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An attention in this paper is focused on the stress analysis and the determination of fracture mechanics parameters in low pressure
(LP) turbine rotor discs and on developing analytic expressions for stress intensity factors at the critical location of LP steam turbine
disc. Critical locations such as keyway and dovetail area experienced stress concentration leading to crack initiation.Major concerns
for the power industry are determining the critical locations with one side and fracture mechanics parameters with the other side.
For determination of the critical locations in LP turbine rotor disc conventional finite elements are used here. For this initial crack
length and during crack growth it is necessary to determine SIFs. In fatigue crack growth process it is necessary to have analytic
formulas for the stress intensity factor. To determine analytic formula for stress intensity factor (SIF) of cracked turbine rotor disc
special singular finite elements are used. Using discrete values of SIFs which correspond to various crack lengths analytic formula
of SIF in polynomial forms is derived here. For determination of SIF in this paper, combined 𝐽-integral approach and singular finite
elements are used. The interaction of mechanical and thermal effects was correlated in terms of the fracture toughness.

1. Introduction

Stress intensity factors are very powerful parameters for
predicting the loads and crack length at which fracture can
occur. The joint between the turbine blade and the disc
usually represents the most critical area from the point of
view of the static and fatigue approaches.The loads associated
with these regions are mainly the centrifugal forces and
thermal stresses. Disks are the most strained and respon-
sible steam turbine elements. They contain technological
and structural stress concentrators in which damages are
eventually accumulated. In low pressure (LP) steam turbine,
rotating discs are simultaneously subjected to mechanical
and moderate thermal load [1–3]. A disc is loaded under
internal pressure due to shrink fit on a shaft.Thus, additional

blade effectsmay be taken into consideration andmodeled by
an external tensile load at the outer radius of the disc when
the disc rotates with significant angular velocity. Material
behavior is temperature dependant and changes in mate-
rial properties throughout the disc should be considered.
In order to attain a certain and reliable analysis, solution
should consider changes in material specification caused
by temperature. Therefore, engineers have strong interests
in monitoring and analyzing of rotating components in jet
engines to improve safety and to lower maintenance cost.
To prevent catastrophic failure of the engine, they have
developed different techniques to analyze structures. The
engineering field of fracture mechanics was established to
develop a basic understanding of such problems. Today,
fracture mechanics is not only of academic interest, but also

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 304638, 9 pages
http://dx.doi.org/10.1155/2014/304638



2 Mathematical Problems in Engineering

plays an increasingly important role in structural design
[4–6]. Recently, a more stringent safety criterion, assuming
a preexisting flaw in critical component, has been adopted
to assess service life of aircraft [7–10]. This emphasizes the
significance of fracture mechanics as a tool for analysis. The
concepts of linear elastic fracture mechanics which lead to
the strain fracture toughness property, 𝐾

𝐼𝐶
, have already

been used in engineering applications. Mechanical loading
is not the only factor considered in the design of structures
or structural components. Other possible situations maybe
operational environments, such as temperature, have to be
considered. In the operation of gas turbine engines, for
example thermal stresses can be as high as, or higher than, the
centrifugal stresses. The worst condition of the combinations
of thermal, centrifugal, and gas bending stresses at elevated
temperatures results in high local stresses which can lead
to cracking of the LP turbine blades and rotor disks. Thus,
thermal effects should not be ignored. A special attention
in this paper is focused to develop analytic expressions for
stress intensity factors at low pressure steam turbine disc.
Finite element method (FEM) is used to determine critical
location, zone of the stress concentration at low pressure
steam turbine disc, in which rotor blades are connected
with rotation disc. At critical location of rotation disc initial
crack lengths are assumed. For various crack lengths at LP
steam turbine disc stress intensity factors are determined
under thermomechanical loads. Using these discrete values
of SIFs here are derived analytic formulas for SIF, 𝐾

𝐼
, at

cracked LP disc. Analytic formula of the stress intensity factor
information is valuable in the prediction of service lives of
turbine discs. Crack growth behavior is a major issue in a
variety of rotating components for which analytic formula of
SIF is necessary.

The primary objective of this research is to establish
complete budgetary procedures related to the design of struc-
tural elements of low pressure turbine disc in the presence
of initial crack. This approach to design in the presence of
initial cracks is known as the “damage tolerance approach.”
With this approach, where the initial damage is at the critical
locations of the turbines, the risk of unforeseen catastrophic
failures during operation is reduced to a minimum.

Low Pressure Turbine. Large scale steam turbines employed
for the generation of electricity are expected to operate for
working lives of 30 years and beyond. A harsh combination of
service temperature and environment dictates that the most
severely stressed components within the low pressure turbine
will need to be formed from what are generally classified as
high performance materials.

In light of such experiences, the present study was com-
missioned to investigate the fatigue response of a common
LP blade material, the X12CrNiMoVNb steel. An improved
understanding of the mechanical behaviour under variable
loading conditions is deemed.

Failures occur from time to time in power plants, as
they do in other engineering structures. However, they are
not always examined closely to identify the causes. Similarly,
when the failures are observed from time to time, repairs are
often made without any careful analysis being undertaken.

Most blade failure investigations end with a metallurgical
report. A metallurgical examination of the blade establishes
whether the failure was due to substandardmaterial or due to
the presence of flaws, machine marks, or corrosion pits that
created local stress raisers not accounted for in the allowable
stress limits of the blade design.A fracture surface of the blade
can suggest that fatigue is amore probable failuremechanism.
But the correction of a blade problem requires more than
positive identification of the mechanisms involved [3].

Finite element analysis needs to be performed because
of complex geometry and boundary conditions, such as the
blade. So, finite element analysis is used to calculate the
stresses and modal shapes of the models. Previous researches
have shown that the low pressure blades of a steam turbine
are generally found to be more susceptible to failure than
intermediate pressure and high pressure blades [11].Themost
common failure mechanisms, which occur within the low
pressure blade, are normally those associated with either
sympathetic or forced vibrations, those caused by transient
operating conditions, and those that occur as the result of the
transported and accumulated corrosive ions in working fluid
[3, 12–17]. Blades and low pressures of steam turbine discs are
critical components in power plants that convert the available
energy in steam into mechanical energy [1].

2. Strength Analysis with respect to
Fracture Mechanics

The objective of the analytical work is to provide the rela-
tionship between the stress intensity factor and the various
mechanical and thermal load conditions. Residual fatigue
life of cracked rotation components is generally based upon
crack growth consideration. Fracture mechanics is the math-
ematical tool that is employed. It provides the concepts and
equations used to determine how cracks grow and their effect
on the strength of structure. From an initial crack length 𝑎

𝑜

one must determine critical flow size 𝑎
𝑐
for the fast fracture

damage tolerance approach:

𝑎
𝑜
→ 𝑎
𝑐
,

𝐾
𝐼
→ 𝐾

𝐼𝐶
,

(1)

where 𝐾
𝐼
is the applied tensile mode, 𝐼 is the stress intensity

factor, and 𝐾
𝐼𝐶

is the strain fracture toughness of material.
In fracture mechanics, we try to correlate analytical

predictions of crack growth and failure with experimen-
tal results. The analytical predictions made by calculating
fracture parameters such as stress intensity factors in the
crack region, can be used to estimate crack growth rate.
Although several stress intensity factor handbooks [5, 18]
have published the available solutions, those solutions are not
always adequate for particular engineering applications. This
is especially true for cracks subjected to nonuniform stress
fields near notch or thermal stresses [6, 19]. Stress intensity
factor calculation is an important issue for numerical analysis
of fracture problems and there exist many approaches, for
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instance, the extrapolation techniques, 𝐽-integral approach
[20, 21], the virtual crack extension (VCE) technique, and
so forth. Amongst these methods, a displacement extrapola-
tion method sometimes called crack opening displacement
correlation technique used specially with the quarter-point
singular finite elements (QPE) [21] is most widely used due
to its high accuracy and simplicity.

Typical fracture parameters of interest are stress intensity
factors (𝐾

𝐼
, 𝐾
𝐼𝐼
, and 𝐾

𝐼𝐼𝐼
), which correspond to three basic

modes of fracture 𝐽-integral [22], a path-independent line
integral that measures the strength of the singular stresses
and strains near a crack tip, and energy release rate (𝐺),
which represents the amount of work associated with a crack
opening or closure.

Firstly, linear elastic or elastic-plastic static analysis has to
be performed and then we use postprocessing commands to
calculate fracture parameters.

Finite element method (FEM) is the most widely used
technique for evaluating stress intensity factor (SIF). The
most important region in modeling the fracture region is the
region around the crack tip. While the domain is meshed,
we are using crack tip singular finite elements with nodal
singularity [6, 20]. Those elements exhibit the 𝑟−1/2 singular-
ity both on the boundary of the element and in the interior.
Displacement correlation was employed to determine stress
intensity factors.Maksimović et al. [9] employed hybrid finite
elements with a square root surrounding the crack tip and
regular elements in the rest of the domain to determine stress
intensity factors.

One main objective of this paper lies in developing a
complete computation procedure for the strength analysis
of cracked structural components, based on combining 𝐽-
integral approach and singular finite elements.

2.1. Determination of the Stress Intensity Factors. Once a finite
element solution has been obtained, the values of the stress
intensity factor can be extracted from it. Determination of
the stress intensity factors of cracked structural components
based on finite element analysis (FEA) and linear elastic
fracture mechanics (LEFM) can be done. In this paper
the stress analysis of LP turbine disc with initial crack is
considered using the finite element programANSYS [23].The
computer program evaluates the stress intensity factors (SIFs)
on the crack tip from the inner side of hole in turbine disc.The
program requires one global model of disc with or without
modeled crack and one detailed submodel of investigated
crack. The program makes it easy to build submodel from
an already existing global model. The global model can
preferably be meshed with tetrahedral elements, which is one
of the strongest specified demands.

The crack submodel is very easy to create in an already
existing globally meshed model. In this procedure the tra-
ditional submodeling technique will be used, where the
displacement field of the global model is applied as boundary
conditions on the submodel. The global model must contain
the actual crack length; otherwise the SIF will be incorrect
due to reduced stiffness of the submodel.

x2
nj

x1

Γ

Figure 1: Arbitrary contour and coordinate configuration.

The global model has tetrahedral elements around the
crack tip making it impossible to achieve the SIF. To solve
this problem a small local submodel with 20-node hexahedral
elements with singular elements is generated around the
crack tip.

SIFs are obtained from the FEM and 𝐽-integral methods
available in ANSYS software code [23]. The stress intensity
factor was evaluated using the following equivalent relation-
ship:

𝐾 = √
𝐸𝐽

1 − ]2
, (2)

where 𝐸 is Young’s modulus, ] is Poisson’s ratio, and 𝐽-
integral is evaluated using ANSYS. The path-independent 𝐽-
line integral which was proposed by Rice [22] is defined as

𝐽 = ∫
Γ

(𝑊𝑑𝑥
2
− 𝜎
𝑖𝑗

𝜕𝑢
𝑖

𝜕𝑥
1

𝑛
𝑗
𝑑𝑆) , (3)

where𝑊 is the elastic strain energy density, Γ is any contour
about the crack tip shown in Figure 1, 𝑇

𝑖
and 𝑢

𝑖
are the

traction and displacement components along the contour, 𝑆
is arc length along the contour, and 𝑥

1
and 𝑥

2
are the local

coordinates such that 𝑥
1
is along the crack.

Generally, the stress intensity factors are additive and
provide different loading conditions that induce the same
mode of crack extension. Hence, the fracture condition of the
interaction of mechanical and thermal loads can be

𝐾
𝐼
= (𝐾
𝐼
)
𝑀
+ (𝐾
𝐼
)
𝑇

(4)

when 𝐾
𝐼
= 𝐾
𝐼𝐶
, in which (𝐾

𝐼
)
𝑀
is the stress intensity factor

due to mechanical load and (𝐾
𝐼
)
𝑇
is the stress intensity factor

due to temperature effect.
Unfortunately, the 𝐽-integral is restricted to two-

dimensional bodies with external loading. The 𝐽-integral is
path dependent for cases which include residual, inertial,
or thermal stress terms or loadings along the crack face.
It cannot be used for three-dimensional structures of
nonhomogeneousmaterials in the direction of crack advance
[24]. Some efforts have been made to modify the expression
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Figure 2: Geometry properties of part of low pressure turbine disc
with initial crack.

of 𝐽-integral. Wilson and Yu’s [25] integral is valid for use in
two-dimensional thermal cases. Blackburn et al.’s modified
integral [26] is applicable to three-dimensional cases. In this
study the modified integral 𝐽∗ [26] was used as

𝐽
∗
= ∫
Γ

(𝑊
∗
𝑑𝑥
2
− 𝜎
𝑖𝑗

𝜕𝑢
𝑖

𝜕𝑥
1

𝑛
𝑗
𝑑𝑆) +

𝐸𝛼

1 − 2]
∫ 𝜀
𝑖𝑖

𝜕𝜃

𝜕𝑥
1

𝑑𝐴, (5)

𝑊
∗
= 𝑊 −

𝐸𝛼𝜃

2 (1 − 2])
𝜀
𝑖𝑖
, (6)

in which

𝜎
𝑖𝑗
= 𝜆𝜀
𝑖𝑖
𝛿
𝑖𝑗
+ 2𝜇𝜀
𝑖𝑗
−

𝐸𝛼

1 − 2]
𝜃𝛿
𝑖𝑗
,

𝑊 =
1

2
𝜎
𝑖𝑗
𝜀
𝑖𝑗
,

(7)

where 𝜇 and 𝜆 are Lame’s constants, 𝜃 is the temperature,
and 𝛼 is the coefficient of thermal expansion. If only mode
𝐼 loading is considered, then (5) reduces to

𝐽
∗
=
(1 − ]2)𝐾2

𝐼

𝐸
. (8)

Accordingly, 𝐽-integral is modified to include the elastic-
plastic and thermal effects whilst maintaining the indepen-
dence of the trajectory along which integral is determined
[27, 28].

Combining FEM with modified 𝐽
∗-integral approach to

analyze thermomechanical problems with respect to fracture
mechanics is considered in the articles [25–31].

3. Numerical Analysis and Validation

Attention in this investigation is focused on determination
of the stress intensity factors in the cracked turbine discs.

1
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Figure 3: Temperature distributions at part of a low pressure turbine
disc.

In determining fracture mechanical parameters, primarily
stress intensity factors, we used finite element method and
𝐽-integral approach. On basis of external load conditions,
the temperature on the upper surface of rotor disc is 193∘C
and on the lower surface is 180∘C is using SOLID70 type
finite element that is incorporated in ANSYS software code
[23]. Geometry properties of the part turbine disc including
location of initial crack length are shown in Figure 2. Turbine
disc is under combined mechanical load due to rotation
speed and due to temperature distributions. Temperature
distributions at part of a low pressure turbine disc are shown
in Figure 3.

In stress analysis, disc was modeled with SOLID95 type
elements consisting of twenty-node solid elements (Figures
4 and 5). These elements are suitable for modeling area
around crack tip and correctly describe singular stress and
strain fields (Figure 6). Calculated stress values around crack
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Crack  front

Figure 4: Von Misses stresses from thermal and mechanical loads
(𝑛 = 3000 o/min) in elements, crack length 𝑎 = 0.001m.

Crack tip, top 
surface 0.0 m

Crack  front

Crack tip, bottom 
surface 0.01 m

Figure 5: Von Misses stresses in submodel from thermal and
mechanical loads (𝑛 = 3300 o/min), crack length 𝑎 = 0.0025m.

Crack  face Singular stresses 
at crack tip 

Crack  front

Figure 6: Von Misses stresses in submodel from thermal and
mechanical loads (𝑛 = 3000 o/min) in elements, crack length 𝑎 =

0.001m.
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Figure 7: Elastic deformation in turbine disc (𝑛 = 3000 o/min) in
elements, crack length 𝑎 = 2mm.

tips were used to determine stress intensity factors using 𝐽-
integral approach.

In Figures 7 and 8 elastic deformations and displacements
in turbine discs are illustrated for the crack length 2mm. Von
Misses stress distributions in cracked turbine disc, for initial
crack 2mm, are shown in Figure 9.

Values of stress intensity factors for different crack
sizes and loads are shown in Table 1 and Figure 10. Disks
were made of 0.35C 0.65Mn 0.9Cr 0.3Mo steel grade steel
(34HN3M steel according to GOST). Material properties for
the disk of the turbine are as follows: density 𝜌 = 7820 kg/m3,
Young modulus 𝐸 = 186GPa, Poisson coefficient ] = 0.3,
coefficient of thermal expansion 𝛼 = 13.32 𝜇m/m∘C, thermal
conductivity 𝜆 = 36W/m∘C, and𝐾

𝐼𝐶
= 120.00MPa(m)1/2.

Previous finite element results can be used to determine
analytic expressions for stress intensity factors.These analytic
expressions for stress intensity factors can be used for crack
growth analyses and residual life estimations of cracked disc.
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Figure 8: Displacement in turbine disc (𝑛 = 3000 o/min) in
elements, crack length 𝑎 = 2mm.

Figure 9: Von Misses stresses in turbine discs, (𝑛 = 3000 o/min) in
elements, crack length 𝑎 = 2mm.
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Figure 10: Stress intensity factors for different crack lengths and
rotational speed.

By using discrete values of stress intensity factors for different
crack lengths as shown in Table 1, analytic expressions were
established for different load conditions.

The values of stress intensity factors can be found by
solving (9) and (10) for different crack lengths, 𝑎, on the top
surface of disc and rotational speed (𝑛 = 3000 o/min and
𝑛 = 3300 o/min, Figure 11), respectively:

𝐾
𝐼1
= 237466666.67𝑎

3
− 1781314.29𝑎

2
+ 5172.89𝑎 + 4.00

(9)

𝐾
𝐼2
= 240466666.67𝑎

3
− 1854314.29𝑎

2
+ 5616.44𝑎 + 5.02

(10)

in which 𝐾
𝐼
[MPa(m)1/2], a [m] is the crack length.

Using previously derived analytic formulas for the stress
intensity factors 𝐾

𝐼
we can to control situation in which

𝐾
𝐼
will be equal to its critical value 𝐾

𝐼𝐶
. In accordance

to computation results, under thermomechanical loads the
maximum value of the SIF is 𝐾

𝐼
= 11.65MPa(m)1/2, Table 1,

and its fracture toughness is 𝐾
𝐼𝐶

= 120.0MPa(m)1/2.. In
this investigation derived analytic relations (9) and (10) for
the stress intensity factors are used for determination of the
reserve factor (RF) with respect to “static” fracturemechanics
that is defined as

RF =
𝐾
𝐼𝐶

𝐾
𝐼

. (11)
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Table 1: Stress intensity factors for different crack lengths and rotational speed.

𝐾
𝐼
[MPa(m)1/2]

Crack lengths [m]

𝑎 = 0.0010m

Rotational speed [o/min]

𝑛 = 3000 7.3373 7.6519 7.6059 7.5651 7.4727 7.2176
𝑎 = 0.0010m 𝑛 = 3300 8.6310 8.9799 8.9979 8.9631 8.8407 8.5053
𝑎 = 0.0015m 𝑛 = 3000 8.2728 8.6502 8.6411 8.6006 8.5149 8.1400
𝑎 = 0.0015m 𝑛 = 3300 9.7197 10.1864 10.1855 10.1434 10.0165 9.5799
𝑎 = 0.0020m 𝑛 = 3000 8.5604 9.0005 8.9857 8.9428 8.8593 8.4211
𝑎 = 0.0020m 𝑛 = 3300 10.0724 10.6150 10.6085 10.5644 10.4798 9.9285
𝑎 = 0.0025m 𝑛 = 3000 9.0887 9.5932 9.5977 9.5547 9.4731 8.9392
𝑎 = 0.0025m 𝑛 = 3300 10.6963 11.3151 11.3304 11.2683 11.2036 10.5392
𝑎 = 0.0030m 𝑛 = 3000 9.3531 9.5389 9.8753 9.8345 9.7341 9.1821
𝑎 = 0.0030m 𝑛 = 3300 10.8985 11.6519 11.6484 11.6067 11.5023 10.8108

Position of crack tip from the top surface [m] 0 0.002 0.004 0.006 0.008 0.010
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KI2 = 240466666.67a
3
− 1854314.29a

2
+ 5616.44a + 5.02

KI1 = 237466666.67a
3
− 1781314.29a2 + 5172.89a + 4.00

Figure 11: Polynomial form of derived stress intensity factors based
on discrete values of stress intensity factors.

The relations (9) and (10) can be used too for the crack growth
analyses of damaged structural components and residual
fatigue lives estimations.

The crack growth of the disc due to fatigue or stress
corrosion can be predicted in accordance with the theory of
the conventional fracture mechanics. The dependence of the
fatigue crack growth rate on the stress intensity factor (9) or
(10) can be conveniently represented as follows:

𝑑𝑎

𝑑𝑁
= 𝐶(Δ𝐾)

𝑚
[
1 − (Δ𝐾

𝑡ℎ
/Δ𝐾)
𝑛
1

1 − (Δ𝐾max/𝐾𝑐)
]

𝑛
3

, (12)

where 𝑑𝑎/𝑑𝑁 is the fatigue crack growth the rate, 𝐾
𝑡ℎ
is the

threshold value of stress intensity factor, 𝐾
𝑐
is the critical

value, and 𝐶 and 𝑛 are constants depending on the material
and environmental conditions.

3.1. Estimating Remaining Life. The remaining life of LP
turbine discs for keyway cracking is calculated by the initial

crack size (𝑎
𝑖
), the critical size (𝑎cr), and the crack growth rate

(𝑑𝑎/𝑑𝑡) and is expressed by the following relationship:

𝑡rem =
𝑎cr − 𝑎

𝑖

𝑑𝑎/𝑑𝑡
. (13)

Previous relations (12) and (13) can be used for residual life
estimation of low pressure turbine discs.

4. Conclusions

This work established the complete computation procedure
for derivation of analytic expressions for the stress intensity
factors of the complex cracked structural element, such
as steam low pressure turbine disc. In order to get high
operation availability and to establish a maintenance and
spares management strategy capable of developing the life
extension of steam turbine suitable assessment of aging
damage and residual life estimation for most relevant parts of
turbine is essential. This investigation focused on developing
analytic expressions for stress intensity factors, at the critical
location of LP turbine disc. FEM is used for defining the
critical location with respect to fracture mechanics and for
the determination of the stress intensity factors. The stress
intensity factor information is valuable in the prediction of
the service lives of turbine discs. The method, developed
in this paper, was applied to compute the stress intensity
factors, in domain of linear elastic facturemechanics (LEFM),
in plain stress problem. The finite element method has
been used, to calculate thermal and mechanical stresses, in
a low pressure turbine disc too. These results were used
to determinate the stress intensity factors, using 𝐽-integral
approach. In many cases, the 𝐽-integral can be the easiest
means of calculating stress intensity factors. This method is
easy to use, when the software supports determination of
the contour integral. The results are fairly accurate, even for
the coarse meshes because the contours can be chosen to be
remote from the near crack tip region.The computed discrete
values of stress intensity factors, by finite elements, are used
for derivation equations (9) and (10), which present a new
analytical expression for the stress intensity factors, where
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value 𝑎 is the crack length. The derived analytic expressions
for the stress intensity factors can be used for the “static”
fracture mechanics analysis (11) or residual life estimation of
damaged low pressure turbine components using relations
(12) and (13).
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ing of attachment lugs,” International Journal of Fatigue, vol. 58,
pp. 66–74, 2013.

[9] S. Maksimović, S. Posavljak, K. Maksimović, V. Nikolic, and V.
Djurkovic, “Total fatigue life estimation of notched structural
components using low-cycle fatigue properties,” Strain, vol. 47,
no. 2, pp. 341–349, 2011.
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