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In many services, promise of specific response time is advertised as a commitment by the service providers for the customer
satisfaction. Congestion on service facilities could delay the delivery of the services and hurts the overall satisfaction. In this paper,
congestion service facilities location problem with promise of response time is studied, and a mixed integer nonlinear programming
model is presented with budget constrained. The facilities are modeled as M/M/c queues. The decision variables of the model are
the locations of the service facilities and the number of servers at each facility. The objective function is to maximize the demands
served within specific response time promised by the service provider. To solve this problem, we propose an algorithm that combines
greedy and genetic algorithms. In order to verify the proposed algorithm, a lot of computational experiments are tested. And the
results demonstrate that response time has a significant impact on location decision.

1. Introduction
Facility location is a critical decision for a wide range of
public and private firms. For example, in public sectors,
location decisions for fire stations, ambulances, and other
emergency service centers relate directly to the safety of
citizens’ lives and properties. In private sectors, industries
need to locate warehouses, distribution centers, retail outlets,
and so forth. These locating decisions concern both costs and
competitiveness. In short, the success or failure of both public
and private facilities partly depends on the locations chosen
for these facilities. Facility location theory has been studied
in various forms for hundreds of years. The study formally
started by Weber to position a single warehouse [1]. Then,
many traditional location models are proposed, including 𝑝median problem [2], covering problem [3, 4], and 𝑝-center
problem [2]. Following these early investigations, the studies
of location theory become popular in recent years. Yang
and Zhang [5] studied chain stores location problem with
bounded linear consumption expansion function on paths.
Yu et al. [6] expanded capacitated facility location problem
with consideration of serve radius and economic benefit. Ma
et al. [7] studied facility location problem, combined with the

feature of demand. Liu et al. [8] presented a location model
that assigns online demands to the capacitated regional
warehouses. For a survey on models and methods, please see
the book edited by Daskin [9] and the review done by ReVelle
et al. [10].
The studies that mentioned above mainly concentrate on
travel time, physical distance, or some other related travel
cost. They assume that facilities are sufficiently large to
meet any demand immediately. However, facilities could be
congested frequently. To address this issue, congestion facility
location problem begins to be considered since Maximum
Expected Covering Location Problem (MEXCLP) by Daskin
[11] who introduced this model in connection with the
location of ambulances and assumed that the probability of
each server being busy is predetermined. Then Marianov and
Serra [12] introduced queueing theory to address the congestion facility location problems. They applied a constraint
to ensure that there is at least a server available on demand
with probability 𝛼. Huang et al. [13] studied the connections
of network that are modeled as M/G/1 queues. Decision
variables include selecting connections, assigning flows to the
connections and sizing their capacities. To solve this model,
they developed an algorithm based on Lagrangian relaxation.
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Hu et al. [14] examined bi-objective model based on flow
interception problem. The model is formulated from the view
of M/M/c queuing system. Service quantity and quality are
simultaneously considered as objectives. T. Drezner and Z.
Drezner [15] studied the server distribution problem with the
objective to minimize the combined travel time and waiting
time at the facility for all customers. In their method, the
distribution of demand among the facilities is governed by
the gravity rule. Other references on the subject include [16–
18].
In the literature described above, the models are developed with the objective of optimizing congestion indicators,
such as waiting time [14, 15, 18], response time [17], work
load [16], and relative congestion costs [13]. However, in many
service sectors, congestion indicators are often specified by
the service providers. For example, Marianov and Serra [12]
considered that the waiting time-limit and queueing lengthlimit are predetermined.
In real life, response time is often a key competitive priority and represents the firm’s commitment for the customer
satisfaction. Therefore, specific response time guarantees are
often advertised. For examples, Yonghe King, famous for soya
bean milk and youtiao, reduces its promised response time
from 30 to 20 minutes to enhance its competitiveness. Some
take away restaurants often give a discount of food if it is not
served within promised time. Jingdong on-line mall promises
that customers are able to receive goods within 24 hours
after the orders. Within a few years’ competition, Jingdong
has already taken a leading position in China. The similar
situation is common in reality but has not been investigated
thoroughly. To keep the promise, proper planning of the
facilities is one of the most important actions for service
providers. Ideally, the more the service resources they have,
the shorter the response time the customer can get. However,
due to budget limitation in real life, reasonable facilities location and servers allocation are needed. Therefore, developing
a model that addresses this issue could be a main contribution
for the current study.
In view of the above described, we consider that the
response time-limit is predetermined, which is an important
characteristic of our model that distinguishes from others. In
this case the objective of model we propose is to maximize
requests served within a constant response time in consideration of budget limitation. We concentrate on two parts
which affect response time. (1) Travel time is determined by
the distance between the service facility and demand node.
(2) Sojourn time in facilities is affected by many issues, such
as shortage in supply, service interruption (power cut or water
cut), strike, and other accidents, but one of the most common
is service congestion.
Many existing works [11–14, 16, 17] appoint the value of
servers’ number at each location in advance. Ideally, the more
servers deployed at one facility location, the more effective
it could be, but in reality the increasing number of servers
also leads to more costs, which is often an important concern
for decision makers. Another contribution of our work is that
servers’ number of each potential facility location could be
determined endogenously by the proposed model.
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Most closely related to the work in this paper is the study
of Berman and Drezner [19]. They introduced an 𝑚 servers
allocation problem. In contrast to the research by Berman
and Drezner, there are two differences between their model
and ours. First, there are different objectives. In their model,
the objective function is to minimize average response time,
simple and explicitly convex in the number of servers. In
view of the reality of response time-limit, however, our goal
is to maximize requests served within a given response time.
It is much more complicated and needs further analysis.
Second, more generalized constraints. Berman and Drezner
assumed that facility location incurs no cost and the total
number of servers is known in advance. This is not the
case in our problem. We propose constrained budget on the
facility location and servers. When location cost is zero, our
constraints are reduced to theirs, that is; our constraints are
more generalized.
With the consideration of the limited budget, the difficulty of our problem is to solve two contradicting objectives.
On the one hand, it is desirable to locate facilities as many
as possible so that total travel time for customers could be
reduced. On the other hand, with locating costs increasing
and budget constraint, the available budget for servers is
decreasing, which leads to lower service efficiency and longer
waiting time. Therefore, when the demand is high and the
travel distance is relatively short, the solution is expected
to include fewer facility locations and more servers at each
location. When travel time is relatively long, the solution is
expected to include more locations and fewer servers at each
location. Thus the key to maximize demands satisfied within
promised response time lies in the balance of servers’ costs
and facilities location costs.
This paper is organized as follows. We formulate the
problem and provide some analysis in Section 2. In Section 3,
we present solution algorithms. Computational results and
sensitivity analysis are included in Section 4. In the last
section, we provide conclusions and suggestions for future
research.

2. Formulation of the Model
In this section, to solve facility location problem with
response time-limit, a mixed integer model is formulated.
A service facility is modeled as an M/M/c queuing system.
Customers arrive at the facility according to a Poisson process. Service time is exponentially distributed. Each facility
has multiple servers and the number of servers is a decision
variable in our model. It is assumed that services at different
facilities are homogenous, which means that the efficiency of
every server is the same. In real life, customers generally have
no idea of congestion at each facility before they arrive at the
service facility so they choose the closest facility. Location and
servers both incur costs, and servers’ costs are assumed to be
linear with the number of servers.
Now, we denote index sets by the following:
(i) 𝐼: set of demand nodes, denoted by 𝑖 ∈ 𝐼,
(ii) 𝐽: set of candidate locations, denoted by 𝑗 ∈ 𝐽.
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Next, we denote parameters by the following:
(i) 𝑓𝑖 : demand at node 𝑖, yielding to random Poisson
distribution with parameter 𝜆 𝑖 ,
(ii) 𝑤𝑗 : sojourn time at facility 𝑗, including waiting time
and service time,
(iii) 𝑡𝑖𝑗 : response time of facility 𝑗 to demand node 𝑖,
(iv) 𝑇: response time that service facilities have promised,
(v) 𝑑𝑖𝑗 : travel time between facility 𝑗 and demand node 𝑖,
(vi) 𝐵: budget limitation,
(vii) 𝑎𝑗 : cost of candidate facility location 𝑗,
(viii) 𝑏: cost of unit server,
(ix) 𝜇: average service rate per unit server.
The decision variables of the problem areThe decision
variables of the problem are
located at node 𝑗 (𝑗∈𝐽)
(i) 𝑦𝑗 = { 10 if a facility is otherwise

(11)
= 𝐸 (∑∑𝑓𝑖 𝑃 (𝑤𝑗 ⩽ 𝑇 − 𝑑𝑖𝑗 ) 𝑥𝑖𝑗 ) ,

(iii) 𝑐𝑗 : the number of servers at facility 𝑗.

𝑖∈𝐼 𝑗∈𝐽

Given the previous definitions, the location model can be
formulated as follows:
(1)

𝑖∈𝐼 𝑗∈𝐽

subject to
𝑥𝑖𝑗 ⩽ 𝑦𝑗 ,

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽

∑𝑥𝑖𝑗 = 1,

∀𝑖 ∈ 𝐼

𝑗∈𝐽

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽

(3)

∑ (𝑎𝑗 𝑦𝑗 + 𝑏 ⋅ 𝑐𝑗 ) ⩽ 𝐵
𝑐𝑗 ⩽ 𝑀𝑦𝑗 ,

∀𝑗 ∈ 𝐽

∑𝜆 𝑖 𝑥𝑖𝑗 < 𝑐𝑗 𝜇,

∀𝑗 ∈ 𝐽

𝑖∈𝐼

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽

𝑦𝑗 ∈ {0, 1} ,

(4)

𝜆: average arrival rate,
𝑐: the number of servers.

𝑗∈𝐽

𝑐𝑗 ∈ N,

(2)

Let 𝑇𝑖𝑗 = 𝑇 − 𝑑𝑖𝑗 , 𝑍 = ∑𝑖∈𝐼 ∑𝑗∈𝐽 𝜆 𝑖 𝐹(𝑇𝑖𝑗 )𝑥𝑖𝑗 .
𝐹(𝑇𝑖𝑗 ) is a probability distribution function, denoting the
probability that demand node 𝑖’s sojourn time at facility 𝑗
is not larger than 𝑇𝑖𝑗 . So the response time restriction in
the objective function is transformed to the sojourn time
restriction.
For further analysis, we introduce some queuing theory
relevant to our research.
In an M/M/c queuing system, the following parameters
are always known:
𝜇: average service rate,

∑ 𝑥𝑖𝑘 ⩾ 𝑦𝑗 ,
𝑘∈𝐽|𝑑𝑖𝑘 ⩽ 𝑑𝑖𝑗

𝑥𝑖𝑗 ∈ {0, 1} ,

𝑍 = 𝐸 (∑∑𝑓𝑖 𝑃 (𝑡𝑖𝑗 ⩽ 𝑇) 𝑥𝑖𝑗 )
𝑖∈𝐼 𝑗∈𝐽

demand node 𝑖
(ii) 𝑥𝑖𝑗 = { 01 if facility 𝑗 serves
otherwise.

maximize 𝑍 = 𝐸 (∑∑𝑓𝑖 𝑃 (𝑡𝑖𝑗 ⩽ 𝑇) 𝑥𝑖𝑗 ) ,

node 𝑖 is served by one and only one facility. Constraints
(4) assure that each demand node is served by the closest
open facility. Constraint (5) is a budget limitation, spending
on location and servers. Parameter 𝑀, which is a very large
number in constraints (6), can be chosen as 𝑀 = ⌊𝐵/𝑏⌋ (⌊𝑎⌋
denotes the largest positive integral that is no more than
𝑎). Constraints (6) ensure that servers can be deployed at
facility 𝑗 only if facility 𝑗 is open. Constraints (7) prevent
infinite waiting time. Constraints (8) and (9) are binary
constraints, and the last constraints preserve the positive
integer restrictions on decision variables of the number of
servers at each open facility.
Since service response time includes travel time and
sojourn time 𝑡𝑖𝑗 = 𝑑𝑖𝑗 + 𝑤𝑗 , the objective function 𝑍 can be
transformed as follows:

∀𝑗 ∈ 𝐽
∀𝑗 ∈ 𝐽

(5)
(6)
(7)

Let 𝜌 = 𝜆/𝜇 and 𝜌𝑐 = 𝜌/𝑐. 𝑝0 , the probability that no
demand sojourns in system, is denoted by
𝜌
𝜌𝑐
) ,
𝑝0 = ( ∑ +
𝑐! (1 − 𝜌𝑐 )
𝑛=0 𝑛!
𝑝𝑐 =

(8)
(9)
(10)

The model has the objective of maximizing expected
demand rates that are served within promised time 𝑇. Constraints (2) ensure that facility 𝑗 can serve demand node 𝑖 only
if facility 𝑗 is open. Constraints (3) guarantee that demand

−1

𝑐−1 𝑛

(12)

𝑐

𝜌
𝑝,
𝑐! 0

expressing the probability that the number of demands
sojourning in system is 𝑐.
Then, 𝐹(𝑡), the probability that sojourn time in system is
not larger than 𝑡, is shown as follows [20]:
when 𝑐 = 1, 𝐹(𝑡) = 1 − 𝑒−(𝜇−𝜆)𝑡 ;
when 𝑐 > 1,
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𝑝 𝜇𝑡
{
𝜌 = 𝑐 − 1,
1 − (1 + 𝑐 ) 𝑒−𝜇𝑡 ,
{
{
1 − 𝜌𝑐
{
𝐹 (𝑡) = {
{
𝑝𝑐
𝑝𝑐
{
{1 − (1 +
) 𝑒−𝜇𝑡 +
𝑒−𝑐𝜇(1−𝜌𝑐 )𝑡 , 𝜌 ≠ 𝑐 − 1.
(𝑐 − 1 − 𝜌) (1 − 𝜌𝑐 )
(𝑐 − 1 − 𝜌) (1 − 𝜌𝑐 )
{

As we know, distribution function of waiting time 𝑡 is
𝑝𝑐 −𝜇(𝑐−𝜌)𝑡
𝑒
,
1 − 𝜌𝑐

𝑊𝑞 (𝑡) = 1 −

Since it is an M/M/c system, service time 𝑠 yields to a negative
exponential distribution, and 𝐹(𝑡) can be changed to
𝑡

(14)

𝐹 (𝑡) = ∫ 𝑊𝑞 (𝑡 − 𝑡𝑠 ) 𝑑 (1 − 𝑒−𝜇𝑡𝑠 )
0

and delay probability, the probability that at least one demand
is in system for service, is
𝑝𝑐
DT (𝑐) = 1 − 𝑊𝑞 (0) =
.
1 − 𝜌𝑐

(13)

(20)

𝑡

= ∫ 𝑊𝑞 (𝑡 − 𝑡𝑠 ) 𝜇𝑒−𝜇𝑡𝑠 𝑑𝑡𝑠 ,
0

𝑡 𝜕2 𝑊 (𝑡 − 𝑡 )
𝜕2 𝐹 (𝑡)
𝑞
𝑠
=∫
𝜇𝑒−𝜇𝑡𝑠 𝑑𝑡𝑠 .
2
𝜕𝑐2
𝜕𝑐
0

(15)

Let

(21)

From
𝑔 (𝑐) = DT (𝑐) 𝑒−𝜇(𝑐−𝜌)𝑡 .

𝜕2 𝑊𝑞 (𝑡 − 𝑡𝑠 )

(16)

⩽ 0,
𝜕𝑐2
𝜕2 𝐹 (𝑡)
⩽ 0,
𝜕𝑐2

Lemma 1. 𝑔(𝑐) is a convex function.
Proof. Second derivative of 𝑔(𝑐) is

−𝜇(𝑐−𝜌)𝑡

− 2DT (𝑐) 𝑒

(17)
.

As DT(𝑐) is a nonincreasing function in 𝑐 [21], DT (𝑐) ⩽ 0
and DT (𝑐) ⩾ 0. Then, 𝑔 (𝑐) ⩾ 0 is resulted, and Lemma 1
can be proved.
Theorem 2. Sojourn time’s distribution function 𝐹(𝑡) is a
concave function in 𝑐.
Proof. From Lemma 1, 𝑔(𝑐) is a convex function. Then,
waiting time distribution function 𝑊𝑞 (𝑡) = 1 − 𝑔(𝑐) is a
concave function in 𝑐; hence,
𝜕2 𝑊𝑞 (𝑡)
𝜕𝑐2

⩽ 0.

(18)

Sojourn time 𝑤 is made up of two parts, waiting time 𝑤𝑞 and
service time 𝑠, 𝑤 = 𝑤𝑞 + 𝑠. Then 𝐹(𝑡) can be expressed as
follows:
𝐹 (𝑡) = 𝑃 {𝑤 ⩽ 𝑡}
= 𝑃 {𝑤𝑞 + 𝑠 ⩽ 𝑡}
𝑡

= ∫ 𝑃 {𝑤𝑞 ⩽ 𝑡 − 𝑡𝑠 } 𝑑𝑃 {𝑠 ⩽ 𝑡𝑠 } .
0

(23)

and Theorem 2 is resulted.

𝑔 (𝑐) = DT (𝑐) 𝑒−𝜇(𝑐−𝜌)𝑡 + 𝜇2 DT (𝑐) 𝑒−𝜇(𝑐−𝜌)𝑡


(22)

According to the proof of Theorem 2, 𝐹(𝑡) owns the
following two properties:
(1) 𝐹(𝑡) is a non-decreasing function in 𝑐,
(2) 𝐹(𝑡) is a concave function in 𝑐, that is to say, 𝐹𝑐+1 (𝑡) −
𝐹𝑐 (𝑡) is a nonincreasing function in 𝑐.
The properties are similar to [19], and therefore we can get
the optimal solution of servers allocation by greedy algorithm
in the condition that location decisions have been made.
Now, the problem is transformed to the model only with the
location decision.
The model we have built is a combinatorial and nonlinear
optimization problem. Without taking account of congestion
situation, the waiting time is zero, and then the problem
can be reduced to the maximum covering location problem.
Thus the maximum covering location problem is a special
case of this problem. It is known that the maximum covering
location problem is NP-hard [9]. Clearly, this problem is also
NP-hard. In order to solve large size problems, heuristics are
considered our choice.

3. Algorithms
(19)

To solve the traditional location-allocation problem, various
algorithms have been provided. Exact solution methods for
location problem have been proposed and investigated in
previous reports. Holmberg [22] embedded the dual ascent
method in a branch-and-bound framework. Sasaki et al.
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[23] proposed enumeration-based approach. de Camargo
et al. [24] used benders decomposition method for the
uncapacitated multiple allocation hub location problem.
Traditional location problems are NP-hard. Increase in
the polynomial order of the problem leads to an exponential
explosion in the computation time, and exact methods can
only solve small instances of the presented problem. Thus,
most of the literature applies efficient heuristics to solve
the problem, which includes local search, greedy heuristic,
simulate annealing, tabu search and Lagrangian relaxation,
and so forth. Hybrid methods have also been studied recently
[18, 19, 25]. For a more complete review of these algorithms,
the reader can be referred to [26].
Algorithms for solving the congestion servers locationallocation problem have been discussed by Berman and
Drezner [19] and Aboolian et al. [18]. Berman and Drezner
developed three heuristic approaches, namely tabu search,
simulated annealing and genetic algorithms. Compared with
the precise results of total enumeration, the three heuristics
are showed to perform very well, especially the genetic
algorithm, which obtains the results with the smallest gap and
in the shortest computation time. Aboolian et al. presented
descent algorithm and genetic algorithm. Large-scale numerical examples illustrated that genetic algorithm performs
more efficiently than descent algorithm. These works have
proved that genetic algorithm is more efficient to solve
congestion servers location-allocation problem than other
heuristics presented in [18, 19].
This problem can be decomposed in two smaller problems: at a higher level, named as master problem (MP), the
location decisions are made; while at an inferior level, known
as subproblem (SP), the determination of the servers’ number
at each location is done. The MP is a 0-1 integer programming
problem, while the SP is an allocation problem. We consider a
hybrid algorithm of combining genetic algorithm with greedy
algorithm to solve the model. Genetic algorithm is applied
to solve MP, and precise solution of SP can be obtained
by greedy algorithm. The results of our algorithm for small
size problems are compared with the results obtained from
numerical algorithm, in order to verify the performance of
the algorithm. Although there are alternative algorithms in
the literature [18, 19], our choice is driven by the following
reasons. Firstly, genetic algorithm is proved to be more
efficient to solve congestion facility location problem than
other heuristics [18, 19]. Secondly, due to the properties we
proved in Section 2, results of servers allocation are optimal
by greedy algorithm.
3.1. Precise Algorithm of Servers Allocation. Greedy algorithms have been comprehensively used in location problems
[27–30]. In these works, greedy algorithms are developed to
determine location decision and the solutions are approximations. However, different from other literature, greedy
algorithm in this paper is used to solve servers allocation
problem. Due to sojourn time distribution function’s special
properties, we can get precise results of servers’ number at
each facility location provided that location decision has been
made. Assuming that location decision is 𝑆, now compute the
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number of servers at each location with the budget constraint.
Procedure is as follows.
(1) For each node 𝑗 (𝑗 ∈ 𝑆), compute average arrival rate
𝜆𝑗 . 𝜆𝑗 = ∑𝑖∈𝐿 𝑗 (𝑆) 𝜆 𝑖 , where 𝐿 𝑗 (𝑆) is the set of demand
nodes from which facility 𝑗 ∈ 𝑆 is the closest in 𝑆.
(2) For each node 𝑗 (𝑗 ∈ 𝑆), find the minimum number
of servers necessary to serve the customer flows. This
minimum number is
𝑘𝑗 = ⌊

𝜆𝑗
𝜇

⌋,

(24)

in which 𝑘𝑗 is the largest integral that is no more than
𝜆𝑗 /𝜇.
(3) If
∑ (𝑏 ⋅ 𝑘𝑗 + 𝑎𝑗 ) > 𝐵,

𝑗∈𝑆

(25)

in which 𝐵 is the given budget, 𝑏 is unit server’s costs
and 𝑎𝑗 is the location costs of facility 𝑗, there is no
feasible solution, and the computing should stop.
If
𝐵 − 𝑏 < ∑ (𝑏 ⋅ 𝑘𝑗 + 𝑎𝑗 ) ⩽ 𝐵,
𝑗∈𝑆

(26)

the number of servers is 𝑘𝑗 , and stop.
If
∑ (𝑏 ⋅ 𝑘𝑗 + 𝑎𝑗 ) ≤ 𝐵 − 𝑏,

𝑗∈𝑆

(27)

go to step 4 to allocate the rest servers.
(4) Compute the objective increase through increasing
the number of servers by one at facility 𝑗; that is,
Δ 𝑗 = ∑ 𝜆 𝑖 (𝐹𝑘𝑗 +1 (𝑡𝑖 ) − 𝐹𝑘𝑗 (𝑡𝑖 )) ,
𝑖∈𝐿 𝑗 (𝑆)

(28)

in which 𝐿 𝑗 (𝑆) expresses the set of demand nodes served by
facility 𝑗. Compute Δ 𝑗 for each 𝑗 ∈ 𝑆, choose the maximum
Δ 𝑗∗ (𝑗∗ ∈ 𝑆), and then let 𝑘𝑗∗ = 𝑘𝑗∗ + 1. Repeat Procedure
(4) until the rest of budget is not enough to pay for another
server.
3.2. Genetic Algorithm. Genetic algorithm was first applied
to location-allocation problems by Hosage and Goodchild
in 1986 [31]. It has been widely applied to solve location
problems. Correa et al. [32] proposed a genetic algorithm for
solving a capacitated 𝑝-median problem. Jaramillo et al. [33]
introduced genetic algorithm for solving uncapacitated and
capacitated fixed charge problems, the maximum covering
problem, and competitive location models. Balakrishnan
et al. [34] presented a hybrid approach of combining genetic
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(a)
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Start

Figure 1: Binary representation of an individual’s chromosome.

Initial population

Crossover

algorithm with dynamic programming for the dynamic
facility location problem. Genetic algorithm is also proved
to be efficient to solve congestion facility location problem
[18, 19, 35].
In this section, we propose a genetic algorithm to find
facility locations. In the proposed method, good chromosomes are identified through crossover, mutation and selection operations. We apply greedy algorithm to decide the
number of servers at each location. Crossover and mutation
we use are similar as the methods described in the literature
mentioned above, which is not the main focus of our work.
Only the major operations that we have made are described
in this section.

Mutation

Combining parent and child population

Finding optimal number of servers in each location

Selection

3.2.1. Code. A candidate solution is represented as follows:
the representation scheme developed is a |𝐽|-bit binary string
as the chromosome structure, where |𝐽| is the number of
potential facility locations. A value of 1 for the 𝑗th bit implies
that a facility is located at the 𝑗th location. For instance,
considering a problem with 5 potential facility locations,
the binary representation of an individual’s chromosome is
illustrated in Figure 1. Figure 1(a) shows the situation when
only two facilities are located in potential locations one and
five. Figure 1(b) illustrates the situation when facilities are
located at all of the potential facility locations.

No

Terminates iteration?

Yes

Stop

Figure 2: Process flowchart.

Objective value

900
800
700

3.2.2. Crossover, Selection, and Mutation Operations. Randomly select two members from the parental population and
merge them to produce offspring. If the offspring is better
than the worst parental population member and different
from its parent, replace the worst member by the offspring.
Repeat above crossover |𝐽| times. Select |𝐽| members from
parent and child populations with best objectives. A random
mutation pattern is generated for each chromosome. For each
gene of the chromosome, a uniform random number between
0 and 1 is generated. If this number is less than a given
number 𝑝𝑚 , the gene mutates from 0 to 1 or from 1 to 0.
If the individual after mutation is not satisfied with budget
constraint, the mutation is considered as invalid.

4. Example and Computational Experience

3.2.3. Feasible Operation. We define a candidate solution
(individual) for our problem as feasible if the total cost
including location and minimum servers costs are no more
than the given budget. As initial or crossover individual may
produce infeasible solution, for crowds diversity and avoiding
local optimum solutions, randomly select one gene, mutating
from 1 to 0 until satisfying budget constraint.
The algorithm process is shown in Figure 2.

The algorithm is coded in Matlab 7.0, and computational
experiments are conducted on a PC with 2.2 GHz Intel
Pentium Dual E2200 and 2.00 GB RAM. Demand nodes
are randomly generated on a [0, 50][0, 50] plane. Candidate
facility locations are defined an dconsidered as demand
nodes. Each location cost and average demand rate are both
random values which vary between 20 and 50. Unit server
cost 𝑏 = 8, and average service rate of unit server 𝜇 = 8. We
set the parameters of genetic algorithm as follows: population

600
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0
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80

100 120
Iterations
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180

200

The best objective value of the population
Average objective value of the population

Figure 3: The convergence of genetic algorithm.
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Figure 4: Optimization results with different 𝑇. (a) 𝑇 = 5, (b) 𝑇 = 15, and (c) 𝑇 = 20.

Table 1 compares the results of genetic and exact algorithm. Optimal solutions are obtained by numerical algorithm but the computation time increases exponentially with
the number of facilities. Considering computation time, the
numbers of the facility locations in the test problems are set
to be a value no more than 6; that is,

∗

Z

Z

(𝐵 − 𝑏 ∑𝑖∈𝐼 𝜆 𝑖 /𝑢)
< 7.
20

T T∗

Figure 5: Sensitivity analysis with respect to promised response
time 𝑇.

size is equal to node, maximum number of generation is equal
to 200, and the mutation probability 𝑝𝑚 = 0.1. Figure 3 shows
the convergence of this algorithm (the number of demand
nodes |𝐼| = 50, 𝐵 = 900, 𝑇 = 5).

(29)

seven test problems of varying size are constructed. For
each test problem, 50 experiments are randomly generated,
leading to a total of 350 experiments. The gap is measured by
(𝑍∗ − 𝑍)/𝑍∗ , where 𝑍∗ is the optimum value and 𝑍 is the
objective value by our algorithm. From results, the range of
gaps is from 0% to 9.65%, and the average gap shifts from 0
to 2.09%. In these experiments, the performance is quiet good
and genetic algorithm finds the optimal solution at least 50%.
Then, we set budget 𝐵 = 2500, and the number of demand
points |𝐼| = 200. Figures 4(a), 4(b) and 4(c) respectively
show the facility locations, demand allocation and servers
distribution under different promised response time 𝑇 = 5, 15
and 20. The number beside location point means the number
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Facilities location costs
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Figure 6: Sensitivity analysis with respect to number of demand nodes.
Table 1: Results of genetic and exact algorithms.
Node
30
40
50
55
60
70
80

Budget
350
400
450
480
500
550
650

Maximum gap
0
3.87%
9.65%
8.17%
5.21%
3.35%
6.94%

Minimum gap
0
0
0
0
0
0
0

Genetic algorithm
Average gap
Optimum solution
0
100%
1.61%
50%
2.09%
50%
1.41%
60%
0.72%
80%
1.12%
50%
1.23%
70%

of servers at the facility. When 𝑇 = 5, it is desirable to locate
more facilities and distribute less servers at each facility. In
Figure 4(b), when 𝑇 = 15, we find that the number of facilities
is equal to 34, servers at each location are no more than 8, and
the decentralized service makes travel time reduced. With the
increase of 𝑇, the number of facilities is smaller and servers
are pooling to reduce service time. Figure 4 illustrates that the
promised response time has a strong impact on the location
decisions.
In the second set of experiments, we are interested in
testing the effect of different parameters. The parameters
studied are originally set as follows: promised response time
𝑇 = 5, number of demand nodes |𝐼| = 30 and budget 𝐵 = 600.
We use three instances for above three parameters sensitivity
analysis. For each instance, we vary one parameter under
study while keeping two other parameters as original values.
The results are presented in Figures 5–7.
Figure 5 presents objective value analysis with respect to
promised response time. We find that as promised response
time 𝑇 increases, the objective value, the number of customers served within 𝑇, increases as well. However, the
objective value 𝑍 increases little after the promised response
time threshold. Figure 5 shows that when 𝑇 > 𝑇∗ , the number
of customers served within 𝑇 barely changes. Therefore,

Time (S)
14.82
24.72
30.64
31.12
35.03
40.8
55.78

Numerical algorithm time (S)
45.3
78.4
523.5
335.5
487.2
1537.6
7643.3

through Figure 5 we characterize the reasonable range of
promised response time for the service provider, which is
no more than 𝑇∗ . And there is no need to make a longer
promise response time decision. The reasons are as follows:
(i) longer promised response time (𝑇 > 𝑇∗ ) has little
impact on quantity of customers served within 𝑇. (ii) longer
promised response time makes service facilities less attractive
to customers and weakens their competitiveness.
In Figure 6, we show the sensitivity analysis with respect
to the number of demand nodes varying. In Figure 6(a),
customers served within promised response time increase
initially and then decrease with demand nodes increase.
When demand is small, there are enough facilities and servers
for service requirements. Although increasing demand leads
to reduction of percentage of demand served within 𝑇, the
impact of percentage reduction is smaller than the increase
of demand. Therefore, we can see the result in Figure 6(a)
that the objective value is increasing with demand increase
before point |𝐼| = |𝐼|∗ . 𝑍 is maximized at point |𝐼| = |𝐼|∗ .
After that point, the percentage of demand served within 𝑇
drops sharply as |𝐼| increases. Therefore, increasing demand
leads to lower demand served within promised time instead.
Figure 6(a) illustrates that a service provider may choose service area to provide high-quality service to a limited number
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Figure 7: Sensitivity analysis with respect to budget.

of customers, or it may provide lower-quality service to a large
number of customers. Therefore, for the service provider,
more demand may not be better, which is consistent with the
reality. In real life, take away service, such as KFC Delivery,
and McDelivery, provides service in designated areas, not
all the neighborhoods or streets. The above situation is also
our further research on servers location and service areas
selection.
Figure 6(b) demonstrates the trade-off between facilities
location costs and servers’ costs with the increasing demand
when the budget is given. From Figure 6(b), as demand
expanding, a service provider should increase investment in
the construction of new facilities and decrease investment in
service efficiency. As demand continues to increase, capital
investment in facilities and servers is just converse, from
which we can estimate that the demand is too large for
the servers to serve and the average waiting time must be
longer than the average travel time. Therefore, the action
of increasing the number of servers should be taken. The
reasons that an increase in the demand results in a decrease
in the facility location costs, we think, are as follows: (i) As

the budget constraint, increasing servers costs must lead to a
decrease in location costs. (ii) Decrease locations will result
in the number of servers increase at per facility, and pooling
of servers can also decrease waiting time. Consequently, if
demand is too small or too large, then we can predict that
facilities investment should be small and funds should be
focused on hiring more service personnel and purchasing or
leasing more equipment for service.
Figure 7 illustrates the variation of satisfied customers,
average response time and costs of location and servers with
different budget. From Figures 7(a) and 7(b), with the budget
increasing, we observe that the increment of 𝑍 and decrement
of average response time are reduced gradually. We estimate
that the objective function and the average response time
may have concave-convex quality of the budget. Figure 7(c)
demonstrates the investment in facility location and servers
with different budgets. Although the investment in locations
and servers both increase, their increments are different. The
investment in facility location is approximately concave in
the budget, whereas the investment in servers is convex. That
is, the increment of facility location costs is decreasing, and
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the increment of serves costs is increasing with the budget
increase. There exists a budget threshold point 𝐵∗ , on which
the increments of facility location and servers are equal. We
can estimate that when the budget is small, the increment
of location costs is much more than the increase of servers’
costs. At this moment, if additional budget is allocated, the
management would devote most of attention and budget to
increasing distribution of firms. Gradually, with the budget
increase, the gap between the increment of location costs
and servers’ costs becomes smaller and smaller. When budget
> 𝐵∗ , increments would be inverse. That means that the
investment in service efficiency begins to pay more attention
after necessary facilities and service resources construction,
if the budget is still abundant.

5. Conclusions and Future Research
In this paper, a model of servers location-allocation problem
with promise of response time has been presented. The
objective of the model is to maximize the demands satisfied
in promised response time, through finding proper locations
and according servers. Because of budget constraint, balancing of location costs and servers’ costs could decrease
response time. System waiting time distribution function is
proved to be concave in the number of servers. According
to this property, precise algorithm for allocation of servers
can be obtained by greedy algorithm. We propose a hybrid
algorithm that combines greedy and genetic algorithms,
which is proved to be fine compared with exact results by lots
of computational experiments.
Finally, the future research could be extended as follows.
(1) More efficient algorithms need to be studied deeply.
For example, hybrid methods (also called matheuristics) may be explored as efficient methods for congestion facility location problem.
(2) General service time distribution could be studied
instead of exponential distribution in this paper.
(3) The model can be reformulated with incorporation of
service response time restrictions, which can be stated
as the probability of waiting for no more than 𝑥 people
is greater than 𝛼.
(4) All facilities are assumed to be independent in this
paper. In future research, cooperative service could be
considered.
(5) Customers are assumed to visit the closest open
facility in this paper. In future research, the possibility
of dynamically assigning a customer to a facility
depending on current facility loadings could be studied with an appropriate dispatching rule.
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