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The H,, dynamic output feedback control problem for a class of discrete-time switched time-delay systems under asynchronous
switching is investigated in this paper. Sensor nonlinearity and missing measurements are considered when collecting output
knowledge of the system. Firstly, when there exists asynchronous switching between the switching modes and the candidate
controllers, new results on the regional stability and [, gain analysis for the underlying system are given by allowing the Lyapunov-
like function (LLF) to increase with a random probability. Then, a mean square stabilizing output feedback controller and a
switching law subject to average dwell time (ADT) are obtained with a given disturbance attenuation level. Moreover, the mean
square domain of attraction could be estimated by a convex combination of a set of ellipsoids, the number of which depends on the
number of switching modes. Finally, a numerical example is given to illustrate the effectiveness of the proposed method.

1. Introduction

The past few decades have witnessed an ever increasing
research interest in the control problems that are fundamental
to the switched systems. These families of systems have great
practical potential in many fields, such as power systems [1]
and networked control systems [2]. A discrete-time switched
system can be analytically expressed by a finite number of
operation modes with switching signals between them. As
a significant fact, the switching law depicts the transition
between possible system behavior patterns; therefore, the
average dwell time (ADT) approach has become one of the
most effective methods to deal with the analysis and synthesis
of switched system (see [3-5] and references therein). The
main advantage of ADT switching is the fact that the sta-
bilizability and other performance requirements could be
achieved by regulating the switching rate, that is, to enlarge
or reduce the number of switches over a finite time interval
not less than a fixed value [6].

It is worth mentioning that an interesting research topic
named “asynchronous switching” draws much attention in
recent years. It usually means that the switching of controllers
has a lag to the switching of system modes, because in many
practical applications, it inevitably takes some time to identify
the currently operating mode of the switched system and
applies a matched controller. The stability, stabilizability, and
filtering problem for such an asynchronous mechanism have
been well studied by allowing the Lyapunov-like function
(LLF) to increase during the unmatched period between the
switching mode and the controller [7, 8]. Such an unmatched
time depends on the identification of the switching mode
and the scheduling of the candidate controller and the length
of it may be time-varying according to different running
environment. In most cases, the maximum value of the
unmatched time must be known a priori [9-11]. Another
effective method is to divide the active time of switching
mode and controller into matched and mismatched intervals
and corresponding controller gains could be obtained by



solving coupled matrix inequality constraints [12-14]. The
obtained results could soon be extended to the asynchronous
filtering problems [15, 16]. Burgeoning research works in
related areas such as finite-time control or state estimation,
system with switching mechanism and time delay, and system
with mismatched uncertainties could be reviewed in [17-22].

In most existing literatures concerning asynchronous
switching, it has been implicitly assumed that the sensors
can always provide unlimited amplitude signal and therefore
ignore the possible effect of the sensor nonlinearity such as
[23], although sensor nonlinearities are widely exist [24-26].
Moreover, the asynchronous controller design approaches for
switched systems rely on the ideal hypothesis of perfect mea-
surements [27]. However, in terms of engineering applica-
tion, such hypothesis does not always hold. For example, due
to the missing measurements [28] or incomplete measure-
ments [29], the signal will be strongly influenced or even only
contain noise, which indicate that real signal is jeopardized
or missed. There is one more point that we want to touch on
the fact that, in the abovementioned relevant references, the
unmatched period between switching mode and controller
is assumed known a priori. However, in almost all types of
asynchronous mechanism, such unmatched period could be
vague and random in the running time of different operating
mode. Therefore, rather than having a large complexity to
measure or estimate all the unmatched period or the largest
one, it is significant and necessary to further develop more
general asynchronous control strategy by allowing the LLF
to increase with a random probability during the unmatched
period.

In this technical note, we aim to investigate the asyn-
chronous H,, dynamic output feedback controller design
problem for a class of time-delay switched system with both
sensor nonlinearity and missing measurements. Note that
the addressed system model is quite comprehensive to cover
asynchronous switching, time delay, sensor nonlinearity,
missing measurements, and H_, performance requirement,
hence reflecting the reality closely. The main contributions of
this study are trifold: (1) a new system model for time-delay
switched system is established to take both sensor nonlinear-
ity and missing measurements into account; (2) new results
on the regional stability and /, gain analysis for the underlying
system are given by employing a binary switching sequence
to depict the evolution of the LLF; (3) a mode-dependent
ellipsoid constraint, which represented by a convex com-
bination of a set of ellipsoids, is developed to deal with
sensor nonlinearity for considering the time-delay within the
switching dynamics.

Notation. Notations in this paper are fairly standard. The
superscript “T” stands for matrices transport. R" and R™""
denote n dimensional Euclidean space and set of all n x m
matrices, respectively. The brief notation A > Bor A > B
(where matrices A and B are symmetric) means that A —
B is positive semidefinite or positive definite, respectively.
In symmetric matrices, we use = as an ellipsis for the
symmetric terms above or below the diagonal; I and 0 denote
identity matrix and zero matrix with appropriate dimensions,
respectively.
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2. Preliminaries and Problem Formulations

Consider the following discrete-time switched system:
d
X = A () xi + A" () X_q + BY (ri) wi + BY (ri) o

2 = C* (r) xp + c (1) X—q + D* (rie) wy + By (1) iy

)

and m sensors with both saturation and missing measure-
ments:

vl = ofo ((Cr)Y %)+ (1-af) B (C(n)) x,

+(DE) Y, fF=12..,m,

2)

where x;, € R” is the state vector, z;, € R is the controlled
output vector, and y]{ € R is the fth sensor observations.

Notations w, € L([0,00), R?) and vi € 1,([0,0), R) rep-
resent the exogenous disturbance and measurement noise,
respectively.

The switching signal 7, is a piecewise constant function of
time, which takes values in a finite integer set S = {1,2,..., s},
and s > 1 is the number of the switching modes. The time
sequence k, < k; < -+ < k; < k,; < --- represents every
switching instant and time k, is also denoted by initial time.
When k € [k, k), the r; th mode is active and therefore
the trajectory x; of system (1) is the trajectory under the ry th
mode. The jumps of the state at the mode switching instants
are not considered here.

For each possible value of r,, = i, we denote A(r) = A,
Alrg) = AL BY(n) = BY Bi(n) = B, C°(n) = C,
Cl(r) = C%, D*(r,) = DY, Bi(r) = B, (C(rp))) = C/,
and (D(r,))’ = Dif for simplicity.

The standard saturation function with appropriate
dimensions v R — R, which is defined as y(x) =
sign(x) min{L, |x|}, is employed to describe the sensor
nonlinearity in this study. The notation “sign” denotes a
signum function. Here we have slightly abused the notation
by using y(-) to denote both the scalar valued and the vector
valued saturation functions.

To deal with the asynchronous switching between switch-
ing mode and corresponding controller, we let [k;, k;,), VI €
N, denote the active time interval of some subsystems, while
[k;, k; + 7) and [k; + 7,k;, ) represent the unmatched time
and the matched time, respectively. The LLF is assumed to
increase during [k;, k; + 7) and decrease during [k; + 7, kj,)-
Because [k;, k; + 7) and [k; + 7, k;,;) are randomly dispersed

intervals, we assume they obey Bernoulli distribution.

The stochastic variables oc,{ € R and ﬁkf € R in sensor

model (2) are Bernoulli distributed white sequences taking
values with

Prob {ocl{ = 1} = Uy
Prob {oc,{ = 0} =1-uyp

Prob {ﬁ,{ = 1} =9,



Mathematical Problems in Engineering

Prob {B] =0} =1-9,,

1< f<m

(3)

It can be recalled from [28] that, in sensor model (2), if cx,{ =

1, it means that the sensor f subjects to saturation only; if

oc{ = 0 and ﬁ,{ = 1, it implies that the sensor f works nor-

mally; if oc,{ = 0and /3,{ = 0, the sensor f detects noise only.

Assumption 1. We use stochastic variable 0, to characterize
the randomly dispersed intervals [k, k; + 7) and [k; + T, kj,,),
which satisty

Prob {6, = 1} =6,
(4)
Prob {6, =0} =1-0.

If 6, = 1, it means that the system mode and controller are
matched and the LLF is decreased during the interval [k; +
T,k ) if 8 = 0, it implies that the system mode and
controller are unmatched and the LLF is increased during the
interval [k;, k; + 7).

In this study, a class of switching signals with ADT
switching is designed when the controller is obtained. Thus,
the definition of ADT is recalled.

Definition 2 (see [6] (average dwell time)). For a switching
signal ;. and any time k > k, let N,(k,, k) be the switching
numbers of 1 over the finite interval [k, k). If, for any given
N, > 0and 7, > 0, we have N, (k, k) < Ny + (k—k,)/7,, then
7, and N are called average dwell time and chatter bound,
respectively. As commonly used in the references, we choose
N, = 0.
For notational brevity, we rewrite sensor model (2) as

Vi = Pak¥ (Eixk) + (I~ 9or) (Pﬁkaixk +Dy, (5

where
_ T
Ve=ln v W
wo=[v o Rl

, )
Qo = diag {ock,ock, o ,oc,rc"} ,

) (6)
pi = diag {B Bo - B}
— T
Ci=[@hr (@) - @]
D, = diag{D},D},..., D"}
Moreover, we set
¢, = diag {p, s - thn} >
. 7)
@9 = diag {9,,9,,...,9,,}.

In this note, we are interested in designing the following
dynamic output feedback controller:

Xy = A (r) xi + B (1) Vo ®

w = C* (1) xp

where matrices A(r) = A%, B°(ry) = B; and C*(ry) = C; are
controller gains to be determined. By introducing new vectors
e = [xZ (xi)T]T andwy = [wg T/E]T,the resulting closed-
loop systems under output feedback controller (8) become

— —d - = - _
Merr = Aitle + A ea + T ¥ (CiGﬂk) + B;jwy

NgE

+ 3 (9L~ ur) Ky (CGne)
f=1
\ NS — )
+ Z ((1 - (p(xk) Ppr (1 - ‘PM) ‘Ps) K;C;Gny.s
f=1
2k = Eizjﬂk + Efﬂk—d + 57%
Vk € [k, k + 1),
Mker = Aifly + Z?Wk—d + ]y (Eicﬂk) + Biwy,
m
+ 3 (9L~ ur) K (CGne)
f=1
_ (10)

((1 - ¢£k) ‘P;;k - (1 - ‘PM) ‘Pe) K,C.Gn.

+
NgE

-
I}
—

—z —d —w__
2 =Cime+ Ci g + D; wye

Vk € [k +1.ky)

where
T [A:,] _ [ A Bi‘iff],
"R B (I-9,)94Ci A
A= (- s )
Y Rij Bj (I N (P#) PoCi Aj
5 [Ba] [ o
i~ |B,] Lo BD]’
— [B,] [B® o
Bl] = | — = CT >
By, 0 BD,
- 0 < 0 <
= C 5 = C > K; = 4
Ji |:BI(P.‘4:| ! [Bj(PM] l [B’Ef]
B 0 f-1 m—f
]:[B;Ef]’ Edelag{()aO, 1>03 0’}’



G=[10], T =[c B,
-4 [A?] _[A? o
-[¢ BG4 - [ ol] ) [ 0 o]’
=[c! o], D/ =[D! 0].

(1)

In order to deal with the regional mean square stability of
closed-loop systems (9)~(10) and the saturation nonlinearity
y(-), the following preliminaries are given.

Definition 3. Denote 1., 5 be the state trajectory of closed-

loop systems (9)~(10) startmg from the initial value #,; then
the set satisfying

- {,10 eR™; lim E Il = 0} (12)

is said to be the mean square domain of attraction of the
origin.

Lemma 4 (see [28]). Assume the nonlinear function y(-) sat-
isfies [y(x) — afx] [y(x) — x] < 0and |x| < a}l, where asisa

positive scalar satisfying 0 < ay < 1. Set ¢, = diag{a,, a,, ...,
a,,} and define

F(9.CG) = {n e R :|a,clGn| <1},

f=12...,m
Then, it can be verified that 0 < ¢, < I and

(13)
i=1,2...,s

[v(CGn) - 9.CGne]' [w (CGne) ~CiGn] <0, (14)
for each € F(¢,C,G).

Definition 5. Define a switching level set as follows:

k-1
Q(P,Q) = {17 €R™:n'Pn+ ) mQn< 1}, (15)
I=k—d

where P, Q € R*" are positive definite matrices.

Remark 6. Thelevel set Q(P;, Q) is graphic and simple in form
but could not be directly employed to estimate the domain of
attraction Z. This problem will be tackled in the following
part of the paper.

The purpose of this study is to design H_, dynamic output
feedback controller of form (8) subject to ADT switching

such that the following two conditions are satisfied.

(i) Closed-loop systems (9)~(10) with w, = 0 are
regional mean square stabilizable and the switching

level set Q(P,Q) ¢ Z.

(ii) Under the zero-initial condition, the controlled out-
put satisfies

213 < ¥* lwl;, (16)
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lzll3 = {E [gz,fzk” <o

© T

— 2 —T—

@1 = ) @, @y < 0o
k=0

where

17)

for any nonzero wy, and a prescribed attenuation level y > 0.

3. Main Results

Let us start with tackling the switching level set Q(B;, Q).
Given ellipsoid sets

A(R)={neR™:n'Py<1}, ies,

(18)
AQ={neR™ :n'Qy=<1},

where matrices P, and Q are positive definite, then we denote

A(P,Q) = Co{A(P), A(P,) - A(P),AQ},  (19)
where Co represents a convex hull. Viewing P, and Q as ver-
tices of the level set A(P,, Q) and by using the property of the
polytope [30], (19) immediately yields Q(P,,Q) ¢ A(P,Q).
Obviously, the estimation of the domain of attraction could
be enlarged when we replace the level set Q(P;, Q) by the
ellipsoid set A(P;, Q). Thus, the domain of attraction could
be estimated by ellipsoid (19) only if A(P;, Q) C Z is satisfied.
Theorem 7. Consider systems (9)~(10) with w;,, = 0 and let

the controller gain A, B, and C; be given. If, for some given
constants@ =1-a (0<a < 1), F=1+B (B >0), andk > 1,
there exist matrices P, > 0 and Q > 0 and scalar € > 0 such
that

A(P) cF(9,CG),  AQcF(¢,CG),  (20)

- =T d
Sitn — slGTci 9,CiG - aP, A;PMA; i13
= x (A7) P,AT-Q 0
* * B3 — el
<0,
(21)
i
o =T = 7 AT d =
Sijn ~ 51GTCi $.CiG; - PP, AP A i3
— ~n\T —_
= * (A7) P,AT-Q 0
* * Eij33 —el
<0,
(22)

P, < P, (23)
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then the system is regional mean square stable and ellipsoid
A(P, Q) is contained in the mean square domain of attraction
Z for switching signal r;, with ADT:

Inx

In(1-6a+(1-6)p)

.
T, >T, = -

(24)
“1<-Ba+(1-0)p<0,

where
- o ©  5Tp &
Ein = A;PA; + R PR +Q

+ Y (8, +85,)G'C E, (BY)' PyBE,CG,
=

eG'C; (I+¢,)

= 3T C
Bz = R PyBig, + 5 >

—_ c\T C . c\T c
Z2i33 = Pu (B;) PB¢p, + Z (811‘ +53f)Ef (B;) P,BEy,
=1

8 =ws (1-py),
8y = (1-ur) 0~ (1-ps) 9,
5= (L-ps)us9y

- Tr 7 .5Tp 5
i1 = AijPIiAij + RijPZiRij +Q

NgE

—T c T c J—
+ 3 (8,7 +085;)G'C, E; (B))' PyB{ECG,

f=1

=T
_ - eG C; (I+¢,)
Sij1z = RijPZiB;(Py "

>

2
- c\T c Q c\T ¢
Bz = 9 (B)) PayBigu+ ) (815 +85) Ef (BY) PyBEy.
f=1
(25)

Proof. For the convenience of manipulation, we assume the
matrices P, and Q have the diagonal form; that is, P, =
diag{P,;, P,;} and Q = diag{Q,,Q,}. Condition (20) means
that if ., € A(P,Q), then the nonlinear constraint could
always be satisfied. In order to simplify the proof, we only
consider closed-loop system (10). The results for system (9)
can be obtained in a similar way.

Consider the quadratic LLF:

k-1

V(1. k) = Vi (k) = e P+ ). 1)/ Qs
I=k-d (26)

ke lkpki)s

then

E{V; (k + 1)

1

TiTp T T5Tp & T (7d\T p 74
=E {'IkAiPuAiﬂk + 1 R Py Rim + 1y (A) PyAin_q

+y (EiG’?k) Pu (BE)T PyBig,y (EiGﬂk)

+ z 51f‘//T (EiGﬂk) Ey (Bf)T PyBEy (aiGﬂk)

f=1

m
T ~TAT T =
+ Z‘SszkG C Ef (Bi) Pz:'BfEfCiGﬂk
=

T+Tp 7d THT =
+ 21 A PyAG g + 21 R; PyBio,y (CiGﬂk)

-2 Z 83f‘/’T (EiGﬂk) Ef (Bf)T Pz:‘BfEfEiGﬂk

f=1

k-1
+ menk - Wg—dQ’?k—d + Z ’71TQ’11]’ .
I=k-d

From the above equality, we have

k-1
E{V,(k+1)} <E {E,fé,fk +ay r;me} )

I=k—d

where

&=k nia v (Can)]'

- TTp 7d ST
i1l A; PyA; R; PziBf‘Py
= 7d\T » 74
=« (&) PAT-Q 0 ,

* *

89

[1]

33
which comes from the fact that
- 2y" (C:Gy) Ey (B)' Py;B{E ;C,Grjy
<y’ (EiGnk) Ey (Bf)T PyBEy (EiGﬂk)
+ 1t G G Ej (BY)" PyBE C,Gr.
It follows from (14) that

E{V; (k+ 1)}

ﬂ#ﬁ@wW@%}%@mf

k-1
qwmmyawﬁ@zﬁw}
I=k—d

(27)

(28)

(29)

(30)



<& {626~ (Con) v (Gon)
+en G'C, y (CGr) + en, G'C; o,y (C.Gr)

k-1
T~TAL —= ~ T
—en G C 9, CGry + & Z " Qﬂl]’
I=k—d

k-1
_x {sza-sk @y nfom},
I=k—d
(31)

where

- =T el Y
i1 SGTCi 9.C,G AT?PUA? i13
* (A‘ij) PAT -Q 0
* * Eizz —el

(32)

(1]

[m
Il

Because (21) holds, that is, E; < 0, we know that
&P, 0 0

<+ 0o0]. (33)
* x 0

Then, according to (31) and (33), one has

[m

k-1

E{V;(k+ 1)} <E ‘|&’7£Pﬂ1k ray ﬂzTQﬂz} =ak{v; (k)},
12k—d

Vk € [k + . kpyy) -
(34)

Following the same lines of the proof of (34), we can get

k-1
E{V,(k+1)} <E {EnZenk +B ) mTQm} = BE{V; (k)},

I=k-d

Vk € [kpk, + 7).
(35)

It follows from (4), (34), and (35) that
E{AV; ()} = E{V; (k + 1) - V; (k)}
= E{0c (—aV; (K) + (1 - 6,) (BV; (K))}
=E{(-0a—(6,-0)a+(1-0)p (36)
+(1-6) B~ (1-0)p)V; ()}
= (-0a+(1-0) B)E{V; (k)}.

If we denote @ = —0a + (1 —0) 3, then, from the above, we can
get

E{V (r, k)} < @ FE{V (r.k))} . (37)
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Note that

k-1
E{V (r,.k)} =E {x{lp(rkl)xkl + Z anQm}

I=k;—d

I=k—d

k-1
<E {szlp(rkll) X T Z rllTth} ;

BV (1 )} =07V (k)

(38)
then, according to (23) and (26), one has
E{V (r-ko)}
k-1 k-1
<kB{V (r k)l - Y wiQm+ Y niQn
I=k—d I=k;—d
k-1
< @ 7FKE {V (rkH, kl_l)} +(1-%x)E { Z r]lTin}
I=k—d
< " F1kE {V (rkH , kl_l)} .
(39)
Thus,
E{V (rok)} < @ kE{V (r, Ky}
< @R’ {V (rkl_z, kl_z)}
(40)
<< @ oyt R L {V (rko,ko)}
< (@) BV (ko))
If ADT satisfies (24), one has
i /Ta = ek _ ner(/r)nke 0 _ 4 (41)

Therefore, we conclude that V(r, k) exponentially converges
to zero as k — 00 in the mean square sense; then the mean
square stability can be deduced. From (19), we know that
constraint (20) indicates that A(P,Q) ¢ [F((paEiG) (see [31]
for details). Therefore, for each 1, € Q(P,Q) ¢ A(P,Q) C
F(¢,C,G), it follows immediately that 77, € Z (see [32, 33] for
details). Thus, the proof is completed. O

Remark 8. In this work, we focus our study on the asynchro-
nous switching by considering randomly occurring sensor
nonlinearity and missing measurements when collecting the
output knowledge. The saturation function, which describes
the sensor nonlinearity, restricts the system state and con-
troller state in a regional area of the state space. Since A(P;, Q)
is expressed by a convex combination of A(P;) and A(Q),
it has two main advantages. First, the invariant ellipsoid
A(P;, Q) depends on all switching modes not just a single one;
thus it could enlarge the mean square domain of attraction.
Second, the possible largest estimation of the mean square
domain of attraction could be obtained by employing a
similar approach presented in Algorithm 1in [31].
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Remark 9. The mean square domain of attraction could be
estimated by A(P;, Q), which is constructed by the convex
combination of ellipsoid A(P;), A(P,), ..., A(P,), A(Q). It can
be easily verified that

A(P,Q)
= {11 €R":n" (AP, + AP, +---+ AP, (42)

+AS+1Q) n < 1} >

where A, 7,,...
Ai+Ag, =1

JAoAgy > 0and satisfying A, + A, + -+ +

Remark 10. Compared with the results presented in [7], the
maximal value of the unmatched time interval is not required
to be known a priori and the probability of the matched
and unmatched time interval could be obtained by using
a statistical method. If @ = 1, the results of Theorem 7
degenerate to the case that the switching of the system modes
and controllers are matched. A simple corollary is omitted
here owing to limited space.

Next, we direct our attention to the [, gain analysis. Suf-
ficient conditions for both the regional mean square stability
and H, performance of the closed-loop systems (9)~(10) are
derived in the following theorem.

Theorem 11. Consider systems (9)~(10) with w, = 0 and let
the controller gain A, Bj, and C; be given. If, for some given
constants& = 1—a (0 < a < 1),ﬁ= 1+ (f=0),andk > 1,
there exist matrices P, > 0 and Q > 0 and scalar € > 0 such
that

A(P) cF(9,CG), AQcF(p,CG),  (43)

On1 Oy B3 Oy
* O, 0 O

©i = * * Oz —el Oy <0 (44)
* * * Oigy
O Oz Oz Oy
| * Op 0 Oy
©i=| « * Oz — el Oy <0 (49
* * * Ojjaa
P, <P, (46)

then the system is regional mean square stable with a given dis-
turbance attenuation level y > 0 and ellipsoid A(P,, Q) is con-
tained in the mean square domain of attraction Z for switching
signal . with ADT:

Inx

"In(1-6a+(1-6)B) (47)
-1<-0a+(1-6)B<0,

*_
T, >T, =

where

0, = O - sGTE;FtpaE,-G - aPp,

©;, = k@A P,A; + k&R] PR, + GQ

+x&y (8,7 +08;,)G'C, By (BY)" P,BECG
=

— —z\T —d
®,, = kdA, P,AY + (C;) C;

—T
_ eG'C, (I +
K&R?PZiB?(p# —t T4 § %),

®1'13

— —~ — T
@y, = k@A, P;By; + k&R PyBy + (C;

1 1

1

O, = xa(AY) P&l -aQ+ (C)) T

O = 1@ (A4)" P,By; + (Ef)T D’

1

_ T
0j33 = KaQ, (Bzc) PziB;‘Py

+ K&i (8,7 +85,) Ef (B)" PyBE,
f=1

_ T
Oj34 = kAP, (B;)" PyBy;

w

®i44

T — — T —
~y*1 +«aB, PB;+(D;) D;,
Ojji1 = @ijll - SGTEiT‘PaEiG - ﬁpia

;11 = kXA, P A;; + KGR PR + 3Q

x@y (8, +6,,)GTCIE, (B) PyBIE,CG

f=1
—z\T —z
+ (CU) Cij’
=T ~d —z\T —d
Oy, = KEAPLA; +(C)) C,
T=T
~ 5T eG C;, (I+¢,)
O3 = KARPyByp, + ————,

T h T ~STp & =z\T=w
Ojj1q = KA Py;By; + KAR; Py By + (C,-j) D;,

_ T
0,j33 = KAQ, (Bj) PziB(J:'%

m
vay (8, +8y) Er (B) PuBEy,
=1

_ T —
®ij34 = K&, (Bj) PZiBZij’

2 ~T — —uw\T —w
®,u = —y’1 +xaB;PB; +(D; ) D;

i

(48)



Proof. In order to simplify the proof, we only consider closed-
loop system (10). The results of system (9) can be obtained in
a similar way. The LLF is chosen as the same to the one in the
proof of Theorem 7.

Because (44) holds (i.e., ®; < 0) and x > 1, we know that

P.

1

_ 0
0;<| *x 0
* %

Because (49) holds and 0 < & < 1, we obtain Z; < 0 (in (21)).
Thus, it can be concluded that E; < 0 if ®; < 0. Similarly,
we know that &;; < 0if ©;; < 0. According to Theorem 7,
conditions (43), (46), and (47) with E; < 0 and g; <0
guarantee the mean square stability of systems (9)~(10) and
ellipsoid A(P;, Q) is contained in the mean square domain of
attraction Z.

Next, we pay our attention to the H_,

ysis. Define

A

0
0. (49)
0

performance anal-

k-1
o - E{ (z?zl—yzwfwl)}

k
1

|
—

(ZZTZZ - )/ZwlTwl + ek&V (rl+1,l + 1)

Il
o

+ GkgV (rl+1,l + 1) - Qk&V (Tl, l)

—GkﬁV (rl’l))}

—

k—
—E{ (Gk&V(rl+1,l+1)+9kEV(rl+1,l+1)
=

=0 &V (13,1) = 6, BV (r, l)) }

1

(z)2- y’w w; + (6@ + (1 - 6) B)

:E{"

Iy
o

X (V(rppp 1+ 1) = V(n,l)))}

—

k—
—E{ (6&+(1—O)E)(V(mpH1)—V(n,l))}
1=
k-1 ~
= E{ (Z?ZZ—YZW;Tw[+(0&+(1_0)ﬁ)

X (V(ripp 1+ 1) = V(n,l)))}

— (6@ +(1-0) B)E{V (r. k)}
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|
—_

k
I

(lezl —yY'w w + (9& +(1-0) ﬁ)

Il
(=}

X (V (riol +1) - V(rl,z»)} .
(50)
Since
E {lez, - yzw,Twl + (0& +(1-0) ﬁ)
X (V (s + 1) =V (D)}
= lezl - yzwlTwl + (6& +(1-0) B)
x (sz+1P (Ta1) Xpe1 — szP (1), + szQxl - xlT—del—d)
< lezl - yzwlTwl + (6& +(1-0) B)

T T T T
x (le+1P (1) x40 — %, P (1) x; + x; Qx; — xl_del_d) ,

(51)
conditions (44) and (45) imply that
T 2T (T T
Zryp—ywuwta (sz+1p (1) X101 = x; P (1)
+ xlTQx, - xlT_de,_d) <0,
(52)

ZITZI - Yzszwl + ﬁ(“szHP (1) %141 — szP () x;

+ xlTQxl - xlT_de,_d) <0.
Therefore, with the property of polytope [30], we get
z,Tz, - yzwlTwl + (9& +(1-0) E)
X (leTHP (1) x4y — xlTP (r) x; + xlTQxl (53)
—x 4Qup_4) < 0.
According to (51) and the above inequality, one further gets
E {lezl - yzwlTwl + (9& +(1-6) B)
X (V(ryp 1 +1) =V (n,1))} < 0.

It follows immediately that J, < 0. Therefore, (16) holds,
which means a prescribed H disturbance attenuation level
y is obtained. Thus, the proof is completed. O

According to the regional H_, performance analysis
presented in Theorem 11, a solution to the asynchronous H,
control for the underlying system with randomly occurring
sensor nonlinearity and missing measurements is given in
what follows. The dynamic output feedback gain can be
obtained by solving a set of linear matrix inequalities (LMIs).

Theorem 12. Consider switched system (1) and sensors model
(2 andlet&=1-a(0O<a<1),f=1+B(B=0),x>1,
y > 0 be given constants. If there exist matrices P;; = P. > 0,
Py=P.>0Q,=Q >0,Q,=Q, >0, W, =W, >0, X,
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Y, and C; and scalar ay, wherei=1,2,...,s, f = 1,2,...,m,
such that

[Y;; 0 Yzij Y3ij Y4ij YSij Y6ij-

« % 0 0 0 0 0

* % =P, 0 0 0 O
PW; =1, (55) * ok * —}~3’2i 0 0 0 |<0, i#j, (60)
0<a;<1, (56) * % * * =P, 0 0
* * * * * =W, 0
r AT h L * * * * * * —I |
-P; 0 (C]) a
x =P, <0, (57) P, - KPU 0 <0 i+ (61)
| * * -1 | 0 P2i_KP2j <0, 1+
- AT
-Q 0 (C,-) as then the system is regional mean square stable with given dis-
x  —Q, 0 < 0; (58) turbance attenuation level and ellipsoid A(P,, Q) is contained
| o+ -1 | in the mean square domain of attraction Z for switching signal
i i 1 with ADT:
Y 00 Yy Yy Yy Yy Y
x =9 0 0 0 0 0 i} Inx
* % =Py 0 0 0 0 T“>T“:_ln 1-0a+(1-60)B)
x % % -P. 0 0 0/[<0 (59 ( P) (62)
* * * * _ﬁZi 0 0 —1<—90¢+(1—9)ﬁ<0,
* % % * = =W, 0
BT x % —] | where
Y1111 0 0 0 lel
&, 0 0 0 m
Yy=| * o+ -@Q 0 0 |, Yy =-ar;+y (C]) acl
® * = —xQ, 0 f=1
* * * % -1
=T m T -1 - T
Y (C) aG f m—f
Yy = 2+ a 2) 6= |0 0L 0
7 = diag {y’L,y’1},
_ — 4T
Y, = [ @Y, - 9,)9sC; «*@?X, 0 0 k&P, 0 & /YD,],
_ T
k2@, )Y,E,C, 00 00 0 0
m
Y3i: E : : : ' co 5 Pzi:diag{PZi""’Pzi}’
x?&@%y, Y.E,C, 00 00 0 0
— T
0000 «&"7,Y,EC, 00
Ya= |0 : A R R R AL
000 0 «"?&"?y,,Y,E,C, 00
T
Yy = [«2a'?A; «?&@PBLCE «M*a?A? 0 0 «*&PBY o],
T
Yo = [C} BYC ¢ 0 0 DY o],
N _ _ N 120, =T
Y, = [;cl/zocl/ij(I—q)”)gosCi Kl/zocl/sz 00 Kl/zocl/ijgo# 0 Kl/zocl/ijDi] ,
— T — T
x2& %y, Y,E\C; 00 000 0 0000 «7&",YEC, 00
Y, = . Coe ’ Y, = . .

«'?&'y,,Y,E,C; 000000 000 0 «"&",,Y,E,C, 00
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T
Yy, = [<P@ A, P&PBLCS «MPa A 0 0 «MP&BY 0],

T
Y, = [Cf ByCS ¢ 0 0 DY 0] .

The designed controller gain can be obtained as AS = X;P;;!
and B = Y;P,}', C5.

Proof. Constraint (55) is established by denoting W; = P;.
Inequality (56) can be directly obtained from 0 < ¢, <
I because ¢, is a diagonal matrix. Noting that A(P;,Q) ¢
F(¢,C,G), we have

A(P) < F(9,CG)

= {’1 ERIE 1} c {’7 |n'G" (C{)T afafCIfGr] < 1}

T

— P, >G"(c]) asa,ClG
s
1

T
= -P+G"(C]) asa,ClG<0

T (~A\T
— |:_Pi G (CiI) “f] < 0 & condition (57).
% _

(64)

With the property of polytope [30], we obtain A(Q) ¢
F(¢,C;G) which yields condition (58).

Conditions (61) and (62) come directly from (46) and
(47).

Next, we pay our attention to obtaining (59). By using
Schur complement to (44), one has

Yy Yy Y5 Yy Yy
* —P, 0 0 0
®=|* * -P, 0 0 |, (65)
* * * _ﬁzi 0
% * * * =Py
where
Yiin sz Y3 Xu14 0
_ # Yy 00 Yy O
Y, =] =* & -1 0 0
* * * Y11’44 0
* * * % —yzl

_ — T — T
Yy, = K&A?PuAi —ap; + (sz) Ciz - GTCiT‘PaCiG’

Yz = K&A?Pligtj + (Eiz)TEi
v _G'C Urg)
1i13 5 ,

— - _2\T
Yiig = K&A; Py;B} (C‘ ) D/,

1

(63)

i?

— _ —d\T —d
Y1 =-3Q+(C;) C
_ L —\T —a\T
Yipg = K& (A?) PB; + (Ci ) Df,
Yiiaa = —y’1 + K& (B;U)T P;B; + (D;U)T Dy,

= — = — — — 1T
Y, = [«*&’P,R, 0 «*&/P,Bg, 0 «&P,BD,]",

— T
«'2&"%y, P,B°E,C,G 0 0 0 0

Y = : SRR

K'2&"2y, P, BE,.C;G 0 0 0 0

T
00 «'2&"%v, P,BE, 00

Yy=11 : N
0 0 x*a@"v,,P,BE, 0 0
— — T
Y5 = [0 «"%@2P,A% 0 0 0] .

(66)
Noting that

A =[a? o],

-  [B,: BY 0

B=[5]- [ w5

Ci P = > (sz)T asGy,
(67)

and by repeatedly using Schur complement, we can get
inequality (59). The detailed proof is omitted owing to limited
space. Following the same lines of the proof of (59), we can get
inequality (60). Thus, the proof is completed.

Remark 13. It should be noted that the conditions stated in
Theorem 12 are a set of LMIs with matrix inverse constraints.
Although they are nonconvex, which are difficult to solve,
we develop the following cone complementary linearization
(CCL) algorithm to solve such matrix inequalities.

Algorithm 14. Consider the following steps.
Step 1. Initialize index g = 0 and specify the number of
iterations gy. Find matrices Pj;(g) and W;(g), such that
LMIs (56)~(61) and

[P“ I ] >0, (68)

hold.
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Step 2. For P;; and W, obtained in the previous step, find
P,;(g+1) and W;(g + 1) such that the following minimization
problem has solutions:
Minimize {trace (P, () W; + W, (9) P,)}
(69)
subject to LMIs (56) ~ (61) and (68).

Step 3. Check whether the solutions satisfy (59) and (60)
via replacing W; by P;;' and check whether condition (55) is
satisfied as precise as possible. If (59) and (60) are satisfied,
Step 2 ceases and returns the value of

Pliapzi)Q])QZ)Xi)Yvi)Cf)af- (70)
Else, increment g = g + 1 and get back to Step 2.

When g = gy, iterative process stops and feasible solu-
tions could not be found.

4. Numerical Example

Consider a discrete-time switched time-delay system (1) with
matrix parameters:

A = [0.88 —0.05] ’

1.00 0.24
0.40 -0.72 ’

Ay = [0.80 0.32

4 _[-0.20 0.10 4 [-0.60 0.40
at=[ow o 8 [o o)

0.20 0.15 0.20 0.60
w001 w  [0.02
By = [0.09]’ B, = [0.14]’ (71)
DY =02, DY =03,
2 1
Blfl_[l]’ B1142=[ 1]’
B;, =04, Bj, =-0.5
1.3903 —0.0375
—-0.0375 0.9906
P =
0 0
0 0
9.4604 -2.1459 x 107°
-2.1459 x 107° 9.4604
P, =
0 0
0 0

9.2132
' -02616 9.9121

—0.2616]

1

The considered sensor model is given with parameters:

ci=[105, cCi=[11],
Ccy=[0504], C;=[07 06], )
— [t o — Jo5 o
D, = , D= :
0 05 0 05

The exogenous disturbance is taken as w;, = 0.5¢”*, The
measurement noises are taken as v,lc = vi = 2cos(0.3k)/5(k +
1). Time delay is taken as d = 3.

The probabilities are taken as y; = 0.3, 4, =0.4,9, = 0.7,
9, = 0.75,and 8 = 0.7. The given disturbance attenuation
levelisy = 1.2. Some other parameters are chosenasx = 1.01,
a = 0.1, and § = 0.21. The initial system state and controller
state are taken as x; = [0.3 0.1]" and X, =1[0.3 0.1]%.

By employing Algorithm 14, we obtain the controller gain:

A =

0.4299 0.0000
’ —-0.0039 0.4259

A = 0.4263 -0.0039
1710.0000 0.4299 ’

B = 0.0011 -0.0003
17 1-0.0003 0.0018 |’

B,

— 107 x 0.6379 -0.1280
B —-0.1280 0.4329 |’

CS =107 x [-0.6263 —0.5686],

C5 = [0.0047 0.0053].

The ellipsoid parameters are obtained as

0 0
0 0
1.3942 -0.0264
—-0.0264 0.9873

>

0 0
0 0
9.4605 -2.1028 x 107°
-2.1028 x 107° 9.4605

(74)

9.0000 0
o-| |

0 9.0000
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2.5

15}

Switching signals

fm—————-——

0.5 1 1 1 1
10 20 30 40 50

Time step

S

FIGURE 1: Asynchronous switching signals (the solid line represents
the switching of the system modes and the dash-dotted line repre-
sents the switching of the controllers).

Since we have
1.0220 0.0134
PaW = [0.0091 1.0056]’

(75)
1.8536 0.6470
P12W2 = [ ] >

0.4484 1.3399

we could find that the obtained controller is feasible.
The mean square domain of attraction could be described
as
system state: A(P;,Q;) = {x € R" : x"(A\,P,, +
AP, +A;Q)x <1},

controller state: A(Py;, Q,) = {x, € R" : x! (\\Py; +
APy + A5Qy)x, < 1}

The switching signals generated in Figure1 depict the
operating of the system modes and controllers, where the
solid line represents the switching of the system modes and
the dash-dotted line represents the switching of the con-
trollers. The eigenvalues of modes A, and A, could be
obtained as

1.2146

eig(4,) = [0.1054] s (76)

cig (A,) = [ 0.8674 ] ’

-0.7074

therefore the input-free switched system (with ;. = 0) could
be unstable. By solving ADT constraint (62), we get 7, =
1.4165. We also could obtain that the real ADT of the switch-
ing mode is T, = 1.7857, which satisfies ADT constraint
7, > 7, . Figure 2 shows the trajectories of system state and
controller state under the asynchronous control move. The
controlled system is mean square stable, which satisfactorily

Mathematical Problems in Engineering

0.4
0.8} <02 K .
s
< \
s op
0.6 R
-0.2
i 0 10 20 30 40 50
0.4 -’! Time step 1

State x

Time step

— X
- Xy

FIGURE 2: State responses under the asynchronous control (system
state and controller state).

0.6

04} .
02}

02 F

o 04}
®

06} .

-08F
& 0

-12} 20,5 0 0.5
—-14+t X1

FIGURE 3: Mean square domains of attraction.

justifies the effectiveness of the proposed control method. The
mean square domains of attraction including system states
and controller states are shown in Figure 3.

5. Conclusions

The problems of asynchronous H,, dynamic output feedback
control for a class of time-delay switched systems subject to
sensor nonlinearity and missing measurements are investi-
gated in this study. New results on the regional stability, /, gain
analysis, and regional controller design for the underlying
system are given by allowing the Lyapunov-like function to
increase with a random probability during the unmatched
period of the switching mode and controller. A convex
combination of a set of ellipsoids is employed to estimate the
domain of attraction of the system.
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