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Friction is a force acting against the relative motion between two surfaces in contact.This phenomenon is present in all mechanical
systems and has a great impact on the control area. The design of mechatronic systems and the compensation techniques require a
broad knowledge of the effects that friction produces.The phenomenon has two well-defined phases: static friction presents before
the motion between the surfaces in contact is clearly visible, while kinetic friction appears when that motion at large scale has
already started. There are different friction models for each of those phases. In this work we propose an improvement to the static
friction models, which consist in assuming that the maximum static friction coefficient is no more a constant but a function of
the rate of change of the external force that produces the motion. After explaining and justifying the proposal, the procedure for
obtaining the parameters of the new model is mentioned. At the end, an experimental study on a direct-drive motor allows us to
validate the proposed model.

1. Introduction

The growing interest of the robotics community in friction
modelling and compensation is due to the requirement of
more precision in robot positioning.

Friction affects the performance of the systems that con-
trol a mechanism, producing positioning errors during the
execution of a given task. By better understanding the friction
phenomenon it becomes easier to design control laws for
reducing its undesired effects.

Throughout the time, severalmodels have been proposed,
each trying to capture the essence of the complicated phe-
nomenon of friction; however, finding amodel to describe all
its effects is difficult [1]. Friction models can be either static
(without memory) or dynamic (with memory), and they can
be described by algebraic and/or differential equations or be
based on events.

In general terms, the static friction (also known by the
portmanteau stiction) is the force that opposes to the start of
a visiblemotion between two surfaces in contact. In the past it
was thought that, during the static friction phase (i.e., before
reaching the so-called breakaway point), there was nomotion
at all between the surfaces in contact; now, after the work of
[2], it is known that, before the breakaway point, there can be

very small displacements (or microdisplacements) and other
friction effects such as that known as “stick-slip” [3], which
make the static friction phase difficult to model. On the other
hand, the kinetic friction phase starts once the breakaway
point is reached, and a visible motion is present.

The so-called maximum static friction coefficient indi-
cates the maximum value of the friction force at which the
breakaway point occurs; this coefficient is considered a
constant in practically all the friction models.

Themain contribution of this work is precisely to propose
a modification to the models including the maximum static
friction coefficient, by no more considering it as a constant
but a function of the rate of change of the external force
applied between the surfaces in contact. This proposal is
based on observations made during a series of experiments
carried out on a direct-drive brushless DC (BLDC) rotary
motor. Similar observations were reported by Johannes et al.
[4] in different systems with friction, but in that work no
explicit expression for such function was proposed.

It is worth mentioning here that, in the case of a rotary
motion, friction is no longer a force but a torque. Neverthe-
less, for all purposes, the behavior of friction is identical in
linear, and rotary motion.
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One important characteristic of BLDCmotors is that they
are controlled using a drive which can be configured so that
its input signal is proportional to either the torque or the velo-
city of the motor (thus defining, resp., the so-called “torque
mode” and “velocity mode” for the operation of the drive).
That is why this kind ofmotors is commonly used as actuators
in robots andmachine tools. More information onmodelling
and parameter identification of BLDC motors can be found
in [5].

The remainder of this paper is organized as follows. The
most common models including the static friction effect are
described in Section 2. The proposed modification to the
static friction model is presented in Section 3.The procedure
to estimate the parameters of the proposed model is given
in Section 4, while Section 5 describes both the application
of such procedure to obtain the parameters and the experi-
mental validation of the proposedmodification in the studied
motor. Finally, in Section 6, some concluding remarks are
given.

2. Friction Models

As mentioned before, friction is generally divided into static
friction and kinetic friction; the former corresponds to all the
effects which are present without a visible motion, while the
latter refers to everything which happens once that motion
exists. Nevertheless, after the results on microdisplacements
presented in [2], now it is common to talk about the presliding
phase (where effects such as maximum static friction and
microdisplacements occur) and the sliding phase (where
Coulomb friction, viscous friction, and the Stribeck effect are
present).

Consider a motor with friction torque 𝑓; let 𝑞, ̇𝑞, and ̈𝑞
be, respectively, the angular displacement, velocity, and accel-
eration of the motor shaft; also, let 𝜏 be the external torque
applied to the motor to produce the motion. The relation
among these quantities is given by the motor dynamics

𝐽 ̈𝑞 + 𝑓 = 𝜏, (1)

where 𝐽 stands for the moment of inertia of the motor.
It is common to assume that the friction torque of amotor

depends only on the velocity, that is, 𝑓( ̇𝑞). However, in 1833,
Morin [6] established the firstmodel for static friction, stating
that such friction can be described satisfactorily not only as a
function of velocity but also of the applied torque.Thus, for a
motor, we can write, in general, 𝑓( ̇𝑞, 𝜏).

2.1. Static (Memory-Less)Models.Morin’s static frictionmodel
[6] is defined for ̇𝑞 = 0 and is given by

𝑓 (0, 𝜏) = {
𝜏, if |𝜏| < 𝑓

𝑠
,

𝑓
𝑠
sgn (𝜏) , if |𝜏| ≥ 𝑓

𝑠
,

(2)

where the sign function is defined as

sgn (𝑥) =
{{
{{
{

1, if 𝑥 > 0,
0, if 𝑥 = 0,
−1, if 𝑥 < 0,

(3)

and 𝑓
𝑠
is the maximum static friction coefficient, which is

assumed to be constant.
With respect to kinetic friction, it is present when ̇𝑞 ̸= 0

and does not depend on 𝜏, so it is denoted as 𝑓
𝑘
( ̇𝑞). One of

themost commonmodels for describing kinetic friction is the
one combining the Coulomb friction and the viscous friction
effects; this model can be written as

𝑓
𝑘
( ̇𝑞) = 𝑓

𝑐
sgn ( ̇𝑞) + 𝑓V ̇𝑞, (4)

where𝑓
𝑐
and𝑓V are theCoulomb friction and viscous friction

coefficients, respectively. Note in (4) that, while viscous
friction (second term in the right-hand side) is proportional
to ̇𝑞, Coulomb friction (first term) has the same sign as ̇𝑞 but
a constant magnitude (equal to 𝑓

𝑐
).

In 1902 Stribeck carried out some experiments at a con-
stant velocity of low amplitude [7], showing the existence of
the phenomenonnowknown as Stribeck effect, that describes
the transition between the maximum static friction and the
Coulomb friction.One of the expressionsmore used tomodel
this phenomenon is the following exponential function
known as the Armstrong model [8]:

𝑓
𝑘
( ̇𝑞) = sgn ( ̇𝑞) [𝑓

𝑐
+ (𝑓
𝑠
− 𝑓
𝑐
) 𝑒−|
̇𝑞/V
𝑠
|
𝛿V

] + 𝑓V ̇𝑞 (5)

which incorporates the static friction, Coulomb friction, and
viscous friction coefficients and includes two more param-
eters: the Stribeck velocity coefficient V

𝑠
and a fitting para-

meter 𝛿V.
Figure 1 shows the graphs of friction against velocity of

the kinetic friction given by (4) and (5). The static friction
model (2) can be combined with kinetic friction in the
following way:

𝑓 ( ̇𝑞, 𝜏) =
{{
{{
{

𝜏, if ̇𝑞 = 0, |𝜏| < 𝑓
𝑠
,

𝑓
𝑠
sgn (𝜏) , if ̇𝑞 = 0, |𝜏| ≥ 𝑓

𝑠
,

𝑓
𝑘
( ̇𝑞) , if ̇𝑞 ̸= 0,

(6)

where𝑓
𝑘
( ̇𝑞) can be (4), (5), or any other kinetic frictionmodel

(with ̇𝑞 ̸= 0). Note that (6) can also be written as

𝑓 ( ̇𝑞, 𝜏) = {
sat (𝜏, 𝑓

𝑠
) , if ̇𝑞 = 0,

𝑓
𝑘
( ̇𝑞) , if ̇𝑞 ̸= 0,

(7)

where the saturation function sat(𝑥, 𝑎) is defined as

sat (𝑥, 𝑎) = {
𝑥, if |𝑥| < 𝑎,
𝑎 sgn (𝑥) , if |𝑥| ≥ 𝑎.

(8)

2.2. Dynamic Models. Friction is a complex phenomenon
that cannot be completely described with the static models
mentioned above. Experimental evidence has shown that
friction has its own dynamics, with memory, mainly at the
low velocity region; for that reason, it is necessary to use
differential equations to model its behavior. Two of the more
important dynamic friction models found in literature are
recalled below.
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Figure 1: Friction torque versus velocity for static models: (a) Coulomb plus viscous friction model (4); (b) Armstrong model (5).
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Figure 2: Dahl model: (a) as two brushes, facing each other; (b) equivalent average deflection of the brushes.

2.2.1. Dahl Model. In 1968 Dahl proposed a dynamic friction
model based on the behavior of the roughness between two
surfaces in contact [9]. Dahl considers that this roughness can
be modeled as the bristles of two brushes (see Figure 2); thus,
if 𝑧 represents the average deflection of the bristles, then 𝑧
times a stiffness coefficient 𝜎

0
gives the static friction torque.

The two key features of the Dahl model are the following.

(i) The 𝑧 variable has its own dynamics, which depends
on the actual velocity of the motor.

(ii) Static friction (with ̇𝑞 = 0) is bounded and belongs
to the interval [−𝑓

𝑐
, 𝑓
𝑐
]; in other words, |𝜎

0
𝑧| ≤ 𝑓

𝑐
or,

equivalently, |𝑧| ≤ 𝑓
𝑐
/𝜎
0
.

If viscous friction effect is included, then the Dahl model
is given by

𝑓 ( ̇𝑞, 𝑧) = 𝜎
0
𝑧 + 𝑓V ̇𝑞, (9)

𝑧̇ = −
𝜎
0

󵄨󵄨󵄨󵄨 ̇𝑞
󵄨󵄨󵄨󵄨

𝑓
𝑐

𝑧 + ̇𝑞, (10)

where (10) gives the dynamics of the variable 𝑧.
Now let us consider the case where the applied torque 𝜏 =

𝜏
0
is a constant. It could be noticed from (9) that

(i) if ̇𝑞 = 0 and |𝜏
0
| ≤ 𝑓

𝑐
, then 𝑧̇ = 0, and 𝑧 stays at a

constant value, not necessarily zero; from (1) and (9),
that constant value must be 𝑧 = 𝑓/𝜎

0
= 𝜏
0
/𝜎
0
, and

such condition corresponds to the equilibrium state
of the system defined by (1), (9), and (10);

(ii) if ̇𝑞 ̸= 0 and |𝜏
0
| ≤ 𝑓
𝑐
, then 𝑧 (and 𝑓) changes its value

opposing to the motion and reducing | ̇𝑞| to zero, that
is, reaching the equilibrium state;

(iii) if |𝜏
0
| > 𝑓
𝑐
, then it is not possible to reach the equi-

librium state; both | ̇𝑞| and |𝑧| increase up to their cor-
responding steady-state values, | ̇𝑞

𝑠𝑠
| and |𝑧

𝑠𝑠
|, respec-

tively, where ̈𝑞 = 0 and 𝑧̇ = 0; moreover, it is easy to
show that |𝑧

𝑠𝑠
| = 𝑓
𝑐
/𝜎
0
and | ̇𝑞

𝑠𝑠
| = (𝜏
0
− 𝑓
𝑐
)/𝑓V.

In summary, the two phases of friction are clearly defined
for Dahlmodel; if |𝜏| < 𝑓

𝑐
, then it is always possible to reach a

state for which ̇𝑞 = 0, 𝑧 = 𝜏/𝜎
0
, and 𝑓(0, 𝑧) = 𝜏; on the other

hand, if |𝜏| > 𝑓
𝑐
, then ̇𝑞 = ̇𝑞

𝑠𝑠
̸= 0, 𝑧 = 𝑧

𝑠𝑠
= (𝑓
𝑐
/𝜎
0
) sgn( ̇𝑞),

and 𝑓( ̇𝑞
𝑠𝑠
, 𝑧
𝑠𝑠
) = 𝑓
𝑐
sgn( ̇𝑞
𝑠𝑠
) + 𝑓V ̇𝑞𝑠𝑠. Thus the Dahl model (9)

and (10) gives a smooth approximation of model (4), which
is discontinuous.

2.2.2. LuGre Model. In 1995 researchers of the Lund Institute
of Technology, in Sweden, and the Institut National Polytech-
nique of Grenoble, in France, developed the so-called LuGre
model (from Lund and Grenoble), which is one of the most
complete friction models nowadays [10]. The LuGre model is
a generalization of the Dahl model, which considers not only
the presliding phenomenon but also the Stribeck effect. As
the Dahl model, the LuGre model can be expressed in terms
of the velocity ̇𝑞 and the average bristle deflection 𝑧; but the
latter also includes a term proportional to ż, that is

𝑓 ( ̇𝑞, 𝑧) = 𝜎
0
𝑧 + 𝜎
1
𝑧̇ + 𝑓V ̇𝑞, (11)
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where 𝜎
1
is the damping coefficient of the bristles and the

dynamics of 𝑧 is now

𝑧̇ = −
𝜎
0

󵄨󵄨󵄨󵄨 ̇𝑞
󵄨󵄨󵄨󵄨

𝑔 ( ̇𝑞)
𝑧 + ̇𝑞, (12)

with

𝑔 ( ̇𝑞) = 𝑓
𝑐
+ (𝑓
𝑠
− 𝑓
𝑐
) 𝑒−|
̇𝑞/V
𝑠
|
𝛿𝑠

; (13)

the function 𝑔( ̇𝑞) allows to extend Dahl model to describe
Stribeck effect, employing the same exponential function as
in (5). Notice that in this model, as 𝑓

𝑐
≤ 𝑔( ̇𝑞) ≤ 𝑓

𝑠
, then

|𝑧| ≤ 𝑓
𝑠
/𝜎
0
.

An analysis similar to that in Section 2.2.1 can be done
with the LuGre model. Considering again a constant input
torque 𝜏 = 𝜏

0
we have the three following cases.

(i) If |𝜏
0
| ≤ 𝑓

𝑐
, then it is always possible to reach an

equilibrium where ̇𝑞 = 0 and 𝑧 = 𝜏
0
/𝜎
0
.

(ii) If |𝜏
0
| > 𝑓
𝑠
then the equilibrium cannot be reached,

but the states ̇𝑞 and 𝑧 tend to their steady-state values
̇𝑞
𝑠𝑠
and 𝑧
𝑠𝑠
, respectively, where, for a given ̇𝑞

𝑠𝑠
, we have

that |𝑧
𝑠𝑠
| = 𝑔( ̇𝑞

𝑠𝑠
)/𝜎
0
.

(iii) If 𝑓
𝑐
< |𝜏
0
| ≤ 𝑓

𝑠
, then the states ̇𝑞 and 𝑧 can reach

either the equilibrium or the steady-state ̇𝑞
𝑠𝑠
and 𝑧
𝑠𝑠
,

depending on the initial conditions.

It is easy to show that the friction torque in the steady state
is given by𝑓( ̇𝑞

𝑠𝑠
) = 𝑔( ̇𝑞

𝑠𝑠
) sgn( ̇𝑞

𝑠𝑠
)+𝑓V ̇𝑞𝑠𝑠, so the LuGremodel

is related to Armstrong model (5).
Figure 3 shows the graphs of friction versus velocity for

the Dahl model (9) and (10) and the LuGre model (11)–(13).
Notice the existence of microdisplacements.

3. Improvement Proposal

Themaximumstatic friction coefficient𝑓
𝑠
indicates themaxi-

mum breakaway torque, that is, the maximum torque that
can be applied to a motor at rest, before it starts a visible
motion.Most of frictionmodels assume that this coefficient is
constant. For its estimation, it is suggested to apply a ramp of
input torque with very small slope𝑚; that is, 𝜏 = 𝑚𝑡 [11].

Nevertheless, it is a known fact that the breakaway torque
depends on the value of 𝑚; the smaller the value of 𝑚, the
higher the breakaway torque. This dependence was first
observed in [4], where a graph as the one shown in Figure 4 is
presented. That graph indicates how the breakaway force, 𝜙

𝑠
,

varies as a function of the rate of change of the applied torque
̇𝜏 (notice that, if 𝜏 = 𝑚𝑡, then ̇𝜏 = 𝑚). However, no attempt is
made in [4] to characterize such a function.

One of the main contributions of our work is precisely
to introduce an explicit expression for the variation of the
breakaway torque as a function of the rate of change of the
applied torque.

After several experiments on a BLDC servomotor, we
concluded that for torque inputs with a small rate of change
(i.e., | ̇𝜏| → 0) the breakaway force approximates the value of
𝑓
𝑠
. On the other hand, as ̇𝜏 increases (| ̇𝜏| → ∞), the value of

the breakaway force is near𝑓
𝑐
.We then propose the following

expression:

𝜙
𝑠
( ̇𝜏) = 𝑓

𝑐
+ (𝑓
𝑠
− 𝑓
𝑐
) 𝑒−|
̇𝜏/𝑡
𝑠
|
𝛿
𝑡

, (14)

where𝑓
𝑠
and𝑓
𝑐
are already defined, 𝑡

𝑠
is called here the torque

rate coefficient, and 𝛿
𝑡
is a curve fitting parameter. Note the

similarity between expressions (14), describing the variation
of the breakaway torque with ̇𝜏, and the exponential function
in (5), indicating the kinetic friction at low velocities.

Analysing (14) it is observed that if the applied torque is
constant (i.e., if ̇𝜏 = 0), then the breakaway torque is

𝜙
𝑠
(0) = 𝑓

𝑠
. (15)

On the other hand, if 𝜏 changes abruptly (i.e., if ̇𝜏 → ∞), as
when a torque step is applied to the motor, then,

lim
̇𝜏→∞

󵄨󵄨󵄨󵄨𝜙𝑠 ( ̇𝜏)
󵄨󵄨󵄨󵄨 = 𝑓𝑐. (16)

And for all ̇𝜏 we have

𝑓
𝑐
≤ 𝜙
𝑠
( ̇𝜏) ≤ 𝑓

𝑠
. (17)

Most of the friction models do not consider such a
variation of the breakaway torque; they only take into account
the maximum breakaway torque, given by𝑓

𝑠
. Our proposal is

to replace the maximum static friction coefficient 𝑓
𝑠
by 𝜙
𝑠
( ̇𝜏)

in those frictionmodels including such parameter. As a result
we get new models for which friction depends not only on ̇𝑞
and 𝜏 but also on ̇𝜏.

As an example, let us consider the Armstrong model (5)
and replace 𝑓

𝑠
by 𝜙
𝑠
( ̇𝜏) to get

𝑓
𝑘
( ̇𝑞, ̇𝜏) = sgn ( ̇𝑞) [𝑓

𝑐
+ (𝜙
𝑠
( ̇𝜏) − 𝑓

𝑐
) 𝑒−|
̇𝑞/V
𝑠
|
𝛿V

] + 𝑓V ̇𝑞;

(18)

then, substituting (14) and simplifying

𝑓
𝑘
( ̇𝑞, ̇𝜏) = sgn ( ̇𝑞) [𝑓

𝑐
+ (𝑓
𝑠
− 𝑓
𝑐
) 𝑒−(|
̇𝑞/V
𝑠
|
𝛿V
+| ̇𝜏/𝑡
𝑠
|
𝛿
𝑡
)] + 𝑓V ̇𝑞.

(19)

Figure 5 shows a 3Dgraphof function (19).Notice that the
curve in Figure 1(b) for the Armstrong model corresponds to
the cross-section of Figure 5, where ̇𝜏 = 0.

Moreover, the kinetic friction model (19) can also be
combined with the static friction model (2) as in (7) but
replacing 𝑓

𝑠
by 𝜙
𝑠
( ̇𝜏); that is,

𝑓 ( ̇𝑞, 𝜏, ̇𝜏) = {
sat (𝜏, 𝜙

𝑠
( ̇𝜏)) , if ̇𝑞 = 0,

𝑓
𝑘
( ̇𝑞, ̇𝜏) , if ̇𝑞 ̸= 0.

(20)

Now, let us consider the LuGremodel (11)–(13) with 𝜙
𝑠
( ̇𝜏)

in (14) instead of 𝑓
𝑠
, we get

𝑓 ( ̇𝑞, 𝑧, ̇𝜏) = 𝜎
0
𝑧 + 𝜎
1
𝑧̇ + 𝑓V ̇𝑞,

𝑧̇ = −
𝜎
0

󵄨󵄨󵄨󵄨 ̇𝑞
󵄨󵄨󵄨󵄨

𝑔 ( ̇𝑞, ̇𝜏)
𝑧 + ̇𝑞,

𝑔 ( ̇𝑞, ̇𝜏) = 𝑓
𝑐
+ (𝑓
𝑠
− 𝑓
𝑐
) 𝑒−(|
̇𝜏/𝑡
𝑠
|
𝛿
𝑡
+| ̇𝑞/V
𝑠
|
𝛿V
).

(21)
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Figure 3: Friction torque versus velocity for dynamic models: (a) Dahl model; (b) LuGre model.
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Figure 4: Breakaway torque versus rate of change of the applied
torque.
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Figure 5: 3D representation of model (19).

Models (19), (20), and (21) are the improved versions of
Armstrong model (5) and (6) and LuGre model (11)–(13),
respectively; they both include the Stribeck effect, and the
dynamic one also shows the effect of microdisplacements. In
the following section we explain how to estimate the para-
meters in these proposed models.

4. Parameter Identification

The proposed static model (19) and (20) includes seven para-
meters (𝑓

𝑠
, 𝑓
𝑐
, 𝑓V, V𝑠, 𝛿V, 𝑡𝑠, and 𝛿𝑡), and the dynamic model

(21) includes two more parameters (𝜎
0
and 𝜎

1
). In the litera-

ture there exist several methods to obtain 𝑓
𝑠
, 𝑓
𝑐
, and 𝑓V (see,

e.g., [11, 12]). However, in this paper we propose to obtain
the curves of friction against velocity, 𝑓

𝑘
( ̇𝑞), given by (5),

and of breakaway torque against rate of change of the applied
torque, 𝜙

𝑠
( ̇𝜏), defined in (14), both from experimental data,

and then use those curves to estimate the friction parameters.
The following subsections explain how to do this.

4.1. Obtention of the Curve 𝑓
𝑘
( ̇𝑞). In order to get the curve

𝑓
𝑘
( ̇𝑞) it is necessary to configure the drive of the motor in

velocitymode, so that the drive’s input voltage is proportional
to the desired velocity of themotor. In case that the drive can-
not be configured in velocity mode but in torque mode, then
a velocity controller with torque output should be designed
externally. Moreover, the torque delivered by the motor
should be measured in some way (although most of the
industrial servomotor/drive systems already include this
feature).

Thenext step is to apply constant velocity references to the
drive. Ideally, the actual velocity of the motor should be the
same as the desired velocity, but even if this is not the case, it is
required to measure both the actual velocity and torque from
the motor. Note that these two variables should be constant
if so is the desired velocity. And as the acceleration must be
zero, then, from (1),

𝑓
𝑘
( ̇𝑞) = 𝜏. (22)

Thus, the curve 𝑓
𝑘
( ̇𝑞) should be obtained from the measure-

ments of 𝜏 for different values of ̇𝑞, from very low to very high
velocities.

4.2. Obtention of the Curve 𝜙
𝑆
( ̇𝜏). To obtain this curve it is

necessary to configure the drive of themotor in torquemode.
It is assumed that the drive has an ideal torque controller so
that the commanded torque to the drive equals the torque
delivered by the motor 𝜏.

We want to find the breakaway torque as a function of the
rate of change of the applied torque, that is, ̇𝜏. We only need
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to apply torque ramps with different slope (because if 𝜏 = 𝑚𝑡,
then ̇𝜏 = 𝑚) and measure the value of the torque for which
the motor begins to move. After doing this, a graph similar to
Figure 4 should be obtained.

4.3. Identification of 𝑓
𝑠
, 𝑓
𝑐
, and 𝑓V. These parameters can be

obtained by methods already reported in the literature (see,
e.g., [11, 12]). An alternative is proposed here, for those cases
where curves 𝑓

𝑘
( ̇𝑞) and/or 𝜙

𝑠
( ̇𝜏) are obtained experimentally.

It should be noticed that, in the case of 𝜙
𝑠
( ̇𝜏), the values

of 𝑓
𝑠
and 𝑓

𝑐
can be obtained directly as the bounds of such

a curve (see Figure 6(b)). In the case of the curve 𝑓
𝑘
( ̇𝑞) we

also have a slope due to the effect of the viscous friction (term
𝑓V ̇𝑞), but it is easy to check that, for high velocities, once the
Stribeck effect is over, the value of that slope is just𝑓V, and the
intersection of such ramp with the axis ̇𝑞 = 0 gives the value
of 𝑓
𝑐
(see Figure 6(a)).

In case that the values of 𝑓
𝑐
and 𝑓

𝑠
, obtained from the

graphs 𝑓
𝑘
( ̇𝑞) and 𝜙

𝑠
( ̇𝜏) were different, it is recommended to

take average values.

4.4. Identification of V
𝑠
, 𝑡
𝑠
, 𝛿V, and 𝛿𝑡. First, notice that these

four parameters determine the way the exponential function
decreases from its maximum (at 𝑓

𝑠
) to its final value in both

𝑓
𝑘
( ̇𝑞) and 𝜙

𝑠
( ̇𝜏). After obtaining the experimental data and

determining values of 𝑓
𝑠
, 𝑓
𝑐
, and 𝑓V (as described in the

previous subsection), it is recommended to use a curve fitting
software (such as MATLAB’s CFTools) to estimate optimum
values of 𝑡

𝑠
and 𝛿
𝑡
in the case of 𝜙

𝑠
( ̇𝜏) and V

𝑠
and 𝛿V in the case

of 𝑓
𝑘
( ̇𝑞).

4.5. Identification of 𝜎
0
and 𝜎
1
. For the identification of these

parameters we use the procedure described in [13], where
the behaviour of a motor with friction in the presliding
phase is compared to a mass-spring-damper linear system.
By linearizing the model of the motor (1) with LuGre friction
(11)–(13) we get the following torque to position transfer
function:

𝑞 (𝑠)

𝜏 (𝑠)
=

1

𝐽𝑠2 + (𝜎
1
+ 𝑓V) 𝑠 + 𝜎0

. (23)

Now consider that a periodic (sinusoidal) torque signal is
applied to the drive, configured in torque mode; that is,

𝜏 = 𝐴 sin (𝜔𝑡) (24)

with 𝐴 being a constant lower than the Coulomb friction
parameter 𝑓

𝑐
(for better results 𝐴 < 𝑓

𝑐
/2 is recommended).

In such conditions, the rotor performs sinusoidal microdis-
placements which can be measured if the motor includes
high-resolution encoders. If 𝜃

0
is the amplitude of the steady-

state microdisplacements, then

𝜎
0
=
𝐴

𝜃
0

. (25)

In the case of 𝜎
1
we can see from (23) that this parameter

affects the transient response of the linear system. Comparing

the denominator of the transfer function (23) with the
standard one for a second-order linear system 𝑠2 +2𝜁𝜔

𝑛
𝑠+𝜔2
𝑛

we can see that the undamped natural frequency 𝜔
𝑛
and the

damping coefficient 𝜁 correspond to 𝜔
𝑛
= √𝜎

0
/𝐽 and 𝜁 =

(𝜎
1
+ 𝑓V)/2√𝐽𝜎0.
Thus, if we can measure the transient response to a step

torque of amplitude lower than 𝑓
𝑐
, we can estimate the value

of 𝜁, and finally 𝜎
1
= 2𝜁√𝐽𝜎

0
− 𝑓V, where it is assumed that

themotor’s moment of inertia 𝐽 is known from the data sheet.

5. Experiments

In this section we present some experiments carried out
on a direct-drive BLDC servomotor, model DM1200A from
Parker Compumotor [14]. According to the data sheet this
motor has a moment of inertia 𝐽 = 0.167Kgm2, and it has
a high-resolution encoder of 1024000 pulses per revolution
(so it is possible to measure a deviation of 0.00035 degrees).
First, we explain how we applied the procedures described in
the previous section to compute the friction parameters of the
motor. After that, we include some experiments which allow
the validation of the proposed model.

5.1. Curve Fitting and Parameter Estimation. Experiments
were carried out for the determination of 𝑓

𝑘
( ̇𝑞) and 𝜙

𝑠
( ̇𝜏)

following the procedures mentioned in Sections 4.1 and 4.2.
The parameters that better fit the experimental data to the
curves (5) and (14) were determined. To do this, the software
CFTools from MATLAB was used. Figures 7 and 8 show the
experimental data and the fitted curves for both cases.

The parameters obtained with CFTools are shown in
Table 1.The columns “Value (+)” and “Value (−)” in that table
show the values of the parameters obtained in the positive
(counter clock wise) and negative (clock wise) directions of
the rotor motion, respectively. From this, it is observed that
friction is not symmetric.

5.2. Model Validation. To verify the benefit of using friction
models with the modification proposed in Section 3 against
classical friction models (with 𝑓

𝑠
constant), we performed

simulations using different frictionmodels and torque inputs.
The friction models under analysis were the following.

(i) Coulomb + viscous friction (C + V), (4).
(ii) Improved static + Coulomb + viscous friction (I(S +

C + V)), (4) and (6).
(iii) Static + Armstrong friction (S + A), (5) and (6).
(iv) Improved static + Armstrong friction (I(S + A)), (19)

and (20).
(v) LuGre friction (LG), (11)–(13).
(vi) Improved LuGre friction (I(LG)), (21).

Figures 9, 10, and 11 show the velocity response obtained
from simulations and experiments with the realmotor to diff-
erent torque inputs. Figure 9 shows the velocity for a ramp
torque input of 𝜏 = 𝑡 Nm; Figure 10 shows the result for a
different ramp torque input; 𝜏 = 0.05𝑡.



Mathematical Problems in Engineering 7

fk(q̇)

fc

q̇

1

fs

f�

(a)

fc

fs

𝜏̇

𝜙s(𝜏̇)

(b)

Figure 6: Reference curves used to get the parameters 𝑓
𝑠
, 𝑓
𝑐
, and 𝑓V, from (a) 𝑓

𝑘
( ̇𝑞) and (b) 𝜙

𝑠
( ̇𝜏).

−150 −100 −50 0 50 100 150
−25

−20

−15

−10

−5

0

5

10

15

20

f
(N

m
)

q̇ (deg/s)

Figure 7: Experimental data and fitted curve for 𝑓
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Figure 8: Experimental data and fitted curve for 𝜙
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( ̇𝜏).

It can be clearly observed in these figures that those
models including the modification proposed in this paper
have a response in simulation which agrees better with the
experimental results, especially with respect to time in which
the breakaway point is reached.

In Figure 10, for example, we can see that the breakaway
force for the C + Vmodel is reached at about 180 seconds; for
the S + A and LGmodels (these using 𝑓

𝑠
as a constant) we get

about 360 seconds, and those models with the improvement
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Figure 9: Response to a torque input 𝜏 = 𝑚𝑡, with𝑚 = 1Nm/s.
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Figure 10: Response to a torque input 𝜏 = 𝑚𝑡, with𝑚 = 0.05Nm/s.
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Figure 11: Response to a torque input 𝜏 = 25 sin(2𝜋0.01𝑡)Nm.

Table 1: Estimated friction parameters.

Parameter Value (+) Value (−) Unit
𝑓
𝑐

8.955 10.01 Nm
𝑓V 5.234 5.335 Nms/rad
𝑓
𝑠

17.617 23.813 Nm
V
𝑠

0.145 0.078 rad/s
𝑡
𝑠

0.888 1.954 Nm/s
𝛿V 1.032 1.286
𝛿
𝑡

0.172 0.287
𝜎
0

17260 Nm/rad
𝜎
1

66.708 Nms/rad

(I(S + C + V), I(S + A), and I(LG)) are closer to the experi-
mental value of 273.7 seconds.

Finally, Figure 11 shows the resultant velocity for a sinu-
soidal input 𝜏 = 25 sin(2𝜋(0.01)𝑡) with an amplitude exceed-
ing themaximum static friction coefficient. A similar analysis
to that of Figures 9 and 10 can be done for Figure 11.

6. Conclusions

Friction occurs whenever there is a relative motion between
two bodies. The classic static friction models consider the
maximum static friction coefficient 𝑓

𝑠
as a constant. In this

paper we propose to use a function 𝜙
𝑠
( ̇𝜏) instead of the 𝑓

𝑠

coefficient. We first define an expression that characterizes
such function, and then we replace it in the classic friction
models containing the𝑓

𝑠
coefficient. New frictionmodels are

thus obtained, and, in order to validate them, some experi-
ments on a motor were carried out. As a result we have that
thosemodels with the proposedmodification have a behavior
which is closer to the reality.
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