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We study the numerical methods for time-dependent natural convection problem that models coupled fluid flow and temperature
field. A coupled numerical scheme is analyzed for the considered problem based on the backward Euler scheme; stability and the
corresponding optimal error estimates are presented. Furthermore, a decoupled numerical scheme is proposed by decoupling the
nonlinear terms via temporal extrapolation; optimal error estimates are established. Finally, some numerical results are provided
to verify the performances of the developed algorithms. Compared with the coupled numerical scheme, the decoupled algorithm
not only keeps good accuracy but also saves a lot of computational cost. Both theoretical analysis and numerical experiments show
the efficiency and effectiveness of the decoupled method for time-dependent natural convection problem.

1. Introduction

In this paper, we consider the following time-dependent
natural convection problem in R2 whose coupled equations
governing viscous incompressible flow and heat transfer for
the incompressible fluid are Boussinesq system:

𝑢
𝑡
− ]Δ𝑢 + (𝑢 ⋅ ∇) 𝑢 + ∇𝑝 = −𝑘]2𝑗𝜃 + 𝑓, in Ω × (0, 𝑇] ,

div 𝑢 = 0, in Ω × (0, 𝑇] ,

𝜃
𝑡
− 𝜆]Δ𝜃 + 𝑢 ⋅ ∇𝜃 = 𝑔, in Ω × (0, 𝑇] ,

𝑢 = 0, 𝜃 = 0, on 𝜕Ω × (0, 𝑇] ,

𝑢 (𝑥, 0) = 𝑢
0
, 𝜃 (𝑥, 0) = 𝜃

0
, on Ω × {0} ,

(1)

where Ω is a bounded convex polygonal domain, 𝑢 = (
𝑢
1

𝑢
2
)

is the fluid velocity, 𝑝 is the pressure, 𝜃 is the temperature,
] > 0 is the viscosity, 𝑘 is the Grashof number, 𝜆 = Pr−1, Pr
is the Prandtl number, 𝑗 = (

1

0
) is the vector of gravitational

acceleration, 𝑇 > 0 is the final time, and 𝑓 and 𝑔 are forcing
functions.

The time-dependent natural convection problem (1) is
an important system with dissipative nonlinear terms in

atmospheric dynamics (see [1]). Since this system not only
contains the velocity and pressure but also includes the
temperature filed, finding the numerical solution of problem
(1) becomes a difficult task. For the study of problem (1),
many researchers have developed several kinds of efficient
numerical schemes, for example, the standard Galerkin finite
element method (FEM) [2], the projection-based stabilized
MFEM [3, 4], and the references therein. Here, we need to
point out that all these numerical schemes for problem (1) are
coupled. It means that we need to find the variables 𝑢, 𝑝, and
𝜃 of (1) simultaneously; as a consequence, a large nonlinear
algebra system is formed. In general, it is expensive to find the
numerical solutions of the coupled nonlinear system directly
in standard Galerkin FEM.

The decoupled algorithm is an efficient numerical scheme
for themultivarious problems.There aremany advantages for
the decoupled method. For example, it allows us to search
the algorithm components flexibly and conveniently in terms
of physical, mathematical, and numerical properties for each
variable. It is suitable for today’s computing environment
because it can efficiently and effectively exploit the existing
computing resources, including both hardware and software.
The decoupled method can be used in parallel in the conven-
tional sense; other appealing reasons were discussed in [5].
The decoupled algorithm has been successfully applied to the
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multidomain problem, for example, Mu and his coworkers
[5, 6] for the Stokes-Darcy problem, Layton and his coauthors
[7, 8] for the groundwater-surface water flows, and Zhang
et al. [9, 10] for coupling fluid flow with porous media flow.
In view of the efficiency of the decoupled scheme, we try
to extend it to solve the time-dependent natural convection
problem (1). The decoupled time semidiscrete scheme is
closely related to the usual temporal extrapolation method
[8, 11]. Thanks to the decoupled scheme, we can decouple
the complex and nonlinear problem into two small linear
subproblems, and the coefficient matrix of each subproblem
is symmetric; therefore, these subproblems can be solved
easier than the origin problem.

In this paper we establish the optimal error estimates for
velocity, pressure, and temperature for problem (1) in both
coupled and decoupled numerical schemes. Firstly, problem
(1) is discrete in standard Galerkin finite element formulation
based on the backward Euler scheme; then a large and
nonlinear algebraic system is formed. Secondly, in order to
simplify the computation, we adopt the decoupled and lin-
earized algorithm to solve problem (1). Namely, the temporal
extrapolation technique is used to treat the nonlinear terms,
and then problem (1) is split into two subproblems, each
subproblem can be solved easier than the origin problem.
Furthermore, compared with the coupled scheme, these two
subproblems which were obtained by using the decoupled
method can be solved in parallel.

Under the conditions of (A1)–(A6) which are presented
in Section 2, the numerical solution (𝑢

𝑑,𝑛
, 𝑝
𝑑,𝑛
, 𝜃
𝑑,𝑛
) of the

decoupled method at the time level 𝑡
𝑛
= 𝑛Δ𝑡 satisfies the

following error estimates for all time step Δ𝑡 > 0:






∇(𝑢(𝑡
𝑛
) − 𝑢
𝑑,𝑛
)





0
+






𝑝(𝑡
𝑛
) − 𝑝
𝑑,𝑛


0
+






∇(𝜃(𝑡
𝑛
) − 𝜃
𝑑,𝑛
)





0

≤ 𝐶Δ𝑡,

(2)

where 𝐶 is a generic constant depending on the data (Ω, ], 𝑘,
𝜆, 𝑢
0
, 𝜃
0
, 𝑓
∞
, 𝑔
∞
, 𝑇) independent of Δ𝑡 and it may stand for

different values at different places:

𝑓
∞
= sup
𝑡≥0

{




𝑓 (𝑡)





+




𝑓
𝑡
(𝑡)




} , 𝑓

𝑡
=

𝑑𝑓

𝑑𝑡

,

𝑔
∞
= sup
𝑡≥0

{




𝑔 (𝑡)





+




𝑔
𝑡
(𝑡)




} , 𝑔

𝑡
=

𝑑𝑔

𝑑𝑡

.

(3)

Under the conditions of (A1)–(A6), the numerical solu-
tion (𝑢𝑛, 𝑝𝑛, 𝜃𝑛) of the coupled method satisfies the following
error estimates for all Δ𝑡 > 0:





∇(𝑢(𝑡
𝑛
) − 𝑢
𝑛
)



0
+




𝑝(𝑡
𝑛
) − 𝑝
𝑛


0
+




∇(𝜃(𝑡
𝑛
) − 𝜃
𝑛
)



0

≤ 𝐶Δ𝑡.

(4)

From (2) and (4), we can see that the coupled and
decoupled algorithms have the same order of approximation.
While there are only two small linear subproblems that need

to be solved in the decoupled algorithm, a lot of memory and
computational work can be saved.

The outline of this paper is as follows. We recall some
basic notations and results for problem (1) in Section 2.
Section 3 is devoted to present the coupled and decoupled
algorithms for problem (1). Stabilities of both the coupled
and decoupled schemes are established in Section 4. Optimal
error estimates of numerical solutions in both the coupled
and decoupled numerical schemes are presented in Sections
5 and 6, respectively. Finally, we provide some numeri-
cal results to verify the efficiency and effectiveness of the
decoupled algorithm for time-dependent natural convection
problem.

2. Preliminaries

In this section, we will construct the variable formulation for
problem (1) and develop some necessary assumptions which
will be frequently used in this paper. To fix the idea, we set

𝑋 = 𝐻
1

0
(Ω)
2
, 𝑊 = 𝐻

1

0
(Ω) , 𝑌 = 𝐿

2
(Ω)
2
,

𝑍 = 𝐿
2
(Ω) , 𝑀 = 𝐿

2

0
(Ω) = {𝜑 ∈ 𝐿

2
(Ω) : ∫

Ω

𝜑𝑑𝑥 = 0} .

(5)

In this paper, we adopt (⋅, ⋅) and ‖ ⋅ ‖
0
to denote the inner

product and norm in 𝑍 or 𝑌. The spaces 𝑊 and 𝑋 are
equipped with the usual scalar product (∇⋅, ∇⋅) and norm
‖∇ ⋅ ‖
0
. We define the continuous bilinear forms 𝑎(⋅, ⋅), 𝑑(⋅, ⋅),

and 𝑎(⋅, ⋅), respectively, by

𝑎 (𝑢, V) = ] (∇𝑢, ∇V) , 𝑑 (V, 𝑞) = (𝑞, div V) ,

𝑎 (𝜃, 𝜓) = 𝜆] (∇𝜃, ∇𝜓)
(6)

for all 𝑢, V ∈ 𝑋, 𝑞 ∈ 𝑀, and 𝜃, 𝜓 ∈ 𝑊.
Next, we introduce the closed subset 𝑉 of𝑋 given by

𝑉 = {V ∈ 𝑋 : 𝑑 (V, 𝑞) = 0, ∀𝑞 ∈ 𝑀}

= {V ∈ 𝑋, ∇ ⋅ V = 0 in Ω}

(7)

and denote the𝐻 to be the closed subset of 𝑌 (see [11, 12]):

𝐻 = {V ∈ 𝑌, ∇ ⋅ V = 0, V ⋅ 𝑛|
𝜕Ω

= 0} . (8)

We denote by𝐴 the unbounded linear operator on𝑌 or𝑍
given by𝐴𝑢 = −Δ𝑢 or𝐴𝜃 = −Δ𝜃 and assume that the domain
of 𝐴 is given by (see [13, 14])

𝐷 (𝐴) = 𝐻
2
(Ω)
2
∩ 𝑋 or 𝐸 (𝐴) = 𝐻

2
(Ω) ∩𝑊. (9)

For instance, (9) holds if Γ is of class 𝐶2 or if Ω is a convex
plane polygonal domain.
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Moreover, the trilinear terms for all 𝑢, V, 𝑤 ∈ 𝑋 and 𝜃, 𝜓 ∈

𝑊 can be defined as follows:

𝑏 (𝑢, V, 𝑤) = ((𝑢 ⋅ ∇) V, 𝑤) +
1

2

((div 𝑢) V, 𝑤)

=

1

2

((𝑢 ⋅ ∇) V, 𝑤) −
1

2

((𝑢 ⋅ ∇)𝑤, V) ,

𝑏 (𝑢, 𝜃, 𝜓) = ((𝑢 ⋅ ∇) 𝜃, 𝜓) +

1

2

((div 𝑢) 𝜃, 𝜓)

=

1

2

((𝑢 ⋅ ∇) 𝜃, 𝜓) −

1

2

((𝑢 ⋅ ∇) 𝜓, 𝜃) .

(10)

With above notations, for a given 𝑓 ∈ 𝐿
∞
(0, 𝑇; 𝑌) with

𝑢
0
∈ 𝐷(𝐴) ∩ 𝑉 and 𝑔 ∈ 𝐿

∞
(0, 𝑇; 𝑍) with 𝜃

0
∈ 𝐸(𝐴), the

variational formulation of problem (1) reads as follows: for all
(V, 𝑞, 𝜓) ∈ 𝑋 ×𝑀 ×𝑊, find a pair (𝑢, 𝑝, 𝜃) with

𝑢 ∈ 𝐿
∞
(𝑅
+
; 𝑋) ∩ 𝐿

2
(0, 𝑇; 𝑉) , 𝑢

𝑡
∈ 𝐿
2
(0, 𝑇; 𝑉


) ,

𝜃
𝑡
∈ 𝐿
2
(0, 𝑇;𝑊


) , 𝑝 ∈ 𝐿

2
(0, 𝑇;𝑀) ,

𝜃 ∈ 𝐿
∞
(𝑅
+
;𝑊) ∩ 𝐿

2
(0, 𝑇; 𝑍) ,

∀𝑇 > 0,

(11)

such that

(𝑢
𝑡
, V) + 𝑎 (𝑢, V) − 𝑑 (V, 𝑝) + 𝑏 (𝑢, 𝑢, V)

= −𝑘]2 (𝑗𝜃, V) + (𝑓, V) ,

𝑑 (𝑢, 𝑞) = 0,

(𝜃
𝑡
, 𝜓) + 𝑎 (𝜃, 𝜓) + 𝑏 (𝑢, 𝜃, 𝜓) = (𝑔, 𝜓) ,

𝑢 (𝑥, 0) = 𝑢
0
, 𝜃 (𝑥, 0) = 𝜃

0
.

(12)

We make the regularity assumptions on the following
problems [15–17].

(A1) Assume that Ω is smooth such that there exists a
unique solution (V, 𝑞) ∈ 𝑋 × 𝑀 of the following Stokes
problem:

−ΔV + ∇𝑞 = 𝑢, ∇ ⋅ V = 0, in Ω, V|
𝜕Ω

= 0 (13)

for any prescribed𝑢 ∈ 𝐻. Furthermore, the solution V = 𝐴
−1
𝑢

satisfies

‖V‖𝑠 =





𝐴
−1
𝑢





𝑠
≤ 𝐶
1 ‖
𝑢‖𝑠−2

, 𝑠 = 1, 2. (14)

Form (13), it follows that (𝐴−1𝑢, 𝑢) = ‖∇𝐴
−1
𝑢‖
0
and

‖V‖2
𝑉
 = (𝐴

−1V, V) , ∀V ∈ 𝐻, (15)

where𝑉 is the dual space of𝑉 and 𝐶
𝑖
(𝑖 = 1, 2, . . .) denotes a

positive constant depending onΩ.
(A2) Assume that Ω is smooth such that there exists a

unique solution 𝜓 ∈ 𝑊 of the following elliptic problem:

−Δ𝜓 = 𝜃, in Ω, 𝜓|
𝜕Ω

= 0 (16)

for any prescribed 𝜃 ∈ 𝑍. Furthermore, the solution𝜓 = 𝐴
−1
𝜃

satisfies




𝜓



𝑠
=






𝐴
−1
𝜃





𝑠
≤ 𝐶
2 ‖
𝜃‖𝑠−2

, 𝑠 = 1, 2. (17)

Form (16), it follows that (𝐴−1𝜃, 𝜃) = ‖∇𝐴
−1
𝜃‖
0
and





𝜓





2

𝑊
 = (𝐴

−1
𝜃, 𝜃) , ∀𝜓 ∈ 𝑍, (18)

where𝑊 is the dual space of𝑊.
Assume that 𝑓 ∈ 𝐿

2
(0, 𝑇;𝑋


), 𝑔 ∈ 𝐿

2
(0, 𝑇;𝑊


), and

𝑢
0
∈ 𝑉, 𝜃

0
∈ 𝑊. Problem (12) has at least one solution

(𝑢, 𝜃) satisfying 𝑢 ∈ 𝐿
∞
(0, 𝑇; Ω) ∩ 𝐿

2
(0, 𝑇; 𝑉) and 𝜃 ∈

𝐿
∞
(0, 𝑇; Ω) ∩ 𝐿

2
(0, 𝑇;𝑊). Uniqueness and regularity of the

solution (𝑢, 𝑝, 𝜃) can also be proved by strengthening the
assumptions on the data. In particular, we assume that 𝑢, 𝑝,
and 𝜃 satisfy the following

(A3) 𝑢 ∈ 𝐿
∞
(0, 𝑇;𝐻

2
(Ω)
2
), ∇𝑝 ∈ 𝐿

∞
(0, 𝑇; 𝑌), 𝜃 ∈

𝐿
∞
(0, 𝑇;𝐻

2
(Ω)).

(A4) 𝑢
𝑡
∈ 𝐿
2
(0, 𝑇;𝑋), 𝜃

𝑡
∈ 𝐿
2
(0, 𝑇;𝑊).

(A5)√𝑡𝑢
𝑡𝑡
∈ 𝐿
2
(0, 𝑇; 𝑌),√𝑡𝜃

𝑡𝑡
∈ 𝐿
2
(0, 𝑇; 𝐿

2
).

(A6) 𝑢
𝑡𝑡
∈ 𝐿
2
(0, 𝑇; 𝑉


), 𝜃
𝑡𝑡
∈ 𝐿
2
(0, 𝑇;𝑊


).

(A7) 𝑢
𝑡𝑡𝑡
∈ 𝐿
2
(0, 𝑇; 𝑉


), 𝜃
𝑡𝑡𝑡
∈ 𝐿
2
(0, 𝑇;𝑊


).

Note that all such assumptions are feasible. For example,
(A3) and (A4) can be provedwith assumptions𝑢

0
∈ 𝐻
2
(Ω)
2
∩

𝑉, 𝜃
0
∈ 𝐻
2
(Ω), 𝑓 ∈ 𝐿

∞
(0, 𝑇;𝐻), 𝑓

𝑡
∈ 𝐿
2
(0, 𝑇;𝐻) and

𝑔 ∈ 𝐿
∞
(0, 𝑇; 𝑍), 𝑔

𝑡
∈ 𝐿
2
(0, 𝑇; 𝑍). When Ω is of class of 𝐶2

or is a convex polygon, (A5) holds by [11, 12]. Furthermore,
(A6) holds by Shen in [18, 19] when he adds some nonlocal
compatibility conditions at 𝑡 = 0. A review of regularity
results for Navier-Stokes equations and applications to error
estimates for Euler-type scheme can be found in [20], where
the proof of (A7) was given.

We recall the following discrete Gronwall lemma, which
can be found in [11, 18].

Lemma 1. Let 𝐶
0
and 𝑎
𝑘
, 𝑏
𝑘
, 𝑐
𝑘
, 𝑑
𝑘
, for integers 𝑘 ≥ 0, be non-

negative numbers such that

𝑎
𝑛
+ Δ𝑡

𝑛

∑

𝑘=0

𝑏
𝑘
≤ Δ𝑡

𝑛

∑

𝑘=0

𝑑
𝑘
𝑎
𝑘
+ Δ𝑡

𝑛

∑

𝑘=0

𝑐
𝑘
+ 𝐶
0
, ∀𝑛 ≥ 1. (19)

Then,

𝑎
𝑛
+ Δ𝑡

𝑛

∑

𝑘=0

𝑏
𝑘
≤ (Δ𝑡

𝑛

∑

𝑘=0

𝑐
𝑘
+ 𝐶
0
) exp(Δ𝑡

𝑛

∑

𝑘=0

𝑑
𝑘
) ∀𝑛 ≥ 1.

(20)

Following the proofs provided in [1, 12, 14, 21], we can
obtain that problem (12) possesses a unique solution (𝑢, 𝑝, 𝜃)
which satisfies the following regularity results under some
nonlocal compatibility assumptions at 𝑡 = 0.

Theorem 2. Let 𝑓 ∈ 𝐿
∞
(0, 𝑇; 𝑌), 𝑓

𝑡
∈ 𝐿
2
(0, 𝑇; 𝑌), 𝑔 ∈

𝐿
∞
(0, 𝑇, 𝑍), 𝑔

𝑡
∈ 𝐿
2
(0, 𝑇, 𝑍), and 𝑢

0
∈ 𝐷(𝐴) ∩ 𝑉, 𝜃

0
∈ 𝐸(𝐴).

Then for all 𝑇 > 0 and 0 < 𝑡 ≤ 𝑇 the solution (𝑢, 𝑝, 𝜃) of
problem (12) satisfies

‖𝐴𝑢(𝑡)‖0
+




∇𝑢
𝑡
(𝑡)



0
+




𝐴𝑢
𝑡
(𝑡)



0
+ ‖𝐴𝜃(𝑡)‖0

+




∇𝜃
𝑡
(𝑡)



0
+




𝐴𝜃
𝑡
(𝑡)



0
≤ 𝐶.

(21)
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We introduce the following inequalities:

‖V‖0 ≤ 𝐶
3 ‖
∇V‖0 ∀V ∈ 𝑋 𝑜𝑟 𝑊;

‖∇V‖0 ≤ 𝐶
4 ‖
𝐴V‖0 ∀V ∈ 𝐷 (𝐴) 𝑜𝑟 𝐻

2
(Ω) .

(22)

We end this section by recalling some properties of the
trilinear forms 𝑏(⋅, ⋅, ⋅) and 𝑏(⋅, ⋅, ⋅), which can be found in [1,
11, 13, 14, 22].

Lemma 3. The trilinear forms 𝑏 and 𝑏 satisfy the following.

(1) In view of𝐻1(Ω) → 𝐿
4
(Ω), one has

|𝑏 (𝑢, V, 𝑤)| ≤ 𝑁 ‖∇𝑢‖
0 ‖
∇V‖0 ‖∇𝑤‖0 , ∀𝑢, V, 𝑤 ∈ 𝑋,






𝑏 (𝑢, 𝜃, 𝜓)






≤ 𝑁 ‖∇𝑢‖0 ‖

∇𝜃‖0





∇𝜓




0
, ∀𝑢 ∈ 𝑋, 𝜃, 𝜓 ∈ 𝑊,

(23)

where

𝑁 = sup
0 ̸=𝑢,V,𝑤∈𝑋

|𝑏 (𝑢, V, 𝑤)|
‖∇𝑢‖0 ‖

∇V‖0 ‖∇𝑤‖0
,

𝑁 = sup
0 ̸=𝑢∈𝑋,0 ̸=𝜃,𝜓∈𝑊






𝑏 (𝑢, 𝜃, 𝜓)







‖∇𝑢‖0 ‖
∇𝜃‖0





∇𝜓




0

.

(24)

(2) Under the condition of div 𝑢 = 0,

𝑏 (𝑢, V, V) = 0 ∀𝑢, V ∈ 𝑋;

𝑏 (𝑢, 𝜃, 𝜃) = 0 ∀𝑢 ∈ 𝑋, 𝜃 ∈ 𝑊.

(25)

(3) The following estimates about trilinear terms 𝑏(⋅, ⋅, ⋅)
and 𝑏(⋅, ⋅, ⋅) hold:

|𝑏 (𝑢, V, 𝑤)| ≤ 𝐶
5 ‖
𝐴V‖0 ‖𝑢‖1 ‖𝑤‖0 ,

∀𝑢 ∈ 𝑉, V ∈ 𝐷 (𝐴) , 𝑤 ∈ 𝑋,

|𝑏 (𝑢, V, 𝑤)| ≤ 𝐶
5 ‖
𝑢‖
1/2

0
‖𝐴𝑢‖
1/2

0
‖V‖1 ‖𝑤‖0 ,

∀𝑢 ∈ 𝐷 (𝐴) , V ∈ 𝑉, 𝑤 ∈ 𝑋,






𝑏 (𝑢, 𝜃, 𝜓)






≤ 𝐶
6 ‖
𝐴𝜃‖0 ‖

𝑢‖1





𝜓



0
,

∀𝑢 ∈ 𝑉, 𝜃 ∈ 𝐸 (𝐴) , 𝜓 ∈ 𝑊,






𝑏 (𝑢, 𝜃, 𝜓)






≤ 𝐶
6 ‖
𝑢‖
1/2

0
‖𝐴𝑢‖
1/2

0
‖𝜃‖1





𝜓



0
,

∀𝑢 ∈ 𝐷 (𝐴) , 𝜃, 𝜓 ∈ 𝑊.

(26)

3. The Coupled and Decoupled
Algorithms for Time-Dependent
Natural Convection Problem

In this section, let Δ𝑡 > 0 be the time step and 𝑡
𝑛

=

𝑛Δ𝑡; 𝑢𝑛 and 𝜃
𝑛 denote the numerical solutions of 𝑢 and

𝜃 at 𝑡
𝑛
, respectively. We consider the backward Euler time

discretization schemes for problem (1). Our schemes consist
of two kinds of numerical schemes. One is the coupled
scheme; the other is the decoupled scheme; these numerical
algorithms are formulated as follows.

3.1. Coupled Algorithm for Time-Dependent Natural Convec-
tion Problem. The coupled time semidiscrete scheme for
time-dependent natural convection problem (1) based on the
backward Euler scheme can be written as

𝑢
𝑛+1

− 𝑢
𝑛

Δ𝑡

− ]Δ𝑢𝑛+1 + (𝑢𝑛+1 ⋅ ∇) 𝑢𝑛+1 + ∇𝑝𝑛+1

= −𝑘]2𝑗𝜃𝑛+1 + 𝑓 (𝑡
𝑛+1

) ,

∇ ⋅ 𝑢
𝑛+1

= 0,

𝜃
𝑛+1

− 𝜃
𝑛

Δ𝑡

− 𝜆]Δ𝜃𝑛+1 + (𝑢𝑛+1 ⋅ ∇) 𝜃𝑛+1 = 𝑔 (𝑡
𝑛+1

)

(27)

with 0 ≤ 𝑛 < 𝑁 = [𝑇/Δ𝑡]. The superscript 𝑛 denotes the
time level 𝑡

𝑛
.The system (27) is a nonlinear problem; theweak

form of (27) can be formulated as for all (V, 𝑞, 𝜓) ∈ 𝑋×𝑀×𝑊

(

𝑢
𝑛+1

− 𝑢
𝑛

Δ𝑡

, V) + ] (∇𝑢𝑛+1, ∇V) + 𝑏 (𝑢𝑛+1, 𝑢𝑛+1, V)

+ (V, ∇𝑝𝑛+1) = −𝑘]2 (𝑗𝜃𝑛+1, V) + (𝑓 (𝑡
𝑛+1

) , V) ,

(∇ ⋅ 𝑢
𝑛+1

, 𝑞) = 0,

(

𝜃
𝑛+1

− 𝜃
𝑛

Δ𝑡

, 𝜓) + 𝜆] (∇𝜃𝑛+1, ∇𝜓) + 𝑏 (𝑢𝑛+1, 𝜃𝑛+1, 𝜓)

= (𝑔 (𝑡
𝑛+1

) , 𝜓) .

(28)

The existence and uniqueness of 𝑢𝑛+1, 𝑝𝑛+1, and 𝜃𝑛+1 have
been established by Luo in [21]. From the expression of (28),
we can see that when we solve problem (28) numerically,
a large nonlinear algebra system should be solved, and the
coefficient matrix is asymmetric. In general, it is expensive
to solve such a nonlinear and coupled system. In order to
improve the computational efficiency, we develop a decou-
pled and linearized scheme for problem (1).

3.2. Decoupled Algorithm for Time-Dependent Natural Con-
vection Problem. The decoupled and linearized semidiscrete
scheme for time-dependent natural convection problem (1)
based on the backward Euler scheme can be presented as
follows:

𝑢
𝑑,𝑛+1

− 𝑢
𝑑,𝑛

Δ𝑡

− ]Δ𝑢𝑑,𝑛+1 + (𝑢𝑑,𝑛 ⋅ ∇) 𝑢𝑑,𝑛+1 + ∇𝑝𝑑,𝑛+1

= −𝑘]2𝑗𝜃𝑑,𝑛 + 𝑓 (𝑡
𝑛+1

) ,

∇ ⋅ 𝑢
𝑑,𝑛+1

= 0,

𝜃
𝑑,𝑛+1

− 𝜃
𝑑,𝑛

Δ𝑡

− 𝜆]Δ𝜃𝑑,𝑛+1 + (𝑢𝑑,𝑛 ⋅ ∇) 𝜃𝑑,𝑛+1 = 𝑔 (𝑡
𝑛+1

) .

(29)
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Scheme (29) is a mixed problem that contains a generalized
Stokes problem and an elliptic problem. Namely, problem
(29) can be split into two subproblems:

𝑢
𝑑,𝑛+1

− 𝑢
𝑑,𝑛

Δ𝑡

− ]Δ𝑢𝑑,𝑛+1 + (𝑢𝑑,𝑛 ⋅ ∇) 𝑢𝑑,𝑛+1 + ∇𝑝𝑑,𝑛+1

= −𝑘]2𝑗𝜃𝑑,𝑛 + 𝑓 (𝑡
𝑛+1

) ,

∇ ⋅ 𝑢
𝑑,𝑛+1

= 0,

𝜃
𝑑,𝑛+1

− 𝜃
𝑑,𝑛

Δ𝑡

− 𝜆]Δ𝜃𝑑,𝑛+1 + (𝑢𝑑,𝑛 ⋅ ∇) 𝜃𝑑,𝑛+1 = 𝑔 (𝑡
𝑛+1

) .

(30)

Theweak formof problem (29) consists of finding𝑢𝑑,𝑛+1 ∈
𝐿
2
(0, 𝑇;𝑋), 𝑝𝑑,𝑛+1 ∈ 𝐿

2
(0, 𝑇;𝑀), and 𝜃

𝑑,𝑛+1
∈ 𝐿
2
(0, 𝑇;𝑊)

such that for all (V, 𝑞, 𝜓) ∈ 𝑋 ×𝑀 ×𝑊,

(

𝑢
𝑑,𝑛+1

− 𝑢
𝑑,𝑛

Δ𝑡

, V) + ] (∇𝑢𝑑,𝑛+1, ∇V) + 𝑏 (𝑢𝑑,𝑛, 𝑢𝑑,𝑛+1, V)

+ (V, ∇𝑝𝑑,𝑛+1) = −𝑘]2 (𝑗𝜃𝑑,𝑛, V) + (𝑓 (𝑡
𝑛+1

) , V) ,

(∇ ⋅ 𝑢
𝑑,𝑛+1

, 𝑞) = 0,

(

𝜃
𝑑,𝑛+1

− 𝜃
𝑑,𝑛

Δ𝑡

, 𝜓) + 𝜆] (∇𝜃𝑑,𝑛+1, ∇𝜓) + 𝑏 (𝑢𝑑,𝑛, 𝜃𝑑,𝑛+1, 𝜓)

= (𝑔 (𝑡
𝑛+1

) , 𝜓) .

(31)

If (∇ ⋅ 𝑢
𝑑,𝑛+1

, 𝑞) satisfies the so-called inf-sup condition,

𝛽




𝑞



0
≤ inf
𝑞∈𝑀

sup
0 ̸=𝑢∈𝑋

(∇ ⋅ 𝑢
𝑑,𝑛+1

, 𝑞)





∇𝑢
𝑑,𝑛+1


0

(𝛽 > 0 is a constant) ,

(32)

we can obtain the existence and uniqueness of 𝑢𝑑,𝑛+1, 𝑝𝑑,𝑛+1,
and 𝜃

𝑑,𝑛+1 by [13, 14]. From the expressions of (30) we
know that the variables 𝑢

𝑑,𝑛+1, 𝑝𝑑,𝑛+1, and 𝜃
𝑑,𝑛+1 can be

solved separately with two small linear algebra systems (30).
Furthermore, the coefficientmatrices of subproblems (30) are
symmetric. It is much easier to solve these two subproblems
than the original one.

4. Stabilities of the Coupled and
Decoupled Algorithms

In this section, we consider the stabilities of both the coupled
and decoupled numerical schemes under some assumptions
presented in Section 2.

Lemma 4. Under assumptions (A3)–(A7), the following
results of scheme (28) hold for all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1:






𝑢
𝐽+1





2

0
+

𝐽

∑

𝑛=0






𝑢
𝑛+1

− 𝑢
𝑛




2

0
+ Δ𝑡]

𝐽

∑

𝑛=0






∇𝑢
𝑛+1





2

0
≤ 𝛾
2

0
,






𝜃
𝐽+1





2

0
+

𝐽

∑

𝑛=0






𝜃
𝑛+1

− 𝜃
𝑛




2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝜃
𝑛+1





2

0
≤ 𝛾
2

1
,

(33)

where 𝛾2
0
= (2𝐶

4

3
𝑘]2/𝜆)((𝐶2

3
/𝜆])𝑇𝑔2

∞
+ ‖𝜃
0
‖
2

0
) + 2𝐶

2

3
𝑓
2

∞
𝑇/] +

‖𝑢
0
‖
2

0
, 𝛾2
1
= 𝐶
2

3
𝑇𝑔
2

∞
/𝜆] + ‖𝜃0‖2

0
.

Proof. Taking V = 2Δ𝑡𝑢
𝑛+1, 𝑞 = 2Δ𝑡𝑝

𝑛+1, and 𝜓 = 2Δ𝑡𝜃
𝑛+1 in

(28) we derive that

(𝑢
𝑛+1

− 𝑢
𝑛
, 2𝑢
𝑛+1

) + 2Δ𝑡]





∇𝑢
𝑛+1





2

0

= −2𝑘]2Δ𝑡 (𝑗𝜃𝑛+1, 𝑢𝑛+1) + 2Δ𝑡 (𝑓 (𝑡
𝑛+1

) , 𝑢
𝑛+1

) ,

(𝜃
𝑛+1

− 𝜃
𝑛
, 2𝜃
𝑛+1

) + 2Δ𝑡𝜆]





∇𝜃
𝑛+1





2

0
= 2Δ𝑡 (𝑔 (𝑡

𝑛+1
) , 𝜃
𝑛+1

) .

(34)

By using the identities

(𝑎 − 𝑏, 2𝑎) = |𝑎|
2
− |𝑏|
2
+ |𝑎 − 𝑏|

2
,

2 (𝑎, 𝑏) = |𝑎|
2
+ |𝑏|
2
− |𝑎 − 𝑏|

2
,

(35)

problem (34) can be transformed into






𝑢
𝑛+1





2

0
−




𝑢
𝑛




2

0
+






𝑢
𝑛+1

− 𝑢
𝑛




2

0
+ 2Δ𝑡]






∇𝑢
𝑛+1





2

0

= −2𝑘]2Δ𝑡 (𝑗𝜃𝑛+1, 𝑢𝑛+1) + 2Δ𝑡 (𝑓 (𝑡
𝑛+1

) , 𝑢
𝑛+1

) ,






𝜃
𝑛+1





2

0
−




𝜃
𝑛




2

0
+






𝜃
𝑛+1

− 𝜃
𝑛




2

0
+ 2Δ𝑡𝜆]






∇𝜃
𝑛+1





2

0

= 2Δ𝑡 (𝑔 (𝑡
𝑛+1

) , 𝜃
𝑛+1

) .

(36)

For the right-hand side terms of (36) we have






2𝑘]2Δ𝑡 (𝑗𝜃𝑛+1, 𝑢𝑛+1)






≤ 2𝑘]2Δ𝑡






𝜃
𝑛+1



0






𝑢
𝑛+1



0

≤

]Δ𝑡
2






∇𝑢
𝑛+1





2

0
+ 2𝐶
2

3
𝑘
2]3Δ𝑡






𝜃
𝑛+1





2

0
,






2Δ𝑡 (𝑓 (𝑡

𝑛+1
) , 𝑢
𝑛+1

)






≤ 2Δ𝑡





𝑓(𝑡
𝑛+1

)



0






𝑢
𝑛+1



0

≤

]Δ𝑡
2






∇𝑢
𝑛+1





2

0
+

2𝐶
2

3

]
Δ𝑡





𝑓(𝑡
𝑛+1

)





2

0
,

2






Δ𝑡 (𝑔 (𝑡

𝑛+1
) , 𝜃
𝑛+1

)






≤ 2𝐶
3
Δ𝑡





𝑔(𝑡
𝑛+1

)



0






∇𝜃
𝑛+1



0

≤ 𝜆]Δ𝑡





∇𝜃
𝑛+1





2

0
+

𝐶
2

3
Δ𝑡

𝜆]




𝑔(𝑡
𝑛+1

)





2

0
.

(37)
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Combining above estimates with (36) and summing them for
𝑛 from 0 to 𝐽 yield






𝑢
𝐽+1





2

0
+

𝐽

∑

𝑛=0






𝑢
𝑛+1

− 𝑢
𝑛




2

0
+ Δ𝑡]

𝐽

∑

𝑛=0






∇𝑢
𝑛+1





2

0

≤ 2𝐶
2

3
𝑘
2]3Δ𝑡

𝐽

∑

𝑛=0






𝜃
𝑛+1





2

0
+

2𝐶
2

3

]
Δ𝑡

𝐽

∑

𝑛=0





𝑓(𝑡
𝑛+1

)





2

0
+






𝑢
0




2

0
,

(38)






𝜃
𝐽+1





2

0
+

𝐽

∑

𝑛=0






𝜃
𝑛+1

− 𝜃
𝑛




2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝜃
𝑛+1





2

0

≤

𝐶
2

3

𝜆]

𝐽

∑

𝑛=0

Δ𝑡




𝑔 (𝑡
𝑛+1

)





2

0
+






𝜃
0




2

0
≤

𝐶
2

3
𝑇𝑔
2

∞

𝜆]
+






𝜃
0




2

0
.

(39)

We complete the proof by substituting (39) into (38) and
using (22).

Lemma5. Under assumptions (A3)–(A7), the following results
of scheme (28) hold for all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1:

1

4]

𝐽

∑

𝑛=0






𝑑
𝑡
𝑢
𝑛+1





2

0
Δ𝑡 +






∇𝑢
𝐽+1





2

0

+

𝐽

∑

𝑛=0

(






∇ (𝑢
𝑛+1

− 𝑢
𝑛
)







2

0
+

Δ𝑡]
4






𝐴𝑢
𝑛+1





2

0
) ≤ 𝛾
2

2
,

1

4𝜆]

𝐽

∑

𝑛=0






𝑑
𝑡
𝜃
𝑛+1





2

0
Δ𝑡 +






∇𝜃
𝐽+1





2

0

+

𝐽

∑

𝑛=0

(






∇ (𝜃
𝑛+1

− 𝜃
𝑛
)







2

0
+

𝜆]Δ𝑡
4






𝐴𝜃
𝑛+1





2

0
) ≤ 𝛾

2

3
,

(40)

where 𝛾
2

2
= exp(]−1(8/])3𝐶4

5
𝛾
4

0
)(2‖∇𝑢

0
‖
2

0
+ 2‖∇𝜃

0
‖
2

0
+

(10/])𝑇𝑓2
∞

+ 10𝐶
4

3
𝑇𝑔
2

∞
𝑘
2]3/𝜆2]3) and 𝛾

2

3
= exp((8/𝜆])3

𝐶
2

3
𝐶
4

6
𝛾
4

0
)(2‖∇𝜃

0
‖
2

0
+ (10/𝜆])𝑇𝑔2

∞
).

Proof. In order to simplify the notations, we set 𝑑
𝑡
𝜑
𝑛+1

=

(𝜑
𝑛+1

− 𝜑
𝑛
)/Δ𝑡, 𝜑 taking 𝑢 or 𝜃. Choose V = (]−1𝑑

𝑡
𝑢
𝑛+1

+

𝐴𝑢
𝑛+1

)Δ𝑡 ∈ 𝑉 and 𝜓 = ((𝜆])−1𝑑
𝑡
𝜃
𝑛+1

+ 𝐴𝜃
𝑛+1

)Δ𝑡 in (28) to
obtain

]−1Δ𝑡





𝑑
𝑡
𝑢
𝑛+1





2

0
+






∇𝑢
𝑛+1





2

0
−




∇𝑢
𝑛




2

0
+ ]Δ𝑡






𝐴𝑢
𝑛+1





2

0

+ 𝑏 (𝑢
𝑛+1

, 𝑢
𝑛+1

, ]−1𝑑
𝑡
𝑢
𝑛+1

+ 𝐴𝑢
𝑛+1

) Δ𝑡

+






∇ (𝑢
𝑛+1

− 𝑢
𝑛
)







2

0

= (𝑓 (𝑡
𝑛+1

) , ]−1𝑑
𝑡
𝑢
𝑛+1

+ 𝐴𝑢
𝑛+1

) Δ𝑡

− 𝑘]2Δ𝑡 (𝑗𝜃𝑛+1, ]−1𝑑
𝑡
𝑢
𝑛+1

+ 𝐴𝑢
𝑛+1

) ,

(𝜆])−1 Δ𝑡





𝑑
𝑡
𝜃
𝑛+1





2

0
+






∇𝜃
𝑛+1





2

0
−




∇𝜃
𝑛




2

0

+






∇(𝜃
𝑛+1

− 𝜃
𝑛
)







2

0
+ 𝜆]Δ𝑡






𝐴𝜃
𝑛+1





2

0

+ 𝑏 (𝑢
𝑛+1

, 𝜃
𝑛+1

, (𝜆])−1 𝑑
𝑡
𝜃
𝑛+1

+ 𝐴𝜃
𝑛+1

) Δ𝑡

= (𝑔 (𝑡
𝑛+1

) , (𝜆])−1 𝑑
𝑡
𝜃
𝑛+1

+ 𝐴𝜃
𝑛+1

) Δ𝑡.

(41)

Using Lemma 3 and Cauchy inequality we arrive at






𝑏 (𝑢
𝑛+1

, 𝑢
𝑛+1

, ]−1𝑑
𝑡
𝑢
𝑛+1

+ 𝐴𝑢
𝑛+1

)







≤ 𝐶
5






𝐴
1/2
𝑢
𝑛+1



0






𝑢
𝑛+1





1/2

0






𝐴𝑢
𝑛+1





1/2

0

× (]−1





𝑑
𝑡
𝑢
𝑛+1



0
+






𝐴𝑢
𝑛+1



0
)

≤

1

4]





𝑑
𝑡
𝑢
𝑛+1





2

0
+

]
4






𝐴𝑢
𝑛+1





2

0

+

8

]
𝐶
2

5






𝐴
1/2
𝑢
𝑛+1





2

0






𝑢
𝑛+1



0






𝐴𝑢
𝑛+1



0

≤

1

4]





𝑑
𝑡
𝑢
𝑛+1





2

0
+

3]
4






𝐴𝑢
𝑛+1





2

0

+

1

2

(

8

]
)

3

𝐶
4

5






𝐴
1/2
𝑢
𝑛+1





4

0






𝑢
𝑛+1





2

0
,






𝑏 (𝑢
𝑛+1

, 𝜃
𝑛+1

, (𝜆])−1 𝑑
𝑡
𝜃
𝑛+1

+ 𝐴𝜃
𝑛+1

)







≤ 𝐶
6






𝐴
1/2
𝑢
𝑛+1



0






𝜃
𝑛+1





1/2

0






𝐴𝜃
𝑛+1





1/2

0

× ((𝜆])−1





𝑑
𝑡
𝜃
𝑛+1



0
+






𝐴𝜃
𝑛+1



0
)

≤

1

4𝜆]





𝑑
𝑡
𝜃
𝑛+1





2

0
+

𝜆]
4






𝐴𝜃
𝑛+1





2

0

+

8

𝜆]
𝐶
2

6






𝐴
1/2
𝑢
𝑛+1





2

0






𝜃
𝑛+1



0






𝐴𝜃
𝑛+1



0

≤

1

4𝜆]





𝑑
𝑡
𝜃
𝑛+1





2

0
+

3𝜆]
4






𝐴𝜃
𝑛+1





2

0

+

1

2

(

8

𝜆]
)

3

𝐶
4

6






𝐴
1/2
𝑢
𝑛+1





4

0






𝜃
𝑛+1





2

0
,






(𝑓 (𝑡
𝑛+1

) , ]−1𝑑
𝑡
𝑢
𝑛+1

+ 𝐴𝑢
𝑛+1

)







≤

1

4]





𝑑
𝑡
𝑢
𝑛+1





2

0
+

]
16






𝐴𝑢
𝑛+1





2

0
+

5

]




𝑓(𝑡
𝑛+1

)





2

0
,






𝑘]2 (𝑗𝜃𝑛+1, ]−1𝑑

𝑡
𝑢
𝑛+1

+ 𝐴𝑢
𝑛+1

)







≤

1

4]





𝑑
𝑡
𝑢
𝑛+1





2

0
+

]
16






𝐴𝑢
𝑛+1





2

0
+ 5𝑘
2]3






𝜃
𝑛+1





2

0
,






(𝑔 (𝑡
𝑛+1

) , (𝜆])−1 𝑑
𝑡
𝜃
𝑛+1

+ 𝐴𝜃
𝑛+1

)







≤

1

4𝜆]





𝑑
𝑡
𝜃
𝑛+1





2

0
+

𝜆]
16






𝐴𝜃
𝑛+1





2

0
+

5

𝜆]




𝑔(𝑡
𝑛+1

)





2

0
.

(42)
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Combining above inequalities with (41) one finds

(2])−1 Δ𝑡





𝑑
𝑡
𝑢
𝑛+1





2

0
+ 2






∇𝑢
𝑛+1





2

0
− 2





∇𝑢
𝑛




2

0

+ 2






∇ (𝑢
𝑛+1

− 𝑢
𝑛
)







2

0
+

]
4

Δ𝑡






𝐴𝑢
𝑛+1





2

0

≤ (

8

]
)

3

𝐶
4

5






∇𝑢
𝑛+1





2

0






𝑢
𝑛+1





2

0






∇𝑢
𝑛+1





2

0
Δ𝑡

+

10

]




𝑓 (𝑡
𝑛+1

)





2

0
Δ𝑡 + 10𝑘

2]3





𝜃
𝑛+1





2

0
Δ𝑡,

(2𝜆])−1 Δ𝑡





𝑑
𝑡
𝜃
𝑛+1





2

0
+ 2






∇𝜃
𝑛+1





2

0
− 2





∇𝜃
𝑛




2

0

+ 2






∇ (𝜃
𝑛+1

− 𝜃
𝑛
)







2

0
+

3𝜆]
4

Δ𝑡






𝐴𝜃
𝑛+1





2

0

≤ (

8

𝜆]
)

3

𝐶
4

6






∇𝑢
𝑛+1





2

0






𝜃
𝑛+1





2

0






∇𝑢
𝑛+1





2

0
Δ𝑡

+

10

𝜆]




𝑔 (𝑡
𝑛+1

)





2

0
Δ𝑡.

(43)

Summing (43) for 𝑛 from 0 to 𝐽, using Lemmas 1 and 4, we
have

Δ𝑡

𝐽

∑

𝑛=0

((2])−1





𝑑
𝑡
𝑢
𝑛+1





2

0
+

]
4






𝐴𝑢
𝑛+1





2

0
) + 2






∇𝑢
𝐽+1





2

0

+ 2

𝐽

∑

𝑛=0






∇ (𝑢
𝑛+1

− 𝑢
𝑛
)







2

0

≤ exp(]−1 (8
]
)

3

𝐶
4

5
𝛾
4

0
)(2






∇𝑢
0




2

0
+

10

]
𝑇𝑓
2

∞

+ 10𝑘
2]3
𝐽

∑

𝑛=0






𝜃
𝑛+1





2

0
Δ𝑡) ,

Δ𝑡

𝐽

∑

𝑛=0

((2𝜆])−1





𝑑
𝑡
𝜃
𝑛+1





2

0
+

𝜆]
4






𝐴𝜃
𝑛+1





2

0
)

+ 2






∇𝜃
𝐽+1





2

0
+ 2

𝐽

∑

𝑛=0






∇ (𝜃
𝑛+1

− 𝜃
𝑛
)







2

0

≤ exp(( 8

𝜆]
)

3

𝐶
2

3
𝐶
4

6
𝛾
4

0
)(2






∇𝜃
0




2

0
+

10

𝜆]
𝑇𝑔
2

∞
) ,

(44)

which together with Lemma 4 implies the desired results.

Furthermore, following the proofs provided in [23, 24],
we obtain the following stability results for the numerical
solutions 𝑢𝑑,𝑛 and 𝜃

𝑑,𝑛 of the decoupled numerical scheme
(31).

Lemma 6. Under assumptions (A3)–(A7), the following
results of problem (31) hold:






𝑢
𝑑,𝐽+1





2

0
+

𝐽

∑

𝑛=0






𝑢
𝑑,𝑛+1

− 𝑢
𝑑,𝑛




2

0
+ Δ𝑡]

𝐽

∑

𝑛=0






∇𝑢
𝑑,𝑛+1





2

0

≤ 𝛾
2

0
,






𝜃
𝑑,𝐽+1





2

0
+

𝐽

∑

𝑛=0






𝜃
𝑑,𝑛+1

− 𝜃
𝑑,𝑛




2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝜃
𝑑,𝑛+1





2

0

≤ 𝛾
2

1
,






∇𝑢
𝑑,𝐽+1





2

0
+ Δ𝑡]

𝐽

∑

𝑛=0

(






∇(𝑢
𝑑,𝑛+1

− 𝑢
𝑑,𝑛
)







2

0
+

1

4]2





𝑑
𝑡
𝑢
𝑑,𝑛+1





2

0

+

1

4






𝐴𝑢
𝑑,𝑛+1





2

0
) ≤ 𝛾
2

4
,






∇𝜃
𝑑,𝐽+1





2

0

+ 𝜆]Δ𝑡
𝐽

∑

𝑛=0

(






∇(𝜃
𝑑,𝑛+1

− 𝜃
𝑑,𝑛
)







2

0

+

1

4 (𝜆])2





𝑑
𝑡
𝜃
𝑑,𝑛+1





2

0
+

1

4






𝐴𝜃
𝑑,𝑛+1





2

0
) ≤ 𝛾

2

5

(45)

for all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1, where 𝛾2
4
= exp(]−14𝐶2

5
𝛾
2

0
)

(‖∇𝑢
0
‖
2

0
+ (3/])𝑇𝑓2

∞
+ 3𝑘
2]3𝛾2
1
𝑇) and 𝛾

2

5
= exp((𝜆])−3

𝛾
2

1
𝛾
2

4
)(‖∇𝜃

0
‖
2

0
+ (2/𝜆])𝑇𝑔2

∞
).

5. Error Estimates of the Coupled
Numerical Scheme

This section is devoted to present the optimal error estimates
of velocity, pressure, and temperature in the coupled numer-
ical scheme (28) introduced in Section 3. In order to simplify
the descriptions, we denote

𝐸
𝑛

𝑢
= 𝑢 (𝑡

𝑛
) − 𝑢
𝑛
, 𝐸

𝑛

𝑝
= 𝑝 (𝑡

𝑛
) − 𝑝
𝑛
,

𝐸
𝑛

𝜃
= 𝜃 (𝑡

𝑛
) − 𝜃
𝑛
.

(46)

(a) Error estimates for velocity and temperature in
scheme (28) are as follows.

Let us define the truncation errors 𝑅𝑛
𝑢
and 𝑅𝑛

𝜃
by

𝑢 (𝑡
𝑛+1

) − 𝑢 (𝑡
𝑛
)

Δ𝑡

− ]Δ𝑢 (𝑡
𝑛+1

) + (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝑢 (𝑡
𝑛+1

)

+ ∇𝑝 (𝑡
𝑛+1

) = −𝑘]2𝑗𝜃 (𝑡
𝑛+1

) + 𝑓 (𝑡
𝑛+1

) + 𝑅
𝑛

𝑢
,

∇ ⋅ 𝑢 (𝑡
𝑛+1

) = 0,

𝜃 (𝑡
𝑛+1

) − 𝜃 (𝑡
𝑛
)

Δ𝑡

− 𝜆]Δ𝜃 (𝑡
𝑛+1

) + (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝜃 (𝑡
𝑛+1

)

= 𝑔 (𝑡
𝑛+1

) + 𝑅
𝑛

𝜃
,

(47)
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where

𝑅
𝑛

𝑢
= −

1

Δ𝑡

∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
) 𝑢
𝑡𝑡
(𝑡) 𝑑𝑡,

𝑅
𝑛

𝜃
= −

1

Δ𝑡

∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
) 𝜃
𝑡𝑡
(𝑡) 𝑑𝑡.

(48)

Firstly, we present the estimates of 𝐸𝑛+1
𝑢

and 𝐸𝑛+1
𝜃

which
show that both 𝑢

𝑛+1 and 𝜃
𝑛+1 are order 1/2 approximations

to 𝑢 and 𝜃 in 𝐿∞(𝑌) and in 𝐿∞(𝑍), respectively.

Lemma 7. Assume that assumptions (A3)–(A6) hold.Then for
all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1 one has






𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝑢







2

0
≤ 𝐶Δ𝑡,






𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝜃







2

0
≤ 𝐶Δ𝑡.

(49)

Proof. By subtracting (27) from (47) we have

𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢

Δ𝑡

− ]Δ𝐸𝑛+1
𝑢

+ (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝑢 (𝑡
𝑛+1

)

− (𝑢
𝑛+1

⋅ ∇) 𝑢
𝑛+1

+ ∇𝐸
𝑛+1

𝑝
= −𝑘]2𝑗𝐸𝑛+1

𝜃
+ 𝑅
𝑛

𝑢
,

∇ ⋅ 𝐸
𝑛+1

𝑢
= 0,

𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃

Δ𝑡

− 𝜆]Δ𝐸𝑛+1
𝜃

+ (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝜃 (𝑡
𝑛+1

)

− (𝑢
𝑛+1

⋅ ∇) 𝜃
𝑛+1

= 𝑅
𝑛

𝜃
.

(50)

Taking the inner product of (50) with 2Δ𝑡𝐸𝑛+1
𝑢

, 2Δ𝑡𝐸𝑛+1
𝑝

,
and 2Δ𝑡𝐸𝑛+1

𝜃
, we can transform problem (50) into






𝐸
𝑛+1

𝑢







2

0
−




𝐸
𝑛

𝑢






2

0
+






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

0

+ 2Δ𝑡𝑏 (𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐸
𝑛+1

𝑢
) + 2]Δ𝑡






∇𝐸
𝑛+1

𝑢







2

0

= −2𝑘]2Δ𝑡 (𝑗𝐸𝑛+1
𝜃

, 𝐸
𝑛+1

𝑢
) + 2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐸
𝑛+1

𝑢
) ,






𝐸
𝑛+1

𝜃







2

0
−




𝐸
𝑛

𝜃






2

0
+






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

0
+ 2𝜆]Δ𝑡






∇𝐸
𝑛+1

𝜃







2

0

+ 2Δ𝑡𝑏 (𝐸
𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐸
𝑛+1

𝜃
) = 2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐸
𝑛+1

𝜃
) .

(51)

Now, the right-hand side terms of (51) can be treated as
follows:






2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐸
𝑛+1

𝑢
)







≤

𝐶

Δ𝑡











∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
)𝑢
𝑡𝑡
𝑑𝑡











2

0

+

]Δ𝑡
2






∇𝐸
𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝑢
𝑡𝑡






2

0
𝑑𝑡 +

]Δ𝑡
2






∇𝐸
𝑛+1

𝑢







2

0
,

(52)






2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐸
𝑛+1

𝜃
)







≤

𝐶

Δ𝑡











∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
)𝜃
𝑡𝑡
𝑑𝑡











2

0

+

]Δ𝑡
2






∇𝐸
𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝜃
𝑡𝑡






2

0
𝑑𝑡 +

]Δ𝑡
2






∇𝐸
𝑛+1

𝜃







2

0
,






−2𝑘]2Δ𝑡 (𝑗𝐸𝑛+1

𝜃
, 𝐸
𝑛+1

𝑢
)







≤ 2𝑘]2Δ𝑡





𝐸
𝑛+1

𝜃





0






𝐸
𝑛+1

𝑢





0

≤ 𝑘
2]4Δ𝑡






𝐸
𝑛+1

𝜃







2

0
+ Δ𝑡






𝐸
𝑛+1

𝑢







2

0
.

(53)

For the nonlinear term, thanks to Lemma 3, we have






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐸
𝑛+1

𝑢





0





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐸
𝑛+1

𝑢





0

≤

2𝐶
2

5

]
Δ𝑡






𝐸
𝑛+1

𝑢







2

0





𝐴𝑢(𝑡
𝑛+1

)





2

0
+

]Δ𝑡
2






∇𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡






𝐸
𝑛+1

𝑢





0





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝐸
𝑛+1

𝜃





0

≤

2𝐶
2

6

𝜆]
Δ𝑡






𝐸
𝑛+1

𝑢







2

0





𝐴𝜃(𝑡
𝑛+1

)





2

0
+

𝜆]Δ𝑡
2






∇𝐸
𝑛+1

𝜃







2

0
.

(54)

From above inequalities we arrive at






𝐸
𝑛+1

𝑢







2

0
−




𝐸
𝑛

𝑢






2

0
+






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡






∇𝐸
𝑛+1

𝑢







2

0

≤ (1 +

2𝐶
2

5





𝐴𝑢 (𝑡
𝑛+1

)





2

0

]
)Δ𝑡






𝐸
𝑛+1

𝑢







2

0

+ 𝐶Δ𝑡∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝑢
𝑡𝑡






2

0
𝑑𝑡 + 𝑘

2]4Δ𝑡





𝐸
𝑛+1

𝜃







2

0
,






𝐸
𝑛+1

𝜃







2

0
−




𝐸
𝑛

𝜃






2

0
+






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡






∇𝐸
𝑛+1

𝜃







2

0

≤

2𝐶
2

6

𝜆]
Δ𝑡





𝐴𝜃(𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

0
+ 𝐶Δ𝑡∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝜃
𝑡𝑡






2

0
𝑑𝑡.

(55)

Summing (55) from 𝑛 = 0 to 𝐽 one finds






𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝜃







2

0

≤

2𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃 (𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

0

+ 𝐶Δ𝑡∫

𝑇

0

𝑡




𝜃
𝑡𝑡






2

0
𝑑𝑡,
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𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝑢







2

0

≤ Δ𝑡

𝐽

∑

𝑛=0

(1 +

2𝐶
2

5

]




𝐴𝑢 (𝑡
𝑛+1

)





2

0
)






𝐸
𝑛+1

𝑢







2

0

+ 𝑘
2]4Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

0
+ 𝑐Δ𝑡∫

𝑇

0

𝑡




𝑢
𝑡𝑡






2

0
𝑑𝑡.

(56)

Combining Lemma 1 and Theorem 2 with (22) yields the
desired results.

Remark 8. In particular, Lemma 7 shows that the coupled
finite element method provides uniformly stable velocity and
temperature in 𝑋 and 𝑊, respectively. Using the fact that
‖∇𝐸
𝑛+1

𝑢
‖
0
≤ 𝐶, ‖∇𝐸𝑛+1

𝜃
‖
0
≤ 𝐶 and 𝑢 ∈ 𝐿

∞
(0, 𝑇;𝑋), 𝜃 ∈

𝐿
∞
(0, 𝑇;𝑊), we know that there exists a positive constant 𝐶

independent of the time step Δ𝑡 such that for all 0 ≤ 𝑛 ≤

[𝑇/Δ𝑡] − 1,






∇𝑢
𝑛+1



0
≤ 𝐶,






∇𝜃
𝑛+1



0
≤ 𝐶. (57)

Lemma 9. For all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1, under assumptions
(A3)–(A6), one has






𝐸
𝐽+1

𝑢







2

𝑉

+

𝑚

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

𝑉

+

]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢







2

0
≤ 𝐶Δ𝑡

2
,






𝐸
𝐽+1

𝜃







2

𝑊

+

𝑚

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

𝑊

+

𝜆]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

0
≤ 𝐶Δ𝑡

2
.

(58)

Proof. Taking the inner product of (50) with 2Δ𝑡𝐴−1𝐸𝑛+1
𝑢

and
2Δ𝑡𝐴
−1
𝐸
𝑛+1

𝜃
, using the fact that ∇ ⋅ 𝐸

𝑛+1

𝑢
= 0 and the self-

adjointness of 𝐴−1, we obtain

(𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
) − (𝐸

𝑛

𝑢
, 𝐴
−1
𝐸
𝑛

𝑢
)

+ (𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢
, 𝐴
−1
(𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢
))

− 2]Δ𝑡 (Δ𝐸𝑛+1
𝑢

, 𝐴
−1
𝐸
𝑛+1

𝑢
)

= −2Δ𝑡𝑏 (𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑛+1

𝑢
)

− 2Δ𝑡𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
) + 2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
)

− 2𝑘]2Δ𝑡 (𝑗𝐸𝑛+1
𝜃

, 𝐴
−1
𝐸
𝑛+1

𝑢
) ,

(𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
) − (𝐸

𝑛

𝜃
, 𝐴
−1
𝐸
𝑛

𝜃
)

+ (𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃
, 𝐴
−1
(𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃
))

− 2𝜆]Δ𝑡 (Δ𝐸𝑛+1
𝜃

, 𝐴
−1
𝐸
𝑛+1

𝜃
)

= −2Δ𝑡𝑏 (𝐸
𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑛+1

𝜃
)

− 2Δ𝑡𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
) + 2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
) .

(59)

Taking 𝑢 = 𝐸
𝑛+1

𝑢
in (13) and 𝜃 = 𝐸

𝑛+1

𝜃
in (16). For the

terms −2]Δ𝑡(Δ𝐸𝑛+1
𝑢

, 𝐴
−1
𝐸
𝑛+1

𝑢
) and −2𝜆]Δ𝑡(Δ𝐸𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
),

we have

− 2]Δ𝑡 (Δ𝐸𝑛+1
𝑢

, 𝐴
−1
𝐸
𝑛+1

𝑢
)

= 2]Δ𝑡 (𝐸𝑛+1
𝑢

, −Δ𝐴
−1
𝐸
𝑛+1

𝑢
)

= 2]Δ𝑡 (𝐸𝑛+1
𝑢

, 𝐸
𝑛+1

𝑢
− ∇𝑞) = 2]Δ𝑡






𝐸
𝑛+1

𝑢







2

0
,

− 2𝜆]Δ𝑡 (Δ𝐸𝑛+1
𝜃

, 𝐴
−1
𝐸
𝑛+1

𝜃
)

= 2𝜆]Δ𝑡 (𝐸𝑛+1
𝜃

, −Δ𝐴
−1
𝐸
𝑛+1

𝜃
)

= 2𝜆]Δ𝑡 (𝐸𝑛+1
𝜃

, 𝐸
𝑛+1

𝜃
) = 2𝜆]Δ𝑡






𝐸
𝑛+1

𝜃







2

0
.

(60)

For the right-hand side terms of (59), we can estimate them
as follows:






2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
)






≤ 2Δ𝑡





𝑅
𝑛

𝑢




𝑉







𝐴
−1
𝐸
𝑛+1

𝑢





𝑉

= 2Δ𝑡




𝑅
𝑛

𝑢




𝑉







𝐸
𝑛+1

𝑢





𝑉


≤ Δ𝑡






𝐸
𝑛+1

𝑢







2

𝑉

+ Δ𝑡





𝑅
𝑛

𝑢






2

𝑉


≤ Δ𝑡






𝐸
𝑛+1

𝑢







2

𝑉

+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡𝑡






2

𝑉
 𝑑𝑡,






2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
)






≤ 2Δ𝑡





𝑅
𝑛

𝜃




𝑊







𝐴
−1
𝐸
𝑛+1

𝜃





𝑊

= 2Δ𝑡




𝑅
𝑛

𝜃




𝑊







𝐸
𝑛+1

𝜃





𝑊


≤ Δ𝑡






𝐸
𝑛+1

𝜃







2

𝑊

+ Δ𝑡





𝑅
𝑛

𝜃






2

𝑊


≤ Δ𝑡






𝐸
𝑛+1

𝜃







2

𝑊

+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝜃
𝑡𝑡






2

𝑊
 𝑑𝑡,






−2𝑘]2 (𝑗𝐸𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝑢
) Δ𝑡







≤ 2𝑘]2Δ𝑡





𝐸
𝑛+1

𝜃





𝑊







𝐴
−1
𝐸
𝑛+1

𝑢





𝑉

= 2𝑘]2Δ𝑡





𝐸
𝑛+1

𝜃





𝑊







𝐸
𝑛+1

𝑢





𝑉


≤ 𝑘]2Δ𝑡





𝐸
𝑛+1

𝜃







2

𝑊

+ 𝑘]2Δ𝑡






𝐸
𝑛+1

𝑢







2

𝑉

.

(61)

For the nonlinear term, using Lemma 3, one finds






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐸
𝑛+1

𝑢





0





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐴
−1
𝐸
𝑛+1

𝑢





0
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≤ 2𝐶
5
Δ𝑡






𝐸
𝑛+1

𝑢





0





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑛+1

𝑢





𝑉


≤

2𝐶
2

5

]
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

𝑉

+

]Δ𝑡
2






𝐸
𝑛+1

𝑢







2

0
,






𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
)







=






𝑏 (𝑢 (𝑡

𝑛+1
) , 𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
) − 𝑏 (𝐸

𝑛+1

𝑢
, 𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
)






,






2Δ𝑡𝑏 (𝑢 (𝑡

𝑛+1
) , 𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑛+1

𝑢





0






∇𝐴
−1
𝐸
𝑛+1

𝑢





0

≤ 2𝐶
5
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑛+1

𝑢





0






𝐸
𝑛+1

𝑢





𝑉


≤

2𝐶
2

5

]
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

𝑉

+

]Δ𝑡
2






𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝐸
𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐸
𝑛+1

𝑢





0






∇𝐸
𝑛+1

𝑢





0






𝐴𝐴
−1
𝐸
𝑛+1

𝑢





0

≤ 𝐶Δ𝑡
3/2 




∇𝐸
𝑛+1

𝑢





0






𝐸
𝑛+1

𝑢





0

≤ 𝐶Δ𝑡
2 



∇𝐸
𝑛+1

𝑢







2

0
+

]
2

Δ𝑡






𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡






𝐸
𝑛+1

𝑢





0





∇𝜃(𝑡
𝑛+1

)



0






𝐴𝐴
−1
𝐸
𝑛+1

𝜃





0

≤ 2𝐶
6
Δ𝑡






𝐸
𝑛+1

𝑢





0





∇𝜃(𝑡
𝑛+1

)



0






𝐸
𝑛+1

𝜃





0

≤

2𝐶
2

6

𝜆]
Δ𝑡





∇𝜃(𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

0
+

𝜆]
2

Δ𝑡






𝐸
𝑛+1

𝜃







2

0
,






𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
)







=






𝑏 (𝑢 (𝑡

𝑛+1
) , 𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
) − 𝑏 (𝐸

𝑛+1

𝑢
, 𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
)






,






2Δ𝑡𝑏 (𝑢 (𝑡

𝑛+1
) , 𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑛+1

𝜃





0






∇𝐴
−1
𝐸
𝑛+1

𝜃





0

≤ 2𝐶
6
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑛+1

𝜃





0






𝐸
𝑛+1

𝜃





𝑊


≤

2𝐶
2

6

𝜆]
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝜃







2

𝑊

+

𝜆]
2

Δ𝑡






𝐸
𝑛+1

𝜃







2

0
,






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝐸
𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡






𝐸
𝑛+1

𝑢





0






∇𝐸
𝑛+1

𝜃





0






𝐴𝐴
−1
𝐸
𝑛+1

𝜃





0

≤ 𝐶Δ𝑡
3/2 




∇𝐸
𝑛+1

𝜃





0






𝐸
𝑛+1

𝜃





0

≤ 𝐶 (𝜆]) Δ𝑡2





∇𝐸
𝑛+1

𝜃







2

0
+

𝜆]
2

Δ𝑡






𝐸
𝑛+1

𝜃







2

0
.

(62)

Combining above inequalities with (59) and adding them
from 𝑛 = 0 to 𝐽, one finds






𝐸
𝐽+1

𝜃







2

𝑊

+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

𝑊

+

𝜆]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

0

≤ Δ𝑡

𝐽

∑

𝑛=0

(1 +

2𝐶
2

6

𝜆]




𝐴𝑢(𝑡
𝑛+1

)





2

0
)






𝐸
𝑛+1

𝜃







2

𝑊


+ 𝐶Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡






2

𝑊
 𝑑𝑡 + 𝐶 (𝜆]) Δ𝑡 ⋅ Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝜃







2

0

+

2𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢







2

0





∇𝜃(𝑡
𝑛+1

)





2

0
,






𝐸
𝐽+1

𝑢







2

𝑉

+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

𝑉

+

]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢







2

0

≤ Δ𝑡

𝐽

∑

𝑛=0

(1 + 𝑘]2 +
4𝐶
2

5

]




𝐴𝑢(𝑡
𝑛+1

)





2

0
)






𝐸
𝑛+1

𝑢







2

𝑉


+ 𝐶Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡






2

𝑉
 𝑑𝑡 + 𝐶Δ𝑡 ⋅ Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝑢







2

0

+ 𝑘]2Δ𝑡
𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

𝑊

.

(63)

Thanks to Lemmas 1, 4 andTheorem 2, we derive that






𝐸
𝐽+1

𝜃







2

𝑊

+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

𝑊

+

𝜆]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

0

≤ exp(Δ𝑡
𝐽

∑

𝑛=0

(1 +

2𝐶
2

6

𝜆]




𝐴𝑢 (𝑡
𝑛+1

)





2

0
))

× {𝐶Δ𝑡
2
+

2𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0





∇𝜃 (𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

0
} ,

(64)






𝐸
𝐽+1

𝑢







2

𝑉

+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

𝑉

+

]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢







2

0

≤ exp(Δ𝑡
𝐽

∑

𝑛=0

(1 + 𝑘]2 +
4𝐶
2

5

]




𝐴𝑢 (𝑡
𝑛+1

)





2

0
))

× {𝐶Δ𝑡
2
+ 𝑘]2Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

𝑊

} .

(65)

Substituting (65) into (64) and using Lemma 1, we complete
the proof.
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Lemma 10. Assume that assumptions (A3)–(A6) are valid.
Then, for all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1, one has






𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝑢







2

0
≤ 𝐶Δ𝑡

2
,






𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝜃







2

0
≤ 𝐶Δ𝑡

2
.

(66)

Proof. Based on Lemma 9, we reestimate the trilinear terms
and right-hand side terms of (51) as follows:





2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐸
𝑛+1

𝑢
)






≤ 2Δ𝑡





𝑅
𝑛

𝑢




𝑉







𝐸
𝑛+1

𝑢





𝑉

≤

]Δ𝑡
2






∇𝐸
𝑛+1

𝑢







2

0
+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡𝑡






2

𝑉
 𝑑𝑡,






2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐸
𝑛+1

𝜃
)






≤ 2Δ𝑡





𝑅
𝑛

𝜃




𝑊







𝐸
𝑛+1

𝜃





𝑊

≤

𝜆]Δ𝑡
2






∇𝐸
𝑛+1

𝜃







2

0
+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝜃
𝑡𝑡






2

𝑊
 𝑑𝑡.

(67)

Thanks to (67), taking into account (53) and (55) and
summing up (51) from 𝑛 = 0 to 𝐽, we have






𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝜃







2

0

≤

2𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃 (𝑡
𝑛+1

)





2

0






𝐸
𝑛+1

𝑢







2

0

+ 𝐶Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡






2

𝑊
 𝑑𝑡,






𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑛+1

𝑢







2

0

≤ Δ𝑡

𝐽

∑

𝑛=0

(1 +

2𝐶
2

5

]




𝐴𝑢 (𝑡
𝑛+1

)





2

0
)






𝐸
𝑛+1

𝑢







2

0

+ 𝐶Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡






2

𝑉
 𝑑𝑡 + 𝑘

2]4Δ𝑡
𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

0
.

(68)

We obtain the desired results with application of Lemma 1 at
above inequalities.

Lemma 11. Under assumptions (A3)–(A6), for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡] − 1, one has






∇𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






∇ (𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢
)







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑛+1

𝑢







2

0
≤ 𝐶Δ𝑡

2
,






∇𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃
)







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑛+1

𝜃







2

0
≤ 𝐶Δ𝑡

2
.

(69)

Proof. Taking the inner product of (50) with 2Δ𝑡𝐴𝐸
𝑛+1

𝑢
and

2Δ𝑡𝐴𝐸
𝑛+1

𝜃
, using the fact that ∇ ⋅ 𝐸

𝑛+1

𝑢
= 0, we obtain






∇𝐸
𝑛+1

𝑢







2

0
−




∇𝐸
𝑛

𝑢






2

0
+






∇(𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢
)







2

0

+ 2Δ𝑡𝑏 (𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴𝐸
𝑛+1

𝑢
) + 2]Δ𝑡






𝐴𝐸
𝑛+1

𝑢







2

0

+ 2Δ𝑡𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, 𝐴𝐸
𝑛+1

𝑢
)

= −2𝑘]2Δ𝑡 (𝑗𝐸𝑛+1
𝜃

, 𝐴𝐸
𝑛+1

𝑢
) + 2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐴𝐸
𝑛+1

𝑢
) ,






∇𝐸
𝑛+1

𝜃







2

0
−




∇𝐸
𝑛

𝜃






2

0
+






∇(𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃
)







2

0
+ 2𝜆]Δ𝑡






𝐴𝐸
𝑛+1

𝜃







2

0

+ 2Δ𝑡𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝜃
, 𝐴𝐸
𝑛+1

𝜃
)

+ 2Δ𝑡𝑏 (𝐸
𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴𝐸
𝑛+1

𝜃
) = 2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐴𝐸
𝑛+1

𝜃
) .

(70)

We treat the right-hand side terms of (70) as follows:






2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐴𝐸
𝑛+1

𝑢
)







≤ 2Δ𝑡




𝑅
𝑛

𝑢




0






𝐴𝐸
𝑛+1

𝑢





0

≤ 𝐶Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡𝑡






2

0
𝑑𝑡 +

]Δ𝑡
2






𝐴𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐴𝐸
𝑛+1

𝜃
)







≤ 2Δ𝑡




𝑅
𝑛

𝜃




0






𝐴𝐸
𝑛+1

𝜃





0

≤ 𝐶Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛





𝜃
𝑡𝑡






2

0
𝑑𝑡 +

𝜆]Δ𝑡
2






𝐴𝐸
𝑛+1

𝜃







2

0
,






−2𝑘]2Δ𝑡 (𝑗𝐸𝑛+1

𝜃
, 𝐴𝐸
𝑛+1

𝑢
)







≤ 2𝑘]2Δ𝑡





𝐸
𝑛+1

𝜃





0






𝐴𝐸
𝑛+1

𝑢





0

≤ 𝐶Δ𝑡






𝐸
𝑛+1

𝜃







2

0
+

]Δ𝑡
4






𝐴𝐸
𝑛+1

𝑢







2

0
.

(71)

By Lemma 3, for the trilinear terms, one finds






2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴𝐸
𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝐸
𝑛+1

𝑢





0






𝐴𝐸
𝑛+1

𝜃





0

≤

𝜆]
2

Δ𝑡






𝐴𝐸
𝑛+1

𝜃







2

0
+

2𝐶
2

6

𝜆]
Δ𝑡





𝐴𝜃(𝑡
𝑛+1

)





2

0






∇𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑢

𝑛+1
, 𝐸
𝑛+1

𝜃
, 𝐴𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡






𝐴𝑢
𝑛+1



0






∇𝐸
𝑛+1

𝜃





0






𝐴𝐸
𝑛+1

𝜃





0

≤

𝜆]
2

Δ𝑡






𝐴𝐸
𝑛+1

𝜃







2

0
+

2𝐶
2

6

𝜆]
Δ𝑡






𝐴𝑢
𝑛+1





2

0






∇𝐸
𝑛+1

𝜃







2

0
,
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2Δ𝑡𝑏 (𝐸

𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴𝐸
𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
5





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐸
𝑛+1

𝑢





0






𝐴𝐸
𝑛+1

𝑢





0

≤

]
4

Δ𝑡






𝐴𝐸
𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






∇𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑢

𝑛+1
, 𝐸
𝑛+1

𝑢
, 𝐴𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐴𝑢
𝑛+1



0






∇𝐸
𝑛+1

𝑢





0






𝐴𝐸
𝑛+1

𝑢





0

≤

]
4

Δ𝑡






𝐴𝐸
𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡






𝐴𝑢
𝑛+1





2

0






∇𝐸
𝑛+1

𝑢







2

0
.

(72)

Combining above inequalities with (70) and summing 𝑛 from
0 to 𝐽 we obtain






∇𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃
)







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡






2

0
𝑑𝑡 +

2𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃(𝑡
𝑛+1

)





2

0






∇𝐸
𝑛+1

𝑢







2

0

+

2𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0






𝐴𝑢
𝑛+1





2

0






∇𝐸
𝑛+1

𝜃







2

0
,






∇𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢
)







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡






2

0
𝑑𝑡 + 𝐶Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑛+1

𝜃







2

0

+

2𝐶
2

5

]
Δ𝑡

𝐽

∑

𝑛=0

(




𝐴𝑢 (𝑡
𝑛+1

)





2

0
+






𝐴𝑢
𝑛+1





2

0
)






∇𝐸
𝑛+1

𝑢







2

0
.

(73)

Thanks to Lemmas 10 and 1 we complete the proof.

(b) Error estimates for pressure in scheme (28) are as
follows.

Now, we give the estimates for 𝑟𝑛+1 = 𝑝(𝑡
𝑛+1

) − 𝑝
𝑛+1

which shows that 𝑝𝑛+1 is order 1 approximation to 𝑝 in both
𝐿
∞
(𝐿
2
) and 𝐿

2
(𝐿
2
) norms. In order to achieve this aim, we

firstly provide some estimates for 𝑑
𝑡
𝐸
𝑛+1

𝑢
= (𝐸
𝑛+1

𝑢
− 𝐸
𝑛

𝑢
)/Δ𝑡

and 𝑑
𝑡
𝐸
𝑛+1

𝜃
= (𝐸
𝑛+1

𝜃
− 𝐸
𝑛

𝜃
)/Δ𝑡.

Lemma 12. Under assumptions (A3)–(A7), for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡] − 1, one has






𝑑
𝑡
𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑛+1

𝑢
− 𝑑
𝑡
𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
,






𝑑
𝑡
𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑛+1

𝜃
− 𝑑
𝑡
𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
.

(74)

Proof. From problem (50) we obtain that for all V ∈ 𝑉 and
𝜓 ∈ 𝑊

(𝑑
𝑡𝑡
𝐸
𝑛+1

𝑢
, V) − ] (Δ𝑑

𝑡
𝐸
𝑛+1

𝑢
, V)

= (𝑑
𝑡
𝑅
𝑛

𝑢
, V) − 𝑘]2 (𝑗𝑑

𝑡
𝐸
𝑛+1

𝜃
, V) − 𝑏 (𝑑

𝑡
𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , V)

− 𝑏 (𝐸
𝑛

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , V) − 𝑏 (𝑑
𝑡
𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, V)

− 𝑏 (𝑢
𝑛
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
, V) ,

(𝑑
𝑡𝑡
𝐸
𝑛+1

𝜃
, 𝜓) − 𝜆] (Δ𝑑

𝑡
𝐸
𝑛+1

𝜃
, 𝜓)

= (𝑑
𝑡
𝑅
𝑛

𝜃
, 𝜓) − 𝑏 (𝑑

𝑡
𝐸
𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝜓)

− 𝑏 (𝐸
𝑛

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝜓) − 𝑏 (𝑑
𝑡
𝑢
𝑛+1

, 𝐸
𝑛+1

𝜃
, 𝜓)

− 𝑏 (𝑢
𝑛
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
, 𝜓) .

(75)

Choosing V = 2Δ𝑡𝑑
𝑡
𝐸
𝑛+1

𝑢
and 𝜓 = 2Δ𝑡𝑑

𝑡
𝐸
𝑛+1

𝜃
in (75) we

deduce






𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
−




𝑑
𝑡
𝐸
𝑛

𝑢






2

0
+






𝑑
𝑡
𝐸
𝑛+1

𝑢
− 𝑑
𝑡
𝐸
𝑛

𝑢







2

0
+ 2]Δ𝑡






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

= 2Δ𝑡 {(𝑑
𝑡
𝑅
𝑛

𝑢
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
) − 𝑘]2 (𝑗𝑑

𝑡
𝐸
𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
)

− 𝑏 (𝑑
𝑡
𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝑢
)

− 𝑏 (𝐸
𝑛

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝑢
)

− 𝑏 (𝑑
𝑡
𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
)} ,

(76)






𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0
−




𝑑
𝑡
𝐸
𝑛

𝜃






2

0
+






𝑑
𝑡
𝐸
𝑛+1

𝜃
− 𝑑
𝑡
𝐸
𝑛

𝜃







2

0

+ 2𝜆]Δ𝑡





∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0

= 2Δ𝑡 {(𝑑
𝑡
𝑅
𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
) − 𝑏 (𝑑

𝑡
𝐸
𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝜃
)

− 𝑏 (𝐸
𝑛

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝜃
)

− 𝑏 (𝑑
𝑡
𝑢
𝑛+1

, 𝐸
𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
)} .

(77)
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Now, we estimate the right-hand side terms of (76)-(77)
separately. For (𝑑

𝑡
𝑅
𝑛

𝑢
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
) and (𝑑

𝑡
𝑅
𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
), using the

techniques that are adopted by He in [20], we have

(𝑑
𝑡
𝑅
𝑛

𝑢
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
)

= −

1

Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
) ∫

𝑡

𝑡−Δ𝑡

(𝑢
𝑡𝑡𝑡
(𝑠) , 𝑑
𝑡
𝐸
𝑛+1

𝑢
) 𝑑𝑠 𝑑𝑡,

(𝑑
𝑡
𝑅
𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
)

= −

1

Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
) ∫

𝑡

𝑡−Δ𝑡

(𝜃
𝑡𝑡𝑡
(𝑠) , 𝑑
𝑡
𝐸
𝑛+1

𝜃
) 𝑑𝑠 𝑑𝑡

(78)

for all 2 ≤ 𝑛 ≤ 𝐽. We deduce from above equalities that






2Δ𝑡 (𝑑

𝑡
𝑅
𝑛

𝑢
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
)







≤ 2Δ𝑡




𝑑
𝑡
𝑅
𝑛

𝑢




0






𝑑
𝑡
𝐸
𝑛+1

𝑢





0

≤ 𝐶 (]) Δ𝑡 

𝑑
𝑡
𝑅
𝑛

𝑢






2

0
+

]
4

Δ𝑡






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

≤ 𝑐 (]) Δ𝑡

×
[

[

Δ𝑡
−3/2

(∫

𝑡
𝑛+1

𝑡
𝑛

(𝑡 − 𝑡
𝑛
)
2










∫

𝑡

𝑡−Δ𝑡

𝑢
𝑡𝑡𝑡
(𝑠) 𝑑𝑠










2

0

𝑑𝑡)

1/2

]

]

2

+

]
4

Δ𝑡






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛−1





𝑢
𝑡𝑡𝑡






2

0
𝑑𝑡 +

]
4

Δ𝑡






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
.

(79)

In the same way, we obtain






2Δ𝑡 (𝑑

𝑡
𝑅
𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
)







≤ 𝐶 (𝜆]) Δ𝑡2 ∫
𝑡
𝑛+1

𝑡
𝑛−1





𝜃
𝑡𝑡𝑡






2

0
𝑑𝑡 +

𝜆]
4

Δ𝑡






∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0
.

(80)

For the nonlinear terms, with the help of Lemma 3, one finds






2Δ𝑡𝑏 (𝑑

𝑡
𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑛+1

𝑢





0






𝑑
𝑡
𝐸
𝑛+1

𝑢





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑛

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝐸
𝑛

𝑢




0





𝐴𝑑
𝑡
𝑢(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑛+1

𝑢





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡





𝐴𝑢
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0





𝐸
𝑛

𝑢






2

0
,






2Δ𝑡𝑏 (𝑑

𝑡
𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐴𝑑
𝑡
𝑢
𝑛+1



0






𝐸
𝑛+1

𝑢





0






∇𝑑
𝑡
𝐸
𝑛+1

𝑢





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡





𝐴𝑢
𝑛

𝑡
+ O (Δ𝑡)






2

0






𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑑

𝑡
𝐸
𝑛+1

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑛+1

𝜃





0






𝑑
𝑡
𝐸
𝑛+1

𝑢





0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0
+

4𝐶
2

6

𝜆]
Δ𝑡





𝐴𝜃(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑛

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡





𝐴𝑑
𝑡
𝜃(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑛+1

𝜃





0





𝐸
𝑛

𝑢




0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0
+

4𝐶
2

6

𝜆]
Δ𝑡





𝐴𝜃
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0





𝐸
𝑛

𝑢






2

0
,






2Δ𝑡𝑏 (𝑑

𝑡
𝑢
𝑛+1

, 𝐸
𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡






𝐴𝑑
𝑡
𝑢
𝑛+1



0






∇𝑑
𝑡
𝐸
𝑛+1

𝜃





0






𝐸
𝑛+1

𝜃





0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0
+

4𝐶
2

6

𝜆]
Δ𝑡





𝐴𝑢
𝑛

𝑡
+ O(Δ𝑡)






2

0






𝐸
𝑛+1

𝜃







2

0
,






2𝑘]2Δ𝑡 (𝑗𝑑

𝑡
𝐸
𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑛+1

𝑢
)







≤ 𝑘]2Δ𝑡





𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0
+ 𝑘]2Δ𝑡






𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0
.

(81)

Combining above inequalities with (76)-(77) and summing
from 𝑛 = 0 to 𝐽, we arrive at






𝑑
𝑡
𝐸
𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑛+1

𝑢
− 𝑑
𝑡
𝐸
𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡𝑡






2

0
𝑑𝑠 + 𝑘]2Δ𝑡

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0

+ Δ𝑡

𝐽

∑

𝑛=0

(




𝐴𝑢 (𝑡
𝑛+1

)





2

0
+ 𝑘]2)






𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

+

4𝐶
2

5

]
(Δ𝑡

𝐽

∑

𝑛=0





𝐴𝑢
𝑛

𝑡
+ O(Δ𝑡)






2

0






𝐸
𝑛+1

𝑢







2

0

+ Δ𝑡

𝐽

∑

𝑛=0





𝐴𝑢
𝑡
(𝑡
𝑛
) + O (Δ𝑡)






2

0





𝐸
𝑛

𝑢






2

0
) ,

(82)
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𝑑
𝑡
𝐸
𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑛+1

𝜃
− 𝑑
𝑡
𝐸
𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡𝑡






2

0
𝑑𝑠 +

4𝐶
2

6

𝜆]
Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑛+1

𝑢







2

0

+

4𝐶
2

6

𝜆]
(Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0





𝐸
𝑛

𝑢






2

0

+ Δ𝑡

𝐽

∑

𝑛=0





𝐴𝑢
𝑛

𝑡
+ O(Δ𝑡)






2

0






𝐸
𝑛+1

𝜃







2

0
) .

(83)

Substituting (83) into (82) and using Lemma 1, we obtain the
desired results.

Remark 13. In the estimates of trilinear terms, we used the
bounds of ‖𝐴𝑢𝑛+1

𝑡
‖
0
and ‖𝐴𝜃

𝑛+1

𝑡
‖
0
which can be proved by

differentiating (12) with respect to time, using the backward
Euler scheme to discrete the equations and following the
proofs of Lemmas 4 and 5. In the sameway, we can also obtain
the bounds of ‖𝐴𝑢𝑑,𝑛+1

𝑡
‖
0
and ‖𝐴𝜃

𝑑,𝑛+1

𝑡
‖
0
for the decoupled

scheme. Here, we omit these proofs for simplification.

Now, we are in the position of deriving the optimal error
estimate for pressure in 𝐿

∞
(𝐿
2
) norm based on the results

presented in Lemmas 10, 11, and 12.

Theorem 14. Under assumptions (A3)–(A7) for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡] − 1 one has





𝑝(𝑡
𝑛+1

) − 𝑝
𝑛+1



0
≤ 𝐶Δ𝑡. (84)

Proof. We rewrite the first equation of (50) as follows:

−∇𝐸
𝑛+1

𝑝
= 𝑑
𝑡
𝐸
𝑛+1

𝑢
− ]Δ𝐸𝑛+1

𝑢
− 𝑅
𝑛

𝑢
+ 𝑘]2𝑗𝐸𝑛+1

𝜃

+ (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝑢 (𝑡
𝑛+1

) − (𝑢
𝑛+1

⋅ ∇) 𝑢
𝑛+1

.

(85)

Take the inner product of (85) with an arbitrary V ∈ 𝑋 and
use Poincare inequality to obtain





(𝑑
𝑡
𝐸
𝑛+1

𝑢
, V)






≤






𝑑
𝑡
𝐸
𝑛+1

𝑢





0
‖V‖0 ≤ 𝐶

3






𝑑
𝑡
𝐸
𝑛+1

𝑢





0
‖∇V‖0 , (86)






] (Δ𝐸𝑛+1

𝑢
, V)






≤ ]






∇𝐸
𝑛+1

𝑢





0
‖∇V‖0 , (87)





(𝑅
𝑛

𝑢
, V)


≤




𝑅
𝑛

𝑢




0
‖V‖0 ≤ 𝑐Δ𝑡 (∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝑢
𝑡𝑡






2

0
)

1/2

‖∇V‖0 , (88)






𝑘]2 (𝑗𝐸𝑛+1

𝜃
, V)






≤ 𝑘]2






𝐸
𝑛+1

𝜃





0
‖V‖0 ≤ 𝐶

3
𝑘]2






𝐸
𝑛+1

𝜃





0
‖∇V‖0 .

(89)

For the nonlinear terms, use the results provided in Lemma 3
to arrive at






𝑏 (𝐸
𝑛+1

𝑢
, 𝑢 (𝑡
𝑛+1

) , V)





≤ 𝐶
5






𝐸
𝑛+1

𝑢





0





𝐴𝑢 (𝑡
𝑛+1

)



0
‖∇V‖0 ,






𝑏 (𝑢
𝑛+1

, 𝐸
𝑛+1

𝑢
, V)






≤ 𝐶
5






𝐴𝑢
𝑛+1



0






𝐸
𝑛+1

𝑢





0
‖∇V‖0 .

(90)

Thanks to (32), we have






𝐸
𝑛+1

𝑝





0
≤ 𝐶 (𝛽

−1
){






𝑑
𝑡
𝐸
𝑛+1

𝑢





0

+ (






𝐴𝑢
𝑛+1



0
+




𝐴𝑢 (𝑡
𝑛+1

)



0
)






𝐸
𝑛+1

𝑢





0

+ ]





∇𝐸
𝑛+1

𝑢





0
+ 𝑘]2






𝐸
𝑛+1

𝜃





0

+ Δ𝑡 (∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝑢
𝑡𝑡






2

0
𝑑𝑡)

1/2

} .

(91)

With the results obtained in Lemmas 5, 10, 11, and 12, we
complete the proof.

6. Error Estimates of the Decoupled
Numerical Scheme

In this section, we try to establish the optimal error estimates
for the decoupled algorithm (31). We just point out the
differences between the coupled and decoupled numerical
schemes in the following lemmas. In order to simplify the
representation, we denote

𝐸
𝑑,𝑛

𝜙
= 𝜙 (𝑡

𝑛
) − 𝜙
𝑑,𝑛

(𝜙 takes 𝑢, 𝑝, 𝜃) ,

𝑧
𝑛

𝜃
= ∫

𝑡
𝑛+1

𝑡
𝑛

𝜃
𝑡
𝑑𝑠, 𝑧

𝑛

𝑢
= ∫

𝑡
𝑛+1

𝑡
𝑛

𝑢
𝑡
𝑑𝑠.

(92)

Lemma 15. Under assumptions (A3)–(A6), for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡 − 1], one has






𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡,






𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡.

(93)

Proof. By subtracting (29) from (47) we have

𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢

Δ𝑡

− ]Δ𝐸𝑑,𝑛+1
𝑢

+ (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝑢 (𝑡
𝑛+1

)

− (𝑢
𝑑,𝑛

⋅ ∇) 𝑢
𝑑,𝑛+1

+ ∇𝐸
𝑑,𝑛+1

𝑝

= −𝑘]2𝑗𝐸𝑑,𝑛
𝜃

− 𝑘]2𝑗𝑧𝑛
𝜃
+ 𝑅
𝑛

𝑢
,

∇ ⋅ 𝐸
𝑑,𝑛+1

𝑢
= 0,

𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃

Δ𝑡

− 𝜆]Δ𝐸𝑑,𝑛+1
𝜃

+ (𝑢 (𝑡
𝑛+1

) ⋅ ∇) 𝜃 (𝑡
𝑛+1

)

− (𝑢
𝑑,𝑛

⋅ ∇) 𝜃
𝑑,𝑛+1

= 𝑅
𝑛

𝜃
.

(94)
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Taking the inner product of (94) with 2Δ𝑡𝐸
𝑑,𝑛+1

𝑢
, 2Δ𝑡𝐸𝑑,𝑛+1

𝑝
,

and 2Δ𝑡𝐸𝑑,𝑛+1
𝜃

, problem (94) can be transformed into






𝐸
𝑑,𝑛+1

𝑢







2

0
−






𝐸
𝑑,𝑛

𝑢







2

0
+






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

0

+ 2]Δ𝑡





∇𝐸
𝑑,𝑛+1

𝑢







2

0
+ 2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝑢
)

+ 2Δ𝑡𝑏 (𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝑢
)

= −2𝑘]2Δ𝑡 (𝑗𝐸𝑑,𝑛
𝜃
, 𝐸
𝑑,𝑛+1

𝑢
) − 2𝑘]2Δ𝑡 (𝑗𝑧𝑛

𝜃
, 𝐸
𝑑,𝑛+1

𝑢
)

+ 2Δ𝑡 (𝑅
𝑛

𝑢
, 𝐸
𝑑,𝑛+1

𝑢
) ,






𝐸
𝑑,𝑛+1

𝜃







2

0
−






𝐸
𝑑,𝑛

𝜃







2

0
+






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

0

+ 2Δ𝑡𝑏 (𝑧
𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝜃
) + 2𝜆]Δ𝑡






∇𝐸
𝑑,𝑛+1

𝜃







2

0

+ 2Δ𝑡𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝜃
) = 2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐸
𝑑,𝑛+1

𝜃
) .

(95)

Now, we estimate the right-hand side terms of (95) as follows:






−2𝑘]2Δ𝑡 (𝑗𝐸𝑑,𝑛

𝜃
, 𝐸
𝑑,𝑛+1

𝑢
)






≤ 𝑘
2]4Δ𝑡






𝐸
𝑑,𝑛

𝜃







2

0
+ Δ𝑡






𝐸
𝑑,𝑛+1

𝑢







2

0
,






−2𝑘]2Δ𝑡 (𝑗𝑧𝑛

𝜃
, 𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝑘]2Δ𝑡 

𝑧
𝑛

𝜃




0






𝐸
𝑑,𝑛+1

𝑢





0

≤

]Δ𝑡
5






𝐸
𝑑,𝑛+1

𝑢







2

0
+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
𝑑𝑠.

(96)

For the nonlinear term, thanks to Lemma 3, we arrive at






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐸
𝑑,𝑛

𝑢





0





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐸
𝑑,𝑛+1

𝑢





0

≤

5𝐶
2

5

]
Δ𝑡






𝐸
𝑑,𝑛+1

𝑢







2

0





𝐴𝑢(𝑡
𝑛+1

)





2

0
+

]Δ𝑡
5






∇𝐸
𝑑,𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑧

𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝑧
𝑛

𝑢




0





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐸
𝑑,𝑛+1

𝑢





0

≤ 𝐶Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
𝑑𝑡 +

]Δ𝑡
5






∇𝐸
𝑑,𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐸
𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡






𝐸
𝑑,𝑛

𝑢





0





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝐸
𝑑,𝑛+1

𝜃





0

≤

5𝐶
2

6

𝜆]
Δ𝑡






𝐸
𝑑,𝑛

𝑢







2

0





𝐴𝜃(𝑡
𝑛+1

)





2

0
+

𝜆]
5

Δ𝑡






∇𝐸
𝑑,𝑛+1

𝜃







2

0
,






2Δ𝑡𝑏 (𝑧

𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐸
𝑑,𝑛+1

𝜃
)







≤ 2𝐶
5
Δ𝑡





𝑧
𝑛

𝑢




0





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝐸
𝑑,𝑛+1

𝜃





0

≤ 𝐶Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
𝑑𝑡 +

𝜆]Δ𝑡
5






∇𝐸
𝑑,𝑛+1

𝜃







2

0
.

(97)

Combining above inequalities with (52) and (53) and sum-
ming from 𝑛 = 0 to 𝐽 one finds






𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶{Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛

𝑢







2

0
+ Δ𝑡∫

𝑇

0

𝑡




𝜃
𝑡𝑡






2

0
𝑑𝑠

+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑠} ,






𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶{Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛

𝑢







2

0
+ Δ𝑡∫

𝑇

0

𝑡




𝑢
𝑡𝑡






2

0

+ Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛

𝜃







2

0
+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑡} .

(98)

We complete the proof by using Lemma 1 and (22).

Lemma 16. For all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡]−1, under assumptions
(A3)–(A6), one has






𝐸
𝑑,𝐽+1

𝑢







2

𝑉

+

𝑚

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

𝑉

+

]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
,






𝐸
𝑑,𝐽+1

𝜃







2

𝑊

+

𝑚

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

𝑊

+

𝜆]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
.

(99)

Proof. Taking the inner product of (94) with 2Δ𝑡𝐴
−1
𝐸
𝑑,𝑛+1

𝑢

and 2Δ𝑡𝐴−1𝐸𝑑,𝑛+1
𝜃

, using the fact that ∇ ⋅ 𝐸
𝑑,𝑛+1

𝑢
= 0 and the

self-adjointness of 𝐴−1, we get

(𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
) − (𝐸

𝑑,𝑛

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛

𝑢
)

+ (𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢
, 𝐴
−1
(𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢
))

− 2]Δ𝑡 (Δ𝐸𝑑,𝑛+1
𝑢

, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)
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= −2Δ𝑡𝑏 (𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
) + 2Δ𝑡 (𝑅

𝑛

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)

− 2Δ𝑡𝑏 (𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)

− 2Δ𝑡𝑏 (𝐸
𝑑𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)

− 2𝑘]2Δ𝑡 (𝑗𝐸𝑑,𝑛
𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
) − 2𝑘]2Δ𝑡 (𝑗𝑧𝑛

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
) ,

(𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
) − (𝐸

𝑑,𝑛

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛

𝜃
)

+ (𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃
, 𝐴
−1
(𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃
))

− 2𝜆]Δ𝑡 (Δ𝐸𝑑,𝑛+1
𝜃

, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)

= −2Δ𝑡𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
) + 2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)

− 2Δ𝑡𝑏 (𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)

− 2Δ𝑡𝑏 (𝑧
𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
) .

(100)

For the right-hand side terms of (100), we have






−2𝑘]2 (𝑗𝐸𝑑,𝑛

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
) Δ𝑡







≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝜃





𝑊







𝐴
−1
𝐸
𝑑,𝑛+1

𝑢





𝑉

≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝜃





𝑊







𝐸
𝑑,𝑛+1

𝑢





𝑉


≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝜃







2

𝑊

+ 𝐶Δ𝑡






𝐸
𝑑,𝑛+1

𝑢





𝑉

,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)







≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝑢





0





∇𝜃(𝑡
𝑛+1

)



0






𝐴𝐴
−1
𝐸
𝑑,𝑛+1

𝜃





0

≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝑢





0





∇𝜃(𝑡
𝑛+1

)



0






𝐸
𝑑,𝑛+1

𝜃





0

≤ 𝐶Δ𝑡




∇𝜃(𝑡
𝑛+1

)





2

0






𝐸
𝑑,𝑛

𝑢







2

𝑊

+

𝜆]Δ𝑡
2






𝐸
𝑑,𝑛+1

𝜃







2

0
,






𝑏 (𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)







=






𝑏 (𝑢 (𝑡

𝑛
) , 𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)

− 𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)






,






2Δ𝑡𝑏 (𝑢 (𝑡

𝑛
) , 𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)







≤ 𝐶Δ𝑡




𝐴𝑢(𝑡
𝑛
)



0






𝐸
𝑑,𝑛+1

𝜃





0






∇𝐴
−1
𝐸
𝑑,𝑛+1

𝜃





0

≤ 𝐶Δ𝑡




𝐴𝑢(𝑡
𝑛
)



0






𝐸
𝑑,𝑛+1

𝜃





0






𝐸
𝑑,𝑛+1

𝜃





𝑊


≤ 𝐶Δ𝑡




𝐴𝑢(𝑡
𝑛
)





2

0






𝐸
𝑑,𝑛+1

𝜃







2

𝑊

+

𝜆]Δ𝑡
2






𝐸
𝑑,𝑛+1

𝜃







2

0
,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝐸
𝑑,𝑛+1

𝜃
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)







≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝑢





0






∇𝐸
𝑑,𝑛+1

𝜃





0






𝐴𝐴
−1
𝐸
𝑑,𝑛+1

𝜃





0

≤ 𝐶Δ𝑡
3/2 




∇𝐸
𝑑,𝑛+1

𝜃





0






𝐸
𝑑,𝑛+1

𝜃





0

≤ 𝐶 (𝜆]) Δ𝑡2





∇𝐸
𝑑,𝑛+1

𝜃







2

0
+

𝜆]
2

Δ𝑡






𝐸
𝑑,𝑛+1

𝜃







2

0
,






2Δ𝑡𝑏 (𝑧

𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡





𝑧
𝑛

𝑢




0





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝐴
−1
𝐸
𝑑,𝑛+1

𝜃





0

≤ 2𝐶
6
Δ𝑡





𝑧
𝑛

𝑢




0





𝐴𝜃(𝑡
𝑛+1

)



0






𝐸
𝑑,𝑛+1

𝜃





𝑊


≤ 𝐶




𝐴𝜃(𝑡
𝑛+1

)





2

0






𝐸
𝑑,𝑛+1

𝜃







2

𝑊

+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
𝑑𝑡,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)







≤ 𝐶Δ𝑡






𝐸
𝑑,𝑛

𝑢





0





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐴
−1
𝐸
𝑑,𝑛+1

𝑢





0

≤






𝐸
𝑑,𝑛

𝑢





0





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑑,𝑛+1

𝑢





𝑉


≤ 𝐶Δ𝑡




𝐴𝑢(𝑡
𝑛+1

)





2

0






𝐸
𝑑,𝑛+1

𝜃







2

𝑉

+

]Δ𝑡
2






𝐸
𝑑,𝑛

𝑢







2

0
,






𝑏 (𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)







=






𝑏 (𝑢 (𝑡

𝑛
) , 𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)






,






2Δ𝑡𝑏 (𝑢 (𝑡

𝑛
) , 𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝐴𝑢(𝑡
𝑛
)



0






𝐸
𝑑,𝑛+1

𝑢





0






∇𝐴
−1
𝐸
𝑑,𝑛+1

𝑢





0

≤ 2𝐶
5
Δ𝑡





𝐴𝑢(𝑡
𝑛
)



0






𝐸
𝑑,𝑛+1

𝑢





0






𝐸
𝑑,𝑛+1

𝑢





𝑉


≤ 𝐶 (]) Δ𝑡 

𝐴𝑢(𝑡
𝑛
)





2

0






𝐸
𝑑,𝑛+1

𝑢







2

𝑉

+

]Δ𝑡
2






𝐸
𝑑,𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝐸
𝑑,𝑛+1

𝑢
, 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡






𝐸
𝑑,𝑛

𝑢





0






∇𝐸
𝑑,𝑛+1

𝑢





0






𝐴𝐴
−1
𝐸
𝑑,𝑛+1

𝑢





0

≤ 𝐶Δ𝑡
3/2 




∇𝐸
𝑑,𝑛+1

𝑢





0






𝐸
𝑑,𝑛+1

𝑢





0

≤ 𝐶 (]) Δ𝑡2





∇𝐸
𝑑,𝑛+1

𝑢







2

0
+

]Δ𝑡
2






𝐸
𝑑,𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑧

𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴
−1
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝑧
𝑛

𝑢




0





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐴
−1
𝐸
𝑑,𝑛+1

𝑢





0

≤ 2𝐶
5
Δ𝑡





𝑧
𝑛

𝑢




0





𝐴𝑢(𝑡
𝑛+1

)



0






𝐸
𝑑,𝑛+1

𝑢





𝑉


≤ 𝐶




𝐴𝑢(𝑡
𝑛+1

)





2

0






𝐸
𝑑,𝑛+1

𝑢







2

𝑉

+ 𝐶Δ𝑡

2
∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
𝑑𝑡.

(101)
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For the other terms, we can treat them as we have done in
Lemma 9. By combining above inequalities and adding (100)
from 𝑛 = 0 to 𝐽, one finds






𝐸
𝑑,𝐽+1

𝜃







2

𝑊

+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

𝑊

+

𝜆]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶{Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃







2

𝑊

+ Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡






2

𝑊
 𝑑𝑡

+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑡 + Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛

𝑢







2

0





∇𝜃 (𝑡
𝑛+1

)





2

0

+ Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝜃







2

0
Δ𝑡} ,






𝐸
𝑑,𝐽+1

𝑢







2

𝑉

+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

𝑉

+

]Δ𝑡
2

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶{Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢







2

𝑉

+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡






2

𝑉
 𝑑𝑡

+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑡 + Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝑢







2

0
Δ𝑡

+ Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃







2

𝑊

} .

(102)

Applying Lemmas 1, 15 and assumptions (A3)–(A7) we finish
the proof.

Lemma 17. Under conditions (A3)–(A6), for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡] − 1, one has






𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
,






𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
.

(103)

Proof. Taking the inner product of (94) with 2Δ𝑡𝐸
𝑑,𝑛+1

𝑢
and

2Δ𝑡𝐸
𝑑,𝑛+1

𝜃
, using the fact that ∇ ⋅ 𝐸

𝑑,𝑛+1

𝑢
= 0, we obtain

(95). Based on (67), and the estimates presented in Lemma 7.

Taking these inequalities of Lemmas 7 and 9 into (95),
summing (95) from 𝑛 = 0 to 𝐽, we arrive at






𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶{Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛

𝑢







2

0
+ Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡






2

𝑊
 𝑑𝑠

+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑠} ,






𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶{Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛

𝑢







2

0
+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡






2

𝑉
 𝑑𝑠

+ 𝑘
2]4Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃







2

0
+ Δ𝑡
2
∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑠} .

(104)

We obtain the desired results with application of Lemma 1 at
above inequalities.

Lemma 18. Under assumptions (A3)–(A6), for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡] − 1, one has






∇𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢
)







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
,






∇𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃
)







2

0
+ 𝜆]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
.

(105)

Proof. Taking the inner product of (94) with 2Δ𝑡𝐴𝐸𝑑,𝑛+1
𝑢

and
2Δ𝑡𝐴𝐸

𝑑,𝑛+1

𝜃
, using the fact that ∇ ⋅ 𝐸

𝑑,𝑛+1

𝑢
= 0, we get






∇𝐸
𝑑,𝑛+1

𝑢







2

0
−






∇𝐸
𝑑,𝑛

𝑢







2

0
+






∇(𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢
)







2

0

+ 2Δ𝑡𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝑢
) + 2]Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝑢







2

0

+ 2Δ𝑡𝑏 (𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, 𝐴𝐸
𝑑,𝑛+1

𝑢
)

+ 2Δ𝑡𝑏 (𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝑢
)

= −2𝑘]2Δ𝑡 (𝑗𝐸𝑑,𝑛
𝜃
, 𝐴𝐸
𝑑,𝑛+1

𝑢
) − 2𝑘]2Δ𝑡 (𝑗𝑧𝑛

𝜃
, 𝐴𝐸
𝑑,𝑛+1

𝑢
)

+ 2Δ𝑡 (𝑅
𝑛

𝑢
, 𝐴𝐸
𝑑,𝑛+1

𝑢
) ,
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∇𝐸
𝑑,𝑛+1

𝜃







2

0
−






∇𝐸
𝑑,𝑛

𝜃







2

0
+






∇(𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃
)







2

0

+ 2𝜆]Δ𝑡





𝐴𝐸
𝑑,𝑛+1

𝜃







2

0
+ 2Δ𝑡𝑏 (𝑢

𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝐴𝐸
𝑑,𝑛+1

𝜃
)

+ 2Δ𝑡𝑏 (𝑧
𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝜃
)

+ 2Δ𝑡𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝜃
) = 2Δ𝑡 (𝑅

𝑛

𝜃
, 𝐴𝐸
𝑑,𝑛+1

𝜃
) .

(106)

For the trilinear terms, using Lemma 3, we have






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝐸
𝑑,𝑛

𝑢





0






𝐴𝐸
𝑑,𝑛+1

𝜃





0

≤

𝜆]
2

Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝜃







2

0
+

2𝐶
2

6

𝜆]
Δ𝑡





𝐴𝜃(𝑡
𝑛+1

)





2

0






∇𝐸
𝑑,𝑛

𝑢







2

0
,






2Δ𝑡𝑏 (𝑢

𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝐴𝐸
𝑑,𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
2

6






𝐴𝑢
𝑑,𝑛


0






∇𝐸
𝑑,𝑛+1

𝜃





0






𝐴𝐸
𝑑,𝑛+1

𝜃





0

≤

𝜆]
2

Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝜃







2

0
+

2𝐶
2

6

𝜆]
Δ𝑡






𝐴𝑢
𝑑,𝑛




2

0






∇𝐸
𝑑,𝑛+1

𝜃







2

0
,






2Δ𝑡𝑏 (𝑧

𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6





𝐴𝜃(𝑡
𝑛+1

)



0





∇𝑧
𝑛

𝑢




0






𝐴𝐸
𝑑,𝑛+1

𝜃





0

≤

𝜆]
2

Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝜃







2

0

+ 𝐶 (𝜆]) 

𝐴𝜃(𝑡
𝑛+1

)





2

0
Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




∇𝑢
𝑡






2

0
𝑑𝑠,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
5





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝐸
𝑑,𝑛

𝑢





0






𝐴𝐸
𝑑,𝑛+1

𝑢





0

≤

]
4

Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






∇𝐸
𝑑,𝑛

𝑢







2

0
,






2Δ𝑡𝑏 (𝑢

𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, 𝐴𝐸
𝑑,𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
2

5






𝐴𝑢
𝑑,𝑛


0






∇𝐸
𝑑,𝑛+1

𝑢





0






𝐴𝐸
𝑑,𝑛+1

𝑢





0

≤

]
4

Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝑢







2

0
+

4𝐶
2

5

]
Δ𝑡






𝐴𝑢
𝑑,𝑛




2

0






∇𝐸
𝑑,𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑧

𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝐴𝐸
𝑑,𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
5





𝐴𝑢(𝑡
𝑛+1

)



0





∇𝑧
𝑛

𝑢




0






𝐴𝐸
𝑑,𝑛+1

𝑢





0

≤

]
2

Δ𝑡






𝐴𝐸
𝑑,𝑛+1

𝑢







2

0
+ 𝐶 (]) 


𝐴𝑢(𝑡
𝑛+1

)





2

0
Δ𝑡
2
∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




∇𝑢
𝑡






2

0
𝑑𝑠.

(107)

Combining above inequalities with (106) and summing 𝑛

from 0 to 𝐽 we obtain






∇𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑑,𝑛+1

𝜃
− 𝐸
𝑑,𝑛

𝜃
)







2

0
+

𝜆]
2

Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑑,𝑛+1

𝜃







2

0

≤ 𝐶Δ𝑡
2
∫

𝑇

0

(




𝜃
𝑡𝑡






2

0
+




∇𝑢
𝑡






2

0
) 𝑑𝑡

+

2𝐶
2

6

𝜆]
{Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃 (𝑡
𝑛+1

)





2

0






∇𝐸
𝑑,𝑛

𝑢







2

0

+ Δ𝑡

𝑚

∑

𝑛=0





𝐴𝑢
𝑛




2

0






∇𝐸
𝑑,𝑛+1

𝜃







2

0
} ,






∇𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






∇(𝐸
𝑑,𝑛+1

𝑢
− 𝐸
𝑑,𝑛

𝑢
)







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






𝐴𝐸
𝑑,𝑛+1

𝑢







2

0

≤ 𝐶Δ𝑡
2
∫

𝑇

0

(




𝑢
𝑡𝑡






2

0
+




∇𝑢
𝑡






2

0
) 𝑑𝑡 + 𝐶Δ𝑡

𝐽

∑

𝑛=0






𝐸
𝑑,𝑛+1

𝜃







2

0

+

4𝐶
2

5

]
{Δ𝑡

𝐽

∑

𝑛=0






𝐴𝑢
𝑑,𝑛




2

0






∇𝐸
𝑑,𝑛+1

𝑢







2

0

+ Δ𝑡

𝐽

∑

𝑛=0





𝐴𝑢(𝑡
𝑛+1

)





2

0






∇𝐸
𝑑,𝑛

𝑢







2

0
} .

(108)

Thanks to Lemmas 1, 6, and 17 we complete the proof.

Lemma 19. Under assumptions (A3)–(A7), for all 𝐽 =

0, 1, . . . , [𝑇/Δ𝑡] − 1, one has






𝑑
𝑡
𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
− 𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0

+ ]Δ𝑡
𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
≤ 𝐶Δ𝑡

2
,






𝑑
𝑡
𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
− 𝑑
𝑡
𝐸
𝑑,𝑛

𝜃







2

0

+ 𝜆]Δ𝑡
𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0
≤ 𝐶Δ𝑡

2
.

(109)

Proof. From problem (94) we can obtain that for all V ∈ 𝑉

and 𝜓 ∈ 𝑊

(𝑑
𝑡𝑡
𝐸
𝑑,𝑛+1

𝑢
, V) − ] (Δ𝑑

𝑡
𝐸
𝑑,𝑛+1

𝑢
, V)

= (𝑑
𝑡
𝑅
𝑛

𝑢
, V) − 𝑘]2 (𝑗𝑑

𝑡
𝐸
𝑑,𝑛

𝜃
, V) − 𝑏 (𝑑

𝑡
𝐸
𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , V)

− 𝑏 (𝐸
𝑑,𝑛−1

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , V) − 𝑏 (𝑑
𝑡
𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, V)

− 𝑏 (𝑢
𝑑,𝑛−1

, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
, V) − 𝑘]2 (𝑗𝑑

𝑡
𝑧
𝑛

𝜃
, V)
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− 𝑏 (𝑑
𝑡
𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , V) − 𝑏 (𝑧𝑛−1
𝑢

, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , V) ,

(𝑑
𝑡𝑡
𝐸
𝑑,𝑛+1

𝜃
, 𝜓) − 𝜆] (Δ𝑑

𝑡
𝐸
𝑑,𝑛+1

𝜃
, 𝜓)

= (𝑑
𝑡
𝑅
𝑛

𝜃
, 𝜓) − 𝑏 (𝑑

𝑡
𝐸
𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝜓)

− 𝑏 (𝐸
𝑑,𝑛−1

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝜓) − 𝑏 (𝑑
𝑡
𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝜓)

− 𝑏 (𝑢
𝑑,𝑛−1

, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
, 𝜓) − 𝑏 (𝑑

𝑡
𝑧
𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝜓)

− 𝑏 (𝑧
𝑛−1

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝜓) .

(110)

Choosing V = 2Δ𝑡𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
and 𝜓 = 2Δ𝑡𝑑

𝑡
𝐸
𝑑𝑛+1

𝜃
in (110) one

gets






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
−






𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0
+






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
− 𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0

+ ]Δ𝑡





∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0

= 2Δ𝑡 {(𝑑
𝑡
𝑅
𝑛

𝑢
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
) − 𝑘]2 (𝑗𝑑

𝑡
𝐸
𝑑,𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑏 (𝑑
𝑡
𝐸
𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑏 (𝐸
𝑑,𝑛−1

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑏 (𝑑
𝑡
𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑘]2 (𝑗𝑑
𝑡
𝑧
𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑏 (𝑑
𝑡
𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)

− 𝑏 (𝑧
𝑛−1

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)} ,






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0
−






𝑑
𝑡
𝐸
𝑑,𝑛

𝜃







2

0
+






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
− 𝑑
𝑡
𝐸
𝑑,𝑛

𝜃







2

0

+ 2𝜆]Δ𝑡





∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0

= 2Δ𝑡 {(𝑑
𝑡
𝑅
𝑑,𝑛

𝜃
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
) − 𝑏 (𝑑

𝑡
𝐸
𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)

− 𝑏 (𝐸
𝑑,𝑛−1

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)

− 𝑏 (𝑑
𝑡
𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)

− 𝑏 (𝑑
𝑡
𝑧
𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)

− 𝑏 (𝑧
𝑛−1

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)} .

(111)

For the nonlinear terms, thanks to Lemma 3, we deduce that





2Δ𝑡𝑏 (𝑑

𝑡
𝐸
𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
5





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0






𝑑
𝑡
𝐸
𝑑,𝑛

𝑢





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
+ 𝐶Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛−1

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
5





𝐴𝑑
𝑡
𝑢(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0






𝐸
𝑑,𝑛−1

𝑢





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
+ 𝐶Δ𝑡





𝐴𝑢
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0






𝐸
𝑑,𝑛−1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑑

𝑡
𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2Δ𝑡𝐶
5






𝐴𝑑
𝑡
𝑢
𝑑,𝑛


0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0






𝐸
𝑑,𝑛+1

𝑢





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
+ 𝐶Δ𝑡






𝐴𝑢
𝑛−1

𝑡
+ O(Δ𝑡)







2

0






𝐸
𝑑,𝑛+1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑑

𝑡
𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝐴𝑢(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0





𝑑
𝑡
𝑧
𝑛

𝑢




0

≤ 2𝐶
5
Δ𝑡
2 



𝐴𝑢 (𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0






𝑢
𝑡𝑡
(𝑡
𝑛
) + O (Δ𝑡

2
)





0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0

+ 𝐶Δ𝑡
3 



𝑢
𝑡𝑡
(𝑡
𝑛
) + O(Δ𝑡

2
)







2

0





𝐴𝑢(𝑡
𝑛+1

)





2

0
,






2Δ𝑡𝑏 (𝑧

𝑛−1

𝑢
, 𝑑
𝑡
𝑢 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)







≤ 2𝐶
5
Δ𝑡





𝐴𝑑
𝑡
𝑢(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0





𝑧
𝑛

𝑢




0

≤

]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0

+ 𝐶Δ𝑡
2 



𝐴𝑢
𝑡
(𝑡
𝑛
) + O (Δ𝑡)






2

0
∫

𝑡
𝑛−1

𝑡
𝑛−2





𝑢
𝑡






2

0
𝑑𝑡,






2Δ𝑡𝑏 (𝑑

𝑡
𝐸
𝑑,𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑛+1

𝜃





0






𝑑𝑡𝐸
𝑑,𝑛

𝑢





0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0
+ 𝐶Δ𝑡





𝐴𝜃(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0
,






2Δ𝑡𝑏 (𝐸

𝑑,𝑛−1

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6





𝐴𝑑
𝑡
𝜃(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃





0






𝐸
𝑑,𝑛−1

𝑢





0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0
+ 𝐶Δ𝑡





𝐴𝜃
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0






𝐸
𝑑,𝑛−1

𝑢







2

0
,






2Δ𝑡𝑏 (𝑑

𝑡
𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)







≤ 2Δ𝑡𝐶
6






𝐴𝑑
𝑡
𝑢
𝑑,𝑛


0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃





0






𝐸
𝑑,𝑛+1

𝜃





0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0
+ 𝐶Δ𝑡






𝐴𝑢
𝑛−1

𝑡
+ O(Δ𝑡)







2

0






𝐸
𝑑,𝑛+1

𝜃







2

0
,






2𝑘]2Δ𝑡 (𝑗𝑑

𝑡
𝐸
𝑑,𝑛+1

𝜃
, 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
)







≤ 𝑘]2Δ𝑡





𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0
+ 𝑘]2Δ𝑡






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
,
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2Δ𝑡𝑏 (𝑑

𝑡
𝑧
𝑛

𝑢
, 𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡





𝐴𝜃(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃





0





𝑑
𝑡
𝑧
𝑛

𝑢




0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0

+ 𝐶Δ𝑡
3 



𝑢
𝑡𝑡
(𝑡
𝑛
) + O(Δ𝑡

2
)







2

0





𝐴𝜃(𝑡
𝑛+1

)





2

0
,






2Δ𝑡𝑏 (𝑧

𝑛−1

𝑢
, 𝑑
𝑡
𝜃 (𝑡
𝑛+1

) , 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
)







≤ 2𝐶
6
Δ𝑡





𝐴𝑑
𝑡
𝜃(𝑡
𝑛+1

)



0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃





0





𝑧
𝑛

𝑢




0

≤

𝜆]Δ𝑡
4






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0

+ 𝐶Δ𝑡
2 



𝐴𝜃
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0
∫

𝑡
𝑛−1

𝑡
𝑛−2





𝑢
𝑡






2

0
𝑑𝑡.
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Combine above inequalities with (79)-(80) with (111), sum-
ming them from 𝑛 = 0 to 𝐽, to arrive at






𝑑
𝑡
𝐸
𝑑,𝐽+1

𝑢







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
− 𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0
+ ]Δ𝑡

𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0

= 𝐶{Δ𝑡
2
∫

𝑇

0





𝑢
𝑡𝑡𝑡






2

0
𝑑𝑠 + Δ𝑡

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0

+ Δ𝑡

𝐽

∑

𝑛=0





𝐴𝑢(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢







2

0
+ Δ𝑡∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑡

+ Δ𝑡

𝐽

∑

𝑛=0

(




𝐴𝑢
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0

+






𝐴𝑢
𝑑,𝑛−1

𝑡
+ O (Δ𝑡)







2

0
)






𝐸
𝑑,𝑛+1

𝑢







2

0

+ Δ𝑡
2 



𝐴𝑢(𝑡
𝑛+1

)





2

0





𝑢
𝑡𝑡






2

0
} ,






𝑑
𝑡
𝐸
𝑑,𝐽+1

𝜃







2

0
+

𝐽

∑

𝑛=0






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃
− 𝑑
𝑡
𝐸
𝑑,𝑛

𝜃







2

0

+ 𝜆]Δ𝑡
𝐽

∑

𝑛=0






∇𝑑
𝑡
𝐸
𝑑,𝑛+1

𝜃







2

0

= 𝐶{Δ𝑡
2
∫

𝑇

0





𝜃
𝑡𝑡𝑡






2

0
𝑑𝑠 + Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃(𝑡
𝑛+1

)





2

0






𝑑
𝑡
𝐸
𝑑,𝑛

𝑢







2

0

+ Δ𝑡∫

𝑇

0





𝑢
𝑡






2

0
𝑑𝑡 + Δ𝑡

𝐽

∑

𝑛=0





𝐴𝜃
𝑡
(𝑡
𝑛
) + O(Δ𝑡)






2

0






𝐸
𝑑,𝑛−1

𝑢







2

0

+ Δ𝑡

𝐽

∑

𝑛=0






𝐴𝑢
𝑑,𝑛−1

𝑡
+ O(Δ𝑡)







2

0






𝐸
𝑑,𝑛+1

𝜃







2

0
} .

(113)

Thanks to Lemma 1, we obtain the desired results.

Finally, we present the optimal error estimate for pressure
in 𝐿∞(𝐿2) norm based on the results presented in Lemmas 18
and 19.

Theorem 20. For all 𝐽 = 0, 1, . . . , [𝑇/Δ𝑡] − 1, under
assumptions (A3)–(A7), one has

Δ𝑡

𝐽

∑

𝑛=0






𝑝(𝑡
𝑛+1

) − 𝑝
𝑑,𝑛+1





2

0
≤ 𝐶Δ𝑡

2
. (114)

Furthermore, if 𝑢
𝑡
∈ 𝐿
∞
(0, 𝑇;𝑋) and 𝜃

𝑡
∈ 𝐿
∞
(0, 𝑇;𝑊), then






𝑝(𝑡
𝑛+1

) − 𝑝
𝑑,𝑛+1



0
≤ 𝐶Δ𝑡. (115)

Proof. We can rewrite the first equation of problem (94) as

−∇𝐸
𝑑,𝑛+1

𝑝
= 𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢
+ (𝑢 (𝑡

𝑛+1
) ⋅ ∇) 𝑢 (𝑡

𝑛+1
)

− (𝑢
𝑑,𝑛

⋅ ∇) 𝑢
𝑑,𝑛+1

− ]Δ𝐸𝑑,𝑛+1
𝑢

− 𝑅
𝑛

𝑢
+ 𝑘]2𝑗𝐸𝑑,𝑛

𝜃
+ 𝑘]2𝑗𝑧𝑛

𝜃
.

(116)

Take the inner product of (116) with an arbitrary V ∈ 𝑋 and
use Poincare inequality to obtain






𝑘]2 (𝑗𝑧𝑛

𝜃
, V)






≤ 𝑘]2 


𝑧
𝑛

𝜃




0
‖V‖0

≤ 𝐶 (𝑘]) (Δ𝑡∫
𝑡
𝑛+1

𝑡
𝑛





𝜃
𝑡






2

0
𝑑𝑠)

1/2

‖∇V‖0 ,






𝑘]2 (𝑗𝐸𝑛

𝜃
, V)






≤ 𝑘]2 


𝐸
𝑛

𝜃




0
‖V‖0 ≤ 𝑘]2 


𝐸
𝑛

𝜃




0
‖∇V‖0 .

(117)

For the nonlinear terms, use Lemma 3 to arrive at





𝑏 (𝐸
𝑑,𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , V)





≤ 𝐶
5






𝐸
𝑑,𝑛

𝑢





0





𝐴𝑢 (𝑡
𝑛+1

)



0
‖∇V‖0 ,






𝑏 (𝑢
𝑑,𝑛
, 𝐸
𝑑,𝑛+1

𝑢
, V)






≤ 𝐶
5






𝐴𝑢
𝑑,𝑛


0






𝐸
𝑑,𝑛+1

𝑢





0
‖∇V‖0 ,





𝑏 (𝑧
𝑛

𝑢
, 𝑢 (𝑡
𝑛+1

) , V)


≤ 𝐶
5





𝑧
𝑛

𝑢




0





𝐴𝑢(𝑡
𝑛+1

)



0
‖∇V‖0

≤ 𝐶(Δ𝑡∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
𝑑𝑠)

1/2





𝐴𝑢(𝑡
𝑛+1

)



0
‖∇V‖0 .

(118)

Thus, thanks to (32), (86)–(88) and above inequalities, one
finds






𝐸
𝑑,𝑛+1

𝑝





0
≤ 𝐶 (𝛽

−1
){






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0
+ ]






∇𝐸
𝑑,𝑛+1

𝑢





0

+






𝐴𝑢
𝑑,𝑛


0






𝐸
𝑑,𝑛+1

𝑢





0

+




𝐴𝑢 (𝑡
𝑛+1

)



0






𝐸
𝑑,𝑛

𝑢





0
+ 𝑘]2






𝐸
𝑑,𝑛+1

𝜃





0

+ Δ𝑡 (∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝑢
𝑡𝑡






2

0
𝑑𝑡)

1/2

+(Δ𝑡∫

𝑡
𝑛+1

𝑡
𝑛





𝑢
𝑡






2

0
+




𝜃
𝑡






2

0
)

1/2

} .

(119)



Mathematical Problems in Engineering 21

Table 1:The convergence performance and CPU time of the coupled algorithm (3.2) at time 𝑇 = 1.0 with varying time step Δ𝑡 but fixed mesh
ℎ = 1/32.

Δ𝑡 ‖𝑢 − 𝑢
𝑛
‖
0
/‖𝑢‖
0

‖∇(𝑢 − 𝑢
𝑛
)‖
0
/‖∇𝑢‖

0
‖𝑝 − 𝑝

𝑛
‖
0
/‖𝑝‖
0

‖𝜃 − 𝜃
𝑛
‖
0
/‖𝜃‖
0

‖∇(𝜃 − 𝜃
𝑛
)‖
0
/‖∇𝜃‖

0
CPU (S)

0.1 0.000171956 0.0127757 0.00415879 0.000115897 0.0104146 174.829
0.05 0.000162403 0.0127748 0.00416427 0.000107522 0.0104136 270.308
0.025 0.00015784 0.0127745 0.00416706 0.000103686 0.0104134 433.188
0.0125 0.000155623 0.0127744 0.0041685 0.000101859 0.0104133 864.545
0.00625 0.000154529 0.0127744 0.00416949 0.000100969 0.0104133 1626.97

Table 2: The convergence performance and CPU time of the decoupled algorithm (3.6) at time 𝑇 = 1.0 with varying time step Δ𝑡 but fixed
mesh ℎ = 1/32.

Δ𝑡 ‖𝑢 − 𝑢
𝑛
‖
0
/‖𝑢‖
0

‖∇(𝑢 − 𝑢
𝑛
)‖
0
/‖∇𝑢‖

0
‖𝑝 − 𝑝

𝑛
‖
0
/‖𝑝‖
0

‖𝜃 − 𝜃
𝑛
‖
0
/‖𝜃‖
0

‖∇(𝜃 − 𝜃
𝑛
)‖
0
/‖∇𝜃‖

0
CPU (S)

0.1 0.000148351 0.0127747 0.00424037 0.000115877 0.0104146 103.932
0.05 0.000150406 0.0127744 0.00419557 0.000107511 0.0104136 167.195
0.025 0.00015181 0.0127744 0.00418087 0.000103673 0.0104134 310.22
0.0125 0.000152594 0.0127744 0.0041747 0.00010185 0.0104133 658.11
0.00625 0.000153011 0.0127744 0.00417207 0.000100964 0.0104133 1121.69

Squaring (119) and summing it from 𝑛 = 0 to 𝐽, with the
results obtained in Lemmas 6, 18, and 19, we obtain the
desired result.

Furthermore, under the assumptions of 𝑢
𝑡
∈ 𝐿
∞
(0, 𝑇;𝑋)

and 𝜃
𝑡
∈ 𝐿
∞
(0, 𝑇;𝑊), (119) can be transformed into






𝐸
𝑑,𝑛+1

𝑝





0
≤ 𝐶 (𝛽

−1
) {






𝑑
𝑡
𝐸
𝑑,𝑛+1

𝑢





0

+ ]





∇𝐸
𝑑,𝑛+1

𝑢





0
+






𝐴𝑢
𝑑,𝑛


0






𝐸
𝑑,𝑛+1

𝑢





0

+




𝐴𝑢 (𝑡
𝑛+1

)



0






𝐸
𝑑,𝑛

𝑢





0
+ 𝑘]2






𝐸
𝑑,𝑛+1

𝜃





0

+ Δ𝑡 (∫

𝑡
𝑛+1

𝑡
𝑛

𝑡




𝑢
𝑡𝑡






2

0
𝑑𝑡)

1/2

+ Δ𝑡 (




𝑢
𝑡






2

0
+




𝜃
𝑡






2

0
)} .

(120)

With the help of Lemmas 6, 18, and 19, we obtain the optimal
error estimate for pressure in 𝐿∞(𝐿2) norm.

7. Numerical Experiments

In order to gain insights into the established convergence
results in Sections 5 and 6, we present some numerical tests
in this section. Our main interest is to verify and compare
the performances of the coupled and decoupled algorithms
(28) and (31). In all experiments, the time-dependent natural
convection problem is defined on a convex domain Ω =

[0, 1] × [0, 1]. The mesh consists of triangular elements that
are obtained by dividing Ω into subsquares of equal size and
then drawing the diagonal in each subsquare. The model
parameters ], 𝑘, and 𝜆 are simply set to 1. We fix the mesh
size ℎ = 1/32 and use the MINI element which satisfies
the discrete inf-sup condition to approximate the velocity 𝑢

and pressure 𝑝 and the linear polynomial to approximate the
temperature 𝜃.Theboundary and initial conditions and right-
hand side functions 𝑓 and 𝑔 are selected such that the exact
solutions are given by

𝑢
1
= 10𝑥

2
(𝑥 − 1)

2
𝑦 (𝑦 − 1) (2𝑦 − 1) cos (𝑡) ,

𝑢
2
= − 10𝑥 (𝑥 − 1) (2𝑥 − 1) 𝑦

2
(𝑦 − 1)

2 cos (𝑡) ,

𝑝 = 10 (2𝑥 − 1) (2𝑦 − 1) cos (𝑡) ,

𝜃 = 10𝑥
2
(𝑥 − 1)

2
𝑦 (𝑦 − 1) (2𝑦 − 1) cos (𝑡)

− 10𝑥 (𝑥 − 1) (2𝑥 − 1) 𝑦
2
(𝑦 − 1)

2 cos (𝑡) ,

(121)

where the components of 𝑢 are denoted by (𝑢
1
, 𝑢
2
) for conve-

nience.
Firstly, we compare the errors and CPU times for the

coupled and decoupled numerical schemes with varying time
step Δ𝑡. From Tables 1 and 2, we can see that two kinds of
numerical schemes almost get the same accuracy, but the
decoupled scheme (31) spends much less CPU time than the
coupled scheme (28). In other words, the decoupled scheme
is comparable with the coupled scheme but cheaper andmore
efficient.

Secondly, we focus on examining the orders of conver-
gence of the coupled and decoupled numerical schemes with
respect to the time step. Following [6], we introduce a more
accurate approach to examine the orders of convergence with
respect to the time step Δ𝑡 due to the approximation errors
O(Δ𝑡𝛾). For example, assuming

VΔ𝑡 ≈ V (𝑥, 𝑡
𝑛
) + 𝐶 (𝑥, 𝑡

𝑛
) Δ𝑡
𝛾
, (122)
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Table 3: Convergence orders of the coupled algorithm (28) at time 𝑇 = 1.0 with varying time step Δ𝑡 but fixed mesh ℎ = 1/32.

Δ𝑡 ‖𝑢
𝑛,Δ𝑡

− 𝑢
𝑛,Δ𝑡/2

‖
0

𝜌
𝑢,Δ𝑡,0

‖𝑢
𝑛,Δ𝑡

− 𝑢
𝑛,Δ𝑡/2

‖
1

𝜌
𝑢,Δ𝑡,1

‖𝑝
𝑛,Δ𝑡

− 𝑝
𝑛,Δ𝑡/2

‖
0

𝜌
𝑝,Δ𝑡,0

0.1 1.09819𝑒 − 005 2.06348 7.97307𝑒 − 005 2.06314 2.09931𝑒 − 005 2.0025
0.05 5.32202𝑒 − 006 2.04257 3.86453𝑒 − 005 2.03837 1.04834𝑒 − 005 1.64187
0.025 2.60556𝑒 − 006 2.01799 1.89589𝑒 − 005 1.91156 6.38507𝑒 − 006 0.618958
0.0125 1.29116𝑒 − 006 9.91804𝑒 − 006 1.03158𝑒 − 005

Δ𝑡 ‖𝜃
𝑛,Δ𝑡

− 𝜃
𝑛,Δ𝑡/2

‖
0

𝜌
𝜃,Δ𝑡,0

‖𝜃
𝑛,Δ𝑡

− 𝜃
𝑛,Δ𝑡/2

‖
1

𝜌
𝜃,Δ𝑡,1

0.1 1.14663𝑒 − 005 2.06739 8.10132𝑒 − 005 2.06742
0.05 5.54628𝑒 − 006 2.03617 3.91857𝑒 − 005 2.03617
0.025 2.72388𝑒 − 006 2.01728 1.92448𝑒 − 005 2.01729
0.0125 1.35028𝑒 − 006 9.53992𝑒 − 006

Table 4: Convergence orders of the decoupled algorithm (31) at time 𝑇 = 1.0 with varying time step Δ𝑡 but fixed mesh ℎ = 1/32.

Δ𝑡 ‖𝑢
𝑑,𝑛,Δ𝑡

− 𝑢
𝑑,𝑛,Δ𝑡/2

‖
0

𝜌
𝑢,Δ𝑡,0

‖𝑢
𝑑,𝑛,Δ𝑡

− 𝑢
𝑑,𝑛,Δ𝑡/2

‖
1

𝜌
𝑢,Δ𝑡,1

‖𝑝
𝑑,𝑛,Δ𝑡

− 𝑝
𝑑,𝑛,Δ𝑡/2

‖
0

𝜌
𝑝,Δ𝑡,0

0.1 4.44724𝑒 − 006 1.72372 5.735𝑒 − 005 2.42956 0.000276178 2.22171
0.05 2.58002𝑒 − 006 1.88641 2.36051𝑒 − 005 1.91411 0.000124308 1.95476
0.025 1.36769𝑒 − 006 1.9327 1.23322𝑒 − 005 1.93498 6.35925𝑒 − 005 2.00686
0.0125 7.07654𝑒 − 007 6.37328𝑒 − 006 3.16876𝑒 − 005

Δ𝑡 ‖𝜃
𝑑,𝑛,Δ𝑡

− 𝜃
𝑑,𝑛,Δ𝑡/2

‖
0

𝜌
𝜃,Δ𝑡,0

‖𝜃
𝑑,𝑛,Δ𝑡

− 𝜃
𝑑,𝑛,Δ𝑡/2

‖
1

𝜌
𝜃,Δ𝑡,1

0.1 1.14672𝑒 − 005 2.06806 8.10194𝑒 − 005 2.06807
0.05 5.54493𝑒 − 006 2.03505 3.91763𝑒 − 005 2.03508
0.025 2.72472𝑒 − 006 2.01706 1.92505𝑒 − 005 2.01679
0.0125 1.35084𝑒 − 006 9.54514𝑒 − 006

thus we have

𝜌V,Δ𝑡,𝑗 =






VΔ𝑡(𝑥, 𝑡

𝑛
) − VΔ𝑡/2(𝑥, 𝑡

𝑛
)





𝑗





VΔ𝑡/2(𝑥, 𝑡

𝑛
) − VΔ𝑡/4(𝑥, 𝑡

𝑛
)



𝑗

≈

4
𝛾
− 2
𝛾

2
𝛾
− 1

. (123)

Here, V can take 𝑢, 𝑝, 𝜃 and 𝑗 can be 0 or 1. While 𝜌V,Δ𝑡,𝑗
approach 4.0 or 2.0, the convergence order will be 2.0 or 1.0,
respectively.

In Tables 3 and 4, we present the convergence orders with
the fixed spacing ℎ = 1/32 and varying time steps Δ𝑡 =

0.1, 0.05, 0.025, 0.0125. From these results, we can see that
the decoupled scheme almost gets the same accuracy with
the coupled scheme. For the numerical solutions 𝑢𝑛 and 𝜃

𝑛

of the coupled scheme (28), we can get the optimal orders of
convergence; for the pressure 𝑝𝑛, the results are undesired. In
contrast, the results in Table 4 strongly suggest that the orders
of convergence in time areO(Δ𝑡), which implies that the error
estimates for the 𝐿2-norm and 𝐻

1-norm of 𝑢𝑑,𝑛, 𝑝𝑑,𝑛, and
𝜃
𝑑,𝑛 in the decoupled algorithm (31) are optimal. Our numer-
ical results confirm the established theoretical analysis very
well.
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