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We study the conservation laws of evolution equation, lubrication models, sinh-Poisson equation, Kaup-Kupershmidt equation,
and modified Sawada-Kotera equation. The symbolic software GeM (Cheviakov (2007) and (2010)) is used to derive the multipliers
and conservation law fluxes. Software GeM is Maple-based package, and it computes conservation laws by direct method and first

homotopy and second homotopy formulas.

1. Introduction

The study of conservation laws plays a vital role in analysis,
solution, and reductions of PDEs. For the PDEs, the con-
servation laws are used in wide variety of applications, for
example, inverse scattering transform in soliton solutions [1],
bi-Hamiltonian structures and recursion operators [2], Lax
operators [3], and derivation of conserved quantities for jet
flows [4].

Different methods have been developed so far for the
construction of conservation laws and are well documented
in [5-7]. In the last few decades, the researchers focused
on the development of symbolic computational packages
based on different approaches of conservation laws. These
packages work with either Mathematica or Maple. The
development of symbolic computational packages gives relief
to perform complicated and tedious algebraic computation.
Recently, several computational packages have been devel-
oped, for example, CONDENS.M by Goktas and Hereman
[8], RUDCE by Wolf et al. [9-11], TransPDEDensity.m by
Adams and Hereman [12], GeM by Cheviakov [13, 14],
Vessiot suite by Anderson and Cheb-Terrab [15], Conserva-
tionLawsMD.m by Poole and Hereman [16], and SADE by
Rocha Filho and Figueiredo [17].

In this paper, we will use GeM package [13] to com-
pute the conservation laws for partial differential equations

(PDEs) arising in applications. GeM package works with
Maple to obtain the symmetries and conservation laws of
differential equations. In symmetry analysis, it first computes
the overdetermined system of determining equations and
then simplifies the system by Rif package routines. After
simplification, a Maple command in GeM generates all
symmetry generators of differential equation. In conservation
laws analysis, GeM computes an overdetermined system
of determining equation of conservation law multipliers,
and then this system is simplified by Rif package which is
solved by using the built-in Maple function pdsolve to get
multipliers. After computing multipliers, the conservation
laws fluxes are derived by one of the following four methods:
direct method [18, 19], first homotopy formula [20], second
homotopy formula [19], and scaling symmetry formula [21].
All these four methods have some limitations in their use.
The direct method written in GeM [13] is a Maple implemen-
tation based on Wolf [11] program in REDUCE. For simple
partial differential equation (PDE) systems and multipliers,
direct method is used to calculate fluxes. It is also used
if arbitrary functions are involved. The conservation laws
fluxes for complicated PDEs or multipliers, not involving
arbitrary functions, are established by using first and second
homotopy formulas. The scaling symmetry method is used
to compute fluxes for the scaling-homogeneous PDEs or/and
multipliers. For the complicated scaling-homogeneous PDEs



and/or multipliers involving arbitrary functions, this is only
a systematic method for computing fluxes.

The evolution equations are important and arise in many
applications. We compute the conservation laws of various
nonlinear evolution equations using GeM Maple routines.
This includes a (1 + 1)-dimensional evolution equation [22],
lubrication models [23], sinh-Poisson equation [24], Kaup-
Kupershmidt equation [25], and modified Sawada-Kotera
equation [26]. At last, we summarize and discuss our results.

2. Multipliers and Conservation Laws
Using GeM Maple Routines

2.1. Evolution Equation. As a first example, consider the
following evolution equation [22]:

3
Uy +au,, +bu+cu’ =0, @

where u(t, x) and a, b, c are constants. We will explain this
example in detail along with GeM Maple routines given in
[13, 14]. The variables and partial differential equation (PDE)
(1) are defined in GeM by the following Maple commands.

With(GeM):
gem _decl_vars(indeps=[t,x], deps=[u(t,x)]);

gem _decl_eqgs([diff(u(t,x),t,t)+a*diff(u(t,x),x,x)+b=*
u(t,x)+cxu(t,x)=0],

solve_for=[diff(u(t,x),t,t)]).

The option solve_for is used in the flux-computation routine,
and actually it defines a set of leading derivatives the given
PDE systems can be solved for.

Consider multipliers of the form A = A(t, x, u, u,, u,.). In
GeM, we use the Maple routines,

det_eqgs:=gem_conslaw_det_eqs([t,x,u(t,x),diff(u(t,x),
t),diff(u(t,x),x)]):
CL_multipliers:=gem_conslaw_multipliers();
simplified_eqs:=DEtools[rifsimp](det_eqs,
CL_multipliers, mindim=1),

to obtain the set of determining equations for the multipliers
expressed in the simplified form as

Ap=0,  A,=0, A, =0, A,, =0,
Ao TcD s
! u, 2
A-u\,
A, =—=, witha+0, b+#0, c#0.
t ut

To solve the system (2), we use the Maple command
multipliers_sol:=pdsolve(simplified_eqs[Solved]),
and it yields

At xuu,uy) = (gx+¢)u, + (—gat + o) uy,,  (3)
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where ¢, ¢,, ¢; are arbitrary constants. We obtain three
linearly independent conservation laws, arising from the
multipliers

AY =y, A? =, AP = xu, —atu,.  (4)

Next step is the derivation of conservation laws associated
with multipliers given in (4). The Maple command

gem_get_CL _fluxes(multipliers_sol)

computes the flux expressions by the direct method. For
the multipliers (4), we have the following conservation laws
fluxes:

¢ = %uf - %aui + i“ﬁ ¥ %”“Z’ v = au
(/)(2) = uu, + btuu, + ctu'u,
1//(2) = —%u? — ctu’u, — btuu, + %auﬁ,
¢(3) = —%axui —atuu, + %xuf + ;lcxu4 + %bxuz,
1;/(3) = —iactu‘l - %abtu2 + %atuf +axu,u, — %aztui.
(5)

The multipliers given in (4) do not involve arbitrary func-
tions, so homotopy formulas can be used to compute fluxes.
We call the routine for first homotopy method

gem_get_CL fluxes(multipliers_sol,
method=“Homotopy1”)

to get the following expressions for conservation law fluxes:

o 1 4 1,5 1 1, 5
=—cu +—u. +—auu,, + —bu,
¢ 4 2 t 2 XX 2

) 1 1
Y= oAUy + S au,
1 1
¢(2) = T U+ Sty
1 1 1 1
1//(2) = A—Lcu4 + Eaui Uyt Ebuz,

1 1 1 1
(/)(3) = Zcu4x + Eauux + zatuutx - Eatutux

1 1 1
+ Exuf 5 AXU ., + beuz,

2
x

1//(3) — —lactu4 _ lauu — la_xuu — laztu
2 ) t 2 tx 2

1 1 1,
+ 2 Xty — Eatuutt - Eabtu .

(6)
For second homotopy formula, the Maple command

gem_get_CL fluxes(multipliers_sol,
method=“Homotopy2”)

yields divergence expressions in the same form as in (6).
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TABLE 1: Multipliers and conserved vectors for PDE (14).

Multiplier Fluxes
1 1 1
¢ =A%+ Uty + U, — Euf ~ A*coshu
AV =y
t y? = L+ L
2 tx 2 t¥x
1 1
1) _
T = —Euutz + Eutuz
1 1
2 _
¢ = SJUly, — SUU,
2 2
AP =y
* @ = X+ Zuu,, + ~u’ — A\ coshu — ~uu
v = zz x tt
1 1
@ = — Ul U,
@ _ 1
(/5 - Euutz U,
A® =y 1
z
G = — Ut T SU,
1 1 1
a® =A%+ F Ut + Euﬁ - A% coshu - > Utk
1 1 1 1 1 1
¢ = FuH Exuf + Etuutx - Etu,ux XU, + XU, Ax coshu + A*x
AY = xu, + tu, 1 1 1 1 1 1
W = —Zxuu,, — ~tuu, + = xuu, + ~tuu,, + At — At coshu — —uu, + ~tu?
2 T2 27 2 2 20"
= lxuu +1xuu ltuu +1tuu
- E tz E t%z E Xz E x*z
1 1 1 1
O = 22ty + 2 XUty + Ezutux - X,
(5)
AT = —zu, + xu, 5 1 1 1 1 1, 1 2 a2
Y= o, - Sz, = XUl + o ZUly — S ZU XU, = Az + A" zcoshu
1 1 1 1 1 1
G) _ 2 2 2
= Stk XUl = Ax coshu + XU Sy — S ZU U — o Xk Ax
1 1 1 1 1 1
O = 2ty = Ezuf + Etuutz - Etutuz Tl + 2l Nz - Azcoshu
A© — tu, + zu, © 1 1 1 1
v = —Ezuutx + Ezutux - Etuuxz + Etuxuz
1 1 1 1 1 1
7 = —Etuun + A%t —tA* coshu — Euut + Etuﬁ - Ezuutz + Ezuzut + Etuuxx

The PDE (1) has no scaling symmetry; therefore, we can-
not apply the scaling symmetry formula here for derivation
of fluxes.

2.2. Lubrication Models. Now we will study two lubrication
models for conservation laws point of view. Gandarias and
Medina [23] performed the symmetry analysis of lubrication
model

ut = f (Ll) uxxxx’ (7)

where f is an arbitrary function. For f(u) = c(u + b)* and
f(u) = pe™, this equation has some extra symmetry [23].
Without loss of generality, take f(u) = u + b in (7); we have

ut = (u + b) uxxxx’ (8)

where bis arbitrary constant. Consider the multipliers of form
A(t,x,u) in GeM Maple routines, and then we obtain the
following four multipliers:

1 X
AY (¢, x,u) = . AP xu) = ,
bxw = txu) =7
) s 9)
A= — AD(xu) = —
Bxu) = 0 (txu) = D

The fluxes associated with the multipliers given in (7) are
computed by homotopy first method and are given by

¢! = ln(—uzb>, v =
(2)= 1 u+b>
¢ xn< b )

1 u+b xu
¢(3) _ zxZ ln< >) ll/(3) = u, - xu,, + xxx

b



4 Mathematical Problems in Engineering
TABLE 2: Multipliers and conserved vectors for PDE (15).
Multiplier Fluxes
1) _
A(D =1 ¢ u
5
1 3 2
o “Uxxxx gu - Suuxx - Zux
@) 3
2 2 ¢ =—-u + -uu
AP =22 + Uy, x>
@ _ 1 2 9 5, 1, 2 1 3 5
Y= 4uuxuxxx + Eutux —4u x Euuxx + Euxxx -2u Usxxx ~ UnxUxxxx ~ Euutx - 10u Upx — 2u

5 5
¢(3) = gtu3 + Zuuxx + xu

. , 5 ¢ _ Sk _ 2 5t 2t 10t > 2
A = x+5tu” + Etuxx Y= U T~ XUy t 4tuxxx - 4 Uthy, — SEU Uy — 2 UnxUyxxx T Ul Uy + 4 Uy, — 3xu
15 45 15
~5tu’ — —xui - 10tu2uxx - Ztuuix - 5xuu,, — 25tu3uxx + Zuux
1 1 1 1
4 _ 4 2 2
¢ = 514 + gu Uy, + guux + EuumxJC
1 10 11 1
(@) 32 2 6 4 2
-—uwul+ — - —u - UL - UL~ — Ul — U Uy — —ULU
A(4) - + 7u2 + 1 + éu:; ll/ 6 X 12 XXX 27 16 X 12 XXXX 12 txxx 12 xPtxx 2 XTTXXXX
XX x XXXX 1 1 1 1 1 1
6 ? T, Uy T UU U T TS Ul — 7u2utx = 5 UslUaxUyxx T S UUU T 7143
12 12 3 12 3 36
5, 20 4 3 7 5 1,
_Iu Uy — E xx 6” Usxxx ~ Euuxuxx + Eu UyUyxx

(10)

We will get the same fluxes for (7) if we define higher order
multipliers in GeM Maple routines.
Another interesting lubrication model is
= (1)
e
It is obtained by taking f(u) = e™ in (7). The GeM Maple
routines yield the following four multipliers of form A(t, x, u):

U, +

AY (¢, x,u) = ", AP (¢, x,u) = xe*,
(12)

1 1
A (¢, x,u) = Exze”, AW (¢, x,u) = gx3e”.
The corresponding fluxes obtained by homotopy first
method are
(/5(1) =-1+¢" 1//(1) =u

XXX>

(/5(2) =X (_1 + e”) > W(Z) = Uy T XUyrso
xXu
¢(3) 2 (_1 n 62) i V/B) = u, - xu,, + 2xxx’
@_13 u
¢ = e (-1+¢€"),
2 3
(4) X Upx | X Usxx
=-u+xu, — .
v x 6

(13)

The conservation laws fluxes derived here can be used to find
the solution of lubrication models and will be considered in
future work.

2.3. sinh-Poisson Equation. The (2 + 1)-dimensional sinh-
Poisson equation is [24]

U, + Uy, —ty; = A’ sinhu, (14)
where u(t, x,z). The conservation laws for PDE (14) are
derived here by using GeM routines. Consider the multipliers
of form A(t, x, u, u,, u,,, u,) in GeM routines, then it will yield
six multipliers not containing any arbitrary function. The
expression for fluxes is computed by using first homotopy
formula. The multipliers and associated conserved vectors

computed by first homotopy formula are given in Table 1.

2.4. Kaup-Kupershmidt Equation. Now, we will compute the
conservation laws for the fifth order Kaup-Kupershmidt [25]:

25
+ Zuu, +5ulu,. (15)

+ S5uu
XXX
2

Up = Usxxxx

The GeM Maple routines yield three multipliers of the
form A(t,x,u,u,,u,,u,,) for PDE (14). The first homo-
topy formula is applied to derive the expressions for con-
servation laws fluxes. One more multiplier can be com-
puted if we consider higher order multipliers of the form
A(t, 5, U, Uy, Uy, Uy Uy Uy )- All the multipliers and asso-
ciated conserved vectors for PDE (14) computed by first
homotopy formula are presented in Table 2.
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TABLE 3: Multipliers and conserved vectors for PDE (16).

Multiplier Fluxes
1 _ (1 _ 2 2 5
AV Z ¢ =u, v =50, — U, 55U+ Suu —u
1
@ _ 2,2
I ¢ = 214 >
1 5 5 5
() _ 2 3 2,2 3 6
v =5uuu,, — Eu"" + UM — gux + Eu u, +5uu,, — gu — Uy
1 5 5
(3) _ 6 3
()b - gu - Zu Uy — guuxuxx + Euuxxxx
1 1 25 25 1
®) _ 2 10 3 2,2 24
W - _Euxxxx - Eu - ZSUUxMxX - 7uxuxx - 7” u, + Eutuxxx
AP = W ru - 5uu
XXXX XTTXX
S 2 52 5 5 32 5
sy sl —gutux - ZM Uy, — U Uy + g““x”tx =25uTuu,, + SuTU U,
XX X
5.2 Su1 1 55 507 50612
+ u uxxuxxxx + uuquXXX - ZMMfXXx + 4” utx + u uxx + u ux
1 1 25
2. 2 4.2
AU Uy — 25U Ul T Euxutxx - Eutxuxx - 7” Upx
1 25 25 25 5 1
oW = gtu6 - Ituzui - Ztu3uxx - ?tuuxuxx + Etuuxxxx + Exu2
25 5,

@ _
v

2
xx +25tu u, U, + Sxun U,

1
—Ztutux + Zu u, - 5tu’u + Euxuxx + 25tuuiuxxxx

1 5 5 5 5
32 2. 2 3 2 6 2 3
AY = sty - 25tuPu,, + xu -125tuw v u,, — 125tu v v, — 125tuu u,  — Exuxx - gxu - Etuxxxx - gxux + -uu
3 5 S0 125 5 5
=25tu . + 5t —Euum,c +25twu, u,, + 25tu U Uy — Etu - tu U, — ?tu,ux + —tu .,
5 5
+§t”x“¢m + 25tusufC + 25t u, — Etutxuxx - Etuutxxx + = tilu,,
125 125 5
+xu, U, + 5xu3uxx — XUl oy — 71‘144 ex — Tt zui + Exuzui + ?tuuxu,x
1 1 3 14 28 5
¢ = —gus + Eu‘*ui + Eusuxx + ?ug'uxuxx + E”z”‘i + Zui
7 7, 1, 1 5 1
+Zuuxuxx + Zu UUyxx — Zu Uy — Eu Usxxx T guuxxuxxx
5 5, 5, 1 1 1
_guuxuxxxx + guxuxx + guxuxxx + Euutx + Eutux - Euxuxxxxx
1 19 1
(5) _ 3 6 4 3.2
v = guutxuxxx + guxxx + ﬁux + Euxx —8u Ulrxx ~ UaexUxexUnnex
4 5 140 5 5 20 28 5
—9u UsexUsexxx ~ 7uxuxxuxxxx + Tu Ulyx — ?u Uplyx — ?uuxuxxxx
4 1
5 7 4 32
AP BER Ny, + 88U, FULS U + ~ U + 160U U U + 12070 U = 2UU Uy Uy

2 2 2
2UUy 1A U, — Ul

28 5 2
+2uu,u,, + ?uux + 7uiu,,

-2u.u

x T xxxx

+u, . U

xx 7 xxx + utx

XXTTXXXX 4 XTTXXTTXXX + Euxutxxxx

1 133 7
2 2 2 6, 2 4 4 2
-lduu u Uy — Zu U Uy — Eu Uy + v wuy, +10uu, — guxum

, 1 1 1 86 . ) s
U Uy, — Euxxutxxx + Eutxxuxxx - Eutxuxxxx T Ul U ?uuxxux + l4u U Uyxx
2 3 2 2 4 2 2 4.2
H3uu Uy, — Sunu U +Autuw u + 45w vl - 3utu g + 10U
7 2.2 2 3 5 3 4 1 2 4 7 20 9
+7M uxuxx - Eu Uy + Eu uu, — Zuuxutx + gu Usrexx — ?u Uyr
35 1 1 5 1
2 8 2 3 1 5 2
t—UUL U, — U U, — T Uyt WUt —U 2 — —unu U+ 26070 U
6 2 2 9 2
2 6 2 2.2 17 3.3 70 2.5 70 6 3 1 2 2
U U U AU U — — + —uu, - — - —uu
3 xPxxx xPxxxx XXXX 3 XX 3 x 9 x o UxTxxx
1 4, 40 5 , 2 7
Eu Upex T ?uxuxx - guxuxxx + guxutxuxx
4 ,, 4 2 14 ,
touwuu, - gutuxuxxx + guuxutxxx - ?u Uy Uy




2.5. Modified Sawada-Kotera Equation. Consider the fifth
order modified SK equation:

2 2 5
Up = Uy — (Suxuxx +5uu +5uu,, —u )x. (16)

For PDE (16), two conserved densities were derived by
first computing Lax pair (see [26]). The higher order
conservation laws fluxes exist for higher order multipliers
and are not reported in [26]. Consider the multipliers of
form A(t, 5, u, Uy, Uy, Uy, Uy Uy Uy Uyrye) ID GeM rou-
tines, then it will yield two simple and three higher order
multipliers not containing any arbitrary function. The simple
multipliers yield same fluxes as derived in [26], and three
new fluxes corresponding to higher order multipliers are
computed. The multipliers and associated conserved vectors
computed by first homotopy formula are listed in Table 3.

3. Conclusions

The conservation laws for the evolution equation, Benjamin
equation, lubrication models, sinh-Poisson equation, Kaup-
Kupershmidt equation, and modified Sawada-Kotera equa-
tion were derived by using the symbolic software GeM.
First of all, we considered the evolution equation, and the
commands for all GeM Maple routines, were explicitly given.
The first order multipliers were defined in GeM Maple
routines and three multipliers were obtained. The expressions
for fluxes were computed by direct method and first and
second homotopy formulas and equivalent expressions for
fluxes were obtained. The scaling symmetry method was
not applicable here as no scaling symmetry exists for the
nonlinear evolution equation. The conservation laws fluxes
for the lubrication models, sinh-Poisson equation, Kaup-
Kupershmidt equation, and modified Sawada-Kotera equa-
tion were derived by the first homotopy formula. For the
modified Sawada-Kotera equation, three new fluxes were
derived.

The fluxes derived here can be used in constructing the
solutions of underlying PDEs and will be considered in the
future work.
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