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U-model can approximate a large class of smooth nonlinear time-varying delay system to any accuracy by using time-varying delay
parameters polynomial. This paper proposes a new approach, namely, U-model approach, to solving the problems of analysis and
synthesis for nonlinear systems. Based on the idea of discrete-time U-model with time-varying delay, the identification algorithm
of adaptive neural network is given for the nonlinearmodel.Then, the controller is designed by using theNewton-Raphson formula
and the stability analysis is given for the closed-loop nonlinear systems. Finally, illustrative examples are given to show the validity
and applicability of the obtained results.

1. Introduction

Since most physical systems and processes in the real world
are nonlinear, researchers have been devoting their efforts to
seeking an effective means of controlling nonlinear systems.
Among the many developments, there are growing interests
in the adaptive control of complex nonlinear systems. On
the other hand, in control systems, time-varying delay is
almost the inherent feature of general physical systems, which
often degrades the system’s performance and even causes
instability.Therefore, time-varying delays have received great
attention in recent years, and many researchers have studied
various analytical techniques and developed many synthe-
sis methods for time-delay systems. For instance, stability
analysis is carried out in [1–7] and the controllers are
designed in [8–15]. The time-varying delay being widespread
in nonlinear control system, it is often difficult to establish
accuratemathematicalmodel because of its complex dynamic
characteristics, so it is difficult to design a practical controller.
For the nonlinear time-varying delay systems, it is a hot and
difficult problem to design a controller with high control
precision and good system stability in control theory. The
difficulty in modeling the nonlinearities makes nonlinear
time-varying delay systems much more difficult to control

than linear systems, so a general high accuracy model
becomes critical.

The main difficulty in nonlinear time-varying delay con-
trol system design lies in the lack of general control oriented
modelling framework, and the model is very important in
the design of nonlinear control system; at the same time,
the model must be able to describe various time-varying
delay systems sufficiently. Nonlinear U-model represents a
large class of smooth nonlinear system by using the way of
time-varying delay parameters polynomial and the nonlinear
plants without any loss of original nonlinear characteristics,
so the nonlinear time-varying delay system is represented
by U-model. U-model constructs a general model for the
controller design in the traditional nonlinear system and
builds a bridge between the design method of the nonlinear
dynamic systems and the linear control systems. In method-
ology, U-model provides a straightforward routine to design
nonlinear control systems by using linear control system
design techniques.

Because the identification process of the time-varying
delays system is often required online, it is difficult to solve
the identification problem by using traditional methods, and
because the artificial neural network has strong ability of
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identification of nonlinear multivariable systems, it is widely
used in system identification. Zou and Wang [16] proposed
an identification algorithm based on recurrent neural net-
work, which selected NARMAX model to describe discrete
nonlinear time-varying system, the parameters of NARMAX
model were identified by regression neural network on-
line. Pillonetto [17] presented a method of time-varying
autoregressive system identification in the reproducing ker-
nel Hilbert space. Hsiao [18] proposed an algorithm to
identify time-varying systems by usingmaximumaposteriori
estimation. Liu et al. [19] initiated a novel approach for
simultaneously identifying the topological structure and
unknown parameters of uncertain general complex networks
with time delay. For the identification of time-varying delay
systems, the precision of identification is not only related
to identification algorithm, but also has direct relationship
with the choice of system model, considering the U-model
can be well represented for a class of discrete time-varying
delay nonlinear systems, and has the characteristics of general
and high precision, which, combined with artificial neural
network, has strong ability of nonlinear multivariable system
identification; this paper presents a method to identify
the time-varying delays parameters of U-mode by neural
network.

In the study of nonlinear controller design, Zhu and Guo
[20] proposed a pole assignment controller design scheme for
a class of nonlinear controlled plant with known structure
and parameters, which used Diophantine equations corre-
sponding polynomial to complete pole assignment based on
U-model. Shafiq and Butt [21] proposed an internal model
control method based on U-model, which is used to solve
a class of known dynamic nonlinear plants, considering
that the parameters are known, so U-model can be applied
directly. Khan and Shafiq [22] put forward an adaptive inverse
method based on the minimum variance (LMS) of U-model
and applied to control the complex nonlinear industrial
process system. The structural parameters of the nonlinear
plant are unknown. Wu et al. [23] presented an adaptive
stochastic nonlinear system control based on U-model,
applying weighted iterative least square method to identify
the unknown plant, by using control of pole assignment.
Motivated by these earlier developments, in this paper, we
propose a new approach for the control design of nonlinear
time-varying delay systems with unknown structure and use
neural network to identify the time-varying delay parameters
of U-model. The adaptive controller is designed by Newton-
Raphson formula. According to the identification results
of neural network, the parameters of the Newton Raphson
formula are adjusted online.

The remaining portion of the paper is organized as
follows. Section 2 introduces U-model representation of
nonlinear systems. The design of nonlinear time-varying
delay control system is described in Section 3. Based on the
results obtained in Section 3, illustrative examples are given
in Section 4 to demonstrate the effectiveness of the theoret-
ical results. Finally, some concluding remarks are given in
Section 5.

2. U-Model Representation of
Nonlinear Systems

In Zhu and Guo [20], U-model was firstly proposed to
approximate a class of nonlinear time-varying delay model,
which can be represented as

𝑦 (𝑘) =

𝑚

∑

𝑗=0

𝛼
𝑗
(𝑘 − 𝑑

𝑗
) 𝑢
𝑗

(𝑘 − 1) + 𝑒 (𝑘) , (1)

where𝑚 is the degree of model input 𝑢(𝑘−1) and 𝛼
𝑗
(𝑘−𝑑
𝑗
) is

a function of past inputs 𝑢(𝑘 − 𝑑
1
), . . . , 𝑢(𝑘 − 𝑑

𝑗
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𝑗
(𝑘 − 𝑑

𝑗
),

and 𝑒(𝑘), . . . , 𝑒(𝑘 − 𝑛) are errors. Adjusting the polynomial, it
can be concluded that the control model with time-varying
delay parameter can be expressed as the input power series.

From formula (1), it can be seen that the U-model has
simple mathematical form; to apply linear control system
design methodologies to the nonlinear model, a further
transformation is applied as follows:

𝑈 (𝑘) = 𝑦 (𝑘) , (2)

𝑈 (𝑘) =

𝑚

∑

𝑗=0

𝛼
𝑗
(𝑘 − 𝑑

𝑗
) 𝑢
𝑗

(𝑘 − 1) + 𝑒 (𝑘) . (3)

Formula (3) is a mathematical expression of U-model.
In order to estimate time-varying delay parameter Θ(𝑘)

of the U-model, U-model vector representation is given as

𝑦 (𝑘) = 𝑈 (𝑘) = Θ (𝑘)Ψ (𝑘) + 𝑒 (𝑘) , (4)

where Θ(𝑘) = [𝛼
0
(𝑘 − 𝑑

0
), . . . , 𝛼

𝑗
(𝑘 − 𝑑

𝑗
)] is the delay

parameter and Ψ(𝑘) = [1, 𝑢(𝑘 − 1), . . . , 𝑢
𝑗

(𝑘 − 1)]
𝑇.

U-model can be a good representation of a class of
nonlinear time-varying delay plant. The transformation of
U-model will not lose any characteristics of the original
nonlinear model, compared with the other control model in
Xu et al. [24]; representation of theU-model ismore practical,
and controller design methodologies derived from linear
systems can be developed accordingly to design nonlinear
discrete time systems.

3. Design of Nonlinear Time-Varying Delay
Control System

3.1. Identification of Neural Network. Because neural network
has the advantages of approximating any nonlinear system, it
is often used for the identification of nonlinear systems. The
time-varying delay parametersΘ(𝑘) = [𝛼

0
(𝑘−𝑑

0
), . . . , 𝛼

𝑗
(𝑘−

𝑑
𝑗
)] can be regarded as the weights of the neural network,

through online adjustment of weights making the identifica-
tion error meet the system requirements of precision, thus,
obtaining time-varying delay parameters of the system; the
time-varying delay parameters will be used as the input of the
controller, and adjusting the output of the controller online,
the structure of nonlinear neural network identification is
shown in Figure 1.
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Figure 1: The structure of nonlinear neural network identification.

Widrow-Hoff learning rule (LMS algorithm) is used to
adjust the weights of the neural network identification. Input
vectorΨ(𝑘) = [1, 𝑢(𝑘 − 1), . . . , 𝑢

𝑗

(𝑘 − 1)]
𝑇, the weights vector

Θ(𝑘) = [𝛼
0
(𝑘 − 𝑑

0
), . . . , 𝛼

𝑗
(𝑘 − 𝑑

𝑗
)], and the transfer function

of the output node uses the linear function; the output of the
neural network is

𝑦 (𝑘) = 𝑈 (𝑘) = Θ (𝑘)Ψ (𝑘) + 𝑒 (𝑘) , (5)

where the weights vector Θ(𝑘) = 𝑊(𝑘) = [𝑤
0
(𝑘),

𝑤
1
(𝑘), . . . , 𝑤

𝑗
(𝑘)]. In addition, in the process of identification,

the error 𝑒(𝑘) can be identified as a part of the parameter
𝛼
0
(𝑘 − 𝑑

0
). In the process of weights adjustment, error signal

is

𝑒 (𝑘) = 𝑦 (𝑘) − 𝑊 (𝑘)Ψ (𝑘) . (6)

The objective function is defined as

𝐸 (𝑤) =
1

2
𝑒
2

(𝑘) . (7)

According to formula (7), finding the partial derivative of
𝐸(𝑤), we obtain

𝜕𝐸

𝜕𝑤
= −Ψ (𝑘) 𝑒 (𝑘) . (8)

Therefore, according to the gradient descent method, the
adjustment rules of the weights are as follows:

𝑤 (𝑛 + 1) = 𝑤 (𝑛) + 𝜂Ψ (𝑘) 𝑒 (𝑘) , (9)

where 𝜂 is the learning rate.
In the identification of neural network, it has a great

influence on convergence speed of the algorithm to select
suitable learning rate and accuracy of the error, if the learning
rate selected is too small, after a finite times adjustment,
the weights may not reach the control precision required
but reduce convergence speed of the algorithm. If the error
precision selected is too small, it will lead to reduce the speed

of convergence. For fast time-varying delay system, it has
a great impact on the stability and control precision of the
controller to select appropriate learning rate and accuracy of
the error. In addition, when the highest order of 𝑢(𝑘 − 1) is
higher than the recognition structure’s, we can identify it as a
part of 𝛼

0
(𝑘 − 𝑑

0
).

3.2. The Design of Adaptive Control System. After sampling
of nonlinear time varying delay plant, it can be represented
as U-model structure of discrete form, this paper uses neural
network to identify the time-varying delay parameters of U-
model. The controller adjusts the output according to the
parameters obtained by the neural network identification.
The adaptive controller is designed by adopting the Newton-
Raphson formula and adjusts the parameters according to
the results of identification online. The output of adaptive
controller and the input of controlled plant are reciprocal
processes in the system, when the controller and the con-
trolled plant match exactly; namely, the output of the system
always can track the input accurately. The structure diagram
of adaptive control system is as shown in Figure 2: where
𝑈(𝑘) is the input of the system, 𝑢(𝑘 − 1) is the output of the
controller, 𝑦(𝑘) is the output of the system, 𝑦(𝑘) is the output
of the neural network identification, and 𝑒(𝑘) is the system
error.

TheNewton-Raphson formula is used to solve the roots of
equation inZhu et al. [25]; in this paper, theNewton-Raphson
formula is used to design controller to make the design of
controller simplify, it is the most widely usedmethod to solve
the nonlinear equations; compared with other methods, this
method has high convergence speed. General mathematical
description of the Newton-Raphson formula is as follows:

𝑥
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= 𝑥
𝑘
−

𝑓 (𝑥
𝑘
)

𝑓 (𝑥
𝑘
)
, (10)

where 𝑓(𝑥
𝑘
) is a nonlinear function, and the Newton-

Raphson formula can be used to solve nonlinear equation (3)
to obtain the root; the equation is described as follows:
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,

(11)

where the subscript 𝑘 is the times of iterative algorithms. In
the Newton-Raphson formula, in order to ensure the real
roots of nonlinear equations, we need to define the conditions
in the algorithm: avoiding the denominator is zero and the
iterative algorithm has faster convergence speed.

3.3. Stability Analysis. The stability is the basic requirement
in the design of control system; in order to check the validity
of the adaptive neural network control method proposed,
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Figure 2: Adaptive control system structure diagram.

suppose the nonlinear time-varying delay plants are stable.
The controller is designed by using the Newton-Raphson for-
mula; in order to ensure that the Newton-Raphson formula
always has a real root, the convergence condition needs to be
limited.

If the U-model expression is such as 𝑦(𝑘) = 𝛼
0
(𝑘 − 𝑑

0
) +

𝛼
1
(𝑘 − 𝑑

1
)𝑢(𝑘 − 1), the equation always has a real root; if the

U-model expression is such as 𝑦(𝑘) = 𝛼
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𝑑
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)𝑢(𝑘−1)+𝛼

2
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2
)𝑢
2

(𝑘−1) andwhen the equation has no
real root, in order to keep the equation having a real solution,
make 𝛼

0
(𝑘−𝑑
0
) = 𝑈(𝑘); ensure the equation always has a real

root: 𝑢(𝑘 − 1) = −𝛼
2
(𝑘 − 𝑑
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)/𝛼
1
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).

For the high order equation 𝑦(𝑘) = 𝛼
0
(𝑘 − 𝑑

0
) + 𝛼
1
(𝑘 −

𝑑
1
)𝑢(𝑘 − 1) + ⋅ ⋅ ⋅ + 𝛼

𝑗
(𝑘 − 𝑑

𝑗
)𝑢
𝑗

(𝑘 − 1), it can always ensure
that the equation has a real root by limiting the condition of
solution of the equation.As long as there is a real root, namely,
the controller is stable, the whole control system designed is
stable.

4. The Simulation Research

There are four simulation examples of adaptive neural net-
work control system based on time-varying delay nonlinear
U-model; in the simulation examples, the parameters of neu-
ral network identification are given as follows: the maximum
times of weights iteration is 1000, the learning rate is 0.01, the
error precision is 0.0001, and the weight change is 0.0001. We
choose initial weightsΘ(𝑘) = [𝛼

0
(𝑘 − 𝑑

0
)𝛼
1
(𝑘 − 𝑑

1
)] = [1 1]

in model 1 and Θ(𝑘) = [𝛼
0
(𝑘 − 𝑑

0
)𝛼
1
(𝑘 − 𝑑

1
)𝛼
2
(𝑘 − 𝑑

2
)] =

[1 2 1] in model 2. The parameters of the controller are
given as follows: the maximum times of iterations is 100,
the minimum change of iterations is 0.001; when the change
of the iteration is less than the minimum change, stop the
iterative algorithm, the final value for adaptive controller will
be obtained.

Model 1. Choosing nonlinear time-varying delay system:
𝑦(𝑘) = 𝛼

0
(𝑘 − 𝑑

0
) + 𝛼
1
(𝑘 − 𝑑

1
)𝑢(𝑘 − 1), where 𝛼

0
(𝑘 − 𝑑

0
) =

0.2𝑦(𝑘 − 1)𝑢(𝑘 − 2); 𝑑
0

= 2; 𝛼
1
(𝑘 − 𝑑

1
) = 0.8, 𝑑

1
= 0. The

nonlinear model of the plant is obtained: 𝑦(𝑘) = 0.2𝑦(𝑘 −

1)𝑢(𝑘 − 2) + 0.8𝑢(𝑘 − 1); the system contains only the zero
order and one order of 𝑢(𝑘 − 1) can be regarded as a linear
system. After choosing sine and square wave signal as the
input signal, the tracking curve diagram of the system is as
shown in Figures 3 and 4.

Model 2. Add two orders of 𝑢(𝑘 − 1) to the nonlinear time-
varying delay system in model 1; the expression of nonlinear
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Figure 3: The response curve of sine signal.
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Figure 4: The response curve of square wave signal.

time-varying delay system is 𝑦(𝑘) = 0.2𝑦(𝑘 − 1)𝑢(𝑘 − 2) +

0.8𝑢(𝑘−1)+0.02𝑢
2

(𝑘−2); it contains a nonlinear term. After
choosing sine and square wave signal as the input signal, the
tracking curve diagram of the system is as shown in Figures
5 and 6.

Model 3. Choosing nonlinear time-varying delay system:
𝑦(𝑘) = 𝛼

0
(𝑘−𝑑
0
)+𝛼
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(𝑘 − 𝑑

0
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𝛼
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) = −0.3𝑦(𝑘−1), 𝑑

2
= 0. The nonlinear model of the

plant is obtained: 𝑦(𝑘) = 0.1𝑦(𝑘−1)𝑢(𝑘−2)+0.8𝑢(𝑘−2)𝑢(𝑘−

1)−0.3𝑦(𝑘−1)𝑢
2

(𝑘−1). After choosing sine and square wave
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Figure 6: The response curve of square wave signal.

signal as the input signal, the tracking curve diagram of the
system is as shown in Figures 7 and 8.

Model 4. Consider the following time-varying system: 𝑦(𝑘) =

𝛼
0
(𝑘 − 𝑑

0
) + 𝛼
1
(𝑘 − 𝑑

1
)𝑢(𝑘 − 1) + 𝛼

2
(𝑘 − 𝑑

2
)𝑢
2

(𝑘 − 1), where
𝛼
0
(𝑘 − 𝑑

0
) = 0.2𝑦(𝑘 − 1)𝑢(𝑘 − 2) + 0.5𝑢

3

(𝑘 − 1), 𝑑
0

= 2;
𝛼
1
(𝑘 − 𝑑

1
) = −0.4𝑦(𝑘 − 2), 𝑑

1
= 0; 𝛼

2
(𝑘 − 𝑑

2
) = 0.5𝑦(𝑘 − 1),

𝑑
2
= 0. The nonlinear model of the plant is obtained: 𝑦(𝑘) =

0.2𝑦(𝑘 − 1)𝑢(𝑘 − 2) − 0.4𝑦(𝑘 − 2)𝑢(𝑘 − 1) + 0.5𝑦(𝑘 − 1)𝑢
2

(𝑘 −

1) + 0.5𝑢
3

(𝑘 − 1). After choosing sine and square wave signal
as the input signal, the tracking curve diagram of the system
is as shown in Figures 9 and 10.

It can be seen from the four simulationmodels above that
U-model has a simple mathematical form; the identification
method of adaptive neural network has high accuracy of
identification, and it can be used to obtain precise parameters
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Figure 7: The response curve of sine signal.
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Figure 8: The response curve of square wave signal.

for the design of adaptive controller, so the adaptive controller
designed has high control precision for nonlinear time-
varying delay systems.The output of the system can track the
input accurately, achieving the control of high precision for
nonlinear time-varying delay systems.

5. Conclusions

Themethod of the nonlinear adaptive neural network control
system based on U-model is presented in this paper; it has
solved a class of nonlinear time-varying delay problems about
the identification and the design of control system. U-model
describes the nonlinear plant by the time-varying delay
polynomial, which constructs a general and high accuracy
nonlinear model and provides a precise mathematical model
for the design of nonlinear time-varying delay systems.
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Figure 10: The response curve of square wave signal.

On this basis, the algorithm of adaptive neural network
identification based on U-model is proposed, which uses a
general time-varying delay nonlinear model to identify the
nonlinear plant online and provides a theoretical basis for
the establishment of unknown nonlinear time-varying delay
plant model and the study of the identification methods of
nonlinear time-varying delay systems. The adaptive neural
network algorithm presented in this paper provides a new
research direction for online identification of nonlinear
time-varying delay system which used the Newton-Raphson
formula to design the controller of nonlinear time-varying
delay systems based on the identification of nonlinear U-
model. Performance analysis of nonlinear time-varying delay
control systems is given, and the stability of control system is
proved by analysis of the real root.
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