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Adomian decomposition method (ADM) is applied to linear nonhomogeneous boundary value problem arising from the beamcolumn theory. The obtained results are expressed in tables and graphs. We obtain rapidly converging results to exact solution by
using the ADM. This situation indicates that the method is appropriate and reliable for such problems.

1. Introduction
It is possible to model many of the physical events that
take place in nature using linear and nonlinear differential
equations. This modeling enables us to understand and
interpret the particular event in a much better manner. Thus,
finding the analytical and approximate solutions of such
models with initial and boundary conditions gain importance. Differential equations have had an important place
in engineering since many years. Scientists and engineers
generally examine systems that undergo changes.
Many methods have been developed to determine the
analytical and approximate solutions of linear and nonlinear
differential equations with initial and boundary value conditions and among these methods, the ADM [1–6], homotopy
perturbation method [7–11], variational iteration method
[12–19], and homotopy analysis method [20–25] can be listed.
Package software such as Matematica, Maple, or Matlab is
used to overcome tedious algebraic operations when using
these methods. The determination of the analytical and
approximate solutions of linear and nonlinear differential
equations is an important topic for civil engineering, because
these equations are the mathematical models of complex
events that occur in engineering.
In this study, the approximate solution of the fourth order
linear nonhomogeneous differential equation with initial

and boundary conditions that arises in the beam-column
theory will be determined via the ADM and comparisons will
be made with the existing results in the literature.
The ADM was first put forth in the 1980s by an American
scientist named Adomian [26]. This method is based on the
decomposition of the unknown function. Using this method
it is possible to determine the approximate solutions for
the linear and nonlinear ordinary and partial differential
equations. The ADM has been used effectively by researchers
during 1990 and 2007 especially for the solution of differential
and integral equations [27–32]. Using this method a nonlinear problem can be applied directly without discretization
and linearization. Hence, this is a method that is preferred
by researchers.
In this study, the analytical and approximate solutions of
a fourth order linear boundary value problem were calculated
using the ADM. In addition, the fourth order linear ordinary
differential equation set used in the beam-column theory
was solved under specific boundary conditions. The ADM
used provides realistic solutions without changing the linear
or nonlinear differential equation model. Numerical results
close to the real solution can be found by calculating the terms
of the limited number of decomposition series. It is possible
to find the numerical solution of a differential equation using
this method without the necessity of indexing.

2

Mathematical Problems in Engineering

2. Adomian Decomposition Method
The method has many advantages in comparison with many
other traditional methods such as Finite differences, Finite
elements, and Galerkin method [33–35]. The method gives
converging results adapted to the problems. It is a disadvantage that convergence interval is small and the calculation of
the ADM polynomials occurs in nonlinear problems in the
ADM.
We now consider second order nonlinear ordinary differential equations with initial conditions. This equation can be
written in an operator by
𝐿𝑢 + 𝑅𝑢 + 𝑁𝑢 = 𝑓,

(1)

where 𝐿 is the lower-order derivative, which is assumed to be
invertible, 𝑅 is a linear differential operator of order greater
than 𝐿, 𝑁 is a nonlinear differential operator, and 𝑓 is a source
term. We next apply the inverse operator 𝐿−1 to both sides of
(1) and use the given initial conditions to get
𝑢 (𝑥) = 𝑢 (0) + 𝑥𝑢 (0) + 𝐿−1 (𝑔) − 𝐿−1 (𝑅𝑢) − 𝐿−1 (𝑁𝑢) ,
(2)
where
𝐿=

𝑑2
,
𝑑𝑥2

𝑥

𝑥

0

0

𝐿−1 = ∫ ∫ 𝑑𝑥 𝑑𝑥.

(3)

The ADM consists in decomposing the unknown function 𝑢(𝑥) of any equation into a sum of infinite number of
components given by the decomposition series
∞

𝑢 (𝑥) = ∑ 𝑢𝑛 (𝑥) ,

(4)

𝑛=0

where the components 𝑢𝑛 (𝑥), 𝑛 ≥ 0 are to be determined
in a recursive manner. The nonlinear term 𝑁𝑢 will be
decomposed by the infinite series of polynomials given by

In order to obtain the numerical solutions of 𝑢(𝑥) closed
solution function using the decomposition method;
𝑛

𝜑𝑛 = ∑ 𝑢𝑘 (𝑥)

(5)

𝑛=0

where 𝐴 𝑛 are Adomian polynomials [1, 36]. Substituting (3)
and (4) into (2) gives
∞

∞

∞

𝑛=0

𝑛=0

𝑛=0

∑ 𝑢𝑛 = 𝑢0 (𝑥) − 𝐿−1 𝑅 ( ∑ 𝑢𝑛 (𝑥) − 𝐿−1 ∑ 𝐴 𝑛 ) ,

(6)

𝑢 (𝑥) = lim 𝜑𝑛 ,
𝑛→∞



−1

𝑢0 (𝑥) = 𝑢 (0) + 𝑥𝑢 (0) + 𝐿 (𝑔) .

(7)

The various components 𝑢𝑛 of the solution 𝑢 can be easily
determined by using the recursive relation
𝑢0 (𝑥) = 𝑢 (0) + 𝑥𝑢 (0) + 𝐿−1 𝑔 (𝑥) ,
𝑢𝑘+1 (𝑥) = − 𝐿−1 (𝑅𝑢𝑘 ) − 𝐿−1 (𝐴 𝑘 ) ,

𝑘 ≥ 0.

(8)

(10)

can be calculated by taking into account the reduction formula (8). In addition, the series solution of the decomposition
written as (10) generally yields results that rapidly converge
for physical problems. The convergence of the decomposition series has been examined by many researchers in the
literature. The convergence of the decomposition series has
been examined theoretically by Cherruault [37]. In addition
to these studies, Abbaoui and Cherruault have suggested
a new approach in determining the convergence of the
decomposition series [38]. These authors have determined
the convergence of the decomposition series method by
giving new conditions.

3. The Application of the ADM to the Linear
Problem with Boundary Condition That
Arises in Beam-Column Theory
3.1. Problem Definition. Fourth order differential equations
consist of various physical problems that are related to
the elastic stability theory. Differential relations should be
established between the effects of various cross-section effects
in order to understand beam-column problems better.
When a cross section of distance 𝑑𝑥 shown in Figure 1(b)
is taken from a beam-column subject to both the 𝑃 axial load
and the 𝑞 spread load perpendicular to the axis as shown
in Figure 1(a), internal forces arise in the element. When the
equilibrium equation in the 𝑦 direction is written with
𝑞=−

𝑑𝑉
,
𝑑𝑥

(11)

the following ordinary differential equation is found [39–42]:
−𝑉 + 𝑞𝑑𝑥 + (𝑉 + 𝑑𝑉) = 0.

(12)

The algebraic sums of the forces acting on both surfaces
of the cross-section element are the same due to equilibrium.
Consider
𝑀 + 𝑞𝑑𝑥

where

(9)

being; the term,

∞

𝑁𝑢 = ∑ 𝐴 𝑛 ,

𝑘 ≥ 0,

𝑘=0

𝑑𝑦
𝑑𝑥
+ (𝑉 + 𝑑𝑉) 𝑑𝑥 − (𝑀 + 𝑑𝑀) + 𝑃
= 0.
2
𝑑𝑥

(13)

Here, 𝑉 is the shear force acting on the surface of the
element, whereas 𝑀 is the bending moment that tries to bend
the cross-section element.
If rotations are assumed to be small and the second order
terms in terms of 𝑑𝑥 are neglected, then (13) becomes
𝑉=

𝑑𝑦
𝑑𝑀
−𝑃 .
𝑑𝑥
𝑑𝑥

(14)
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are the derivative and integral operators. If the 𝐿−1 inverse
operator is applied to (19) and initial conditions are taken, we
find

q(x)
P

O

P

x
dx

𝑦 (𝑥) = 𝐴𝑥 +

y
(a)
q

1 3
𝐵𝑥 − 8𝐿−1 (𝑒𝑥 ) + 2𝐿−1 (𝑦 ) − 𝐿−1 (𝑦) ,
3!
(21)

where 𝐴 = 𝑦 (0) and 𝐵 = 𝑦 (0). If we use (3) in (21), then
we find
∞

∑ 𝑦𝑛 (𝑥) = 𝐴𝑥 +

𝑛=0

V

M

M + dM

−1

∞

+ 2𝐿 ( ∑

n

P

1 3
𝐵𝑥 − 8𝐿−1 𝑒𝑥
3!

𝑛=0

P
dy/dx

𝑦𝑛

dx

𝑦0 (𝑥) = 𝐴𝑥 +

(b)

Figure 1: Cross-sectional analysis of thecolumn-beam element.

Since rotations are assumed to be small, if 𝑑2 /𝑑𝑥2 = −𝑀/𝐸𝐼,
then (14) becomes
(15)

Here, 𝐸𝐼 represents bending rigidity. If the derivative of
both sides of (15) is taken in terms of 𝑥, then the fourth order
linear differential equation for the elastic curve is found as
such:
𝐸𝐼

𝑑2 𝑦
𝑑4 𝑦
+ 𝑃 2 = 𝑞 (𝑥) .
4
𝑑𝑥
𝑑𝑥

(16)

3.2. Application of the ADM to the Problem

𝑥 ∈ [0, 1] ,

𝑦 (1) = 𝑦 (1) = −𝑒.

(17)

(18)

If (18) is written out in operator form, we obtain
𝐿𝑦 = 2𝑦 − 𝑦 − 8𝑒𝑥 .

(19)

Here,
𝐿=

𝑑4
,
𝑑𝑥4

𝑥

𝑥

𝑥

𝑥

0

0

0

0

𝑛=0

(23)

The 𝐴 and 𝐵 constants in the reduction formula will be
determined using boundary conditions (18) after finding the
decomposition series. From the reduction relation, we can
obtain the solution terms of the decomposition series as
𝑦0 (𝑥) = 8 − 8𝑒𝑥 + (8 + 𝐴) 𝑥 + 4𝑥2 +
𝑦1 (𝑥) = 8 − 8𝑒𝑥 + 8𝑥 + 4𝑥2 +

1
(8 + 𝐵) 𝑥3 ,
6

4𝑥3 𝑥4
+
3
3

1
𝑥6 (8 + 𝐵) 𝑥7
−
(−8 + 𝐴 − 2𝐵) 𝑥5 −
120
90
5040

𝑦2 (𝑥) = 8 − 8𝑒𝑥 + 8𝑥 + 4𝑥2 +

4𝑥3 𝑥4 𝑥5 𝑥6
+
−
+
3
3
15 90

−

𝑥8
(𝐴 − 2 (2 + 𝐵)) 𝑥7
−
2520
1680

+

𝑥10
(𝐴 − 4 (6 + 𝐵)) 𝑥9
(8 + 𝐵) 𝑥11
+
+
,
362880
453600 39916800

𝑦3 (𝑥) = 8 − 8𝑒𝑥 + 8𝑥 + 4𝑥2 +

4𝑥3 𝑥4 𝑥5
+
+
3
3
15

+

𝑥6
𝑥7
𝑥8
(−2 + 𝐴 − 2𝐵) 𝑥9
+
+
−
90 630 5040
90720

−

𝑥10
(−14 + 𝐴 − 3𝐵) 𝑥11
+
64800
9979200

𝐿−1 (⋅) = ∫ ∫ ∫ ∫ (⋅) 𝑑𝑥 𝑑𝑥 𝑑𝑥 𝑑𝑥
(20)

1 3
𝐵𝑥 − 8𝐿−1 (𝑒𝑥 )
3!

𝑛 ≥ 0.

with the boundary conditions of
𝑦 (0) = 𝑦 (0) = 1,

(𝑥)) − 𝐿 ( ∑ 𝑦𝑛 (𝑥)) ,

𝑦𝑛+1 (𝑥) = 2𝐿−1 (𝑦𝑛 ) − 𝐿−1 (𝑦𝑛 )

−

Example 1. We consider the fourth order linear nonhomogeneous differential equation [43]:
𝑑2 𝑦
𝑑4 𝑦
−
2
+ 𝑦 = −8𝑒𝑥 ,
𝑑𝑥4
𝑑𝑥2

(22)

whereas the reduction formula given below can be written
using (22):

V + dV

𝑑𝑦
𝑑3 𝑦
−𝑉 = 𝐸𝐼 3 + 𝑃 .
𝑑𝑥
𝑑𝑥

∞

−1

4
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𝑥12
(−40 + 𝐴 − 6𝐵) 𝑥13
−
11975040
6227020800

−

𝑥14
(8 + 𝐵) 𝑥15
−
,
10897286400 1307674368000

𝑦4 (𝑥) = 8 − 8𝑒𝑥 + 8𝑥 + 4𝑥2 +

0.4
0.3
0.2

4𝑥3 𝑥4 𝑥5
+
+
3
3
15

0.1

𝑥6
𝑥7
𝑥8
𝑥9
+
+
+
+
90 630 5040 45360

0
0

𝑥10
𝑥12
(−1 + 𝐴 − 2𝐵) 𝑥11
+
−
−
453600
4989600
3991680

0.2

0.4

0.6

0.8

1

ADM
Analytical

+

17𝑥14
(−30 + 3𝐴 − 8𝐵) 𝑥13
+
1556755200
10897286400

Figure 2: Graph showing the ADM and analytical solution obtained
using the five terms of the decomposition series.

−

𝑥16
(−6𝐵 + 3𝐴 − 12𝐵) 𝑥15
−
653837184000
373621248000

Table 1: Numerical results obtained using the five terms of the
decomposition series.

+

𝑥18
(𝐴 − 8 (7 + 𝐵)) 𝑥17
+
355687428096000 800296713216000

𝑥

(8 + 𝐵) 𝑥19
+
.
121645100408832000
(24)
If these terms are placed in (4), we obtain the approximate
solution obtained via the ADM using the five terms of (17)
and problem (18) can be written as
4

𝑦 (𝑥) = ∑ 𝑦𝑖 (𝑥) = 𝑦0 (𝑥) + 𝑦1 (𝑥) + 𝑦2 (𝑥) + 𝑦3 (𝑥) + 𝑦4 (𝑥) ,
𝑖=0

(25)
𝑦 (𝑥) = 40 − 40𝑒𝑥 + (40 + 𝐴) 𝑥 + 20𝑥2 +
4

1
(40 + 𝐵) 𝑥3
6

4𝑥
𝑥
1
−
(𝐴 − 2 (16 + 𝐵)) 𝑥5 +
3
120
45

−

𝑥8
(−16 + 2𝐴 − 3𝐵) 𝑥7
−
5040
5040
9

10

11

𝑥
(8 + 3𝐴 − 4𝐵) 𝑥
(40 + 4𝐴 − 5𝐵) 𝑥
−
−
362880
90720
39916800

−

𝑥12
𝑥14
(−80 + 11𝐴 − 26𝐵) 𝑥13
+
+
5987520
6227020800
681080400
16

−

(−128 + 6𝐴 − 23𝐵) 𝑥
1307674368000

+

𝑥18
(𝐴 − 8 (7 + 𝐵)) 𝑥17
+
355687428096000 800296713216000

+

(8 + 𝐵) 𝑥19
.
121645100408832000

−

Error
|𝑦(𝑥) − 05 |

0.
0.099465
0.195424
0.283470
0.358038
0.412180
0.437309
0.422888
0.356087
0.221364
0.

0.
0.099465
0.195424
0.283470
0.358038
0.412180
0.437309
0.422888
0.356087
0.221364
2.10884 × 10−8

0.
2.92821 × 10−15
−2.16493 × 10−15
6.10623 × 10−16
−1.30451 × 10−13
−2.37055 × 10−12
−2.58711 × 10−11
−1.94957 × 10−10
−1.12373 × 10−9
−5.27758 × 10−9
−2.10884 × 10−8

𝑦 (𝑥) = 𝑥 (1 − 𝑥) 𝑒𝑥 .

−

15

Approximate
solution 05

If we use boundary conditions (18) in solutions series
(26), then we have 𝐴 = 1 and 𝐵 = −3. The analytical solution
of problem (17) and (18) is [43]

6

+

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

Analytical
solution 𝑦(𝑥)

𝑥
373621248000

(26)

(27)

The numerical results and graphs obtained for five terms
using the solution series in (26) have been given below.

4. Results and Discussion
In this study, the approximate solution of the fourth order
boundary value problem arising in beam-column theory has
been determined using the ADM. This method can be applied
on differential equations without the need for discretization,
indexing, or linearization.
Nonhomogeneous problem has been handled regarding
the topic and the obtained results have been given in Table 1
and Figure 2. As can be seen from the table and figure, the
method used has given results that converge rapidly to the
analytical solution with the removal of a few terms from the
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Table 2: Comparison of the absolute error obtained using the spline
method (SM) and the ADM.
𝑥
0
0.2
0.4
0.6
0.8
1

SM
ℎ = 1/5

SM
ℎ = 1/10

ADM
05

CPU time

0
1.960𝐸 − 5
3.211𝐸 − 5
3.568𝐸 − 5
2.683𝐸 − 5
0

0
1.228𝐸 − 6
2.012𝐸 − 6
2.235𝐸 − 6
1.681𝐸 − 6
0

0
−2.164𝐸 − 15
−1.304𝐸 − 13
−2.587𝐸 − 11
−1.123𝐸 − 9
−2.108𝐸 − 8

0.542
0.846
0.870
0.875
0.891
0.902

solution series. This shows that the method is suitable and
reliable for such problems. In addition, the handled example
has been compared with the results obtained by Chen and
Atsuta [41, 42] using nonpolynomial spline method. As seen
in Table 2 values close to those obtained in this study were
found only in case when the “ℎ” step was small. New terms
can be added to the solution series of the ADM to obtain
results that are much better than those of the spline method.
In Figure 2, five terms of the decomposition method have
been taken from the analytical solution and decomposition
series of example have been drawn in two dimensional
graphs. As seen in these graphs, the analytical and approximate solutions cannot be distinguished.
In conclusion, it has been determined that the ADM can
be applied to the linear homogeneous and nonhomogeneous
boundary value problems that arise in civil engineering in the
beam-column theory. Solutions that converge rapidly to the
analytical solution can be found without changing the nature
of the physical phenomenon. In addition, the calculations
for this method can be carried out using software such as
Mathematica, Maple, and Matlab.
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