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This paper deals with the problem of %, filtering for discrete-time Markovian jump linear systems. Predicted and filtered estimates
are obtained based on the game theory. Both filters are solved through recursive algorithms. The Markovian system considered
assumes that the jump parameters are not accessible. Necessary and sufficient conditions are provided to the existence of the filters.
A numerical example is provided in order to show the effectiveness of the approach proposed.

1. Introduction

Filtering of Markovian jump linear systems (MJLSs) has been
subject of intensive study in the last years. Different and
creative approaches to deal with this class of filter have been
considered in the literature. One of the main alternatives
to solve this kind of problem is based on Kalman filter
algorithms, see for instance [1, 2]. Filters proposed in these
references are based on linear minimum mean square error
estimates of discrete-time MJLS. They present an interesting
feature related with recursiveness; however, they are not
robust in nature.

When the robustness is relevant to the filtering process
and demands an extra performance of the filtering approach,
I ., techniques are always considered as one of the best
solutions to be adopted. In this way, a closed-loop transfer
function from the unknown disturbances to the estimation
error is designed in order to satisfy a prescribed # ,,-norm
constraint. In general, algorithms developed to deduce 7,
Markovian filters are based on linear matrix inequalities
(LMIs), see for instance [3-12]. In particular, [4, 6] assume
that the jump parameter of the Markov chain is not available.

In this paper, we propose # ., filters for discrete-time
MJLS which are calculated in terms of recursive algorithms

based on Riccati equations. Following the approach consid-
ered in [13], we develop predicted and filtered estimates based
on the two-players game theory. The idea of game theory was
also adopted in sthochastic 7,/ ., control, see for instance
(14].

We define the status of the players in the filtering
problems considered in this paper in order to reach an
equilibrium between two contradictory objectives. The first
player can be interpreted as the maximizer of the estimation
cost, whereas the second player tries to find an estimate that
brings the quadratic cost to a minimum. A solution exists
for a specified y-level if the resulting cost is positive. We
assume in these Markovian filtering problems that the jump
parameter is not accessible. The recursiveness of the approach
we are proposing is the main advantage of these Markovian
filters if compared with the filters aforementioned. As a by-
product of this approach, we provide necessary conditions for
the existence of them based on only known parameters of the
Markovian system.

This paper is organized as follows: in Section 2, we present
the problem statement; in Section 3, #, filters for discrete-
time MJLS are presented; and in Section 4, a comparative
study, based on numerical example, between the approach we
are proposing and the filter developed in [4] is performed.



2. Problem Definition

The # ., recursive filters developed in this paper are based on
the following discrete-time MJLS:

xi+1 = Fi)®i.xi + Gi)®iui, 1= 0, 1 ey

Yi = Hip,%; + Djp,w; €]
si=Ljgx;+RieVi>

where x; € R” is the valued state, y; € R™ is the valued
output sequence, s; € R? is the valued signal to be estimated,
u; € RP,w, € R9,andv; € R are random disturbances; ©); is
a discrete-time Markov chain with finite state space {1,..., N}
and transition probability matrix P = [p;]. We set m;; :=
P(®; = j), Fj € R™", G € R™F, H; € R, Dy €
R™4, L, € R, and R, € R, k e {1,...,N} fori > 0.
The random disturbances {1}, {w;}, and {v;} are assumed to
be null mean with finite second order moments, independent
wide sense stationary sequences mutually independent with
covariance matrices equal to the U;, W;, and V;, respectively.
Xl -k} are random vectors with E{x,1;g -3} = p (where
1, denotes Dirac measure) and [E{xoxOTl{@)O:k}} =Vi; x, and
{®;} are independent of {1}, {w;} and {v;}. A scalar y > 0 and
a sequence of sets of observations

ob>onts e nbs )

are defined to find at each instant [ a filtered estimate s;; of s,
such that
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is satisfied for [ = 0, and
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{xito llxo = FL1 %o ||p0—1 +Xizo ")’i ~Hio;xi "W_—l +Xico "xm ~ Fio; i "url
1 1
(4)

is satisfied for [ > 0. For the predicted estimate, giveny > 0
and a sequence of observations (2), the problem is to find at
each instant [ a prediction s;,,; of s;,; such that

2
“50|—1 —Loe,%o “‘/0—1

sup <y’ €)

o x - F,JOH;;
is satisfied for [ = —1 and

I+1 2
Ziko Jsn = Lioyily
1

<y?
(6)

is satisfied for I > 0. The sequence of solutions s; and s,
is outputs of the respective # ', filters. Due to the hybrid
nature of this class of system, at each instant of time a new

sup
— 2 1 2 1 2
fitd [lco = F_1 %, "pal + i "J’i - Hio,x; "Wi—l + Yo ”xm - Fo,x;i "U;1
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model of a countable set of models is used to calculate the
functionals (4) and (6). In general, to synthesize recursive
filtering algorithms for this class of problems is not an easy
task. Thanks to the augmented model of (1) proposed in [1]
we can redefine these functionals in order to develop # ',
recursive filters similar to those we find in the literature for
standard state-space systems, without jumps. The augmented
model of (1) can be written as follows:

— p—
Zign=Fzi+vy, i=0,1...

Vi=Hizi+ ¢ (7)

Si = g,z, + Ui’

where the parameter matrices are given by

PuFia pnmFEiN
Fi= o : ;
pinEiy - pnEin (8)
x;=[H, - Hi,N]>
Z; = [Li,l : Li,N] >

whose dimensions are defined by &; ¢ RN"N" 7, ¢
RN and Z; € RPN and the state variable is defined
as

T T 7 Nn
z;=z;, + z eR,
1 [ i,1 1,N] (9)
n
Zi,k = xil{@)i:k} € R".
We define fori > 0 and k € {1,..., N},
Z,=E {zi,kzzk} e R,
(10)
Z, = Elzz]} = diag[Z;;] € RV,
where Z; . is given by the following recursive equation:
= R T
Ziik = ZijFi,jZi,jFi,j + ijkni,jGi,jUiGi,j’ an
j=1 j=1 11

ZO,k = Vk‘
We define also in the next lemma, weighting matrices A ;,
I1;, and T} as variances of random disturbances given by v,

¢;, and o;, respectively.

Lemma 1. Let y;, @;, and o; defined by

V= Mz + 9,
¢; = Djpw;, (12)
Gi = Ri,@,- Vl"
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fori>0and j,k € {1,...,N}, where

‘%Hl = [‘%T

i+1,1

Ml ]
Mg = [(H@lek} - P1k) Fi lig-1y -

(Lo, -

Ligi+1)-11Gi0, Ui

ka) Finlie, N}] (13)

1{6(i+1):N}Gi,®iui

The variances of y;, @;, and o; can be obtained by the following
equations:

N
. T
T = diag | Y pjuF,;Z;iF; | - F12,:F

1 1

j=1
N
+ dlag p]kﬂz ]Gz ]Usz il (14)
=1
T
Hi = 91‘91- 5
= ‘%i'%;'r’
respectively, where
1/214,1/2 1/214,1/2
= Dy, m W o D ymiew ], (15)
1/21,1/2 1/2y/1/2
= [Rym PV o RV (16)

Proof. The proof follows the arguments proposed in [15],
Chapter 3, and in [1]. O]

3. Z ., Estimates for DMJLS

In this section, we propose recursive 7%, estimates for
discrete-time MJLS (DMJLS). It is known that for standard
state-space systems, this kind of filtering approach is difficult
to be implemented online due to the fact that we do not
know the minimum y for each step of the recursion. In
general, it depends on the estimate error variance matrix
which should be calculated at the same instant of time.
In this sense, the existence condition of this filter is not
known a priori. To ameliorate this limitation we provide,
for this Markovian problem, necessary conditions to tune
this parameter depending on the variances of the random
disturbances y;, ¢;, and o; and on the known parameter
matrices of the augmented model of (1) given in (7).

3.1. # ., Filter. Consider (3) and (4) for the augmented model
(7):

||50|0 - gozo“igl

2
— < Yo 17)
% |z - 9—120"%2; + 1y - %ozonzngl ’

forl =0, and

1 2
Yizo ||5i|z - gizi"Afx

- %izi”;ﬁ +35% 241

2
<ya’

(18)

sup —
{a}is 20 - 57‘7120“%2‘51 + Yoo i = Fizi "i;l

for I > 0. We can rewrite this % filtering problem in terms
of the following optimization problem:

min max]l ({yi}i:()’{sill}i’:o’{zill}izo) >0, (19)

{lel}, 0 {5,|l}, -0
where
]({ = |20 — 9_120"2261 +lyo - %OZOIOHZH(;I

-2 2 (20)

~Ya ||50|o - gozmo”,\al, =0,

2 ! 2
= "ZOII - ?ﬁoll—z;;l + Z”J’i - %izill”r[i-l
i=0

I-1

+ Z|lzz+1|l F Zz|l||r . (21)

i=0

1
B Y;ZZHSill - ’C‘Zizill"f\;lx I>0.
i=0

Notice that it is not necessary to maximize ]lf over
{Sill}izo in the optimization problem (19). The solution of
the &, filter is guaranteed if, and only if, there exists
a {Syt_, for which J/ ({y}o. Gy} {za}l,) > O hasa
minimum {’z‘i”}i:o. Therefore, in order to deal with only the

minimization problem (19), for each [ > 0 it is easy to show
that (21) can be rewritten as

T
flf = (WX, -B) R, (UXy, -B), (22)
where
zy; EZ
xl” = 5 %l = 5
215 Z,
201 LZ
R0 0]
Ra=[0 - 0],
0 0 &)
€ oA, 0 0 0
0 €, . 0 0
u=|0 o0 d, 0|,
0 0 0 %
0 0 0 0 &
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E=|%i|, =0 II,' o0 ,
Zi 0 0 -y’A7!
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0 Sir
F 1z,
Zy = Yo |»
Solt
[, :=2Z,
(23)
For all I > 0, we can conclude that the following recurrent
relations are valid:
R 0 Zz
welt ) oeli)
: 0 Ry, e
Zy & o, (24)
el ) el
SO b A : 0 U,

oy = [, 0 - 0].

According to [16], there exists a minimum for (22) if and
only if the positiveness of 2] R, is guaranteed.

Lemma 2. Consider matrices U; and R, and column vectors
B, and X, of appropriate dimensions with R, symmetric. For
any B; we have

inf J/ > —co, (25)

if and only if UTR,U; > 0 and Ker(UT R,AU,;) ¢ Ker(R,2)).
If the minimum is attained, it is unique if and only if
UTRU, > 0 and the optimal solution is given by X”l =

QTR UTR, B,

With this fundamental lemma in mind, we can obtain
an existence condition for the filter we are proposing in the
following, based on the known parameter matrices of the

Markovian model. For I > 0, the term l[lTERll[, of i,” can
be written as

%ZT'%Z%Z %IT'%I‘XZ—I

» (26)

ol R UL R Uy + o Fyoy_
and a necessary condition for u{m,u ; > 01is the positiveness
of %ZTQQI%Z, which in terms of the augmented Markovian
model of (1) can be established as follows:

0+ %, -y, LT A 2, > 0. (27)

Remark 3. A lower bound for y, can be calculated through
(27) based on the augmented model (7) and Lemma 1. Notice
that (27) is a natural and interesting extension of the filtering
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of standard state-space systems [13], without jumps, to the
DM]JLS we are dealing with in this paper.

Now we are in a position to deduce the # ', recursive
filtered estimate for DMJLS. The next theorem provides the
solution for this problem based on the augmented model
(7) and on the sequence of measurements (2) of the original
Markovian system (1).

Theorem 4. Consider the augmented Markovian model (7).
There exists a recursive o, filter for this system, defined by
the following recursive equations:
Zoo = 2o + I Hy — Y, Ly Ny L,
— — T \-1
Z1|11 = (FH + 91712171”719171) (28)
Tr-1 -1
X H -y, L A 2,
= -1, —2pT A1 -1
Zojo = (Po|o +y, LA, 5/”0)
X (ZOIS‘TT Zy + xr oIy )’0)
- -1 -2 )T A -1 -1
zy = (lel Y. LA gl) (29)
_ - -
X (X1—11'71—1Zz—1|1—1 + 7,11, J’l)s
= T
Xy =0+ FaZiyaF s
Sy =2z, (30)

ifand only if Zyy > 0,1=0,1,..
is positive.

., and the attenuation level y,

Proof. This proof follows standard arguments used to deduce
Kalman filters and basically consists in checking the positive-
ness of (26) and in finding the equation of the filter through
the Lemma 2. In order to have U R, > 0, we can rewrite
this term as (26). The (2, 2) sub block of (26) must be positive
definite. Assuming that the positiveness of 27 | R, 2,_, is
guaranteed and

(31)

Fr1lF, . 0
“51%10‘1—1:[ -14-17"1-1 ]20,

0 0

the (2,2) term of (26) is positive definite and u,TfR,ul > 0if
and only if the Schur complement of the (2, 2) block,

1 -1
My =8 (A + o, (UL R o) B, (32)
is positive definite. For I — 1, M,_yy-; is the (1, 1) block of
(uﬁlm,_lul_l)‘l. With o, defined in (24), we obtain

1|1 =8 (‘%z_l + ) My ) 1) & (33)

Considering Z y
we obtain (28). From Lemma 2 we have the solution for the
minimization of (22). Based on the recurrent relations (23)

= My, in terms of the original data (23),



Mathematical Problems in Engineering

and (24), considering oy_; X,_,; = &/;_yx_y); for j > I-1,and
introducing

[ lel P12,l:|

Py Py (34)
- 34
o [ %IT‘%I%I ng‘%l‘Xl—l 1
T LT T T ’
o Ry & W Ry Uy + o Rioyy
holds (29) taking into account that s;; = §; := &z, O

3.2. # ., Predictor. In this subsection, we present the recur-
sive #,, predictor filter for DMJLS. The original #
problem (5)-(6) can be rewritten in terms of the following
optimization problem:

. 1 1+1 1+1
mlﬂl mal)fl]lp ({yi}i:()’ {sill},‘:o’ {Zill},‘:()) >0, (35)
{zu}ico {sutico

where
]ﬂ = ||Z0|—1 - 97—120"2251

- V;2||So|—1 - 3020|_1||i;)1, I=-1,

1
2 = o = F-iZolly + Yy~ #izully
i=0 (36)

1
+ Yz = Fizuli
i=0

1+1

-2 2
~VYa Z”Sill - 3;'21‘””1\7_1, I>0.
i=0 i
The 7, predictor filter exists at the instant [ if and
only if there exists a sequence {§,-|l}5;1) such that ]lp ({yi}izo,
{§i|l}§:(l), {Zi|l}§:(l)) has a minimum {Eill}iz(l) for which

TP (e B8l Ballg) > 0. (37)

The prediction optimization problem is equivalent in
nature to the filter problem, aforementioned. In the next
theorem we present the %, predictor filter whose proof
follows the line of the filtered version.

Theorem 5. The Markovian 7 ., prediction problem (35) is
solvable if, and only if, Zl_+11|l -y 2L N Loy > 0, where

the sequence {Z, 11} and the predictor filter are calculated by
the recursions

Zo|—1 = Zo’
%I]T

— — T _
Zigy =L+ F 2y F; —F 2y, [31

g || =
X Weoo,l [g;] Zyr

5
IT 0
Weeot 1= [Ol _YZAI]
| = T T
+[g§]zm_l (7] &T].
21+1|1 = 9121”—1
(38)

+ 91M1|1—1%1T(H1 + %’11\/[”1—1%?)_1
x(y - %lzlll—l) >
Mty =2yl = v LN 2
St = L Zape
In order to recover the original predicted and filtered

state estimates of System (1), we calculate the following
summations:

N N
Xiji-1 = Zzi,jli—l’ X = Zzi,j|i> (39)

j=1 j=1
h ~ _ [T .oT T € mNn dz —
where zj;_; = |Zi1-1" " ZiNji-1 and Zigji-1 =

Xijio1 Lo,y € R". Xy is defined in the same way.

Remark 6. To establish the stability of the stationary # ',
prediction filter, it is assumed that all matrices of (1) and
the transition probabilities p; are time invariant; System (1)
is mean square stable (MSS) and its Markov chain {®;} is
ergodic. There exists a unique positive-definite solution Z
(withi — ©00) to the algebraic Riccati equation

T
7 . o‘~o‘T_o‘~% s | Ao
R
(40)
o H ot o
Wm._[o —VZA]+[3]Z[% ",

providing that Z ' —y 2 #TA™' & > 0, for any y, fixed, which
guarantees that W, > 0 and thus the above inverse is well
defined. Following the guidelines defined in [1], the stability

of the predictor filter is assured with
r (7 - FM# (W+aMa”) 7)) <1, (@)

where 7,(-) denotes spectral radius of the dynamic matrix
of the filter with stationary gain. The asymptotic stability of
the filtered version can also be assured following this line of
argumentation.

Remark 7. Similar to the filtered case, we can also find a nec-
essary existence condition to the Markovian # , prediction
filter given by

Zy -y LN Zy >0, 1=-1,
. (42)
-1 -2 -1
1—‘l ~VYa ngAnglH >0, [>o0.



Remark 8. If we consider y, — 00, the 7, filter proposed
in this paper reduces to the Kalman filter for MJLS proposed
in [1]. For the case with no jumps (N = 1), the predicted and
the filtered 7, estimates reduce to the %, filters for state-
space systems given in [17].

4. Numerical Example

In this section, we compare the filtering approach proposed
with the filter developed in [4]. With two Markovian states,
the model (1) is defined based on the following parameters:

0.9 0.1 0.7 0
P= [0.9 0.1]’ Fy = [0.1 0.1]’
0.6 0
F = [0.1 0.2]’
08731 0
-6 )
0  0.2089 (43)

H, = H, = [0.1 0],
D, = D, = [0.008 0],
L, =L,=[05 0],

R, =R, =[0.1 0.3].

We compare both filters in the predicted form, written in the
following way:

Zian = dizZy-y + By (44)
44
S = LinZip

where

-1
ady=F; - ‘G/TIMIU—l%lT(Hl + %IMHH%IT) s
O
T T\~
‘%l = glMl”—l%l (Hl + %IMIH—I%I ) .

The filter of [4] is considered in the strictly proper form as

xf(k+ 1) :Afxf(k)+ny(k),

(46)

whose solution is given in terms of linear matrix inequalities.
We show in Figure 1 the root-mean-square errors (rms) of
both filters. We performed 1000 Monte Carlo simulations
fromi = 0,...,6 with the values of ®; generated randomly.
The initial condition x, is considered Gaussian with mean
[0.196 0.295]" and variance [ $9384 005781, @, € {1, 2}, u;, w;,
and v; are independent sequences of noises with U;, W;, and V;
identity matrices with appropriate dimensions, 77, (0) = 0.05,
and m,(0) = 0.95. We obtained y, = 1.9523 for the filter
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0 L
2 4 6 8
i
—— Filter (LMI)
--- Filter (Riccati)

FIGURE 1: Root-mean-square errors for 7 filters based on Riccati
recursive equation and linear matrix inequalities.

proposed in this paper and y = 0.2886 for the filter proposed
in [4]. The parameter matrices of our filter were computed as

0.0116 0 -0.0784 0
o/, — | 0:0003 0.09 0.0003 0.18
17100013 0 -0.0087 0 |’
0 00l 0 002
(47)
6.1843
0.8967
Br= o671 |> L =[050050]
0.0996
and for the filter of [4] were computed as
A _ [02154 ~0.0122
f=1-0.0342 -0.3654|"
(48)
9.4196
Bf - [2.4656] > Cf = [0.4790 0.0962] .

In spite of the smaller y provided by the filter of [4], the
rms of both filters are equivalent. This difference in y is due to
the fact that the functionals of both approaches are different
in nature. However, if we consider the same numerical value
of all parameters but with matrices R, and R, multiplied by
10°, we obtain for the proposed recursive filter y, = 0.001.
On the other hand, we obtain an infeasible solution with the
LMI proposed in Section IV of [4] (computed through Matlab
7.4.0). The mode-independent filter provided in [4] deals with
only sufficient conditions. Considering offline computations,
our approach provides necessary and sufficient conditions for
the existence of the filter.

It is important to recall that the proposed approach
enables all parameter matrices of (1) to be time varying. It also
provides a practical estimate for the minimum admissible y
through the necessary condition (27), which depends on only
known parameters of the Markovian system.
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5. Conclusion

This paper developed 7, predicted and filtered estimates
for DMJLS. They were deduced based on the assumption
that jump parameter is not accessible. The numerical exam-
ple showed the effectiveness of this approach. Through an
augmented model of the standard Markovian system, these
filters were deduced based on the game theory. It allows us to
deal with recursive algorithms to solve this kind of filtering
problem where the parameter matrices can be time varying
for each operation mode of the Markovian system. As future
works, we intend to solve nonlinear filtering and control
problems for DMJLS based on the problems raised by [12,18].
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