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An analytic solution method, without integral transformation, is developed to find the exact solutions for transient heat conduction
in functionally graded (FG) circular hollow cylinders with time-dependent boundary conditions. By introducing suitable shifting
functions, the governing second-order regular singular differential equation with variable coefficients and time-dependent
boundary conditions is transformed into a differential equation with homogenous boundary conditions. The exact solution of the
system with thermal conductivity and specific heat in power functions with different orders is developed. Finally, limiting studies
and numerical analyses are given to illustrate the efficiency and the accuracy of the analysis.

1. Introduction

The applications of heat conduction in functionally graded
(FG) circular hollow cylinders with time-dependent bound-
ary conditions can be widely found in many engineering
fields, such as cannon barrels, heat exchanger tubes, time var-
ied heating on walls of circular structure, and heat treatment
on hollow cylinders. As such, an accurate solution method is
very helpful for relevant developments.

The problem of heat conduction with time-dependent
boundary conditions cannot be solved directly by the method
of separation of variables. In most of the analyses, an integral
transform has been used to remove the time-dependent term.
For the problem of heat conduction in circular hollow uni-
form cylinders with time-dependent boundary conditions,
the associated governing differential equation is a second-
order Bessel differential equation with constant coefficients.
After conducting a Laplace transformation, the analytical
solution can be obtained and found in the book by Ozisik [1].

When the structure is an FG circular hollow cylinder,
the associated governing differential equation is a second-
order regular singular differential equation with variable
coeflicients. For problems with time-independent boundary

conditions, various numerical methods have been developed,
such as the perturbation method [2], the finite difference
method [3], and the finite element method [4]. Jabbari et al.
[5, 6] derived analytical solutions for thermal stresses of
FG hollow cylinders whose material properties vary with
power law distribution through the thickness due to radially
symmetric loads and nonaxisymmetric loads. By using the
Laplace transformation and a series expansion of Bessel func-
tions, Ootao and Tanigawa [7] analyzed one-dimensional
transient thermoelastic problem with the material properties
varying with the powerlaw form of the radial coordinate
variable. Zhao et al. [8] analyzed the temperature change
when the thermal and thermoelastic properties are assumed
to vary exponentially in the radial direction. Hosseini et al.
[9] considered the material properties to be nonlinear with
a power law distribution through the thickness, while the
temperature distribution was derived analytically using the
Bessel functions.

In the study of heat conduction in FG circular hollow
cylinders with time-dependent boundary conditions, only
limited studies can be found. Ootao et al. [10] studied
the transient temperature and thermal stress distribution in
an infinitely long nonhomogeneous hollow cylinder due to



a moving heat source in the axial direction from the inner
and/or outer surfaces using the layerwise theory in con-
junction with the method of Fourier cosine and the Laplace
transformations. Shao and Ma [11] employed the Laplace
transform techniques and the series solving method to study
thermomechanical stresses in FG circular hollow cylinders
with linearly increasing boundary temperature. Jabbari et al.
[12] developed an analytical solution for the one-dimensional
temperature distribution, mechanical and thermal stresses in
an infinitely long FG hollow cylinder under a moving heat
source, which moves across the thickness of the cylinder.
Asgariand Akhlaghi [13] employed the finite element method
to study the transient thermal stresses in a thick hollow
cylinder with finite length mad of 2D-FGM that its material
properties are varied in the radial and axial directions with
a power law function. The thermal boundary conditions at
the inner and outer radiuses are time dependent. Singh et al.
[14] applied the finite integral transform method and the
separation of variables method to solve time-dependent heat
conduction problem in a multilayer annulus. Malekzadeh
and Heydarpour [15] used the differential quadrature method
(DQM) in conjunction with the finite element method (FEM)
to study the response of FG cylindrical shells under moving
thermomechanical loads. Recently, Wang and Liu [16] have
employed the method of separation of variables to develop
the analytical solution of transient temperature fields for two-
dimensional transient heat conduction in a fiber-reinforced
multilayer cylindrical composite.

In the study of thermal elastic response of FG cylinders
without mechanical loading, the heat conduction problem
is not incorporated with the elastic field and can be studied
independently. However, the thermal field will be coupled
with the temperature field. In this paper, one considers
the heat conduction problem of FG cylinders only. A new
solution method, which is a modification on the method
developed by Lee and Lin [17] and Chen et al. [18], is used to
develop the analytical solution for transient heat conduction
in FG circular hollow cylinders with time-dependent bound-
ary conditions. By introducing suitable shifting functions,
the governing second-order differential equation with vari-
able coeflicients and time-dependent boundary conditions is
transformed into a differential equation with homogenous
boundary conditions. The analytic solution of the system with
thermal conductivity and specific heat in power functions
with different orders is developed. Finally, limiting studies
and numerical analysis are given to illustrate the efficiency
and accuracy of the solution method.

2. Mathematical Modeling

Consider the transient heat conduction in an FG circular
hollow cylinder with time-dependent boundary condition
at the inner and outer surfaces, as shown in Figure 1. The
governing differential equation of the system is

T(r t)

oT (r,t)
[r7e2)

Ta +g(rt)=pc(r) —— o

a<r<b t>0.
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Initially T(b,t) = Ty(t)

Ty(r)

T(a,t) = T, (t)

FIGURE 1: FG circular hollow cylinder with time-dependent bound-
ary conditions.

The boundary conditions are

T(at) =T, (1),
_ (2)
T(b,t)=T,(t),
and the initial condition is
T (r,0) =T, (r). (3)

Here, r is the space variable and t is the time variable, ¢(r)
is the specific heat, k(r) is the thermal conductivity, T'(r, t) is
the temperature, p is the mass density, and g(r, t) is the heat
source inside the circular hollow cylinder. Tl(t) and Tz(t)
are the time-dependent temperatures at the inner and outer
surfaces, respectively.

In terms of the following dimensionless parameters

k(r) c(r) gt
K (&) T C (@) ﬁ, G({;’T)_—k(a)Tr’
_r -_a _r _ T
=y Tty 9t G
5 T; _ k(a)t
Ty c(a) pb?
(4)

where T, is the reference temperature, the boundary value
problem of heat conduction becomes

%%FK@f”i”] +GEn=c@ XD,
r<é&<l,t>0,
0G.1)-3, 0, )
0(1,7) -8, =0,
6.(,0) = 0, ®).
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3. Solution Method

3.1. Change of Variables. To find the solution for the second-
order differential equation with nonhomogeneous boundary
conditions, the shifting variable method developed by Lee
and Lin [17] and Chen et al. [18] was extended by taking

0D =vED+fiMa @)+ @@, (6

where g;(£), i = 1,2 are shifting functions to be specified and
v(&, 7) is the transformed function. Substituting (6) into (5)
yields the following partial differential equation:

£3f [EKOZED] o 2
[ cwae
Teeny £ @ %% [fK ® dgg’,f)] ’
%
the associated boundary conditions:
YED 00 @ LORO=H0

(L) + f1(Mg (D) + (1) g, (1) = £, (1),

and the associated initial condition

v(§0) =00~ f,04, ) - £,0 9, ). (9
3.2. Shifting Functions. To simplify the analysis, the shifting
functions are specifically chosen such that they satisfy the
following differential equations and the boundary conditions

d’g;
322(5) =0, i=12,
g, () =1,

10
gl (1) = 0: ( )
gz (F) = Oa
g, (1) =1.

These two shifting functions can be easily determined as
91 =—— (1 -8,
(11)
9.8 =—— ( 7+§).

3.3. Reduced Homogenous Problem. With these two shift-
ing functions, (11), the governing differential equation (7)

becomes
10 [0 2 ED)
& o 0§

v (5 7)

FK@ ] c®) SFED, (12)

3
where
F(&, 1)
=-G (& 7)
d d
(13)

The two nonhomogenous boundary conditions, (8), for the
transformed function v(&,7) are reduced to homogenous
ones:

v(r,T) =0,
(14)
v(1,7) = 0.

The transformed initial condition is

(§,0) =6, (§) = f1(0) g, (§) = £, (0) g, (€) = % (§). (15)

3.4. Solution of Transformed Variable

3.4.1. Characteristic Solution. To find the solution (&, T), we
use the eigenfunction expansion method and assume the
solution to be in the form

v(§1)=¢@)B (16)

The separation equation for the dimensionless time variable
B(1) is

dB (1)
dr

=-AB(1), (17)

and the dimensionless space variable ¢ (&) satisfies the follow-
ing self-adjoin operator:

%%[aqadﬁ§ﬂ+a%xa¢m>:a EEGJts)
1

¢ () =0, (19)

¢(1)=0. (20)

Let X;(§), j = 1,2, be the two linearly independent fun-
damental solutions of the system; then, the solution of the
differential equation (18) can be expressed as
() =C X, (6 -CX,(8), (21)

where C, and C, are constants to be determined from the
boundary conditions, (19)-(20).

After substituting solutions, (21), into the boundary con-
ditions, (19)-(20), we obtain the following characteristic
equation

Xl(l)Xz (7)_X1 (F)Xz(l) =0. (22)



Consequently, the eigenvalues A,,,n = 1,2,3, ... can be deter-
mined. The associated nth eigenfunction ¢, () is determined
as

¢, () = X, (1) X, () - X, (1) X,,, (8, (23)

where X, ;(§) and X, ,(&) are, respectively, the fundamental
solutions X, (4, &) and X, (A,, &) associated with eigenvalues
Apn = 1,2,3,.... They are defined as X, ,(§) = X,(A,,¢)
and X, ,(&) = X,(A,,¢). The eigenfunctions ¢, (&) constitute
an orthogonal set in the interval ¥ < & < 1, with respect to a
weighting function C(§):

! f
[ RSGINGINGES {g o )
where
1
5, = j EC) ¢ (§) dE. (25)

In terms of eigenfunctions, the transformed variable
v(&,T) can be expressed as

v(E1) =) ¢, () B, (7). (26)
n=1

Substituting (26) into (12), multiplying it by &¢,,, and inte-
grating from 7 to 1, we obtain

dB, (1)

2 —
s AyB, (1) = =y, (1), (27)

where
1 1
70 = 5 j £, () F (£, 7) dE. (28)

The general solution of (27) is

B, (1) = et [ocn - J e’lf'xyn (x) dx] , (29)
0
«,, is determined from the initial condition (15), and

1

1
0, =5,0) = 5 [ COHRONE@dE (0

After substituting the solution of the transformed variable
(26) and the shifting functions (11) back to (6), the exact
solution for the general system is obtained.

4, Verification and Examples

To illustrate the previous analysis, the following examples and
limiting cases are given.
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Example 1. Consider the heat conduction in an uniform
circular hollow cylinder with time-dependent boundary con-
ditions. The boundary value problem of the heat conduction
in dimension-less form is

11 [569(5,1)] _00E1)

r<&<l, >0,

g0t [ ot or
0G0 = 12,
6y
o0, - 12,
650 =

In this case, K(§) = 1, C(§) = 1. The two shifting func-
tions are

1
91(5)=E(1—f),

. (32)
9, () = 1—_?(5—7’)-
The two linearly independent fundamental solutions are
Xl ("n’f) = ]0 (Anf) >
(33)
XZ (/\n’ g) = Y() (Ang) .
This leads to
_ ey - '
F(1)= A=HT, 1=y, (M +(T+Ey, (1)
(34)
L@ @)
¢ &
where the characteristic equation is
Xl(l)Xz (7)—X1 (7)X2(1) =0. (35)
The associated nth eigenfunction ¢,,() is determined as
A Y, (A
(/)n (E) — ]0( nE) 0( nE) (36)

o) Yo(,)

The eigenvalues A, and the associated eigenfunctions ¢, (&)
are obtained from (35) and (36). The two coeflicients in (28)-
(29) are derived as

1 1
Yn(T): (S_n(l——T_’)Tr
Jl 2\ .,/ - 2\ .1
x| e ®[(E-2)vi @+ (FE+8) v @)
+V/1(T)—1//2(T)]}df

B, (1) = e [% - LT eliXYn (x) dX] >
(37)
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where

o= [ 4t @a].

(38)

(! =
%= 57 | 800 ©a

As a result, the analytic closed solution of the system in
dimensionless form is

01 =) (¢, B, ()]

(39)
1-8\ v, (7) -7 +&\ ¥, (7)
+<1—7) T, +<1—7> T,
when
Yy (1) =y, (1) = 0. (40)

The analytic closed solution, in dimensionless form, is re-
duced to

0ED =Y [, ©a,]. (41)
n=1

The solution is exactly the same as the one given by Ozisik [1].

Example 2. Consider the heat conduction in an FG circular
hollow cylinder with time-dependent boundary conditions.
The coeflicients of thermal conductivity and the specific
heat are K(§) = kmEﬁl and C(&) = cmEBZ, respectively.
The boundary value problem of the heat conduction in
dimensionless form is

F<b<l >0
(7, 7) =0, (43)
0(1,7)=(1-¢°)0,, (44)
6 (£,0) = 0. (45)

In this case, two shifting functions are

gl (E) 1 1 —(1 E))
T
(46)

1 _
9.8 = E(f—rf
The route to two independent fundamental solutions of of

(42) lies in the use of the Frobenius method which can be
represented in terms of the Bessel functions:

X;(A,,8) = f—ﬁl/zlv (’1”5(2+ﬁ2_’31)/2),

XZ (/\n’ E) = E_'BI/ZYv (r]nf(2+ﬁ2_ﬁ1)/2) ,

(47)

5
where
Z( 21, )
My = 7 5
K \B1 =B, -2
(48)
B
V= .
Bi—PB -2
Now,
F@& 1)
= 0, [, Cy (" +b7E) + 0™ (B, + 1) k,, &7 7]
~b [0, (B + DK,
(49)
where
" -7
T
(50)
[
1-r
The characteristic equation is
Xl(l)Xz (7)—X1 (7)X2(1) =0. (51)

The associated nth eigenfunction ¢,,(£) is determined as
¢, (8) = X, (1) X, (§) - X, (1) X,,, (). (52)
The eigenvalues A, and the associated eigenfunctions ¢, ()

are obtained from (51) and (52) by numerical analysis. Two
coefficients in (28)-(30) are derived as

Yu (@) =P, e+, &),

B @ T ®]
B [mo G BBl
_ 7141 (E) e—Co‘r _ ?nz (5)
A2 -G VN
where
1
5, = H P gh (©) df] ,
é ! * *
70 © = 2{[ 6,068, @ 579
+b* (ﬁl 4 l)kmfﬁl_l] df} , (54)
-b*6, [ (! -
70® =22 [0, (8 + k8],

=0.
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TaBLE 1: Temperature distribution of FG circular hollow cylinders with constant value of 3, and various parameters of 5, and C, at 7 = 0.5,
[k, =1,¢,=1,0(1,7) = (C, sinw)b, : 0, = 4and w = 2.5].

&
CO ﬁl ﬁZ
0.5 0.6 0.7 0.8 0.9 1.0
0.75 0 4.595 2.259 1.845 1.632 0.380
0.1 1 1 0 4592 2.285 1.990 1.820 0.380
1.25 0 4.486 2.279 2.133 1.975 0.380
0.75 0 45,952 22.589 18.453 16.320 3.796
1 1 1 0 45.920 22.848 19.895 18.202 3.796
1.25 0 44.865 22.788 21.329 19.752 3.796
0.75 0 459.520 225.888 184.526 163.201 37.959
10 1 1 0 459.196 228.480 198.950 182.017 37.959
1.25 0 448.647 227.881 213.290 197.520 37.959
3.0 — 4.0
3.5 -
2.5 - L
i R
3.0 A
2.0 - T
2.5 _.,,.", - s :
o 151 6 20- e
15 - -
1.0 s
1.0 - /
0.5 - P Py
0.5 4 s __fr.f,f.f::-fﬁ-—"_"-"—"-' """ o
0.0 T 0.0 Com T : T T T
0.01 0.5 0.6 0.7 0.8 0.9 1.0
T &
Cy =10 Cy =
o= Bi=1B=5 -b- fi=LB=5 Co =00 - Br=0,p,=0
— B1=1,B,=05 - Bi=16=05 = B =0,8=0 Go=1
Cy=10 ->- B =1B,=5
FIGURE 2: Temperature variation of FG circular hollow cylinders o Br=LB=5 o Br=1B=1
with constant value of 8, and various values of 8, and C, at £ = 0.75, A= Br=LB=1

lk,=1,¢,=1,01,7)=(1-e0,: 0, =4].

Consequently, the analytic closed solution for the system
can be derived as

6 7)

_ —Co1 6
B Gl Ly

1-7

PR WX G- XWX, @)

?nl (E) ?nz (E) —/\f“r
[&—q+ A2 P

_ ?nl (5) e—cﬂ‘r _ ?nZ (E)
22 -G, A2

FIGURE 3: Temperature distribution of FG circular hollow cylinders
with constant value of 3, and various values of 8, and C; at 7 = 0.2,

lk, =1,¢,=1,0(1,7) = (1 -e"8, : 0, = 4].

In Figure 2, the temperature variation of FG circular
hollow cylinders with various parameters of f3;, 3,, and C,
at & = 0.75 is shown. It can be found that when C, is a
positive constant, the temperature parameter of the mediums
at &€ = 0.75 increases then reaches the associated constant
temperatures over time. The temperature increase rate for
the system with a higher value of C, is greater than that
of one with a lower value of C,. Figures 3 and 4 show the
temperature distribution of FG circular hollow cylinders with
various parameters of 3, 3,, and C, at T = 0.2. From these
figures, it can be observed that with constant parameter f3;,
the temperature of the mediums increases as parameter f3,
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35
3.0 - L
2.5 4 L
2.0 _.-,"/'V
0 _.~,'"/
1.5 Y
1.0 - Y
_7// A
0.5 »," ,m’w{",o.‘.——-’.«-ﬂ“'
0.0 =" ; ; ;
0.5 0.6 0.7 0.8 0.9 1.0
¢
Cy=10 Cy=1
—a— f,=075p,=1 - B =0756,=1
-o- Bi=Lp=1 o Pr=1Lp=1

CA B =125B,=1 4 B =125p8,=1

FIGURE 4: Temperature distribution of FG circular hollow cylinders
with constant value of 3, and various values of 8 and C, at 7 = 0.2,
lk, =1,¢,=1,0(1,7) = (1 -e "0, : 0, = 4].

C, = 10

-- fi=LpB=1
— B=LB=075 Bi=1,B=125

FIGURE 5: Temperature variation of FG circular hollow cylinders
with constant value of 3, and various values of f3, at £ = 0.75,
k, = 1,¢, = 1,0(1,7) = (C, smwr)@ :9 =4,C, = 10 and
w=2.5].

is increased. With constant parameter f3,, the temperature of
the mediums increases as parameter f; is increased.

Example 3. Consider the same physical system as discussed
in Example 2. In this case, the time dependent boundary
condition at & = 1, (44), is changed to the form

0 (1,7) = (C, sin wr) 6. (56)

In this case, the eigenvalues and eigenfunctions are the same
as those given in Example 2.
Now,

Co

F(1 [(ﬁ k, &P sin wr

(57)

-&-7 wcmfﬁ2 cos w‘r] .

Following the same solution procedures as shown, the
exact solution for the general system can be derived as

0 1) = Cosmw're E-7)
+ 2 X (1) X, () - X, (1) X, @) B, (),
n=1
(58)
where
1
B - -
»() w [(/\fl/w)2 + 1]
2 2
(& COS WT + sin Wt — &e_ﬁ‘r> Yt (6)
y w ) w ,
—<;smw‘r—cosw‘r—e )ynZ(E)
! 2
R AGr
-6,C, B B,+1
= o [ [0 € -7, 67
— _ _é CO ﬁ1+1
T ©) = ot [ [ 00 (B Dk,
a, =0.
(59)

Figure 5 shows the harmonic temperature variation of FG
circular hollow cylinders with constant value of 3, various
parameters of 3, at £ = 0.75, C, = 10, and w = 2.5. It can
be observed that with constant value of f3;, the amplitude of
temperature oscillation for the system with a higher value of
B, will be more than that of one with a lower value of j3,.

In Tablel, the temperature variations of FG circular
hollow cylinders with constant value of 3, and various values
of B, and C,, at T = 0.5 are given. It can be observed that with
constant parameter f3,, the temperature of the mediums will
decrease as parameter f3; is decreased.

5. Conclusions

The problem of heat conduction with general time-dependent
boundary conditions cannot be solved directly by the method
of separation of variables. In most of the analyses, an integral
transform was used to remove the time-dependent term.



In this paper, a new analytic solution method is developed
to find the analytic closed solutions for the transient heat
conduction in FG circular hollow cylinders with general
time-dependent boundary conditions. The developed solu-
tion method is free of any kind of integral transformation.

By introducing suitable shifting functions, the governing
second-order regular singular differential equation with vari-
able coeflicients and time-dependent boundary conditions is
transformed into a differential equation with homogenous
boundary conditions. The analytic solution of the system with
thermal conductivity and specific heat in power functions
with different orders is developed. Finally, limiting studies
and numerical analyses are given to illustrate the efficiency
and the accuracy of the analysis. The proposed solution
method can also be extended to the problems with various
kinds of FG materials and time-dependent boundary condi-
tions.
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