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The power source with the limited life span has motivated the development of the energy harvesters that can scavenge the ambient
environment energy and convert it into the electrical energy. With the coupled field characteristics of structure to electricity,
piezoelectric energy harvesters are under consideration as a means of converting the mechanical energy to the electrical energy,
with the goal of realizing completely self-powered sensor systems. In this paper, two previousmodels in the literatures for predicting
the open-circuit and close-circuit voltages of a piezoelectric cantilever bimorph (PCB) energy harvester are first described, that is,
the mechanical equivalent spring mass-damper model and the electrical equivalent circuit model. Then, the development of an
enhanced coupled field model for the PCB energy harvester based on another previous model in the literature using a conservation
of energy method is presented. Further, the laboratory experiments are carried out to evaluate the enhanced coupled field model
and the other two previous models in the literatures. The comparison results show that the enhanced coupled field model can
better predict the open-circuit and close-circuit voltages of the PCB energy harvester with a proof mass bonded at the free end of
the structure in order to increase the energy-harvesting level of the system.

1. Introduction

The past few years have seen the rapid development of small
wireless sensor networks, which have considerable potential
in areas ranging from building monitoring and environmen-
tal control to military applications. The associate electron-
ics have traditionally relied on the use of electrochemical
batteries for electrical energy [1]. The associated battery
replacement requirements can be problematic: the economic
cost may include not only the capital cost of the batteries
themselves, but also the cost of the labor for performing
replacement in remote or otherwise limited-access locations.
In addition, in some applications, safety monitoring and
fire protection, for example, serious problems may occur if
batteries fail without warning. In an effort to address these
problems, researchers [1–3] have explored technologies for
obtaining electrical energy by converting ambient energy that
is already available around the device, such as solar energy
and temperature differentials. Solar energy, in particular, is
a very attractive source for powering sensor networks and

has become more mature over the years. However, certain
limitations remain: the variation in light intensity can drop
its efficiency significantly and the requisite surface area
may limit its application to microsensor networks. Another
approach is to harvest mechanical vibration energy present
in an environment. Many environments are subjected to
ambient vibration energy that is commonly unused.Methods
for obtaining electrical energy from vibrations include the
use of piezoelectric materials, electromagnetic induction,
and electrostatic generation [4]. Piezoelectric transducers
are suitable as kinetic energy to electrical energy converters
due to their typically light-weight, high-adaptability, and
high-energy densities [5–8]. As such, piezoelectric energy
harvesters have received a great deal of attention from
researchers in recent years.

Piezoelectric materials can be configured in many dif-
ferent ways that may prove useful in energy-harvesting
applications. Perhaps the simplest andmost widely used con-
figuration is the piezoelectric cantilever bimorph (PCB). A
PCB is typically a cantilevered metal beam with piezoelectric
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Figure 1: A schematic diagram of the PCB.

layers laminated on its top and bottom surfaces. Important
potentials for the PCB structure include bonding the proof
mass on the free end of the structure to increase the strain
level of the piezoelectric layers and tuning the resonant
frequency of the structure to that of ambient vibration to
maximize the vibration level of the structure.

In this paper, two previous models, that is, a mechanical
equivalent model and an electrical equivalent model, for
predicting the open-circuit voltage and the close-circuit
voltage of the PCB energy harvester are first described. Then
an enhanced coupled fieldmodel of the PCB energy harvester
is presented based on previous model in the literature using
a conservation of energy method. Further, a prototype of
the PCB energy harvester is then constructed for laboratory
testing using a commercially available piezoelectric bimorph.
The theoretical results of the above models are finally com-
pared with the experimental results, in terms of the open-
circuit voltage and close-circuit voltage of the PCB energy
harvester.

2. General Configuration of Piezoelectric
Cantilever Bimorph

A typical PCB with the proof mass on the free end is shown
in Figure 1. It consists of a central brass layer sandwiched
by two PZT layers and the structure is clamped to the
left end. Among the published works with the modeling
of the PCB energy harvester, many have applied either
a mechanical equivalent mass-spring-damper model or an
electrical equivalent circuit model to represent the coupled
field characteristics of the PCB energy harvester. The two
previous models developed, respectively, by Williams and
Yates [9] and Roundy and Wright [11] will be described
concisely in the following section.

2.1. A Mechanical Equivalent Model Developed by Williams
and Yates. Williams and Yates (1996) proposed a general
model for the conversion of mechanical energy into the elec-
trical energy, which can be used formodeling of piezoelectric,
electromagnetic and electrostatic, generators. A schematic
diagram of the generator is shown in Figure 2 [9].

According to Williams and Yates, the equation of motion
of the model is described as follows:

𝑚�̈� + 𝑑�̇� + 𝑘𝑧 = −𝑚 ̈𝑦, (1)

where 𝑧 is tip displacement of PCB structure show in Figure 1,
̈𝑦 is input vibration acceleration, 𝑚 is proof mass, 𝑑 is

𝑘

𝑑

𝑚
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Figure 2: Schematic of general vibration converter model [8].
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Figure 3: Open-circuit model of PZT energy harvester.

damping constant, and 𝑘 is spring constant respectively. The
generated instantaneous power in the PZT bimorph is the
product of the force on the beam and its velocity, as is given
by

𝑝 (𝑡) = 𝐹 ∗ [ ̇𝑦 (𝑡) + �̇� (𝑡)] = −𝑚 ̈𝑦 ∗ [ ̇𝑦 (𝑡) + �̇� (𝑡)] . (2)

For sinusoidal vibration excitation, assume 𝑦(𝑡) = 𝑌
0
∗

cos(𝜔𝑡), and the generated electrical power can be found as
follows:
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where 𝜁 is the damping ratio and 𝜔
𝑛
is the fundamental

resonant frequency of PCB structure. If PCB energy harvester
works at its resonant frequency, the generated power can be
simplified as

󵄨
󵄨
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. (4)

The open-circuit voltage, close-circuit load voltage, and
power can then be derived from (4). According to Park [10],
the best-fit circuit model of PZT sensor is a voltage generator
connected in series with a capacitor, as is shown in Figure 3,
where 𝐶

𝑏
is the inner capacitance of PCB.
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Figure 4: Close-circuit model of PZT energy harvester.

The open-circuit voltage is assumed as 𝑢(𝑡) = √2 ∗ 𝑈 ∗
sin (𝜔

𝑛
𝑡), where𝑈 is the RMS value of alternating voltage.The

alternating current can then be obtained as follows:

𝑖 (𝑡) =

𝑑𝑄 (𝑡)

𝑑𝑡

= 𝐶
𝑏
∗

𝑑𝑢 (𝑡)

𝑑𝑡

= √2𝐶
𝑏
𝜔
𝑛
𝑈 ∗ cos (𝜔

𝑛
𝑡) . (5)

The reactive instantaneous power consumed by capacitor
is given by

𝑃 = −𝑈eff ∗ 𝐼eff = −𝑈 ∗ 𝐶𝑏𝜔𝑛𝑈 = −𝐶𝑏𝜔𝑛𝑈
2
, (6)

where 𝑈eff and 𝐼eff represent the RMS values of alternating
voltage and current. Substitute (5) into (4), and then the RMS
value of open-circuit voltage can be obtained as follows:
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Hence, the open-circuit voltage is given by

𝑢 (𝑡) = √2𝑈 sin (𝜔
𝑛
𝑡) = 𝑌

0
𝜔
𝑛√
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sin (𝜔
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𝑡) . (8)

For the close circuit, piezoelectric generator is connected
with resistive load in series, as is shown in Figure 4.

The open-circuit voltage of piezoelectric generator can be
expressed in the form of complex number by 𝑢(𝑡) = 𝑈∠0

∘.
The total impedance in the close circuit is given by

𝑍 = 𝑅 +

1
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where 𝜑 = tan−1(1/𝜔
𝑛
𝐶
𝑏
𝑅). By the use of the voltage divider

principle, the voltage of resistive load can then be found as
follows:
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Hence, the close-circuit voltage on the resistive load is
given by
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Figure 5: Circuit representation of the piezoelectric generator [10].

The power consumed by the resistive load can then be
obtained as follows:
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(12)

where 𝑈
𝑅eff

represents the RMS value of the alternating
voltage of resistive load. From (12), the optimal value of 𝑅 for
themaximumpower output of PCBpower generator can then
found to be

𝑅opt =
1

𝜔
𝑛
𝐶
𝑏

. (13)

2.2. An Electrical Equivalent Circuit Model Developed by
Roundy (2003). An electrical equivalent circuit model that
models both mechanical and electrical portions of the piezo-
electric system as circuit elements is a convenient method
to study the characteristics of piezoelectric energy harvester.
An equivalent circuit representation of PCB energy harvester
developed by Roundy is shown in Figure 5 [11], where
𝜎in represents stress generator excited by input vibration,
inductor 𝐿

𝑚
represents the mass of the generator, resistor 𝑅

𝑏

represents the mechanical damping, capacitor 𝐶
𝑘
represents

the mechanical stiffness, 𝑛 represents the turns of trans-
former, which represents the electromechanical coupling of
PCB, 𝐶

𝑏
represents the inner capacitance of PCB, and 𝑉

represents the open-circuit voltage.
The generated voltage with resistive load was derived by

Roundy [10], as is shown in the following equation:
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(14)

where 𝑘
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single piezoelectric layer, 𝑎 = 1 if the two piezo layers are
wired in series and 𝑎 = 2 if they are wired in parallel, 𝑐sh
and 𝑡sh are Young’s modules and thickness of central brass
shim, 𝐿

𝑚
is the length of the proof mass, 𝐴 in is the ambient

vibration amplitude, 𝑅 is the resistive load, 𝜁 is the damping
ratio, is the coupling coefficient.The open-circuit voltage can
be obtained bymaking the resistive load value infinitely large.

If the driving frequency 𝜔 of the input vibration matches
the resonant frequency 𝜔

𝑛
of PCB generator and the load

is resistive, the RMS power transferred to the load and the
optimal load resistance can be found as follows [10]:
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(15)

2.3. An Enhanced Coupled Field Model by a Conservation of
Energy Method. Roundy andWright [11] andWang et al. [12]
derived an analytical expression for the generated voltage of
piezoelectric triple layer bender to the applied mechanical
input excitations, including moment 𝑀, tip force 𝐹, and
body force 𝑝. The method is based on the internal energy
for the thermodynamic equilibrium. Kim [13] used the same
principle to study the voltage generation of unimorph, inter-
digitated unimorph, bimorph and interdigitated bimorph
cantilever bender, and diaphragm. Ng [14] and Ajitsaria [15]
studied voltage generation of cantilever bimorphwith a proof
mass at the free end based on Wang and Kim’s derivation.
Among these studies, however, the effect of the proof mass
on the piezoelectric effect of the bimorph was not fully taken
into consideration.

According to the finite element analysis (FEA) of the PCB
structure with proof mass on the free end, the equivalent
strain distribution under the proofmass is shown in Figure 6.
Due to the high rigidity of the proof mass, which is bonded
onto the free end of the PZT bimorph, the equivalent strain
under the proof mass is minimal and negligible, as compared
with other PZT parts. As a result, minimal and negligible
piezoelectric effect will be expected to occur at the PZT
parts under the proof mass. In addition, under the extreme
condition that the proof mass is long enough to cover the
most areas of the PZT bimorph, the PCB energy harvester
will certainly not produce much electrical energy, as is not
taken into considerations among the previous models in the
literature. Therefore, in the following enhanced coupled field
modeling of the PCB energy harvest, it is assumed that the
PZT parts under the proof mass do not contribute to the
voltage generation of the PCB generator subjected to ambient
vibration. In other words, the PZT material under the proof
mass will be only treated as a rigid body and will not result in
any piezoelectric effect. Further, a second assumption in the
enhanced coupled field model is that the proof mass will be
treated as a point mass when calculating its acting force on
the bimorph.

The detailed derivation of the enhanced coupled field
model based on Kim [13] for the voltage and power output
of the PCB generator is presented next. The constitutive
equations for the top and bottom PZT layer are expressed by
the following equations:

The constitutive equations for upper and lower layers are
can be expressed by the following equation.

𝑆
1
= 𝑠
11
𝜎
1
∓ 𝑑
31
𝐸
3
,

𝐷
3
= ∓𝑑
31
𝜎
1
+ 𝜀
33
𝐸
3
,

(16)

where the two piezoelectric layers in the bimorph are poled
in opposite directions. 𝑆

1
is the mechanical strain in the

longitudinal direction, 𝑠
11
is the compliance or the reciprocal

of Young’smodulus,𝜎
1
is themechanical stress in the longitu-

dinal direction, 𝑑
31

is the piezoelectric strain coefficient, 𝐷
3

is electrical displacement in the transverse direction, and 𝐸
3

is the electrical field intensity.
The stress inside PZTmaterial and central brass shim can

then be obtained as

𝜎
1
= 𝑐
𝑝
(𝑆
1
± 𝑑
31
𝐸
3
) ,

𝜎sh = 𝑐sh𝑆1.
(17)

Because the bimorph is symmetric, the neutral surface
is the middle surface of the brass shim. The relationship
between strain and bimorph curvature 𝜌 would be 𝑆

1
= −𝜌𝑧,

where 𝑧 represents the distance from the neutral surface.The
moment in the bimorph can be calculated by the following
expression [13]:

𝑀 = ∫
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𝐴sh

𝜎sh𝑧 𝑑𝑧 + ∫
𝐴 lower

𝜎
1lower

𝑧 𝑑𝑧.

(18)

Substituting (17) into (18),

𝑀 = ∫
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(19)

The equivalent excitation force induced by vibration
acceleration is given by [14]:

𝐹 = −𝑚𝜔
2
𝑌 ∗ sin (𝜔𝑡) , (20)

where 𝑚 is the proof mass at the free end of bimorph, 𝑌 is
the displacement amplitude of the center of proof mass, and
𝜔 is the driving frequency.Themoment induced by excitation
force is given by

𝑀 = 𝐹 ∗ (𝐿
𝑏
+

1

2

𝐿
𝑚
− 𝑥) . (21)
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Figure 6: Top and bottom surface equivalent strain of PCB generator.
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Figure 7: PCB generator prototype and schematic test setup.

Combining (19) and (21), the curvature of the cantilever
bimorph can be obtained as follows:

𝜌 =

𝐹

𝑔
1

(𝐿
𝑏
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1

2
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According to thermodynamic equilibrium, the energy
densities of the piezoelectric layer and the central brass shim
are given by

𝑑𝑈
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𝑆
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Substitute (17) and (22) into (23), the energy densities of
the bimorph cantilever are

𝑑𝑈
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From (24), it can be seen that the energy density in the
upper piezoelectric layer and that in the lower piezoelectric
layer of the bimorph are identical to each other although
they always operate in the different bending modes, that is,
extending mode the compressionmode.Thus, the total inter-
nal energy in the bimorph can be calculated by integrating
the energy density over the system:

𝑈 = ∫
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(25)

where the second term of the right hand side of the equation
indicates the energy of upper piezoelectric layer under the
proof mass that is only composed of elastic energy, because
the electrode of upper piezoelectric layer does not extend
under the proof mass.
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Table 1: Characteristics of Q220-A4-203Y [17].

Property Units Value
Length 𝐿 mm 28.43
Width 𝑤 mm 6.35
Piezo thickness 𝑡

𝑝
mm 0.19

Central brass thickness 𝑡sh mm 0.13
Strain coefficient 𝑑

31
×10−12m/V −190

Coupling coefficient 𝑘
31

CV/Nm 0.35
Young’s modulus 𝑐

𝑝
GPa 66

Table 2: Resonant frequency of PCB generators and proof mass
displacements.

1P 2P 3P 4P 5P 6P
Resonant
frequency (Hz) 166.0 129.4 105.0 92.8 83.0 75.7

Center
displacement of
proof mass (𝜇m)

291 403 463 496 633 688

Substituting (24) into (25), the energy of bimorph system
can be obtained as follows:

𝑈 =

𝐹
2
𝑤𝑔
3

24𝑔
1
2
(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
) −

𝑤𝑔
2
𝑔
4

24𝑔
1
2
(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
) 𝐹

∗ 𝐸
3
+ [

𝑤𝑔
2

2
𝐿

24𝑔
1
2
(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
)

+

1

2

(𝜀
33
− 𝑐
𝑝
𝑑
31

2
) (2𝐿 − 𝐿

𝑚
) 𝑡
𝑝
𝑤] ∗ 𝐸

3

2
,

(26)

where 𝑔
3
= (𝐿
𝑏
+ (1/2)𝐿

𝑚
)
2
𝐿 − (𝐿

𝑏
+ (1/2)𝐿

𝑚
)𝐿
2
+ (1/3)𝐿

3,
𝑔
4
= 2(𝐿

𝑏
+(1/2)𝐿

𝑚
)𝐿−𝐿

2 and 𝑔
5
= (1/3)(𝑡

𝑝

3
+(3/2)𝑡

𝑝

2
𝑡sh +

(3/4)𝑡
𝑝
𝑡sh
2
).

The two piezoelectric layers are wired for parallel oper-
ation; thus, 𝐸

3
= 𝑉/𝑡

𝑝
, where 𝑉 is the generated voltage

between the top surface and the bottom surface of one
piezoelectric layer. Substituting it into (26) and differentiating
(26) with 𝑉 gives the generated electrical charge:

𝑄 = −

𝑤𝑔
2
𝑔
4

48𝑔
1
2
𝑡
𝑝

(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
) ∗ 𝐹

+ [

𝑤𝑔
2

2
𝐿

48𝑔
1
2
𝑡
𝑝

2
(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
)

+

1

4𝑡
𝑝

(𝜀
33
− 𝑐
𝑝
𝑑
31

2
) (2𝐿 − 𝐿

𝑚
) 𝑤] ∗ 𝑉.

(27)

There are two terms in the right hand side of (27).Thefirst
term is the electrical charge induced bymechanical vibration,
which can be represented by 𝑄

𝑚
, and the second term is the

static electrical charge stored in the bimorph, which cannot
be output for energy harvesting.

The capacitance of the bimorph can be found by differen-
tiating the generated electrical charge 𝑄 with 𝑉 as follows:

𝐶
𝑏
=

𝜕𝑄

𝜕𝑉

=

𝑤𝑔
2

2
𝐿

48𝑔
1
2
𝑡
𝑝

2
(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
)

+

1

4𝑡
𝑝

(𝜀
33
− 𝑐
𝑝
𝑑
31

2
) (2𝐿 − 𝐿

𝑚
) 𝑤.

(28)

According to the relation 𝑄 = 𝐶𝑉, the open-circuit
voltage of PCB energy harvester can then be obtained as
follows:

𝑉open

=

𝑄
𝑚

𝐶
𝑏

=

−𝑔
2
𝑔
4
𝑡
𝑝
(24𝑐
𝑝
𝑔
5
+ 𝑐sh𝑡sh

3
)𝑚𝜔
𝑛

2
𝑌

[𝑔
2
2
𝐿 (24𝑐

𝑝
𝑔
5
+𝑐sh𝑡sh

3
)+12𝑔

1
2
𝑡
𝑝
(𝜀
33
−𝑐
𝑝
𝑑
31

2
) (2𝐿−𝐿

𝑚
)]

∗ sin (𝜔
𝑛
𝑡) .

(29)

The close-circuit voltage and resistive load power can be
calculated by (11) and (12).

3. Experimental Procedure

A prototype of PCB generator shown in Figure 7(a) was built
with a PZT bimorphQ220-A4-203Y fromPiezo Systems.The
characteristics of the bimorph are summarized in Table 1 [16].
The proof mass was made of brass with the dimension of
5.3mm × 6.35mm × 1.6mm. At each test step, one piece of
proof mass was added onto the free end of PCB, as is shown
in Figure 7(b).

The prototype was excited by input vibration of 11.2m/s2
at the resonant frequency of the structure at each test setup.
The center displacement of proof mass on the free end
was measured by PSV-300 vibrometer, and the resonant
frequency of the structure was obtained by fast fourier
transform (FFT) of the sinusoidal sweep test data of open-
circuit voltage, since the maximum voltage occurs at the
resonant frequency of the generator, according to Roundy
[4]. The damping ratio was determined by calculating the
damped harmonic oscillation of open-circuit voltage caused
by applying a vibration impulse to the PCB generator.

4. Results and Discussion

The enhanced coupled field model was first compared with
the base model of Kim’s derivation in the previous literature
and the experimental results, and then it was also compared
with the other two prior analyticalmodels, that is,mechanical
equivalent model and electrical equivalent model, in terms
of both open-circuit voltage and close-circuit voltage. The
resonant frequencies of the PCB generator with different
number of proof mass, and the vertical displacements of the
proof mass center are shown in Table 2, where “2P” means
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Figure 8: Open-circuit voltage of Kim’s model and the enhanced model.
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Figure 9: Open-circuit voltage of Williams’s model, Roundy’s model, and the enhanced coupled field model.

the PCB structure with “2” stacked proof mass bonded onto
its free end. The average of the measured damping ratio of
the PCB structure was 0.21. The resistive loads used for the
experiment were 25, ranging from 1KΩ to 1MΩ.

4.1. Open-Circuit Voltage. The open-circuit voltage ampli-
tude of the PCB generator with different proof mass is plotted
in Figure 8, comparing the theoretical result of Kim’s model,
the enhanced coupled field model against the experimental
results. It is clear that in Figure 8(b) the open-circuit voltage

amplitude of the PCB generator increases with the number
increase of the proofmass. In addition, the enhanced coupled
field model is closer to the experimental result than Kim’s
model, since it treats the PZT parts under the proof mass
as only the rigid body without piezoelectric effect, and it
can better reflect the practical working mechanism of PCB
generator with proof mass on the free end.

The open-circuit voltage of the enhanced coupled field
model was also compared with that of Williams’ model and
Roundy’s model, as shown in Figure 9. It is also clear that
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Figure 10: Resistive load voltage of Kim’s model and the enhanced model.
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Figure 11: Resistive load voltage of Williams model, Roundy model, and the enhanced model.
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the enhanced coupled field model has better accuracy in
predicting the open-circuit voltage output of PCB generator
with proof mass on the free end.

4.2. Close-Circuit Voltage. Under the condition that the PCB
energy harvester connects with the resistive load, ranging
from 1Ω to 1MΩ, the close-circuit voltage amplitude is
plotted in Figure 10, comparing the theoretical results of
the base model of Kim’s derivation in the literature and
the enhanced coupled field model against the experimental
results, which are carried out with the PCB generator with 6
different proof mass attachments.

It can be seen that the enhanced coupled field model
has better accuracy in predicting the close-circuit voltage of
the PCB generator with different proof mass, due to that the
enhanced coupled field model treats the PZT parts under the
proofmass only as the rigid body without piezoelectric effect.

The enhanced coupled field model was also compared
with Williams’ model and Roundy’s model, that is, mechan-
ical equivalent model and electrical equivalent model, in
terms of the close-circuit voltage amplitude, as shown in
Figure 11. It can be seen that the enhanced coupled field
model and the electrical equivalent model can better predict
the close-circuit voltage output of PCB generator, while the
deviation between the theoretical models and the experi-
mental results may attribute to the internal resistance and
capacitance of the PZTbimorph, geometric irregularity of the
proofmass and tip displacement of the proofmass center, and
so forth.

5. Conclusion

In this paper, an enhanced coupled field model based on
a previous model in the literature using a conservation of
energy method for the open-circuit and close-circuit voltage
of PCB energy harvester has been developed with treating
the PZT parts under the proof mass only as the rigid
body without piezoelectric effect.The enhanced coupled field
modeling is then comparedwith the basemodel and the other
two previous analyticalmodels, that is,mechanical equivalent
model and electric equivalent model. Finally, the laboratory
experiment is carried out to verify the enhanced coupled
field model.The result shows that the enhanced coupled field
model can better predict both the open-circuit voltage and
the close-circuit voltage of piezoelectric cantilever bimorph
generator with proof mass on the free end.
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