear prediction in hydrological
time [20].

As discussed above, to have a more accurate numerical
forecasting of extreme temperature, by using chaos time
series analysis, a set pair analysis based on phase space recon-
struction (SPA-PSR) model is proposed in the paper: we
use the Takens embedding theory [21] to embed the rebuilt
history sets and current sets in SPA so that the parameter
(dimension of history sets) can be calculated and both kinds
of sets have theoretical meanings for prediction. Two cases
of forecasting extreme temperature in Mount Wutai and
Datong stations are taken to examine the efficiency of SPA-
PSR model.

2. The Method of Phase Space
Reconstruction (PSR)

For a scalar time series, 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
, according to Takens

embedding theory [21], the phase space can be reconstructed
to amultidimensional space and the coordinate delaymethod
is commonly used.The constructed𝑚 dimension state vector
𝑌
𝑖
is

𝑌
𝑖
= (𝑥
𝑖
, 𝑥
𝑖+𝜏
, . . . , 𝑥

𝑖+(𝑚−1)𝜏
) , (1)

where 𝑛 is the length of time series, 𝜏 is the delay time and
𝑚 is the embedding dimension 𝑖 = 1, 2, . . . ,𝑀,𝑀 is the total
points number of the phase-space, and 𝑀 = 𝑛 − (𝑚 − 1)𝜏.

2.1.TheDetermination ofDelay Time. In this study,we use the
autocorrelation function to determine the delay time 𝜏 [22–
24]. As for time series 𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
, the autocorrelation

coefficient function with the lag time 𝑡 is [20, 25, 26]

𝐶 (𝑡) =

1

𝑛 − 𝑡

∑
𝑛−𝑡

𝑖=1
(𝑥
𝑖
− 𝜇) (𝑥

𝑖+𝑡
− 𝜇)

𝜎
2
(𝑥)

, (2)

where 𝜇 and 𝜎 are the mean and standard variation of the
time series respectively. Drawing the plot of 𝑡−𝐶(𝑡), the delay

time 𝜏 is selected when the autocorrelation coefficient has
dropped to (1 − 1/𝑒) [22] of its initial value (𝑒 is the base of
natural logarithm).

2.2. The Determination of Embedding Dimension. There are
also many ways to decide the embedding dimension [27–31].
In order to have a good predicting result, we choose the min-
imum prediction error method [27] to assure embedding
dimension.

For a scalar time series 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
, reconstruct it with

(1). According to Takens embedding theory, when 𝜏 and𝑚 are
the best delay time and best embedding dimension, respec-
tively, there is a mapping that existed: 𝐹 : 𝑅𝑚 → 𝑅

𝑚, such
that

𝑌
𝑖+1
= 𝐹 (𝑌

𝑖
) . (3)

At this time, the average prediction error (also can be the
maximum prediction error, or other prediction errors):

𝐸 (𝑚, 𝜏) =

1

𝑀 − 1

𝑀−1

∑

𝑖=1






𝑥
𝑖+1+(𝑚−1)𝜏

− 𝑥
𝜂(𝑖)+1+(𝑚−1)𝜏







(4)

should be the minimum. In formula (4), 𝜂(𝑖) is assured by
finding the nearest neighbor spot 𝑌

𝜂(𝑖)
of 𝑌
𝑖
, and the way is

shown as follows:
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where ||𝑌
𝜂(𝑖)
−𝑌
𝑖
||means the Euclidian distance (the norm in

certain space) between 𝑌
𝜂(𝑖)

and 𝑌
𝑖
, and we take the norm of

𝐿
∞

space:
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(6)

According to the existence of the largest Lyapunov expo-
nents and noise, with embedding dimension 𝑚 increasing,
the value of 𝐸(𝑚, 𝜏) will be heavily influenced. So we make
𝑚 increase from two, taking the first minimum point in
𝐸(𝑚, 𝜏) − 𝑚 curve as the best embedding dimension [27].

The PSR algorithm is shown as follows.

(1) For a scalar time series 𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
, first, take a

smaller value of embedding dimension 𝑚 = 2; then
the corresponding phase space reconstruction state
vectors are

𝑌
𝑖
= (𝑥
𝑖
, 𝑥
𝑖+𝜏
, . . . , 𝑥

𝑖+(𝑚−1)𝜏
) 𝑖 = 1, 2, . . . . (7)

(2) Using formula (5) to find the 𝑌
𝑖
’s nearest neighbor

spot, 𝑌
𝜂(𝑖)

, 𝑖 = 1, 2, . . . 𝑁, and then taking them
into formula (4), calculate the corresponding value
of 𝐸(𝑚, 𝜏).

(3) Increase the embedding dimension, take 𝑚 + 1 →

𝑚, and repeat Steps 1 and 2.
(4) Find the first minimum value of 𝐸(𝑚, 𝜏), and the cor-

responding value of𝑚 is the embedding dimension.
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2.3. Verification of the Chaos of Time Series. In order to
verify whether time series is chaotic, we calculate the largest
Lyapunov exponent of our studied time series by using the
delay time and embedding dimension above [22].The largest
Lyapunov exponent is defined by the value of its nearest
neighbor divergence rate on average

ln𝐷
𝑖
(𝑘) = ln𝐶

𝑖
+ 𝜆 ⋅ (𝑘 ⋅ Δ𝑡) , (8)

where 𝐷
𝑖
(𝑘) represents the distance between 𝑖th point and its

nearest neighbor after 𝑘 time units, and

𝐷
𝑖
(0) = min

𝑗












𝑌
𝑖
− 𝑌
𝑗












, (9)

where |𝑖 − 𝑗| > 𝑤 and 𝐶
𝑖
is the initial distance. So the slope

𝜆 can represent the largest Lyapunov exponent, which can be
calculated by using the least square method.

If the largest Lyapunov exponent 𝜆 is greater than 0, the
time series is chaotic. If not, the Takens embedding theory
is not tenable, and the set pair analysis based on phase space
reconstruction model (SPA-PSR) model could not be used.

3. Set Pair Analysis Based on Phase Space
Reconstruction (SPA-PSR) Model

By analyzing the chaotic time series, the reconstructed phase
space is applied to set pair analysis.The set pair analysis based
on phase space reconstruction (SPA-PSR) model is shown as
follows.

Step 1 (the phase space reconstruction). According to the
methods mentioned in Section 2, the reconstructed phase
space is established, and the corresponding state vector 𝑌

𝑖
is

𝑌
𝑖
= (𝑥
𝑖
, 𝑥
𝑖+𝜏
, . . . , 𝑥

𝑖+(𝑚−1)𝜏
) (10)

according to Takens embedding theory: when 𝜏 and𝑚 are the
best delay time and best embedding dimension, respectively;
another corresponding smooth function existed, 𝐹

1
: 𝑅
𝑚
→

𝑅:

𝑥
𝑖+1+(𝑚−1)𝜏

= 𝐹
1
(𝑌
𝑖
) , (11)

where 𝐹
1
represents the state transformation of studied time

series in𝑚 dimension space.

Step 2 (rebuilt set pair (𝐴
𝑖
, 𝐵)). According to the similarity

for development theory, the SPA model uses the history sets’
subsequent value to predict future values. So based on the
phase space reconstruction with delay time 𝜏 and embed-
ding dimension 𝑚 in Step 1, we can obtain the dimension 𝑇
and rebuilt history sets and the current set: the dimension
𝑇 = 𝑚, the history set 𝐴

𝑖
is 𝑌
𝑖
= (𝑥
𝑖
, 𝑥
𝑖+𝜏
, . . . , 𝑥

𝑖+(𝑚−1)𝜏
),

𝑖 = 1, 2, . . . 𝑁, current set 𝐵 = (𝑥
𝑖
, 𝑥
𝑖+𝜏
, . . . , 𝑥

𝑖+(𝑚−1)𝜏
), and all

are shown in Table 1.

Then, we got the rank transformation of the rebuilt
sets 𝐴

1
, 𝐴
2
, . . . , 𝐴

𝑀−1
. If some elements have the same rank,

we mark them according to their average rank and round off
the value. We could obtain the rank set 𝐴

1
, 𝐴


2
, . . . , 𝐴



𝑀−1
.

By combining the set 𝐵 with 𝑀 − 1 set 𝐴
𝑖
separately, we

get the rank set pair (𝐴
𝑖
, 𝐵

).The sets (𝐴

𝑖
, 𝐵

) are the rebuilt

set pair in constructed phase space. Simply, we make (𝐴
𝑖
, 𝐵)

represent (𝐴
𝑖
, 𝐵

).

Step 3 (the calculation of connection degree). According to
the connection degree formula of 𝐴

𝑖
, 𝐵 [5, 9],

𝑈
𝐴𝑖−𝐵

=

𝑆

𝑁

+

𝐹

𝑁

𝑖 +

𝑃

𝑁

𝑗, (12)

where 𝑁 is the number of elements in set 𝐴
𝑖
or 𝐵, 𝑆 rep-

resents the number of identical elements, 𝑃 represents the
number of contrary elements, 𝐹 represents the number of
discrepant elements, 𝑖 and 𝑗 represent discrepancy degree and
contrary degree, respectively.

Use 𝑑(𝑎
𝑘
, 𝑏
𝑘
) = |𝑎
𝑘
−𝑏
𝑘
|, (𝑎
𝑘
, 𝑏
𝑘
) ∈ (𝐴

𝑖
, 𝐵) to describe dif-

ferences between sets (𝐴
𝑖
, 𝐵), and the codomain of 𝑑(𝑎

𝑘
, 𝑏
𝑘
)

is [0,𝑀 − 1]. So the 𝑈
𝐴𝑖−𝐵

is calculated as follows.

(1) When 𝑑(𝑎
𝑘
, 𝑏
𝑘
) = 0, add 1 to the element number in

set 𝑆.
(2) When 0 < 𝑑(𝑎

𝑘
, 𝑏
𝑘
) ≤ (𝑀 − 2), add 1 to the element

number in set 𝐹.
(3) When 𝑑(𝑎

𝑘
, 𝑏
𝑘
) = 𝑀−1, add 1 to the element number

in set 𝑃.

According the three principle above, take 𝑁 = 𝑚; using
formula (12), the 𝑈

𝐴𝑖−𝐵
can be obtained.

Step 4 (the determination of similar set and prediction).
According to the connection degree maximum principle [5,
9], some 𝐴

𝑘
similar to 𝐵 are chosen from all the history sets.

Thus, the forecast value of 𝑥
𝑀+(𝑚−1)𝜏

, namely, the 𝑥
𝑛+1

, is
𝑥
𝑛+1

as follows:

𝑥
𝑛+1

=

1

𝑚

𝑚

∑

𝑘=1

𝑤
𝑘
𝑥
𝑘+(𝑚−1)𝜏+1

, (13)

where 𝑤
𝑘
denotes the ratio of mean of elements in 𝐵 to mean

of elements in 𝐴
𝑘
.

4. Applications in Extreme Temperature

4.1. Case 1

(1) Study Area and Data Description. The SPA-PSR model
is applied to the highest temperature prediction of Mount
Wutai in July 1956∼2010, which is relatively more accurate in
measurement, easy to get, and useful in practice [32, 33].

We use the temperatures in 1956–1999 as known data
and thus obtain the time series 𝑥

1
, 𝑥
2
, . . . , 𝑥

44
. Then we will

forecast the highest temperature of Mount Wutai in July
2000–2010.

(2) The Phase Space Reconstruction. For the scalar time series
of the highest temperature prediction of Mount Wutai in
July 𝑥

1
, 𝑥
2
, . . . , 𝑥

44
, we use the autocorrelation method and

minimum prediction error method to calculateMountWutai
highest temperature in July’s corresponding delay time and
embedding dimension, which is shown in Figure 1.
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Figure 1: Autocorrelation coefficient in Case 1 (the dash line pre-
sents the situation where the autocorrelation function value is (1 −
1/𝑒) of its initial value).
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Figure 2:The corresponding prediction error function, when delay
time 𝜏 = 1.

In Figure 1, we calculate the autocorrelation of the highest
temperature in July of Mount Wutai. When the autocorrela-
tion coefficient has dropped to (1 − 1/𝑒) of its initial value,
the corresponding 𝑡 < 1, it indicates that the best delay time is
less than 1. However, in reality, the highest temperature in July
appears in every other year, which means that 𝜏 ≥ 1; thus, we
take the nearest time to be the delay time, which is 𝜏 = 1.

From Figure 2, it is obvious that when 𝜏 = 1, 𝑚 = 3, the
prediction error function 𝐸(𝑚, 𝜏) attains its first minimum
point, which indicates that 𝑚 = 3 is the best embedding
dimension for the reconstruction of phase space. Taking 𝑤 =
2, with the largest Lyapunov exponent 𝜆 = 0.00086 > 0,

Table 1: The rebuilt history sets 𝐴
𝑖
and the current set 𝐵.

Sets Elements in 𝐴
𝑖
, 𝐵 Subsequent value

𝐴
1

𝑥
1

𝑥
1+𝜏

⋅ ⋅ ⋅ 𝑥
1+(𝑚−1)𝜏

𝑥
1+(𝑚−1)𝜏+1

𝐴
2

𝑥
2

𝑥
2+𝜏

⋅ ⋅ ⋅ 𝑥
2+(𝑚−1)𝜏

𝑥
2+(𝑚−1)𝜏+1

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝐴
𝑖

𝑥
𝑖

𝑥
𝑖+𝜏

⋅ ⋅ ⋅ 𝑥
𝑖+(𝑚−1)𝜏

𝑥
𝑖+(𝑚−1)𝜏+1

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝐴
𝑀−1

𝑥
𝑀−1

𝑥
𝑀−1+𝜏

⋅ ⋅ ⋅ 𝑥
𝑀−1+(𝑚−1)𝜏

𝑥
𝑖+(𝑚−1)𝜏+1

𝐵 𝑥
𝑀

𝑥
𝑀+𝜏

⋅ ⋅ ⋅ 𝑥
𝑀+(𝑚−1)𝜏

𝑥
𝑀+(𝑚−1)𝜏+1

which indicates that the time series ofMountWutai is chaotic
and satisfies the Takens embedding series.

In sum, with the delay time 𝜏 = 1 and embedding dimen-
sion𝑚 = 3, the phase space of the highest temperature in July
ofMountWutai is reconstructed, and the corresponding state
vector 𝑌

𝑖
= (𝑥
𝑖
, 𝑥
𝑖+1
, 𝑥
𝑖+2
).

(3) Set Pair Analysis Based on Phase Space Reconstruction
(SPA-PSR). Based on the reconstruction of phase space in
formula (1), the number of reconstructed spots 𝑀 = 𝑛−(𝑚−

1) ⋅ 𝜏 = 44 − 2 = 42 and the rebuilt set pairs of (𝐴
𝑖
, 𝐵) of

the highest temperature of Mount Wutai in July time series
𝑥
1
, 𝑥
2
, . . . , 𝑥

44
is shown as follows:

𝐴
1
= (𝑥
1
, 𝑥
2
, 𝑥
3
) ,

𝐴
2
= (𝑥
2
, 𝑥
3
, 𝑥
4
) ,

...

𝐴
41
= (𝑥
41
, 𝑥
42
, 𝑥
43
) ,

(14)

and the corresponding current set 𝐵 is

𝐵 = (𝑥
42
, 𝑥
43
, 𝑥
44
) (15)

then using the method mentioned in Section 3, We can have
the 𝑥
45
value, namely, the prediction of the highest tempera-

ture of Mount Wutai in July 2000.

(4) The Prediction Results and Analysis. Prediction results of
the highest temperature (P) in Mount Wutai in July 2000∼
2010 and the corresponding relative error (RE) are shown in
Table 1.

Moreover, to verify the prediction effect of SPA-PSR
model, we take R-SPA model, AR model, and BP model to
make comparisons. To be the same, in AR model [7], it uses
the temperatures in 1946∼1999 in every 6 years to obtain the
regression linear equation of Mount Wutai, and by using the
equation, we can predict the corresponding data in 2000∼
2010; in BP model [10], the temperatures in 1956∼1999 are
used as trained sets, and the data in 2000∼2010 are tested sets,
with 500 trained times and the study rate 0.3; in R-SPAmodel
[9], it uses the pervious 6 years as the history sets to predict
the temperatures in 2000∼2010.

Compared with the results of AR model, R-SPA model,
and BP model, SPA-PSR model has the smallest deviation
(RE) with the measured value in those 11 years in general as
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Table 2: Prediction results and the corresponding relative errors (REs).

Year Measured value (0.1/∘C) AR model BP model R-SPA model SPA-PSR model
P (0.1/∘C) RE (%) P (0.1/∘C) RE (%) P (0.1/∘C) RE (%) P (0.1/∘C) RE (%)

2000 250 177.91 28.84 172.66 30.94 220.89 11.64 208.91 16.43
2001 239 182.30 23.72 182.74 23.54 208.08 12.94 258.14 8.01
2002 241 183.82 23.73 183.67 23.79 212.71 11.74 239.92 0.45
2003 233 173.99 25.33 202.02 13.30 236.92 1.68 254.56 9.25
2004 216 173.07 19.88 184.38 14.64 242.55 12.29 244.02 12.97
2005 241 178.01 26.14 210.23 12.77 253.00 4.98 228.12 5.35
2006 227 179.06 21.12 192.55 15.17 243.40 7.23 248.73 9.57
2007 234 173.69 25.77 192.24 17.85 247.74 5.87 214.79 8.21
2008 232 181.48 21.78 184.54 20.46 247.80 6.81 243.74 5.06
2009 236 178.04 24.56 179.79 23.82 274.66 16.38 234.01 0.84
2010 286 176.15 38.41 179.06 37.39 253.15 11.48 232.09 18.85

Table 3: The error analysis in four models.

Models AR model BP model R-SPA model SPA-PSR model
MRE (%) 25.39 21.24 9.37 8.64
MAE 61.59 51.92 22.57 21.12

shown in Table 2. AR model and R-SPA model does not have
the prediction in which relative errors are below 10%, while in
R-SPA model and SPA-PSR model are 5 and 8, respectively.
According to those points, SPA-PSR model has a better
forecasting result.

To make it clear, the precision of prediction is evaluated
by two measurement indices in this paper, namely, the mean
relative error (MRE) and Mean absolute error (MAE). The
results are calculated in Table 3.

In Table 3, we can find that AR model and BP model do
not have good forecasting results of Mount Wutai, for that
their MREs are all above 20%, and MAEs are above 50, while
for R-SPA and SPA-PSR, the prediction error is reduced a lot.
Compared with AR model, BP model, and R-SPA model, the
MRE of SPA-PSR model is relatively decreased by 65.97%,
59.32%, and 7.79%, respectively, and the MAE is also the
lowest, which relatively decreased by 65.71%, 59.32%, and
6.42%.The two measurement indices both indicate that SPA-
PSR model has the best forecasting results.

4.2. Case 2

(1) Study Area and Data Description.We also apply SPA-PSR
model to predict results of the highest temperature in Datong
in July 2000∼2010, known data in 1955–2010.

(2) The Phase Space Reconstruction. For the scalar time series
of the highest temperature prediction of Mount Wutai in
July 𝑥

1
, 𝑥
2
, . . . , 𝑥

45
, the samemethods are used to reconstruct

phase space. The corresponding delay time and embedding
dimension are shown in Figures 3 and 4.

From Figure 3, we find that similar to Mount Wutai, the
Datong corresponding autocorrelation coefficient sharpen
decreased from 𝑡 = 0; when it has dropped to (1 − 1/𝑒) of
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Figure 3: The autocorrelation coefficient in Case 2 (the dash line
presents the situation where the autocorrelation function value is
(1 − 1/𝑒) of its initial value).

its initial value, the corresponding 𝑡 < 1, in the same way,
we take 𝜏 = 1 as the delay time. In Figure 4, when 𝜏 =

1 and𝑚 = 5, the prediction error function 𝐸(𝑚, 𝜏) attains its
first minimum point, so the best embedding dimension for
Datong is 𝑚 = 5. And taking 𝑤 = 2, the largest Lyapunov
exponent 𝜆 = 0.00024 > 0, which indicates that the Datong’s
time series is chaotic and satisfies the Takens embedding
series.

In sum, with the delay time 𝜏 = 1 and embedding
dimension 𝑚 = 5, the phase space of the highest temperature
in July of Datong is reconstructed, and the corresponding
state vector is 𝑌

𝑖
= (𝑥
𝑖
, 𝑥
𝑖+1
, 𝑥
𝑖+2
, 𝑥
𝑖+3
, 𝑥
𝑖+4
). Being similar

to Mount Wutai, the set pairs are rebuilt according to phase
space reconstruction and used to forecast the highest temper-
ature of Datong in July 2000–2010.

(3) The Prediction Results and Analysis. Prediction results of
the highest temperature (P) in Datong in July 2000∼2010 and
the corresponding relative error (RE) are shown in Table 4.
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Table 4: Prediction results and the corresponding relative errors (REs).

Year Measured value (0.1/∘C) AR model BP model R-SPA model SPA-PSR model
P (0.1/∘C) RE (%) P (0.1/∘C) RE (%) P (0.1/∘C) RE (%) P (0.1/∘C) RE (%)

2000 361 325.44 9.85 338.18 6.32 313.79 13.08 331.21 8.25
2001 355 310.31 12.59 312.06 12.10 334.54 5.76 317.05 10.69
2002 357 320.83 10.13 324.77 9.03 338.44 5.20 354.39 0.73
2003 324 310.33 4.22 278.54 14.03 350.04 8.04 345.62 6.67
2004 333 323.09 2.98 323.39 2.89 351.28 5.49 345.68 3.81
2005 341 325.48 4.55 280.00 17.89 365.02 7.05 335.29 1.67
2006 335 320.68 4.27 322.46 3.74 327.98 2.10 344.97 2.98
2007 345 328.86 4.68 346.26 0.37 343.53 0.43 367.30 6.46
2008 379 327.16 13.68 321.26 15.23 328.10 13.43 336.75 11.15
2009 360 310.04 13.88 332.43 7.66 347.50 3.47 326.48 9.31
2010 392 310.39 20.82 321.35 18.02 332.37 15.21 351.54 10.32
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Figure 4:The corresponding prediction error function, when delay
time 𝜏 = 1.

The computational methods of the other three models are
similar to Case 1.

Compared with the results of AR model, R-SPA model,
and BP model, SPA-PSR model has the smallest deviation
(RE) with the measured value in those 11 years in general.
The numbers of relative errors below 10% in threemodels are,
respectively, 6, 6, 8, and 8. And the majority of forecasting
results in SPA-PSR model is below 5%. According to those
points, SPA-PSR model is better to be used to forecast.

In Table 5, it indicates that AR model and BP model
have better forecasting results for Datong than for Mount
Wutai, due to that the corresponding MRE is within 10% and
the MAE is also decreased. What is more, the BP model is
not better than AR model; the reason is likely to be train
function or other factors. At the same time, the two indices all
indicate that SPA-PSR model has the best forecasting results.
Compared with AR model, BP model, and R-SPA model, the
MRE of SPA-PSR model is relatively decreased by 29.11%,
32.82%, and 9.03%, respectively, and the MAE is relatively
decreased by 29.93%, 32.56%, and 9.53%.

Table 5: The error analysis in four models.

Models AR model BP model R-SPA model SPA-PSR model
MRE (%) 9.24 9.75 7.20 6.55
MAE 33.58 34.89 26.01 23.53

5. Conclusions

To obtain the optimum prediction results, set pair analysis
based onphase space reconstruction (SPA-PSR)model is pro-
posed, in which the phase space with embedding dimension
and the delay time is reconstructed and prediction results are
gotten by combing SPAandphase space reconstructmethods.
Two cases of forecasting the highest temperature in July of
Mount Wutai and Datong stations are studied by using the
new model. The main conclusions are shown as follows.

(1) By combining the chaotic time series analysis and SPA
analysis in the SPA-PSRmodel, we have amore clearly
depiction of the complexity nonlinear dynamical
behavior of original forecasting system of extreme
temperature, which is a good foundation to make
nonlinear forecasting.

(2) Cases applications indicate that the SPA-PSR model
can have a better result for forecasting the highest
temperature in July of Mount Wutai and Datong sta-
tions. In two cases, compared with AR model, BP
model, andR-SPAmodel, theMREof SPA-PSRmodel
is relatively decreased by 65.97%, 59.32%, and 7.79%
in the case of Mount Wutai and 29.11%, 32.82%,
and 9.03% in the case of Datong, respectively, and
the MAE is relatively decreased by 65.71%, 59.32%,
and 6.42% in the case of Mount Wutai and 29.93%,
32.56%, and 9.53% in the case of Datong, respectively.
The results indicate that SPA-PSRmodel has the better
forecasting values.

(3) Due to the widely use of SPA [5, 6] and ubiquity of
chaotic time series [18], the SPA-PSR model can also
be used in predicting other nonlinear time series in
the future and it will be further studied.
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