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This paper aims to investigate the comprehensive influence of three microstructure parameters (fiber cross-section shape, fiber
volume fraction, and fiber off-axis orientation) and strain rate on the macroscopic property of a polymer matrix composite. During
the analysis, AS4 fibers are considered as elastic solids, while the surrounding PEEK resin matrix exhibiting rate sensitivities
are described using the modified Ramaswamy-Stouffer viscoplastic state variable model. The micromechanical method based on
generalized model of cells has been used to analyze the representative volume element of composites. An acceptable agreement is
observed between the model predictions and experimental results found in the literature.The research results show that the stress-
strain curves are sensitive to the strain rate and the microstructure parameters play an important role in the behavior of polymer
matrix.

1. Introduction

In the last few decades, polymer matrix composite materials
(PMCs) have been developed rapidly to meet the demands
for better materials with higher standards of performance
and reliability in structures and machines [1, 2]. In some of
these applications such as marine structures, aerospace, and
lightweight armor, the PMCs are often subjected to complex
loadings under extreme circumstances [3, 4] in which the
properties of the PMCs exhibit highly nonlinear and rate
dependence, so it is necessary for structural design and
analysis to characterize andmodel the nonlinearity and strain
rate dependence of the composite.

Polymers are known to have a strain rate dependent
deformation response that is nonlinear above 1 or 2% strain
[5]. Many experimental studies have been made to deter-
mine the effects of strain rate on the PMCs [6]. Weeks
[7] conducted experiments using an MTS machine and the
split Hopkinson pressure bar for AS4/PEEK composite and
produced strain rates ranging from 0.00001/s to 1000/s.
Uniaxial tension tests were conducted on various off-axis
coupon specimens to obtain stress/strain curves for various
strain rates [8]. Haque and Ali [9] adopted a systematic

experimental approach to identify the damage progression
at various stress levels and the strain rate effects on com-
posites. Shokrieh and Omidi [10] studied tensile failure
properties unidirectional glass/epoxy composites at various
strain rates from 0.001/s to 100/s using a high-speed ser-
vohydraulic testing apparatus. Experimental results showed
a significant increase of the tensile strength by increasing
the strain rate.

On the other hand, there are alsomanymacromechanical
and micromechanical models to predict the behavior of
composite materials subjected to different strain rates [11,
12]. Weeks and Sun [13] developed a macromechanical,
rate dependent constitutive model to analyze the inelastic
response of carbon reinforced composites. Thiruppukuzhi
and Sun [14] later directly incorporated the rate dependence
of thematerial response into the constitutivemodel. Espinosa
et al. [15] presented a 3D finite deformation anisotropic
viscoplasticity model to analyze the effects of strain rate and
temperature on a woven composite made of S-2 glass fibers.
A 3D model based on finite elastoplasticity was applied to
study the effect of temperature and strain rate on the tensile
behaviour on a series of polymeric matrix unidirectional
glass-fibre composites [16]. Recently, a Johnson-Cook based
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Figure 1: Three kinds of fiber shapes.

modeling approach was used to represent the apparent strain
rate dependency of textile reinforced composites in laminate
through-thickness direction [17]. A phenomenological-based
approach was proposed by Raimondo et al. [18] for the
three-dimensional modeling of strain rate in unidirectional
polymer composites. A nonlinear constitutive model for
large deformation loading at different strain rate condition
was developed to represent tensile progressive damage of
the nonlinear large deformation rate dependent behavior of
polymer-based composite materials [19].

Compared with macromechanical model, which consid-
ered composites as anisotropic medium with homogeneous
distribution, the micromechanical model only needs to test
the ingredient properties of composites, while macrome-
chanical model needs to do repetitive experiments for com-
posites [20]. Therefore, many scholars have done a lot of
research on the micromechanical model for years. A 3D
micromechanical formulation was proposed [21] for fiber
composites with viscoplastic matrix properties. The nonlin-
ear responses of composites under various cyclic loading
conditions were predicted accurately by their analysis. Gold-
berg and Stouffer [22] adopted a four-regionmicromechanics
method, in which the composite unit cell is divided into
a number of slices to analyze polymer matrix composites
subject to different strain rates. Later, the micromechanical
model was implemented in the nonlinear finite element soft-
ware LS-DYNA [23]. By combining the bridging microme-
chanics model [24] with classical lamination, a general
constitutive relationship was established for the inelastic and
failure analysis of laminate structures [25]. Paley and Aboudi
[26] proposed the generalized method of cells (GMC) to deal
with the representative volume element (RVE) with complex
microstructures. Ogihara et al. [27] adopted the GMC to
study the nonlinear behavior of unidirectional carbon-epoxy
laminates subjected to off-axis loading. The epoxy matrix
was predicted using the one-parameter plasticity model.
Tsai and Chen [28] employed the GMC to characterize the
nonlinear rate-dependent behaviors of graphite/epoxy com-
posites. The epoxy matrix is described by a three-parameter
viscoplasticity model. However, the comprehensive effect of
three microstructure parameters (fiber cross-section shape,
fiber volume fraction, and fiber off-axis orientation) and the

strain rate on the macroscopic property of composites has
been seldom reported in the above studies. In this paper, by
combining theGMCwith themodified Ramaswamy-Stouffer
viscoplastic state variable model, and with no need to judge
whether the material is in elastic or plastic stage and is more
convenience and effective to predict thematrix behavior [29],
a new general constitutive relationship was established for
the inelastic analysis of the comprehensive influence of three
microstructure parameters and strain rate on the stress-strain
behavior of the polymer matrix composite.

In this paper, the rest outline is as follows. Section 2 intro-
duces the micromechanical model based GMC. In Section 3,
the modified Ramaswamy-Stouffer viscoplastic state variable
model is incorporated into GMC. Composites with three
microstructure parameters are considered to analyze the rate
dependent stress-strain response in Section 4. Conclusions
are given in Section 5.

2. Micromechanical Model Based Generalized
Model of Cells

2.1. Generalized Model of Cells. The two-dimensional gener-
alizedmethod of cells is a micromechanical model developed
originally by Paley and Aboudi [26] for predicting the
response of unidirectional matrix composites with periodic
microstructures.TheGMCwas then reformulated in terms of
the interfacial subcell tractions substituting the subcell strains
as the basic unknowns by Pindera and Bednarcyk [30], which
can significantly increase the calculation efficiency when the
number of subcells became larger.

When a micromechanical approach is used to model
the mechanical response of fiber reinforced composites with
periodic microstructures, a proper RVE is required to rep-
resent the microstructures of the materials such that the
overall composites responses can be predicted directly from
the representative volume element. In this study, three kinds
of fiber cross-section shapes, such as square, circular, and
elliptical, were considered as shown in Figure 1. In this figure,
the fiber and matrix are indicated by the black and white,
respectively.

In the GMC analysis, the representative volume element
is usually divided into𝑁𝛽 ×𝑁𝛾 subcells as shown in Figure 2.
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Figure 2: A typical RVE divided into 𝑁𝛽 × 𝑁𝛾 subcells in GMC
analysis.

In general, each of these subcells is assumed to be occupied
by a material that exhibits inelastic behavior. The subcell
material’s inelastic behavior can bemodeled by a lot of consti-
tutive theories, such as classical incremental plasticity, linear
viscoelasticity, or unified viscoplasticity theories. Therefore,
the representative volume element, which consists of 𝑁𝛽 ×
𝑁𝛾 different inelastic materials, can represent a multiphased,
inelastic composite.

Based on the displacement continuity on the interface
of the adjacent subcells in conjunction with the periodicity
condition of the RVE, the relation between overall strain and
the subcell strain is expressed as

𝜀
(𝛽𝛾)

= A(𝛽𝛾)𝜀, (1)

where (𝛽𝛾) indicates the subcell whose location in RVE is at
the 𝛽th row and 𝛾th column, and A is the matrix linking the
micro- and macrostrain.

At the same time, the interfacial traction continuity
conditions can be expressed as

𝜎
(1𝛾)
22 = 𝜎

(2𝛾)
22 = ⋅ ⋅ ⋅ = 𝜎
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(2)

For each subcell of composites, the constitutive relation-
ship of each subcell can be written as

𝜀
(𝛽𝛾)

= S(𝛽𝛾)𝜎(𝛽𝛾) + 𝜀𝑝(𝛽𝛾) + 𝛼(𝛽𝛾)Δ𝑇. (3)

Substituting (3) into (1) and then combining (2), the
relations between subcell tractions and overall strains can be
obtained as

𝜎
(𝛽𝛾)
𝑖𝑗 = C(𝛽𝛾)

𝑖𝑗𝑘𝑙
A(𝛽𝛾)𝜀. (4)

Based on the homogenization theory, the overall stress of
the RVE can be written as

𝜎 =
1

ℎ𝑙

𝑁𝛽

∑

𝛽=1

𝑁𝛾

∑

𝛾=1

ℎ𝛽𝑙𝛾𝜎
(𝛽𝛾)
. (5)

Substituting (4) into (5), the overall stress and strain
relation of the RVE are established as

𝜎 = C∗ (𝜀 − 𝜀𝑝 − 𝛼∗Δ𝑇) , (6)

where C∗ indicates the overall elastic stiffness matrix, 𝜀𝑝 =
[𝜀
𝑝
11, 𝜀
𝑝
22, 𝜀
𝑝
33, 𝜀
𝑝
23, 𝜀
𝑝
13, 𝜀
𝑝
12]

T indicates the overall plastic strain,
and 𝛼∗ = [𝛼

∗
11, 𝛼
∗
22, 𝛼
∗
33]

T represents the overall thermal
expansion coefficient vector.

It should be noted that the elements of matrixes C∗, 𝜀𝑝,
and 𝛼∗ can be explicitly obtained in terms of the subcell
material and geometric parameters and subcell plastic strains,
so when the subcell ingredient properties and the RVE
geometry are known, (6) can be used to model the responses
of fiber composites.

3. Viscoplastic Constitutive Model

The matrix viscoplastic constitutive model is based on the
modified Ramaswamy-Stouffer viscoplastic state variable
model. The Ramaswamy-Stouffer viscoplastic state variable
model [31] was originally developed to simulate the rate
dependent inelastic response of metals. However, the rela-
tionship between load and deformation in resins is more
complicated than that in metals since the hydrostatic com-
ponent of the stress has a significant effect even at low
level of stress [32]. The effect of the hydrostatic stresses
was considered by modifying the effective stress term in
the flow law of Ramaswamy-Stouffer model [22]. In the
modified Ramaswamy-Stouffer model, the total strain rate,
̇𝜀𝑖𝑗, is composed of elastic strain rate, ̇𝜀𝑒𝑖𝑗, and inelastic strain
rate, ̇𝜀𝐼𝑖𝑗; that is,

̇𝜀𝑖𝑗 = ̇𝜀
𝑒
𝑖𝑗 + ̇𝜀
𝐼
𝑖𝑗. (7)

The elastic strain rate can be obtained according to the
time derivative of Hook’s law. The inelastic strain rate is
defined in the following form:

̇𝜀
𝐼
𝑖𝑗 = 𝐷0 exp[−

1

2
(
𝑍
2
0

3𝐾2

)

𝑛

] ×

𝑠𝑖𝑗 − Ω𝑖𝑗

√𝐾2

, (8)
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where 𝐷0, 𝑍0, and 𝑛 are all material constants. 𝐷0 denotes
the maximum inelastic strain rate, 𝑍0 indicates the initial,
isotropic “hardness” of thematerial before any load is applied,
𝑛 represents the rate dependence of deformation response,
𝑆𝑖𝑗 is the deviatoric stress component, and Ω𝑖𝑗 is the internal
stress state variable.

The relation between the internal stress rate, Ω̇𝑖𝑗 and Ω𝑖𝑗,
is defined as follows:

Ω̇𝑖𝑗 =
2

3
𝑞Ω𝑚 ̇𝜀𝑖𝑗 − 𝑞Ω𝑖𝑗 ̇𝜀

𝐼
𝑒 , (9)

where 𝑞 and Ω𝑚 are both material constants. 𝑞 represents
the “hardening” rate, Ω𝑚 represents the maximum value of
the internal stress, and ̇𝜀

𝐼
𝑒 is the effective inelastic strain rate,

which is defined as follows:

̇𝜀
𝐼
𝑖𝑗 =

√
2

3
̇𝜀𝑖𝑗 ̇𝜀𝑖𝑗.

(10)

The term 𝐾2, which represents the effective stress, is
defined in the original Ramaswamy-Stouffer model in the
following form:

𝐾2 =
1

2
(𝑆𝑖𝑗 − Ω𝑖𝑗) (𝑆𝑖𝑗 − Ω𝑖𝑗) . (11)

In the modified Ramaswamy-Stouffer model, in order to
consider the effect of hydrostatic stresses, (11) is rewritten as
follows:

𝐾2 =
1

2
[𝐾11 + 𝐾22 + 𝐾33 + 2 (𝐾12 + 𝐾13 + 𝐾23)] . (12)

The normal terms in the above expression are the same as
the original definition while the shear terms aremodified and
can be written as

𝐾12 = 𝛼 (𝑆12 − Ω12) (𝑆12 − Ω12) ,

𝐾13 = 𝛼 (𝑆13 − Ω13) (𝑆13 − Ω13) ,

𝐾23 = 𝛼 (𝑆23 − Ω23) (𝑆23 − Ω23) ,

(13)

where

𝛼 = (
𝜎𝑚

√𝐽2

)

𝛽

. (14)

In (14), 𝜎𝑚 is the mean stress, 𝐽2 is the second invariant
of the deviatoric stress tensor, and 𝛽 is a rate independent
material constant which is determined empirically by fitting
data from uniaxial composites with shear dominated fiber
orientation angles, such as [15∘]. The other material con-
stants, such as 𝐷0, 𝑍0, and 𝑛, are determined through the
method discussed in the article written by Goldberg and
Stouffer [22].

Through the above introduction of the modified
Ramaswamy-Stouffer model, it can be seen that the model
does not depend on the yield rule and the inelastic strains
are assumed to be present at all values of stress. Therefore,
there is no need to judge whether the material is in elastic or
plastic stage.

Table 1: Material properties of PEEK resin [7].

𝐸 (GPa) V 𝐷0 (1/sec) 𝑛 𝑍0 (MPa) 𝑞 Ω𝑚 (MPa) 𝛽

4.0 0.4 104 0.7 630 310 52 0.40
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Figure 3: Stress-strain response of AS4/PEEK [15∘] laminate at
strain rate of 0.1/sec and 10−5/sec.

4. Results and Discussion

4.1. Model Validation. To verify the ability of the microme-
chanics model and the viscoplastic constitutive model in
the prediction of rate effects of composites several examples
are considered and discussed in this section. The material
considered here is a composite composed of carbon AS4
fibers in a PEEK thermoplastic matrix. For the AS4 fibers, the
longitudinal elastic modulus is 214GPa, the transverse and
in-plane shear modulus is 14GPa, the longitudinal Poisson’s
ratio is 0.2, and the transverse Poisson’s ratio is 0.25 [22].
The material properties of PEEK resin can be seen in Table 1.
The fiber volume fraction (V𝑓) used here is 0.62 and the
fiber cross-section shape is square (seen in Figure 1). For
comparison purposes, the experimental data obtained by
Weeks [7] is shown as well. Two different strain rates, 0.1/sec
and 10−5/sec (which is written as 1E-05 in the figures for
convenience), are considered. From Figures 3, 4, and 5,
it can be seen that the results predicted by the presented
micromechanics model and viscoplastic constitutive model
exhibit good agreement with the experimental results.

4.2. Stress-Strain Response of Composites with the Same Fiber
Volume Fraction but Different Fiber Shapes and Different
Strain Rates in Different Fiber Off-Axis Orientations. Figure 6
presents the responses for 15∘, 45∘, 60∘, and 75∘ off-axis
orientations in the case that composites contain 0.15 fiber
volume fraction with different fiber shapes and strain rates.
In the case of the elliptical fibers, the transverse loading is
applied in the principalmaterial directions of the long axis. In
this kind of composites with very low fiber volume fraction,
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Figure 4: Stress-strain response of AS4/PEEK [30∘] laminate at strain rate of 0.1/sec and 10−5/sec.
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Figure 5: Stress-strain response of AS4/PEEK [45∘] laminate at strain rate of 0.1/sec and 10−5/sec.

the effect of fiber on the composites behavior is small, so it
can be seen that the composites response is hardly affected
by the fiber cross-section shape, but it could be affected
by the off-axis orientation and the stain rate. Among the
four kinds of off-axis orientations, the one with 15∘ off-axis
orientation exhibits the stiffest response while the one with
60
∘ off-axis orientation exhibits themost compliant response.

For all the off-axis orientations, when the strain rate changes
from 10−5/sec to 0.1/sec, the composites provide an effective
increase in the flow stress while the elastic behavior almost
remain unchanged. This is because the fact that when the
strain rate is smaller, the composites have more time to occur
plastic flow and unload.

Increasing the fiber volume fraction further accentuates
the differences in the composite’s transverse response due to

the fiber’s cross-sectional shape. Figure 7 shows the stress-
strain responses of compositeswhen the fiber volume fraction
is increased to 0.30. It can be seen that when the off-axis
angle is smaller than 75∘, the composites response is hardly
affected by the fiber cross-section shape. However, when
the off-axis angle is increased to 75∘, the effect of the fiber
cross-sectional shape on the transverse response in the plastic
region becomes discernible, with the square fibers being the
most effective in increasing the flow stress of the composite.
Figure 7(d) shows that the responses of composites with
circular fibers and elliptical fibers with an aspect ratio of 4/3
are almost the same, which are lower than the responses of
composites with square fibers. With the increasing of the off-
axis orientations of composites, the response of composites
decreases first and then increases.
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Figure 6: Off-axis responses of AS4/PEEK laminate (V𝑓 = 0.15) at strain rate of 0.1/sec and 10−5/sec: (a) 15∘, (b) 45∘, (c) 60∘, and (d) 75∘.

Figure 8 presents the results that correspond to those
shown in the preceding two figures when the fiber volume
fraction is further increased to 0.45. In this case, compared
with the stress-strain curves when the fiber volume fraction
is 0.30, it can be seen that when the off-axis angle is 60∘,
the composites response has already been affected by the
fiber cross-section shape although the difference is small.
But when the off-axis angle is increased to 75∘, a substantial
difference between the unit cell with the square fiber and the
remaining unit cells is now apparent in the plastic region.
In Figure 8(d), the square fiber provides a 20% increase in
the transverse flow stress of the composite relative to that
of the elliptical and circular fibers when the strain rate is
10−5/sec, while the square fiber provides a 10% increase when
the strain rate is 0.1/sec. This is because the square fiber

can provide a higher magnitude of hydrostatic stress in the
matrix phase relative to the circular fiber, which can delay
localized yielding and provide constraint on the expansion of
the plastic zone throughout thematrix phase.When the strain
rate is smaller, the composites havemore time to occur plastic
strain and unload. Therefore, it can be noted that when the
strain rate is 10−5/sec, the difference of composites response
between the square fiber and the circular fiber is larger than
the case when the strain rate is 0.1/sec.

Figure 9 shows the stress-strain curves when the fiber
volume fraction is increased to 0.55. This fiber volume
fraction is close to the maximum allowable for the RVE with
the elliptical fiber, which is limited by the contact of fibers
along themajor axis in two adjacent RVE.This contact occurs
when the fiber volume fraction is 0.59 in the case of fibers
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Figure 7: Off-axis responses of AS4/PEEK laminate (V𝑓 = 0.30) at strain rate of 0.1/sec and 10−5/sec: (a) 15∘, (b) 45∘, (c) 60∘, and (d) 75∘.

with an aspect ratio of 4/3. From Figure 9(b), it can be seen
that the composites response is affected by the fiber cross-
section shape when the off-axis angle is just 45∘, which is
smaller than the preceding cases. In additionally, for both
of the two kinds of strain rates, the difference of the three
kinds of fibers ismore obviouswith the increase of the off-axis
angle. In Figure 9(d), the difference between the composites
with square fibers and the composites with circular fibers
is very big, and the response of the composites with square
fibers at the strain rate of 10−5/sec is almost the same as the
response of the composites with circular fibers at the strain
rate of 0.1/sec.

4.3. Stress-Strain Response of Composites with the Same Fiber
Off-Axis Orientation but Different Fiber Shapes and Fiber
Volume Fractions at Different Strain Rates. Figure 10 shows

the stress-strain response for 0.15, 0.30, 0.45, and 0.55 fiber
volume fractions in the case that composites fiber off-axis
angle is 90∘. It can be seen that when the fiber volume fraction
is less than 0.30, the stress-strain response is barely affected
by the fiber cross-section shapes. When the fiber volume
fraction is more than 0.30, the difference between different
fiber cross-section shapes can be obtained. With the increase
of the fiber volume fraction, the difference becomes larger
and the stiffness of composites will increase, which is due
to the bigger stiffness of fiber. When the fiber volume is
increased to 0.45, the response of the composites with square
fibers at the strain rate of 10−5/sec is almost the same as the
response rate of 0.1/sec. When the fiber volume is increased
to 0.55, the response of the composites with square fibers at
the strain rate of 10−5/sec is even higher than the response of
the composites with circular fibers at the strain rate of 0.1/sec.
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Figure 8: Off-axis responses of AS4/PEEK laminate (V𝑓 = 0.45) at strain rate of 0.1/sec and 10−5/sec: (a) 15∘, (b) 45∘, (c) 60∘, and (d) 75∘.

In Figure 10(d), the square fiber provides a 33% increase in the
transverse flow stress of the composite relative to that of the
elliptical and circular fibers when the strain rate is 10−5/sec,
while the square fiber provides a 15% increase when the strain
rate is 0.1/sec.

5. Conclusions

A viscoplastic constitutive model has been employed in the
micromechanical method based on generalized model of
cells to analyze the inelastic, rate dependent stress-strain
response of fiber-reinforced polymer matrix composites with
three different microstructures at different fiber off-axis
angles condition. The acceptable agreement between the

model predictions and experimental results shows that the
proposed model can well predict the behaviors of AS4/PEEK
composite. At the same time, from the predicted results, the
following conclusions are obtained.

(1) The AS4/PEEK composite is a kind of rate dependent
material. When the strain rate changes from 10−5/sec
to 0.1/sec, the composites provide an effective increase
in the flow stress while the elastic behavior almost
remain unchanged.

(2) The effects of fiber cross-sectional shape on the behav-
ior of AS4/PEEK composite are related to the fiber
volume fraction and fiber off-axis orientation. When
the fiber volume fraction is smaller than 0.15, it can be
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Figure 9: Off-axis responses of AS4/PEEK laminate (V𝑓 = 0.55) at strain rate of 0.1/sec and 10−5/sec: (a) 15∘, (b) 45∘, (c) 60∘, and (d) 75∘.

seen that the composites response is hardly affected
by the fiber cross-section shape; with the increasing
of fiber volume fraction and fiber off-axis orientation,
the effects of fiber cross-sectional shape becomemore
obvious. Among the three kinds of fiber shapes, the
stiffest response is obtained for the composites with
the square fibers and the most compliant response for
the composites with the circular fibers.

(3) The increasing of fiber volume fraction can improve
the stiffness of AS4/PEEK composite. However, for
the elliptical fiber, the maximum allowable fiber
volume fraction is 0.59 in the case of fibers with an
aspect ratio of 4/3, so it should be noted that the

elliptical fiber may not be chosen when the fiber
volume fraction needed is big.

(4) The influence of fiber off-axis orientation on the
stress-strain curves of AS4/PEEK composite is very
large.The response of composites decreases obviously
when the off-axis orientation changes from 15∘ to 45∘
and then increases from 60∘ to 90∘. So when the
composites have been chosen to bear the load, the
fiber off-axis orientation should be paid attention to.
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Figure 10: Stress-strain response of AS4/PEEK [90∘] laminate at strain rate of 0.1/sec and 10−5/sec: (a) V𝑓 = 0.15, (b) V𝑓 = 0.30, (c) V𝑓 = 0.45,
and (d) V𝑓 = 0.55.
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