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The advertisement can increase the consumers demand; therefore it is one of the most important marketing strategies in the
operationsmanagement of enterprises.This paper aims to analyze the impact of advertising investment on a discrete dynamic supply
chain network which consists of suppliers, manufactures, retailers, and demand markets associated at different tiers under random
demand. The impact of advertising investment will last several planning periods besides the current period due to delay effect.
Based on noncooperative game theory, variational inequality, and Lagrange dual theory, the optimal economic behaviors of the
suppliers, themanufactures, the retailers, and the consumers in the demandmarkets aremodeled. In turn, the supply chain network
equilibrium model is proposed and computed by modified project contraction algorithm with fixed step. The effectiveness of the
model is illustrated by numerical examples, and managerial insights are obtained through the analysis of advertising investment in
multiple periods and advertising delay effect among different periods.

1. Introduction

In the 1980s, the interest in supply chain and supply chain
management increased tremendously. Supply chain man-
agement, which incorporates the raw materials supplying,
production and distribution in the demand markets in the
end [1], is a hot topic in the academic world as well as the
business community.There is abundance of research available
on the supply chain management. We refer the readers to the
work of [2] to achieve a comprehensive review on the supply
chain topic.

These researches mainly focus on the stringy supply
chain or a single manufacturer. In fact, the supply chain is a
network which consists of suppliers, manufacturers, retailers,
and demand markets [3]. Thus, there is limited contribution
in the previous literature that addresses the competition
between the players with the same function, such as various
manufacturers making the homogenous products, and the
complexity resulting from so many actors in the supply chain
network system. By the concept of equilibrium, Nagurney et
al. [4] explore in the general supply chain network setting.

Other researchers expand the work of Nagurney et al. [4].
In particular, Dong et al. [5] study the supply chain network
equilibrium with stochastic market demand which need get
the density function or distribution function of random
demand from history data.

In practice, demand uncertainties arise from the com-
plexity and the evolvement over time of supply chain network
which is actually a dynamic system [6]. The dynamics of
our world results in the changing of network construct;
thus we can discrete the fixed time into several planning
periods, and in one planning period, the parameters in the
network are stable, whereas in different periods, there are
some changes such as the raw materials price fluctuation or
the demand parameter transformation in the markets. In this
paper, we model the discrete dynamic supply chain network
equilibrium.

Moreover, in order to promote the product, firms usually
use some marketing strategies such as advertising. Adver-
tising is a common marketing activity and is widely used
by enterprises. Local advertising, which focuses on the local
market, is mainly accomplished by the cooperation between
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manufacturer and retailer [7]. Since the retailer is closer and
familiar with the consumers, she may have an efficient local
advertising channel, and the manufacturer may provide the
retailer a part of money for local advertising purpose.Warner
Brothers, a maker of corsets, issued the first co-op agreement
in 1903 [7]. From then on, the use of co-op advertising spreads
to other industrials such as grocery stores and fashion, and
the automobile is the most common user of cooperative
advertising today.

The advocating of advertisement could make consumers
learn about the characters and related knowledge of the
products provided by manufacturers and retailers, so more
consumers will purchase this product, which result in the
total market share increasing. If we consider the adver-
tisement strategy in a dynamic decision context, then the
relationship among different periods must be taken into
consideration. For example, the advertising investment in the
current period also has some effects in the next periods, and
this effect will reduce over time. This paper incorporates the
co-op advertising investment strategy in discrete dynamic
decision-making environment, and the investment will be
shared by manufacturers and retailers; the sharing ratio is
determined by negotiation between the two tire players. As
we see in the numerical examples, it is interesting to note
that the value of ratio does not impact the equilibrium
results. Since the advertising strategy is an option that is
underutilized, enterprises are unsure about the economic
performance of advertising investment.

To mitigate the ambiguity about advertising investment
for decision makers, in the paper, we model the role of
advertising investment in a supply chain network over time.
Similar to literatures of supply chain network, we assume the
players in the same tier such as all manufacturers compete
in a noncooperative fashion and the players in different tiers
such as manufacturers and retailers must cooperate in order
to agree with each other in transaction price and amount.
In the network, decision makers including manufacturers
and retailers need to decide on the appreciation level of
advertisement investment so that they sell more products to
demandmarkets to maximize the profit. To simplify problem
studied, we will illustrate this point through numerical
examples and consider the investment levels as a constant
instead of a decision variable.

This paper is organized as follows. Section 2 gives
assumptions and notations. In Section 3, we model the
optimal behaviors of various players in supply chain net-
work. In turn, we establish the equilibrium model of the
whole network. Section 4 provides solution algorithm for the
model established, and in Section 5, we illustrate the effective
and managerial insights by numerical examples. Finally, in
Section 6, we conclude the paper.

2. Literature Review

Over the past decades, in the context of supply chain,
advertising strategy has grown up and becomes an important
research topic in operations research and management area.
Cooperative advertising generally has five different mean-
ings [23]. In our research, we employ the first one that

is vertical cooperative advertising which is also the most
common comprehension. The manufacturers offer to share
a certain percentage of the downstream retailers’ advertising
expenditures [24]. We also refer the readers to the work of
[23] and the literature therein to get a general review about
advertising. Based on the time dependence of parameters
and decision variables, Lei et al. [25] and Xiao et al. [26]
propose various multiperiod models to illustrate the impact
of advertising investment on supply chain, whereas Chen
[27], He et al. [28], Tsao and Sheen [29], and Xiao et al. [26]
pick up the topic of stochastic environment associated with
advertisement. Using game theoretic methods and from two
main parts, simple marketing channels and a more complex
structure, Jogensen and Zaccour [30] survey the literature
on cooperative advertising in marketing channels (supply
chains). Considering corporate social responsibility, Zhang et
al. [31] examine the effectiveness of an advertising initiative
in a leader-follower supply chain with one manufacturer and
one retailer. Lambertini [32] characterizes an optimal two-
part tariff specified as a linear function of the upstream firm’s
advertising effort, performing this task both in the static and
in the dynamic games. It is necessary to point out that these
researches mainly pay attention to the simple supply chain
or a single firm but do not consider the complexity and the
mutual impacts among firms in the supply chain network.

Besides the research of Dong et al. [5], Nagurney et al.
[8], Nagurney and Toyasaki [9], Wu et al. [10], Hammond
and Beullens [11], Yang et al. [12], Masoumi et al. [13], and Yu
and Nagurney [15], Toyasaki et al. [16] study the supply chain
network equilibriumproblems from various perspectives and
different supply chain networks. Qiang et al. [14] establish
a closed-loop supply chain network model considering the
competition, distribution channel investment, and demand
uncertainties. The literatures mentioned above deal with
static supply chain or static supply chain network equilibrium
problems.

Recently, a few authors explore supply chain network
equilibrium problems in dynamic setting. For example, Cruz
and Wakolbinger [17] develop a framework for the analysis
of the optimal levels of corporate social responsibility (CSR)
activities in a multiperiod supply chain network consisting
of manufacturers, retailers, and consumers and describe the
problem of carbon emissions. Daniele [18] considers a supply
chain network model with three tiers of decision makers
(manufacturers, retailers, and consumers) in the case when
prices and shipments are evolving on time. Cruz and Liu [19]
analyze the effects of levels of social relationship on a multi-
period supply chain network with multiple decision makers
associated at different tiers. Hamdouch [20] establishes a
three-tier equilibrium model with capacity constraints and
retailers’ purchase strategy from a multiperiod perspective.
Liu and Cruz [21] provide an analytical framework to inves-
tigate how financial risks affect the values of interconnected
supply chain firms from a network perspective and how
financial risks affect the supply chain firms’ profitability and
the cash and credit transactions. Feng et al. [22] develop
a closed-loop supply chain super network model in which
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Table 1: Literature sources for network equilibrium.

No. Authors Static/dynamic Demand characteristic Considering factor
1 Nagurney et al. (2002) [4] Static Deterministic No
2 Dong et al. (2004) [5] Static Random uncertainty No
3 Nagurney et al. (2005) [8] Static Random uncertainty B2B transaction, risk
4 Nagurney and Toyasaki (2005) [9] Static Deterministic No
5 Wu et al. (2006) [10] Static Deterministic Pollution tax
6 Hammond and Beullens (2007) [11] Static Deterministic Collection
7 Yang et al. (2009) [12] Static Deterministic Collection
8 Masoumi et al. (2012) [13] Static Deterministic No
9 Qiang et al. (2013) [14] Static Random uncertainty Channel investment
10 Yu and Nagurney (2013) [15] Static Deterministic No
11 Toyasaki et al. (2014) [16] Static Deterministic No
12 Cruz and Wakolbinger (2008) [17] Discrete dynamic Deterministic Corporate social responsibility
13 Daniele (2010) [18] Continuous dynamic Deterministic No
14 Cruz and Liu (2011) [19] Discrete dynamic Deterministic Social relationship
15 Hamdouch (2011) [20] Discrete dynamic Deterministic Purchase strategy
16 Liu and Cruz (2012) [21] Discrete dynamic Deterministic Corporate financial risks, trade credits
17 Feng et al. (2014) [22] Continuous dynamic Deterministic Channel investment

the demand is seasonal and the manufacturers invest the
reverse distribution channel for advocating consumers to
return more end-of-life products.

Themetamorphosis of supply chain network equilibrium
literature of recent years is reviewed in Table 1. From Table 1
and literature survey, it is clearly evident that there is no
research on discrete dynamic supply chain network equilib-
rium with advertising strategy and demand uncertainties.

In this paper, our model captures the planning process
and the change of costs and demands and highlights the
performance of advertising with delay effect, and moreover,
this model expresses the uncertainties popularly existing in
practice.

3. Model Assumptions and Notations

3.1. Model Assumptions. We consider a supply chain network
consisting of 𝑆 suppliers, 𝑀 manufacturers, 𝑁 retailers, and
𝐾 demand markets and let 𝑠 denote a typical supplier, 𝑚
a typical manufacturer, 𝑛 a typical retailer, and 𝑘 a typical
demandmarket; a retailer is matching a demandmarket; that
is, one retailer only deals with the demand of one demand
market. All actors in the same tire compete in a noncoop-
erative fashion. Figure 1 illustrates the simple supply chain
network with 2 suppliers, 2 manufacturers, 2 retailers, and 2
demand markets in 2 periods. 𝑠

1
(1) denotes the first supplier

in the first period, and 𝑠
2
(1) denotes the second supplier in

the first period; the other notations can be explained in the
same way. The real lines between two adjacent tiers denote
the related transaction activities, and the dash lines between 2
periods denote inventory transferring from the former period
to the latter period.

Suppliers

Manufacturers

Retailers

Demand 
markets

t = 1 t = 2

s1(1)
s2(1) s1(2) s2(2)

m1(1) m2(1)
m1(2) m2(2)

n1(1) n2(1)
n1(2) n2(2)

k1(1) k2(1)
k1(2) k2(2)

Figure 1: An illustration of 2-period supply chain network.

In order to explicate the problem studied, we give the
following assumptions:

(1) All vectors are column vectors;

(2) The equilibrium solution or the optimal value of a
decision variable is denoted by “∗”;

(3) The advertising investment is a constant and shared
between the pairs of manufacturer and retailer;

(4) All cost functions and transaction functions are con-
tinuous convex and differentiable;

(5) All players in the network are risk neutral.
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Table 2: Basic parameters in the closed-loop supply chain network figure.

Notation Definition
𝛽
𝑟 Raw material conversion rate
𝑡 A typical period, 𝑡 = 1, 2, . . . , 𝑇
𝑠 A typical supplier, 𝑠 = 1, 2, . . . , 𝑆
𝑚 A typical manufacturer,𝑚 = 1, 2, . . . ,𝑀

𝑛 A typical retailer, 𝑛 = 1, 2, . . . , 𝑁
𝑘 A typical demand market, 𝑘 = 1, 2, . . . , 𝐾
𝜆
−

𝑛
(>0) The unit cost of product shortage of retailer 𝑛

𝜆
+

𝑛
(>0) The unit cost of product excess of retailer 𝑛

𝜙
𝑚𝑛

Advertising investment ratio shared by manufacturer𝑚

Table 3: Transactions and production variables associated with various players in the network.

Notation Definition

𝑞
𝑟

𝑠𝑚
(𝑡)

The raw material transaction volume from supplier 𝑠 to manufacturer𝑚 at period 𝑡; group all of
these variables into a column vector 𝑄1 ∈ 𝑅𝑆𝑀𝑇

+

𝑞
𝑟

𝑠
(𝑡)

The total raw material volume provided by supplier 𝑠 to all manufacturers at period 𝑡; group all of
these variables into a column vector 𝑞𝑟

1
∈ 𝑅
𝑆𝑇

+

𝑞
𝑟

𝑚
(𝑡)

The total raw material volume of manufacturer𝑚 used to produce at period 𝑡; group all of these
variables into a column vector 𝑞𝑟 ∈ 𝑅𝑀𝑇

+

𝑞
𝑚𝑛
(𝑡)

The product transaction volume from manufacturer𝑚 to retailer 𝑛 at period 𝑡; group all of these
variables into a column vector 𝑄2 ∈ 𝑅𝑀𝑁𝑇

+

𝜌
𝑚𝑛
(𝑡) The transaction price charged by manufacturer𝑚 for retailer 𝑛 at period 𝑡

𝜌
𝑛
(𝑡) Price charged by retailer 𝑛 to the product in his outlet for corresponding demand market 𝑘 at period 𝑡

𝜙
𝑛
(𝑥; 𝜌
𝑛
(𝑡)) The density function of random variable 𝑥

Φ
𝑛
(𝑥; 𝜌
𝑛
(𝑡)) The distribution function of random variable 𝑥

𝐼
𝑚
(𝑡) The inventory of manufacturer𝑚 at period 𝑡; group all of 𝐼

𝑚
(𝑡) into a column vector 𝐼 ∈ 𝑅𝑀𝑇

+

3.2. Variables and Notations. The variables and notations are
defined as in Tables 2 and 3, and the production functions and
transaction functions are defined as in Table 4.

4. Discrete Dynamic Supply Chain Network
Equilibrium Model

4.1. The Optimal Behavior and Equilibrium Condition of
Suppliers. In each period, supplier 𝑠 provides raw material to
various manufacturers at the beginning of every period and
makes decision associated with trade and production volume
of raw material to maximize the profit in the entire planning
horizon. Using the notations defined previously, the profit
maximum criterion for supplier 𝑠 can be described as

𝜋
𝑠
= max{

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝜌
𝑟

𝑠𝑚
(𝑡) 𝑞
𝑟

𝑠𝑚
(𝑡)

−

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝑐
𝑟

𝑠𝑚
(𝑡) −

𝑇

∑

𝑡=1

𝑓
𝑟

𝑠
(𝑞
𝑟

1
(𝑡))} ,

(1)

s.t.
𝑀

∑

𝑚=1

𝑞
𝑟

𝑠𝑚
(𝑡) ≤ 𝑞

𝑟

𝑠
(𝑡) , (2)

(𝑞
𝑟

𝑠𝑚
(𝑡) , 𝑞
𝑟

𝑠
(𝑡)) ∈ 𝑅

(𝑀+1)𝑇

+
, ∀𝑠. (3)

Equation (2) expresses that production output of raw
material cannot be lower than total volume of the raw
material transaction between the supplier 𝑠 and the various
manufacturers.

In this paper, we assume that all the suppliers compete in
a noncooperative fashion. Therefore, we can simultaneously
express the equilibrium condition of the suppliers as the
variational inequality, determining (𝑞𝑟∗

1
, 𝑄
1∗
, 𝜂
∗

𝑠
) ∈ Ω

𝑆, such
that

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

[
𝜕𝑓
𝑟

𝑠
(𝑞
𝑟∗

𝑠
(𝑡))

𝜕𝑞𝑟
𝑠
(𝑡)

− 𝜂
∗

𝑠
(𝑡)] × [𝑞

𝑟

𝑠
(𝑡) − 𝑞

𝑟∗

𝑠
(𝑡)]

+

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

𝑀

∑

𝑚=1

[
𝜕𝑐
𝑟∗

𝑠𝑚
(𝑡)

𝜕𝑞𝑟
𝑠𝑚
(𝑡)

− 𝜌
𝑟∗

𝑠𝑚
(𝑡) + 𝜂

∗

𝑠
(𝑡)]

× [𝑞
𝑟

𝑠𝑚
(𝑡) − 𝑞

𝑟∗

𝑠𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

[𝑞
𝑟∗

𝑠
(𝑡) −

𝑀

∑

𝑚=1

𝑞
𝑟∗

𝑠𝑚
(𝑡)]

× [𝜂
𝑠
(𝑡) − 𝜂

∗

𝑠
(𝑡)] ≥ 0

∀ (𝑞
𝑟

1
, 𝑄
1
, 𝜂
𝑠
) ∈ Ω

𝑆
,

(4)

whereΩ𝑆 = 𝑅𝑆𝑇+𝑆𝑀𝑇+𝑆𝑇
+

.
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Table 4: Functions associated with various players in the network.

Notations Definition
𝑓
𝑟

𝑠
(𝑡) = 𝑓

𝑟

𝑠
(𝑞
𝑟

1
(𝑡)) The raw material production cost function of supplier 𝑠 at period 𝑡

𝑐
𝑟

𝑠𝑚
(𝑡) = 𝑐

𝑟

𝑠𝑚
(𝑞
𝑟

𝑠𝑚
(𝑡)) The transaction cost function between supplier 𝑠 and manufacturer𝑚 at period 𝑡

𝑓
𝑀

𝑚
(𝑡) = 𝑓

𝑀

𝑚
(𝛽
𝑟
, 𝑞
𝑟
(𝑡)) The production cost function using raw materials of manufacturer𝑚 at period 𝑡

𝑐
𝑛
(𝑡) The exhibition and disposal cost at retailer 𝑛 at period 𝑡

𝑐
𝑚𝑛
(𝑡) = 𝑐

𝑚𝑛
(𝑞
𝑚𝑛
(𝑡)) The transaction cost function between manufacturer𝑚 and retailer 𝑛 at period 𝑡

𝐻
𝑚
(𝑡) = 𝐻

𝑚
(𝐼
𝑚
(𝑡)) The inventory cost function at manufacturer𝑚

𝑓
𝑡+𝑖

𝑡
The delay effect factor of advertising investment at period 𝑡 on the period 𝑡 + 𝑖

𝑑
𝑘
(𝜌
𝑘
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡)) The demand function associated with demand market 𝑘

In (4), 𝜂
𝑠
(𝑡) is the Lagrange multiplier corresponding to

constraint (2) and 𝜂
𝑠
∈ 𝑅
𝑆𝑇

+
is the column vector with the

elements of 𝜂
𝑠
(𝑡).

Based on the equivalence of variational inequality and
complement problem, from the second term of (4), we get

𝜌
𝑟∗

𝑠𝑚
(𝑡) =

𝜕𝑐
𝑟∗

𝑠𝑚
(𝑡)

𝜕𝑞𝑟
𝑠𝑚
(𝑡)

+ 𝜂
∗

𝑠
(𝑡) . (5)

From the 1st term of (4), in the equilibrium state, 𝜂∗
𝑠
(𝑡) =

𝜕𝑓
𝑟

𝑠
(𝑞
𝑟∗

𝑠
(𝑡))/𝜕𝑞

𝑟

𝑠
(𝑡); that is, 𝜂∗

𝑠
(𝑡) is equal to the marginal

production cost. Therefore, (5) shows that the transaction
price between suppliers and manufacturers is equal to the
sum of marginal transaction cost and marginal production
cost.

4.2.TheOptimal Behavior and EquilibriumCondition ofMan-
ufacturers. The manufacturers purchase the raw materials
from various suppliers to make products and sell the new
products to retailers at every period and in the same time
manage inventory between periods according to the market
conditions.Themanufacturer𝑚 seeks to maximize her profit
that can be described as follows:

𝜋
𝑚
= max{

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

𝜌
𝑚𝑛
(𝑡) 𝑞
𝑚𝑛
(𝑡) −

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

𝜌
𝑠𝑚
(𝑡) 𝑞
𝑠𝑚
(𝑡)

−

𝑇

∑

𝑡=1

𝑓
𝑀

𝑚
(𝑡) −

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

𝑐
𝑚𝑛
(𝑡) −

𝑇

∑

𝑡=1

𝐻
𝑚
(𝑡)

−

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

𝜙
𝑚𝑛
𝐼
𝑚𝑛

𝐴
(𝑡) 𝑞
𝑚𝑛
(𝑡)} ,

(6)

s.t. 𝐼
𝑚
(𝑡 − 1) + 𝛽

𝑟
𝑞
𝑟

𝑚
(𝑡) = 𝐼

𝑚
(𝑡) +

𝑁

∑

𝑛=1

𝑞
𝑚𝑛
(𝑡) , (7)

𝑞
𝑟

𝑚
(𝑡) ≤

𝑆

∑

𝑠=1

𝑞
𝑟

𝑠𝑚
(𝑡) . (8)

Equation (7) expresses the flow conservation; the sum of
production volume from raw materials in 𝑡 period and the
transferring inventory from 𝑡−1 period is equal to the sum of
the transaction volume with all retailers and the transferring
inventory to next period, and assume the corresponding
Lagrange multiplier is 𝜆

𝑚
(𝑡); 𝜆 ∈ 𝑅

𝑀𝑇 is the column vector

with the elements of 𝜆
𝑚
(𝑡). Equation (8) shows that the raw

materials amount obtained in manufacturer 𝑚 is not higher
than that various suppliers sent to her; similarly, assume the
corresponding Lagrange multiplier is 𝛾

𝑚
(𝑡)and 𝛾 ∈ 𝑅

𝑀𝑇

+
is

the column vector with the elements of 𝛾
𝑚
(𝑡).

The profit maximum object of all manufacturers can
be described as a variational inequality, determining
(𝑞
𝑟∗
, 𝑄
1∗
, 𝑄
2∗
, 𝐼
∗
, 𝛾
∗
, 𝜆
∗
) ∈ Ω
𝑀, such that

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[
𝜕𝑓
𝑀∗

𝑚
(𝑡)

𝜕𝑞𝑟
𝑚
(𝑡)

− 𝛽
𝑟
𝜆
∗

𝑚
(𝑡) + 𝛾

∗

𝑚
(𝑡)] × [𝑞

𝑟

𝑚
(𝑡) − 𝑞

𝑟∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝑆

∑

𝑠=1

[𝜌
∗

𝑠𝑚
(𝑡) − 𝛾

∗

𝑚
(𝑡)] × [𝑞

𝑠𝑚
(𝑡) − 𝑞

∗

𝑠𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝑁

∑

𝑛=1

[
𝜕𝑐
∗

𝑚𝑛
(𝑡)

𝜕𝑞
𝑚𝑛
(𝑡)

+ 𝜆
∗

𝑚
(𝑡) − 𝜌

∗

𝑚𝑛
(𝑡) + 𝜙

𝑚𝑛
𝐼
𝑚𝑛

𝐴
(𝑡)]

× [𝑞
𝑚𝑛
(𝑡) − 𝑞

∗

𝑚𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[
𝜕𝐻
∗

𝑚
(𝑡)

𝜕𝐼
𝑚
(𝑡)

+ 𝜆
∗

𝑚
(𝑡) − 𝜆

∗

𝑚
(𝑡 + 1)]

× [𝐼
𝑚
(𝑡) − 𝐼

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[

𝑆

∑

𝑠=1

𝑞
𝑟∗

𝑠𝑚
(𝑡) − 𝑞

𝑟∗

𝑚
(𝑡)] × [𝛾

𝑚
(𝑡) − 𝛾

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[𝐼
∗

𝑚
(𝑡 − 1) + 𝛽

𝑟
𝑞
𝑟∗

𝑚
(𝑡) − 𝐼

∗

𝑚
(𝑡) −

𝑁

∑

𝑛=1

𝑞
∗

𝑚𝑛
(𝑡)]

× [𝜆
𝑚
(𝑡) − 𝜆

∗

𝑚
(𝑡)] ≥ 0

∀ (𝑞
𝑟
, 𝑄
1
, 𝑄
2
, 𝐼, 𝛾, 𝜆) ∈ Ω

𝑀
,

(9)

whereΩ𝑀 = 𝑅
𝑀𝑇+𝑆𝑀𝑇+𝑀𝑁𝑇+2𝑀𝑇

+
× 𝑅
𝑀𝑇.

From the third term of (9), the transaction price can be
written as when the network is in equilibrium:

𝜌
∗

𝑚𝑛
(𝑡) =

𝜕𝑐
∗

𝑚𝑛
(𝑡)

𝜕𝑞
𝑚𝑛
(𝑡)

+ 𝜆
∗

𝑚
(𝑡) + 𝜙

𝑚𝑛
𝐼
𝑚𝑛

𝐴
(𝑡) . (10)

From the 2nd term of (9), in the equilibrium state, we
get 𝜌∗
𝑠𝑚
(𝑡) = 𝛾

∗

𝑚
(𝑡); then from the 1st term, we get 𝜆∗

𝑚
(𝑡) =



6 Mathematical Problems in Engineering

(1/𝛽
𝑟
)[𝜕𝑓
𝑀∗

𝑚
(𝑡)/𝜕𝑞

𝑟

𝑚
(𝑡) + 𝛾

∗

𝑚
(𝑡)] = (1/𝛽

𝑟
)[𝜕𝑓
𝑀∗

𝑚
(𝑡)/𝜕𝑞

𝑟

𝑚
(𝑡) +

𝜌
∗

𝑠𝑚
(𝑡)]. Equation (10) shows that in the equilibrium state,

the transaction price between manufacturers and retailers is
equal to the sum ofmarginal transaction cost betweenmanu-
facturers and retailers, the Lagrangemultiplier corresponding
to constraint (7), and the advertisement investment amount
shared by manufacturer𝑚.

4.3. The Optimal Behavior and Equilibrium Condition of
Retailers. The retailers need to decide to purchase how
many products from manufacturers and sell to consumers in
corresponding demand markets in a certain price.

Due to 𝑑
𝑛
(𝐼
𝑚𝑛

𝐴
(𝑡), 𝜌
𝑛
(𝑡)) denoting the random demand

of retailer outlet 𝑛, the demand depends on the advertising
investment and the trade price; it is obvious that the more
advertising investment paid by manufacturers and retailers
is, the larger consumer demand is, whereas the increase of
price charged by retailers will lower the product demand. For
a given product transaction price 𝜌

𝑛
(𝑡) at period 𝑡, accord-

ing to the notations illustrated in Table 3, Φ
𝑛
(𝑥; 𝜌
𝑛
(𝑡)) =

∫
𝑥

0
𝜙
𝑛
(𝑥; 𝜌
𝑛
(𝑡))𝑑𝑥. Let 𝑠

𝑛
(𝑡) denote the wholesale amount

from manufacturers and 𝑠
𝑛
(𝑡) = ∑

𝑀

𝑚=1
𝑞
𝑚𝑛
(𝑡); group all 𝑠

𝑛
(𝑡)

in period 𝑡 into a column vector 𝑠(𝑡) ∈ 𝑅
𝑁

+
, and group all

𝑠
𝑛
(𝑡) into a column vector 𝑠

𝑛
∈ 𝑅
𝑁𝑇

+
. In order to express the

competition among retailers, we assume that the exhibition
function and disposal cost function at retailer 𝑛 𝑐

𝑛
(𝑡) =

𝑐
𝑛
(𝑠(𝑡)) are related with all retailers.
For retailer 𝑛, if given 𝑠

𝑛
(𝑡), it is similar as in Dong et

al. [5] and Nagurney et al. [4], the expected sales quantity,
expected shortage quantity, and expected exceed quantity can
be expressed as

𝑆
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

= 𝐸 [min {𝑑
𝑛
(𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) , 𝑠

𝑛
(𝑡)}]

= 𝑠
𝑛
(𝑡) − ∫

𝑠
𝑛
(𝑡)

0

(𝑠
𝑛
(𝑡) − 𝑥) dΦ

𝑛

× (𝑥, 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) ,

𝐻
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

= 𝐸 [max {0, 𝑠
𝑛
(𝑡) − 𝑑

𝑛
(𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))}]

= ∫

𝑠
𝑛

0

(𝑠
𝑛
− 𝑥) dΦ

𝑛
(𝑥, 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) ,

𝑄
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

= 𝐸 [max {0, 𝑑
𝑛
(𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) − 𝑠

𝑛
(𝑡)}]

= ∫

+∞

𝑠
𝑛
(𝑡)

(𝑥 − 𝑠
𝑛
(𝑡)) dΦ

𝑗
(𝑥, 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) .

(11)

From (10), we can easily obtain

𝜕𝑆
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

𝜕𝑠
𝑛
(𝑡)

= 1 − Φ
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) ,

𝜕𝐻
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

𝜕𝑠
𝑛
(𝑡)

= Φ
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) ,

𝜕𝑄
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

𝜕𝑠
𝑛
(𝑡)

= Φ
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡)) − 1.

(12)

For retailer 𝑛, themaximum expected profitmodel can be
expressed as

𝜋
𝑛
= max{

𝑇

∑

𝑡=1

𝜌
𝑛
(𝑡) 𝑆
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

− 𝜆
+

𝑛

𝑇

∑

𝑡=1

𝐻
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

− 𝜆
−

𝑛

𝑇

∑

𝑡=1

𝑄
𝑛
(𝑠
𝑛
(𝑡) , 𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
𝑛
(𝑡))

−

𝑇

∑

𝑡=1

𝑐
𝑛
(𝑠 (𝑡)) −

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝜌
𝑚𝑛
(𝑡) 𝑞
𝑚𝑛
(𝑡) − (1 − 𝜙

𝑚𝑛
)

×

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1=1

𝐼
𝑚𝑛

𝐴
(𝑡) 𝑞
𝑚𝑛
(𝑡)} ,

(13)

s.t. 𝑠
𝑛
(𝑡) =

𝑀

∑

𝑚=1

𝑞
𝑚𝑛
(𝑡) . (14)

Using (11) and (13) can be rewritten as

𝜋
𝑛
= max{

𝑇

∑

𝑡=1

𝜌
𝑛
(𝑡) 𝑠
𝑛
(𝑡) −

𝑇

∑

𝑡=1

(𝜌
𝑛
(𝑡) + 𝜆

+

𝑛
)

× ∫

𝑠
𝑛
(𝑡)

0

(𝑠
𝑛
(𝑡) − 𝑥) dΦ

𝑛
(𝑥, 𝜌
𝑛
(𝑡)) − 𝜆

−

𝑛

×

𝑇

∑

𝑡=1

∫

+∞

𝑠
𝑛

(𝑥 − 𝑠
𝑛
(𝑡)) dΦ

𝑛
(𝑥, 𝜌
𝑛
(𝑡))

−

𝑇

∑

𝑡=1

𝑐
𝑛
(𝑠 (𝑡)) −

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝜌
𝑚𝑛
(𝑡) 𝑞
𝑚𝑛
(𝑡) − (1 − 𝜙

𝑚𝑛
)

×

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝐼
𝑚𝑛

𝐴
(𝑡) 𝑞
𝑚𝑛
(𝑡)} .

(15)

All retailers compete in a noncooperation fashion; using
(12), their equilibrium conditions can be described as a
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variational inequality, determining (𝑠∗
𝑛
, 𝑄
2∗
, 𝜃
∗
) ∈ Ω

𝑁, such
that
𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[(𝜌
∗

𝑛
(𝑡) + 𝜆

+

𝑛
+ 𝜆
−

𝑛
)Φ
𝑛
(𝑠
∗

𝑛
(𝑡) , 𝜌
∗

𝑛
(𝑡))

− 𝜌
∗

𝑛
(𝑡) − 𝜆

−

𝑛
+
𝜕𝑐
𝑛
(𝑠
∗
(𝑡))

𝜕𝑠
𝑛
(𝑡)

] × [𝑠
𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝑁

∑

𝑛=1

[(1 − 𝜙
𝑚𝑛
) 𝐼
𝑚𝑛

𝐴
(𝑡) + 𝜌

∗

𝑚𝑛
(𝑡)]

× [𝑞
𝑚𝑛
(𝑡) − 𝑞

∗

𝑚𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[

𝑀

∑

𝑚=1

𝑞
∗

𝑚𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)] × [𝜃

𝑛
(𝑡) − 𝜃

∗

𝑛
(𝑡)] ≥ 0

∀ (𝑠
𝑛
, 𝑄
2
, 𝜃) ∈ Ω

𝑁
,

(16)

whereΩ𝑁 = 𝑅𝑁𝑇+𝑀𝑁𝑇
+

× 𝑅
𝑁𝑇.

In (16), 𝜃
𝑛
(𝑡) is the Lagrange multiplier corresponding to

constraint (14) and 𝜃
𝑛
(𝑡) ∈ 𝑅

𝑁𝑇 is the column vector with
the elements of 𝜃

𝑛
(𝑡).The transaction price 𝜌∗

𝑛
(𝑡) is a decision

variable which can be obtained from the computing results.

4.4. The Optimal Behavior and Equilibrium Condition of
DemandMarkets. For the supply chain network, given a fixed
advertising investment, the consumers of demand markets
buy the products under a price charged by the retailers and
it is similar as in Dong et al. [5] and Nagurney et al. [4]

𝑑
𝑛
(𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
∗

𝑛
(𝑡)) {

= 𝑠
∗

𝑛
(𝑡) , 𝜌

∗

𝑛
(𝑡) > 0

< 𝑠
∗

𝑛
(𝑡) , 𝜌

∗

𝑛
(𝑡) = 0.

(17)

The consumers’ optimal behaviors and equilibrium con-
ditions can be described as a variational inequality, determin-
ing 𝜌∗
𝑛
(𝑡) ∈ Ω

𝐾, such that

[𝑠
∗

𝑛
(𝑡) − 𝑑

𝑛
(𝐼
𝑚𝑛

𝐴
(𝑡) , 𝜌
∗

𝑛
(𝑡))] × [𝜌

𝑛
(𝑡) − 𝜌

∗

𝑛
(𝑡)] ≥ 0

∀𝜌
𝑛
(𝑡) ∈ Ω

𝐾
,

(18)

whereΩ𝐾 = 𝑅𝐾𝑇
+

.

4.5. The Equilibrium Condition of the Supply Chain Network.
Each player in the supply chain network selects the optimal
strategy in every period and seeks to maximize the profit in
the entire planning horizon on the basis of the other players
making optimal decisions. Thus, the network will experience
a strategy selecting process and carry out Nash equilibrium
in the end. In particular, the product transaction amount and
price between the adjacent tires must be equal to that the
players want to purchase or sell at every period, and the man-
ufacturers and retailers also need to make decisions about
the advertising investment to enhance the expected sales to
maximize their profits. So, the whole network equilibrium
condition is the sum of (4), (9), (15), and (18). We sum up
these equations and obtain the following theorem.

Theorem 1. A strategy pattern (𝑞
𝑟∗

1
, 𝑞
𝑟∗
, 𝑄
1∗
, 𝑄
2∗
, 𝐼
∗
, 𝑠
∗
, 𝜌
∗,

𝜂
∗

𝑠
, 𝛾
∗
, 𝜆
∗
) ∈ Ω of the discrete dynamic supply chain net-

work can be called an equilibrium pattern if and only if
it satisfies the following inequality, determining (𝑞

𝑟∗

1
, 𝑞
𝑟∗,

𝑄
1∗
, 𝑄
2∗
, 𝐼
∗
, 𝑠
∗

𝑛
, 𝜌
∗
, 𝜂
∗

𝑠
, 𝛾
∗
, 𝜆
∗
, 𝜃
∗
) ∈ Ω, such that

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

[
𝜕𝑓
𝑟

𝑠
(𝑞
𝑟∗

𝑠
(𝑡))

𝜕𝑞𝑟
𝑠
(𝑡)

− 𝜂
∗

𝑠
(𝑡)] × [𝑞

𝑟

𝑠
(𝑡) − 𝑞

𝑟∗

𝑠
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[
𝜕𝑓
𝑀∗

𝑚
(𝑡)

𝜕𝑞𝑟
𝑚
(𝑡)

− 𝛽
𝑟
𝜆
∗

𝑚
(𝑡) + 𝛾

∗

𝑚
(𝑡)]

× [𝑞
𝑟

𝑚
(𝑡) − 𝑞

𝑟∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

𝑀

∑

𝑚=1

[
𝜕𝑐
𝑟∗

𝑠𝑚
(𝑡)

𝜕𝑞𝑟
𝑠𝑚
(𝑡)

+ 𝜂
∗

𝑠
(𝑡) − 𝛾

∗

𝑚
(𝑡)]

× [𝑞
𝑟

𝑠𝑚
(𝑡) − 𝑞

𝑟∗

𝑠𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝑁

∑

𝑛=1

[
𝜕𝑐
∗

𝑚𝑛
(𝑡)

𝜕𝑞
𝑚𝑛
(𝑡)

+ 𝜆
∗

𝑚
(𝑡)

− 𝜃
∗

𝑛
(𝑡) + 𝐼

𝑚𝑛∗

𝐴
(𝑡)]

× [𝑞
𝑚𝑛
(𝑡) − 𝑞

∗

𝑚𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[
𝜕𝐻
∗

𝑚
(𝑡)

𝜕𝐼
𝑚
(𝑡)

+ 𝜆
∗

𝑚
(𝑡) − 𝜆

∗

𝑚
(𝑡 + 1)]

× [𝐼
𝑚
(𝑡) − 𝐼

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[(𝜌
∗

𝑛
(𝑡) + 𝜆

+

𝑛
+ 𝜆
−

𝑛
)Φ
𝑛
(𝑠
∗

𝑛
(𝑡) , 𝜌
∗

𝑛
(𝑡))

− 𝜌
∗

𝑛
(𝑡) − 𝜆

−

𝑛
+ 𝜃
∗

𝑛
(𝑡) +

𝜕𝑐
𝑛
(𝑠
∗
(𝑡))

𝜕𝑠
𝑛
(𝑡)

]

× [𝑠
𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)]

+ [𝑠
∗

𝑛
(𝑡) − 𝑑

𝑛
(𝐼
𝑚𝑛∗

𝐴
(𝑡) , 𝜌
∗

𝑛
(𝑡))]

× [𝜌
𝑛
(𝑡) − 𝜌

∗

𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

[𝑞
𝑟∗

𝑠
(𝑡) −

𝑀

∑

𝑚=1

𝑞
𝑟∗

𝑠𝑚
(𝑡)]

× [𝜂
𝑠
(𝑡) − 𝜂

∗

𝑠
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[

𝑆

∑

𝑠=1

𝑞
𝑟∗

𝑠𝑚
(𝑡) − 𝑞

𝑟∗

𝑚
(𝑡)] × [𝛾

𝑚
(𝑡) − 𝛾

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[𝐼
∗

𝑚
(𝑡 − 1) + 𝛽

𝑟
𝑞
𝑟∗

𝑚
(𝑡)

− 𝐼
∗

𝑚
(𝑡) −

𝑁

∑

𝑛=1

𝑞
∗

𝑚𝑛
(𝑡)]
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× [𝜆
𝑚
(𝑡) − 𝜆

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[

𝑀

∑

𝑚=1

𝑞
∗

𝑚𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)] × [𝜃

𝑛
(𝑡) − 𝜃

∗

𝑛
(𝑡)] ≥ 0

∀ (𝑞
𝑟

1
, 𝑞
𝑟
, 𝑄
1
, 𝑄
2
, 𝐼, 𝑠, 𝜌, 𝜂

𝑠
, 𝛾, 𝜆, 𝜃) ∈ Ω

+

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[

𝑀

∑

𝑚=1

𝑞
∗

𝑚𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)] × [𝜃

𝑛
(𝑡) − 𝜃

∗

𝑛
(𝑡)] ≥ 0

∀ (𝑞
𝑟

1
, 𝑞
𝑟
, 𝑄
1
, 𝑄
2
, 𝐼, 𝑠
𝑛
, 𝜌, 𝜂
𝑠
, 𝛾, 𝜆, 𝜃) ∈ Ω,

(19)

whereΩ = Ω
𝑆
× Ω
𝑀
× Ω
𝑁
× Ω
𝐾.

Proof. Let us sum up (4), (9), (15), and (18); we get
the total inequality, determining (𝑞

𝑟∗

1
, 𝑞
𝑟∗
, 𝑄
1∗
, 𝑄
2∗
, 𝐼
∗
, 𝑠
∗

𝑛
,

𝜌
∗
, 𝜂
∗

𝑠
, 𝛾
∗
, 𝜆
∗
, 𝜃
∗
) ∈ Ω, such that

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

[
𝜕𝑓
𝑟

𝑠
(𝑞
𝑟∗

𝑠
(𝑡))

𝜕𝑞𝑟
𝑠
(𝑡)

− 𝜂
∗

𝑠
(𝑡)]

× [𝑞
𝑟

𝑠
(𝑡) − 𝑞

𝑟∗

𝑠
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[
𝜕𝑓
𝑀∗

𝑚
(𝑡)

𝜕𝑞𝑟
𝑚
(𝑡)

− 𝛽
𝑟
𝜆
∗

𝑚
(𝑡) + 𝛾

∗

𝑚
(𝑡)]

× [𝑞
𝑟

𝑚
(𝑡) − 𝑞

𝑟∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

𝑀

∑

𝑚=1

[
𝜕𝑐
𝑟∗

𝑠𝑚
(𝑡)

𝜕𝑞𝑟
𝑠𝑚
(𝑡)

+ 𝜂
∗

𝑠
(𝑡) − 𝛾

∗

𝑚
(𝑡)

+ 𝜌
∗

𝑠𝑚
(𝑡) − 𝜌

∗

𝑠𝑚
(𝑡)]

× [𝑞
𝑟

𝑠𝑚
(𝑡) − 𝑞

𝑟∗

𝑠𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

𝑁

∑

𝑛=1

[
𝜕𝑐
∗

𝑚𝑛
(𝑡)

𝜕𝑞
𝑚𝑛
(𝑡)

+ 𝜆
∗

𝑚
(𝑡) − 𝜃

∗

𝑛
(𝑡)

+ (1 − 𝜙
𝑚𝑛
) 𝐼
𝑚𝑛∗

𝐴
(𝑡) + 𝜙

𝑚𝑛
𝐼
𝑚𝑛∗

𝐴
(𝑡)

− 𝜌
∗

𝑚𝑛
(𝑡) + 𝜌

∗

𝑚𝑛
(𝑡)]

× [𝑞
𝑚𝑛
(𝑡) − 𝑞

∗

𝑚𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[
𝜕𝐻
∗

𝑚
(𝑡)

𝜕𝐼
𝑚
(𝑡)

+ 𝜆
∗

𝑚
(𝑡) − 𝜆

∗

𝑚
(𝑡 + 1)]

× [𝐼
𝑚
(𝑡) − 𝐼

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[(𝜌
∗

𝑛
(𝑡) + 𝜆

+

𝑛
+ 𝜆
−

𝑛
)Φ
𝑛
(𝑠
∗

𝑛
(𝑡) , 𝜌
∗

𝑛
(𝑡))

− 𝜌
∗

𝑛
(𝑡) − 𝜆

−

𝑛
+ 𝜃
∗

𝑛
(𝑡) +

𝜕𝑐
𝑛
(𝑠
∗
(𝑡))

𝜕𝑠
𝑛
(𝑡)

]

× [𝑠
𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)]

+ [𝑠
∗

𝑛
(𝑡) − 𝑑

𝑛
(𝐼
𝑚𝑛∗

𝐴
(𝑡) , 𝜌
∗

𝑛
(𝑡))]

× [𝜌
𝑛
(𝑡) − 𝜌

∗

𝑛
(𝑡)]

+

𝑇

∑

𝑡=1

𝑆

∑

𝑠=1

[𝑞
𝑟∗

𝑠
(𝑡) −

𝑀

∑

𝑚=1

𝑞
𝑟∗

𝑠𝑚
(𝑡)]

× [𝜂
𝑠
(𝑡) − 𝜂

∗

𝑠
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[

𝑆

∑

𝑠=1

𝑞
𝑟∗

𝑠𝑚
(𝑡) − 𝑞

𝑟∗

𝑚
(𝑡)]

× [𝛾
𝑚
(𝑡) − 𝛾

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑀

∑

𝑚=1

[𝐼
∗

𝑚
(𝑡 − 1) + 𝛽

𝑟
𝑞
𝑟∗

𝑚
(𝑡)

− 𝐼
∗

𝑚
(𝑡) −

𝑁

∑

𝑛=1

𝑞
∗

𝑚𝑛
(𝑡)]

× [𝜆
𝑚
(𝑡) − 𝜆

∗

𝑚
(𝑡)]

+

𝑇

∑

𝑡=1

𝑁

∑

𝑛=1

[

𝑀

∑

𝑚=1

𝑞
∗

𝑚𝑛
(𝑡) − 𝑠

∗

𝑛
(𝑡)] × [𝜃

𝑛
(𝑡) − 𝜃

∗

𝑛
(𝑡)] ≥ 0

∀ (𝑞
𝑟

1
, 𝑞
𝑟
, 𝑄
1
, 𝑄
2
, 𝐼, 𝑠
𝑛
, 𝜌, 𝜂
𝑠
, 𝛾, 𝜆, 𝜃) ∈ Ω.

(20)

We simplify the 3rd and 4th terms in (20) and obtain (19).
From (19), we note that the share ratio of advertising invest-
ment between manufacturers and retailers does not impact
the network equilibrium results; therefore, determining the
share ratio will be up to the power of two kinds of players in
their bargain.

5. Numerical Examples

In this section, we will provide some numerical examples
to illustrate the efficiency of the previous equilibrium model
and analyze the relevant parameters. To solve the model,
there are several algorithms to choose, such as logarithmic-
quadratic proximal prediction-correctionmethod [33], mod-
ified contraction project method [34], smoothing Newton
algorithm [35], and others, to name a few. In this paper, we
employ the modified contraction project method to solve the
variational inequality (19) for its simple steps and obtain the
decision variables and Lagrange multiplexer simultaneously.
Set the related parameters as follows: the initial value of
decision variables and Lagrange multipliers is set to 1 and
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Table 5: Cost functions for computational study.

Notation Definition
𝑓
𝑠
(𝑞
𝑟

1
(𝑡)) = 𝑡𝑞

𝑟

𝑠
(𝑡)
2
+ 𝑞
𝑟

𝑠
(𝑡) + 1 Cost function of producing raw materials for supplier 𝑠 at period 𝑡

𝑐
𝑠𝑚
(𝑡) = 𝑞

𝑠𝑚
(𝑡)
2
+ 1.5𝑞

𝑠𝑚
(𝑡) + 1 Transaction cost function undertaken by supplier 𝑠 related to supply chain 𝑠𝑚 at period 𝑡

𝑓
𝑀

𝑚
(𝑡) = 𝑡(𝛽

𝑟
𝑞
𝑟

𝑚
(𝑡))
2

+ 3𝛽
𝑟
𝑞
𝑟

𝑚
(𝑡) + 2 Production cost function for manufacturer𝑚 at period 𝑡

𝐻
𝑚
(𝑡) = 𝑡𝐼

𝑚
(𝑡) Inventory cost for manufacturer𝑚 at period 𝑡

𝑐
𝑚𝑛
(𝑡) = 5.5𝑞

𝑚𝑛
(𝑡)
2
+ 3𝑞
𝑚𝑛
(𝑡) + 2 Transaction cost function undertaken by manufacturer𝑚 related to supply chain𝑚𝑛 at period 𝑡

𝑐
𝑛
(𝑡) = 0.25(

2

∑

𝑚=1

𝑞
𝑚𝑛
(𝑡))

2

Disposal costs at retailer 𝑛 at period 𝑡

Table 6: Equilibrium results with delay effect of advertising investment.

Variables
𝑡 = 1, 2, 3

𝐼
𝑚𝑛

𝐴
(1) = 0.15 𝐼

𝑚𝑛

𝐴
(1) = 0 𝐼

𝑚𝑛

𝐴
(1) = 0 𝐼

𝑚𝑛

𝐴
(1) = 0.15 𝐼

𝑚𝑛

𝐴
(1) = 0 𝐼

𝑚𝑛

𝐴
(1) = 0.15

𝐼
𝑚𝑛

𝐴
(2) = 0 𝐼

𝑚𝑛

𝐴
(2) = 0.15 𝐼

𝑚𝑛

𝐴
(2) = 0 𝐼

𝑚𝑛

𝐴
(2) = 0.15 𝐼

𝑚𝑛

𝐴
(2) = 0.15 𝐼

𝑚𝑛

𝐴
(2) = 0.15

𝐼
𝑚𝑛

𝐴
(3) = 0 𝐼

𝑚𝑛

𝐴
(3) = 0 𝐼

𝑚𝑛

𝐴
(3) = 0.15 𝐼

𝑚𝑛

𝐴
(3) = 0 𝐼

𝑚𝑛

𝐴
(3) = 0.15 𝐼

𝑚𝑛

𝐴
(3) = 0.15

𝑞
𝑟

𝑠𝑚
(𝑡)

𝑠 = 1, 2

𝑚 = 1, 2

0.7282 0.7259 0.7214 0.7407 0.7340 0.7488
0.4443 0.4431 0.4408 0.451 0.4474 0.4552
0.3821 0.3813 0.3797 0.3867 0.3842 0.3896

𝑞
𝑟

𝑠
(𝑡), 𝑞𝑟
𝑚
(𝑡)

𝑠 = 1, 2

𝑚 = 1, 2

1.4563 1.4519 1.4429 1.4814 1.4679 1.4976
0.8886 0.8863 0.8815 0.9019 0.8948 0.9105
0.7643 0.7627 0.7594 0.7733 0.7685 0.7791

𝑞
𝑚𝑛
(𝑡)

𝑚 = 1, 2

𝑛 = 1, 2

0.5357 0.5174 0.5182 0.5336 0.5161 0.5322
0.5228 0.5313 0.5132 0.5399 0.5300 0.5386
0.4961 0.5017 0.5106 0.5048 0.5195 0.5228

𝐼
𝑚
(𝑡)

𝑚 = 1, 2

0.3849 0.4170 0.4066 0.4142 0.4358 0.4331
0.2280 0.2407 0.2617 0.2364 0.2706 0.2664

0 0 0 0 0 0
𝜋
𝑠

3.3263 3.2928 3.2254 3.5170 3.4143 3.6415
𝜋
𝑚

14.3234 14.2429 14.0845 14.7572 14.5163 15.0348
𝜋
𝑛

27.2004 27.0716 26.7721 28.1674 27.7355 28.8402

the convergence criterion, for example, the absolute value
of difference of decision variables and Lagrange multipliers
between two steps is lower than or equal to 10−8. We assume
𝜙
𝑚𝑛

= 0.4, 𝛽
𝑟
= 1, 𝜆−

𝑛
= 1, 𝜆+

𝑛
= 1, 𝐼𝑚𝑛

𝐴
(𝑡) = 0.15, 𝑓𝑡

𝑡
= 0.2,

𝑓
𝑡+1

𝑡
= 0.1, and 𝑓

𝑡+2

𝑡
= 0.05. The related cost functions

and parameters are set as listed in Table 5. It is assumed
that the random demands follow uniform distribution in,
𝑑
𝑘
(𝜌
𝑘
(𝑡), 𝐼
𝑚𝑛

𝐴
(𝑡)) ∼ [0, 𝑏

𝑘
(𝑡)/𝜌
𝑘
(𝑡)], 𝑏

𝑘
(1) = 90(1 + 𝐼

𝑚𝑛

𝐴
(1))
𝑓
1

1 ,
𝑏
𝑘
(2) = 93∏

1

𝑖=0
(1 + 𝐼

𝑚𝑛

𝐴
(2 − 𝑖))

𝑓
2

2−𝑖 , and 𝑏
𝑘
(3) = 96∏

2

𝑖=0
(1 +

𝐼
𝑚𝑛

𝐴
(3 − 𝑖))

𝑓
3

3−𝑖 , for 𝑘 = 1, 2,𝑚 = 1, 2, 𝑛 = 1, 2, and 𝑡 = 1, 2, 3.
This paper focuses on the analysis of the following four

aspects: (1) the equilibrium results of advertising investment
with delay effect and the results listed as in Table 6; (2) the
equilibrium results of advertising investment with no delay
effect, that is, 𝑓𝑡

𝑡
= 𝑓
𝑡+1

𝑡
= 𝑓
𝑡+2

𝑡
= 0, and the results listed as

in Table 7; (3) the equilibrium results with one manufacturer
advertising investment and the results listed as in Table 8;
and (4) the profits of various players with the 1st period
advertising investment increasing with/without delay effect,
which is illustrated as in Figure 2.

From the first three columns in Table 6, we can find that
in the case the advertising delay effect exists, the production
volumes, the transaction volumes, and all the players’ profits
are the highest when the manufacturers and the retailers
make advertisements in the 1st period, and then is the 2nd
period, the lowest is the 3rd period.

From the latter three columns in Table 6, it can be seen
that when advertising is in the 1st and 2nd periods, all the
players’ profits are higher than that in the 2nd and 3rd periods
and lower than that in all the three periods, which implies that
the earlier the advertisement is made, the higher profits the
players can obtain.

We now turn to analyze the inventory between adja-
cent periods which describes the characteristic of discrete
dynamic supply chain network.Themanufacturers can adjust
the inventory to maximize the profits in the whole planning
horizon. Compare the 1st three columns of Table 6, because
of the demand increasing in the 2nd period as a result of
advertising, the inventory transfer from the 1st period to 2nd
period increases; on the other hand, due to the delay effect,
the advertising in the 2nd period also has much influence in
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Figure 2: Players’ profits in the discrete dynamic supply chain network with delay effect.

the 3rd period; thus the inventory from the 2nd period to
the 3rd period also increases. Due to the increasing of the
demand in the 3rd period, the inventory from the 2nd period
to the 3rd period increases obviously.The latter 3 columns can
be analyzed in the same way.

From the latter three columns in Table 7, we can find
that, in the absence of delay effect, the manufacturers’ profits
when making advertisement in all the three periods are
lower than that only in the 1st and 2nd periods instead. It
illustrates that, in some cases, the increased profit through

advertisement is less than its investment volume, so at this
time, it is meaningless and should not be the manufacturer’s
optimal strategy. On the other hand, the retailers’ profits
remain unchanged.

In Table 7, it is interesting that the volume of 𝑞𝑟
𝑠𝑚
(𝑡) 𝑞
𝑟

𝑠
(𝑡)

and 𝑞𝑟
𝑚
(𝑡) is almost identical and the profits of all players in

these cases are similar too in the first three columns and the
4th and 5th, respectively.

Comparing Table 6 with Table 7, we can see that because
we only consider three periods, the 3rd period is the last one;
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Table 7: Equilibrium results without delay effect of advertising investment.

Variables
𝑡 = 1, 2, 3

𝐼
𝑚𝑛

𝐴
(1) = 0.15 𝐼

𝑚𝑛

𝐴
(1) = 0 𝐼

𝑚𝑛

𝐴
(1) = 0 𝐼

𝑚𝑛

𝐴
(1) = 0.15 𝐼

𝑚𝑛

𝐴
(1) = 0 𝐼

𝑚𝑛

𝐴
(1) = 0.15

𝐼
𝑚𝑛

𝐴
(2) = 0 𝐼

𝑚𝑛

𝐴
(2) = 0.15 𝐼

𝑚𝑛

𝐴
(2) = 0 𝐼

𝑚𝑛

𝐴
(2) = 0.15 𝐼

𝑚𝑛

𝐴
(2) = 0.15 𝐼

𝑚𝑛

𝐴
(2) = 0.15

𝐼
𝑚𝑛

𝐴
(3) = 0 𝐼

𝑚𝑛

𝐴
(3) = 0 𝐼

𝑚𝑛

𝐴
(3) = 0.15 𝐼

𝑚𝑛

𝐴
(3) = 0 𝐼

𝑚𝑛

𝐴
(3) = 0.15 𝐼

𝑚𝑛

𝐴
(3) = 0.15

𝑞
𝑟

𝑠𝑚
(𝑡)

𝑠 = 1, 2

𝑚 = 1, 2

0.7214 0.7215 0.7214 0.7294 0.7294 0.7373
0.4408 0.4408 0.4408 0.4450 0.4450 0.4491
0.3797 0.3797 0.3797 0.3826 0.3826 0.3854

𝑞
𝑟

𝑠
(𝑡), 𝑞𝑟
𝑚
(𝑡)

𝑠 = 1, 2

𝑚 = 1, 2

1.4429 1.4430 1.4429 1.4588 1.4588 1.4746
0.8815 0.8816 0.8815 0.8900 0.8900 0.8983
0.7594 0.7595 0.7594 0.7652 0.7652 0.7708

𝑞
𝑚𝑛
(𝑡)

𝑚 = 1, 2

𝑛 = 1, 2

0.5368 0.5182 0.5182 0.5355 0.5168 0.5342
0.5132 0.5320 0.5132 0.5307 0.5307 0.5295
0.4919 0.4919 0.5106 0.4907 0.5094 0.5082

𝐼
𝑚
(𝑡)

𝑚 = 1, 2

0.3692 0.4067 0.4066 0.3878 0.4251 0.4062
0.2243 0.2243 0.2617 0.2163 0.2536 0.2456

0 0 0 0 0 0
𝜋
𝑠

3.2254 3.2263 3.2254 3.3450 3.3450 3.4646
𝜋
𝑚

14.0953 14.0955 14.0845 14.3703 14.3597 14.6342
𝜋
𝑛

26.7327 26.7527 26.7721 27.3596 27.3991 28.0059

Table 8: Equilibrium results with only advertising investment of manufacturer 1.

Variables
𝑡 = 1, 2, 3

𝐼
1𝑛

𝐴
(1) = 0.15 𝐼

1𝑛

𝐴
(1) = 0 𝐼

1𝑛

𝐴
(1) = 0 𝐼

1𝑛

𝐴
(1) = 0.15 𝐼

1𝑛

𝐴
(1) = 0 𝐼

1𝑛

𝐴
(1) = 0.15

𝐼
1𝑛

𝐴
(2) = 0 𝐼

1𝑛

𝐴
(2) = 0.15 𝐼

1𝑛

𝐴
(2) = 0 𝐼

1𝑛

𝐴
(2) = 0.15 𝐼

1𝑛

𝐴
(2) = 0.15 𝐼

1𝑛

𝐴
(2) = 0.15

𝐼
1𝑛

𝐴
(3) = 0 𝐼

1𝑛

𝐴
(3) = 0 𝐼

1𝑛

𝐴
(3) = 0.15 𝐼

1𝑛

𝐴
(3) = 0 𝐼

1𝑛

𝐴
(3) = 0.15 𝐼

1𝑛

𝐴
(3) = 0.15

𝑞
1𝑛
(𝑡)

𝑛 = 1, 2

0.5236 0.5207 0.5211 0.5248 0.5222 0.5263
0.5212 0.5189 0.5161 0.5257 0.5205 0.5273
0.4970 0.4999 0.4978 0.5038 0.5048 0.5087

𝐼
1
(𝑡)

0.3955 0.4954 0.3934 0.4064 0.4043 0.4118
0.2345 0.2413 0.2389 0.2435 0.2480 0.2503

0 0 0 0 0 0
𝜋
1

14.0075 13.9653 13.8845 14.1539 14.0303 14.2186

𝑞
2𝑛
(𝑡)

𝑛 = 1, 2

0.5327 0.5161 0.5165 0.5293 0.5131 0.5263
0.5166 0.5280 0.5115 0.5302 0.5250 0.5273
0.4924 0.4954 0.5069 0.4947 0.5093 0.5087

𝐼
2
(𝑡)

0.3773 0.4081 0.4025 0.3973 0.4225 0.4118
0.2255 0.2322 0.2571 0.2253 0.2571 0.2503

0 0 0 0 0 0
𝜋
2

14.1659 14.1223 14.0353 14.4704 14.3393 14.6873

therefore, the 3rd column in the two Tables has no difference
with or without delay effect. When considering delay effect,
the transaction volume in the 1st period is lower than that
without delay effect except the 3rd column, whereas in the
next 2 periods, the former is higher than the latter.

From Table 8, it can be obviously seen that when only
manufacturer 1 makes advisements, the quantity of selling
products to retailers is higher than that of manufacturer 2,
but his profit is lower; in the same time, the higher the
advertising investment of manufacturer 1 is, the bigger the

profits of the two manufacturers are, and the bigger the
profit difference between the twomanufacturers is.Therefore,
we can draw a conclusion when multiple firms engage in
homogeneous products; one firm’s advertising activity also
has a positive effect on the other firms, which makes the
so-called “Free-Rider Phenomenon” emerge and when the
advertising investment is bigger, this phenomenon is more
obvious.

Figures 2 and 3 illustrate the impacts of the advertising
investment in the first periodwhen the advertising in the next
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Figure 3: Players’ profits in the discrete dynamic supply chain network without delay effect.

2 periods is fixed.The profits of all players in the supply chain
network are higher with advertising than that without adver-
tising and increase depending on the advertising investment
volume,whereas the increasingmargin is smaller and smaller.

From Figures 2 and 3, we also note that the profit differ-
ences of all actors are becoming bigger and bigger when the
advertising investment in the 1st period increases. For exam-
ple, when 𝐼𝑚𝑛

𝐴
(1) = 0, the profit difference of manufacturers

is 14.5163 − 14.360 = 0.1563; when 𝐼𝑚𝑛
𝐴
(1) = 0.2, the profit

difference is 14.5163 − 14.360 = 0.1563; 15.1832 − 14.7126 =
0.4706. The profits of suppliers and retailers can be computed
in the same way and have similar trends.

6. Conclusions

In the discrete dynamic decision making environment,
this paper proposes a supply chain network model with
demand uncertainties. The manufacturers purchase the raw
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materials from suppliers and sell products to consumers
in demand markets by way of retailers; in the same time,
the manufacturers and retailers use the advertising strategy
to increase the demand of products, and the advertising
investment has delay effect in the next periods. Using vari-
ational inequality theory, complement theory, and Lagrange
duality theory, we formulate the profit functions and optimal
behaviors of various players in the network and in turn
compute the equilibrium results by modified projection
and contraction algorithm. In the numerical examples, we
illustrate the effectiveness of our model and analyze the
impact of different advertising strategies on the equilibrium
results.

From the numerical examples, we obtain the following
conclusions: (1) when considering the delay effects, the earlier
the advertising investment is made, the more profits the
enterprises can obtain, and the whole supply chain network
will benefit from the advertising strategy; (2) when not
considering the delay effect, the advertising strategy is not
always beneficial for the enterprises; if the investment is
higher than the profit resulting from the strategy, the extra
investment is harmful to enterprise; (3) if there are only part
of the enterprises that make advertising activities, it is likely
that the so-called “Free-Rider Phenomenon” emerges; (4)
when advertising investment increases, the profit difference
will magnify with delay effect than that without the effect.The
managerial insights obtained in this paper may give insights
to the decision makers in the enterprises and theorists in the
supply chain management.

Future research may be in the following directions: as a
common policy for promoting products, advertising strategy
investment must have the cap constraints because of the
limitation of funds.
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