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Pricing decisions of two complementary products in a fuzzy environment are considered in this paper. The purpose of this paper
is to analyze the changes of the optimal retail pricing of two complementary products under two different decentralized decision
scenarios (e.g., Nash game case and Stackelberg game case). As a reference model, the centralized pricing model is also established.
The closed-form optimal pricing decisions of the two complementary products are obtained in the above three decision scenarios.
Some interesting management insights into how pricing decisions vary with decision scenarios are given.

1. Introduction
Pricing plays an important role for a product because the
long run survival of this product depends upon the firm’s
ability to increase its sales and obtain the maximum profit
from the existing and new capital investment on this product.
Furthermore, customers will inevitably apply price as a clue
to form their attitude about a product if they lack complete
information [1]. The price can be considered as one of the
major factors for customers to purchase a product. Consequently, managers in the companies face the problem of
establishing a pricing strategy that maximizes the profit over
the sales horizon under various situations of price elasticity
[2].
In the last several years, a considerable amount of research
has studied the optimal pricing problem. Among these
studies, some results are established by considering a single
product or substitutable products. For example, Cai et al. [3]
evaluated the impact of price discount contracts and pricing
schemes on the dual-channel supply chain competition. Chiu
et al. [4] used game theory to study some strategic actions for
retailers to fight a price war. Tang and Yin [5] developed a base
model with deterministic demand to examine how a retailer
determines the order quantity and the retail price of two

substitutable products jointly under the fixed and variable
pricing strategies. Choi [6] studied the pricing decisions for
fashion retailers with multiple information updating. Xia [7]
studied competition between two coexisting suppliers in a
two-echelon supply chain, where each supplier offers one type
of the two substitutable products to multiple buyers.
On the other hand, some results are established by considering complementary products (products are complementary
if a reduction in the price of one leads to an increase in
demand for the other, which are the opposite of substitutable
products). For example, Yue et al. [8] considered a market
where customers need to buy two complementary goods as
mixed bundle, offered by two separate firms. They presented
a profit maximization model to obtain optimal strategies
for a firm making decisions under information asymmetry.
Mukhopadhyay et al. [9] showed that information sharing
would benefit the leader firm but hurt the follower firm as
well as the total system if the follower firm shares information
unconditionally by considering a duopoly market where
two separate firms offer complementary goods in a leaderfollower type move. The case of complementary products
arises when customers have to buy more than one product
at the same time to get the full utility of the goods [8]. Some
complementary products are perfect complement because
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one product has to be consumed with another product,
for example, a computer and an operating system, a left
shoe and a right, pencils and erasers, DVD players and
DVDs. Moreover, some complementary products are not
perfect complement in that each product could be used
separately, like a washer and a dryer. Pricing decisions for
complementary products are not the same as it is for the
more traditional products because one firm’s pricing decision
would affect the other firm’s market performance and vice
versa.
In fact, in order to make pricing schemes more effective,
the uncertainties that happen in the real world cannot be
neglected. Those uncertainties are usually associated with the
product supply, the customer demand, and so on. There is
an abundant literature that describes uncertainty in demand
and/or lead time using probability distributions with known
parameters, for example, Khan et al. [10], Zhang et al. [11],
Guan and Zhao [12], and so forth. However, in many cases
where there is little or no historical data available to the
decision maker, perhaps due to recent changes in the supply
chain, probability distribution may simply not be available
or may not be easily or accurately estimated [13]. Moreover,
other critical supply chain parameters, in particular the
various costs that impact the system, are often ill-defined
and may vary from time to time [14]. All of these situations
raise challenges for using traditional supply chain models in
practice [15].
In these situations, the uncertainty parameters can be
approximately estimated by manager’s judgements, intuitions, and experience and can be characterized as fuzzy
variables [16]. Some researchers have already adopted fuzzy
set theory to depict uncertainty in establishing the pricing
model. For example, Zhao et al. [14] studied the pricing
problem of substitutable products in a supply chain with
one manufacturer and two competitive retailers. Zhou et al.
[17] focused on the pricing problem of a single product with
fuzzy customer demands. Sadjadi et al. [18] proposed a new
possibilistic model which makes it easy to build the overall
model based on experts’ opinions. The proposed model is
formulated in fuzzy geometric programming and the fuzzy
decision is made using the recent advances in optimization
techniques.
However, as far as we know, no research has considered
the pricing problem of complementary products in a fuzzy
supply chain environment. In this paper, we consider the
pricing decisions of two complementary products in a fuzzy
environment. The fuzziness is associated with the manufacturing costs and customer demands that are sensitive to the
retail prices of two complementary products. The closedform optimal pricing decisions of the two complementary
products under two different decentralized decision scenarios (e.g., Nash game case and Stackelberg game case) are
established. As a reference model, the centralized pricing
model is also considered and the corresponding closed-form
optimal pricing decisions of the two complementary products
are also given. Some interesting management insights into
how pricing decisions vary with decision scenarios are given.
The rest of the paper is organized as follows. Section 2
gives the problem description and notations. Section 3 details
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our key analytical results. Numerical studies are given in
Section 4. Some concluding comments are presented in
Section 5.

2. Problem Description
Consider a supply chain of two complementary products with
two manufacturers (labeled manufacturer 1 and manufacturer 2). The manufacturer 𝑖 produces a product 𝑖 with unit
manufacturing cost 𝑐̃𝑖 and sells it to the consumer with unit
retail price 𝑝𝑖 , 𝑖 = 1, 2. We assume that products 1 and 2 are
functionally complementary products with each other and
there are three groups of consumers in the market. Group
1 buys product 1 only. Group 2 buys both products 1 and
2, while group 3 buys product 2 only. We also assume that
there is no price discrimination among the three consumer
groups and all activities occur in a single period. The two
manufacturers must make their pricing decisions in order to
achieve their own maximal profits, respectively, and behave
as if they have perfect information of the demands and the
cost structures of other manufacturer.
Similar to Mukhopadhyay et al. [9], we assume that the
demand of product 1 from group 1 is expressed as
𝑎 − 𝛽̃1 𝑝1 ;
𝐷11 (𝑝1 ) = 𝛽̃

(1)

the demand of product 2 from group 3 is given as
𝐷23 (𝑝2 ) = 𝛾̃
𝑎 − 𝛽̃2 𝑝2 ;

(2)

the demand of products 1 and 2 from group 2 are defined as,
respectively,
𝐷12 (𝑝1 , 𝑝2 ) = 𝑎̃ − 𝛽̃11 𝑝1 − 𝛽̃12 𝑝2 ,
𝐷22 (𝑝1 , 𝑝2 ) = 𝑎̃ − 𝛽̃22 𝑝2 − 𝛽̃21 𝑝1 ,

(3)

where the parameter 𝑎̃ denotes the primary demand of
product 1/product 2 from group 2, namely, when both retail
prices 𝑝1 and 𝑝2 are zero, the demand for product 1 is the same
as that for product 2 and is equal to 𝑎̃, 𝛽̃
𝑎 denotes the primary
demand of product 1 from group 1, and 𝛾̃
𝑎 denotes the
primary demand of product 2 from group 3, where 0 < 𝛽 < 1,
0 < 𝛾 < 1. The parameters 𝛽̃1 , 𝛽̃2 , 𝛽̃11 , 𝛽̃12 , 𝛽̃21 , and 𝛽̃22 are all
price elasticities and the parameter 𝛽̃1 denotes the measure of
the responsiveness of product 1’s market demand from group
1 to its own retail price; the parameter 𝛽̃2 denotes the measure
of the responsiveness of product 2’s market demand from
group 3 to its own retail price; the parameter 𝛽̃11 denotes the
measure of the responsiveness of product 1’s market demand
from group 2 to its own retail price; the parameter 𝛽̃22 denotes
the measure of the responsiveness of product 2’s market
demand from group 2 to its own retail price; the parameter
𝛽̃12 denotes the measure of the responsiveness of products 1’s
market demand from group 2 to products 2’s retail price; and
the parameter 𝛽̃21 denotes the measure of the responsiveness
of products 2’s market demand from group 2 to products
1’s retail price. We assume that parameters ̃c1 , ̃c2 , ã, 𝛽̃1 , 𝛽̃2 ,
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𝛽̃11 , 𝛽̃12 , 𝛽̃21 , and 𝛽̃22 are all independent nonnegative fuzzy
variables and the expected values 𝐸[𝛽̃11 ], 𝐸[𝛽̃12 ], 𝐸[𝛽̃22 ], and
𝐸[𝛽̃21 ] satisfy 𝐸[𝛽̃11 ] > 𝐸[𝛽̃12 ] > 0 and 𝐸[𝛽̃22 ] > 𝐸[𝛽̃21 ] > 0,
which means that the expected demand of product 1 (or 2)
from group 2 is more sensitive to the changes in its own price
than to the changes in the price of its complementary product
2 (or 1). This assumption is reasonable in reality.
The total demand for product 1 (denoted as 𝐷1 (𝑝1 , 𝑝2 )) is
the sum of its demands from three groups and is given as
𝐷1 (𝑝1 , 𝑝2 ) = (1 + 𝛽) 𝑎̃ − (𝛽̃1 + 𝛽̃11 ) 𝑝1 − 𝛽̃12 𝑝2 .

Proposition 1. In the centralized pricing case, the optimal
∗
∗
and 𝑝𝑐2
, resp.,) of the two
retail prices (denoted as 𝑝𝑐1
complementary products are given as
∗
=
𝑝𝑐1
∗
𝑝𝑐2

𝐴 2𝐴 5 − 𝐴 1𝐴 4
,
𝐴25 − 𝐴 3 𝐴 4

𝐴 𝐴 − 𝐴 2𝐴 3
= 12 5
,
𝐴 5 − 𝐴 3𝐴 4

(9)

(4)

Similarly, the total demand for product 2 (denoted as
𝐷2 (𝑝1 , 𝑝2 )) is the sum of its demands from three groups and
is given as
𝐷2 (𝑝1 , 𝑝2 ) = (1 + 𝛾) 𝑎̃ − (𝛽̃2 + 𝛽̃22 ) 𝑝2 − 𝛽̃21 𝑝1 .

(5)

The profits of manufacturer 1 (denoted as 𝜋𝑚1 (𝑝1 , 𝑝2 ))
and manufacturer 2 (denoted as 𝜋𝑚2 (𝑝1 , 𝑝2 )) can be
expressed as follows, respectively:
𝜋𝑚1 (𝑝1 , 𝑝2 ) = (𝑝1 − 𝑐̃1 ) 𝐷1 (𝑝1 , 𝑝2 )

where
𝐴 1 = (1 + 𝛽) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐1 𝛽̃1 ] + 𝐸 [̃𝑐1 𝛽̃11 ] + 𝐸 [̃𝑐2 𝛽̃21 ] ,
𝐴 2 = (1 + 𝛾) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ] + 𝐸 [̃𝑐1 𝛽̃12 ] ,
𝐴 3 = 2 (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) ,

𝐴 4 = 2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) ,

𝐴 5 = (𝐸 [𝛽̃12 ] + 𝐸 [𝛽̃21 ]) .
(10)

= (𝑝1 − 𝑐̃1 ) ((1 + 𝛽) 𝑎̃ − (𝛽̃1 + 𝛽̃11 ) 𝑝1 − 𝛽̃12 𝑝2 ) ,
𝜋𝑚2 (𝑝1 , 𝑝2 ) = (𝑝2 − 𝑐̃2 ) 𝐷2 (𝑝1 , 𝑝2 )
= (𝑝2 − 𝑐̃2 ) ((1 + 𝛾) 𝑎̃ − (𝛽̃2 + 𝛽̃22 ) 𝑝2 − 𝛽̃21 𝑝1 ) .
(6)
The total profit (denoted as 𝜋𝑐 (𝑝1 , 𝑝2 )) of manufacturer 1
and manufacturer 2 can be described as

Proof. Using (7), the expected total profit 𝐸[𝜋𝑐 (𝑝1 , 𝑝2 )] of
manufacturer 1 and manufacturer 2 can be given as
𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )] = (1 + 𝛽) 𝐸 [̃
𝑎] 𝑝1 − (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) 𝑝12
− 𝐸 [𝛽̃12 ] 𝑝1 𝑝2 + 𝐸 [̃𝑐1 𝛽̃12 ] 𝑝2

𝜋𝑐 (𝑝1 , 𝑝2 ) = 𝜋𝑚1 (𝑝1 , 𝑝2 ) + 𝜋𝑚2 (𝑝1 , 𝑝2 )
= (𝑝1 − 𝑐̃1 ) ((1 + 𝛽) 𝑎̃ − (𝛽̃1 + 𝛽̃11 ) 𝑝1 − 𝛽̃12 𝑝2 )
+ (𝑝2 − 𝑐̃2 ) ((1 + 𝛾) 𝑎̃ − (𝛽̃2 + 𝛽̃22 ) 𝑝2 − 𝛽̃21 𝑝1 ) .
(7)

−

1+𝛽 1 𝑈 𝐿 𝐿 𝑈
∫ (̃𝑐1𝛼 𝑎̃𝛼 + 𝑐̃1𝛼 𝑎̃𝛼 ) 𝑑𝛼
2
0

+ (𝐸 [̃𝑐1 𝛽̃1 ] + 𝐸 [̃𝑐1 𝛽̃11 ]) 𝑝1
+ (1 + 𝛾) 𝐸 [̃
𝑎] 𝑝2

3. Analytical Results
3.1. Centralized Pricing Model (CD Model). As a benchmark
to evaluate pricing decisions under different decision cases,
we first examine the centralized pricing model (namely,
assume that there is one entity who aims to optimize the
total profit of manufacturer 1 and manufacturer 2). The two
manufacturers’ pricing decisions are fully coordinated in this
case.
According to the above description, we know that the
objective of the centralized pricing case is to maximize the
expected total profit of manufacturer 1 and manufacturer 2,
which can be denoted as
max 𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )]
𝑝1 ,𝑝2

= max 𝐸 [(𝑝1 − 𝑐̃1 ) ((1 + 𝛽) 𝑎̃ − (𝛽̃1 + 𝛽̃11 ) 𝑝1 − 𝛽̃12 𝑝2 )
𝑝1 ,𝑝2

+(𝑝2 − 𝑐̃2 ) ((1 + 𝛾) 𝑎̃ −(𝛽̃2 + 𝛽̃22 ) 𝑝2 − 𝛽̃21 𝑝1 )] .
(8)

−

1+𝛾 1 𝑈 𝐿 𝐿 𝑈
∫ (̃𝑐2𝛼 𝑎̃𝛼 + 𝑐̃2𝛼 𝑎̃𝛼 ) 𝑑𝛼
2
0

− (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) 𝑝22 + 𝐸 [̃𝑐2 𝛽̃21 ] 𝑝1
− 𝐸 [𝛽̃21 ] 𝑝1 𝑝2 + (𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ]) 𝑝2 .
(11)
The first and second order partial derivatives of 𝜋𝑐 (𝑝1 , 𝑝2 )
to 𝑝1 and 𝑝2 can be shown as
𝜕𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) 𝑝1
𝜕𝑝1
− (𝐸 [𝛽̃12 ] + 𝐸 [𝛽̃21 ]) 𝑝2 + (1 + 𝛽) 𝐸 [̃
𝑎]
+ 𝐸 [̃𝑐1 𝛽̃1 ] + 𝐸 [̃𝑐1 𝛽̃11 ] + 𝐸 [̃𝑐2 𝛽̃21 ] ,
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𝜕𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) 𝑝2
𝜕𝑝2

where

− (𝐸 [𝛽̃12 ] + 𝐸 [𝛽̃21 ]) 𝑝1 + (1 + 𝛾) 𝐸 [̃
𝑎]
+ 𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ] + 𝐸 [̃𝑐1 𝛽̃12 ] ,
(12)

𝜕 𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) ,
𝜕𝑝22

− 𝐸 [𝛽̃12 ] 𝑝1 𝑝2 + 𝐸 [̃𝑐1 𝛽̃12 ] 𝑝2

= − (𝐸 [𝛽̃12 ] + 𝐸 [𝛽̃21 ]) .
(13)
With (13), we can see that the expected profit 𝐸[𝜋𝑐 (𝑝1 ,
𝑝2 )] is jointly concave in 𝑝1 and 𝑝2 . Equation (9) can be
easily obtained by setting (12) to zero and solving them
simultaneously, so Proposition 1 is proven.
3.2. Decentralized Pricing Models. In this section, we assume
that the two manufacturers are independent with each other
in the supply chain system. They make their own decision
with the objective to maximize their own expected profit.
The game-theoretical approach is used to analyze the pricing
decision models established in the following. The assumption
regarding which firm possesses the bargaining power in the
supply chain system can influence how the pricing models are
solved.
3.2.1. Pricing Model in Nash Game (NG Model). The NG
model represents a market in which there are relatively
small to medium-sized manufacturers. The two manufacturers have the identical market power; they determine their
strategies independently and simultaneously. Because manufacturer 1 cannot dominate the market over manufacturer 2,
his price decision is conditioned on the retail price of product
2. On the contrary, manufacturer 2 must make his own retail
price, simultaneously, conditional on the product 1’s retail
price. This situation is called a Nash game and the solution
to this structure is the Nash equilibrium. Therefore, we have
the following results expressed in Proposition 2.
Proposition 2. In Nash game case, the two manufacturers’
∗
∗
and 𝑝𝑛2
, resp.,) are
optimal retail prices (denoted as 𝑝𝑛1
𝐸 [𝛽̃12 ] 𝐵3 − 𝐵1 𝐵4
=
,
𝐸 [𝛽̃ ] 𝐸 [𝛽̃ ] − 𝐵 𝐵

∗
=
𝑝𝑛2

2 4

𝐸 [𝛽̃21 ] 𝐵1 − 𝐵2 𝐵3
,
𝐸 [𝛽̃ ] 𝐸 [𝛽̃ ] − 𝐵 𝐵
12

21

2 4

(15)

𝐸 [𝜋𝑚1 (𝑝1 , 𝑝2 )] = (1 + 𝛽) 𝐸 [̃
𝑎] 𝑝1 − (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) 𝑝12

𝜕2 𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )] 𝜕2 𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )]
=
𝜕𝑝1 𝜕𝑝2
𝜕𝑝2 𝜕𝑝1

21

𝐵3 = (1 + 𝛾) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ] ,

Proof. Using (6), the expected total profits 𝐸[𝜋𝑚1 (𝑝1 , 𝑝2 )] of
manufacturer 1 and 𝐸[𝜋𝑚2 (𝑝1 , 𝑝2 )] of manufacturer 2 can be
given as, respectively,

2

12

𝐵2 = 2 (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) ,

𝐵4 = 2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) .

𝜕2 𝐸 [𝜋𝑐 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) ,
𝜕𝑝12

∗
𝑝𝑛1

𝑎] + 𝐸 [̃𝑐1 𝛽̃1 ] + 𝐸 [̃𝑐1 𝛽̃11 ] ,
𝐵1 = (1 + 𝛽) 𝐸 [̃

(14)

−

1+𝛽 1 𝑈 𝐿 𝐿 𝑈
∫ (̃𝑐1𝛼 𝑎̃𝛼 + 𝑐̃1𝛼 𝑎̃𝛼 ) 𝑑𝛼
2
0

+ (𝐸 [̃𝑐1 𝛽̃1 ] + 𝐸 [̃𝑐1 𝛽̃11 ]) 𝑝1 ,
(16)
𝐸 [𝜋𝑚2 (𝑝1 , 𝑝2 )] = (1 + 𝛾) 𝐸 [̃
𝑎] 𝑝2 − (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) 𝑝22
− 𝐸 [𝛽̃21 ] 𝑝1 𝑝2 + 𝐸 [̃𝑐2 𝛽̃21 ] 𝑝1
−

1+𝛾 1 𝑈 𝐿 𝐿 𝑈
∫ (̃𝑐2𝛼 𝑎̃𝛼 + 𝑐̃2𝛼 𝑎̃𝛼 ) 𝑑𝛼
2
0

+ (𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ]) 𝑝2 .
(17)
The first and second order derivatives of 𝐸[𝜋𝑚1 (𝑝1 , 𝑝2 )]
to 𝑝1 and 𝐸[𝜋𝑚2 (𝑝1 , 𝑝2 )] to 𝑝2 can be shown as
𝜕𝐸 [𝜋𝑚1 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) 𝑝1 − 𝐸 [𝛽̃12 ] 𝑝2
𝜕𝑝1
+ (1 + 𝛽) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐1 𝛽̃1 ] + 𝐸 [̃𝑐1 𝛽̃11 ] ,
(18)
𝜕𝐸 [𝜋𝑚2 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ]) 𝑝2 − 𝐸 [𝛽̃21 ] 𝑝1
𝜕𝑝2
+ (1 + 𝛾) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ] ,
(19)
𝜕2 𝐸 [𝜋𝑚1 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃1 ] + 𝐸 [𝛽̃11 ]) < 0,
𝜕𝑝12

(20)

𝜕2 𝐸 [𝜋𝑚2 (𝑝1 , 𝑝2 )]
= − 2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃12 ]) < 0.
𝜕𝑝22

(21)

With (20) and (21), we know that the expected profits
𝐸[𝜋𝑚1 (𝑝1 , 𝑝2 )] is concave in 𝑝1 and 𝐸[𝜋𝑚2 (𝑝1 , 𝑝2 )] is concave
in 𝑝2 .
By setting (18) and (19) equal to zero and solving for
∗
and
𝑝1 and 𝑝2 simultaneously, the optimal retail prices 𝑝𝑛1
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∗
𝑝𝑛2
expressed as in (14) can be obtained, so Proposition 2 is
proven.

3.2.2. Pricing Model in Stackelberg Game (SG Model). The SG
model arises in a market where one manufacturer’s size is
smaller compared to the other manufacturers. So, the two
manufacturers have different market powers, they determine
their strategies independently and sequentially. Variation in
the bargaining power can create one of the following two
scenarios besides the above Nash game: (1) manufacturer 1
lead Stackelberg game, manufacturer 1 holds more bargaining
power than manufacturer 2 and thus is the Stackelberg leader
and (2) Manufacturer 2 lead Stackelberg game, manufacturer
2 holds more bargaining power than manufacturer 1 and thus
is the Stackelberg leader. Without loss of generality, in this
section, we assume that manufacturer 1 acts as the Stackelberg
leader and manufacturer 2 acts as the Stackelberg follower.
When manufacturer 1 acts as the Stackelberg leader and
manufacturer 2 acts as the Stackelberg follower. Manufacturer
1 first announces the retail price of the product 1. Having the
information about the decision of manufacturer 1, manufacturer 2 would then use it to maximize his expected profit. So,
we have the following result given as in Proposition 3.
Proposition 3. When the two manufacturers play Stackelberg
game and manufacturer 1 is the game leader, manufacturer 2’s
optimal retail price (denoted as 𝑝𝑠2 (𝑝1 )), given earlier decision
made by manufacturer 1 is 𝑝1 , is
𝑝𝑠2 (𝑝1 ) = 𝐹1 − 𝐹2 𝑝1 ,

(22)

Proof. It follows from (16) and (22) that the first order and
second order derivatives of 𝐸[𝜋𝑚1 (𝑝1 , 𝑝2 )] to 𝑝1 can be shown
as
𝜕𝐸 [𝜋𝑚1 (𝑝1 , 𝑝2 )]
𝜕𝑝1
= − (2𝐸 [𝛽̃1 ] + 2𝐸 [𝛽̃11 ] − 2𝐸 [𝛽̃12 ] 𝐹2 ) 𝑝1

(25)

+ (1 + 𝛽) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐1 𝛽̃1 ]
+ 𝐸 [̃𝑐1 𝛽̃11 ] − 𝐸 [̃𝑐1 𝛽̃12 ] 𝐹2 − 𝐸 [𝛽̃12 ] 𝐹1 ,
𝜕2 𝐸 [𝜋𝑚1 (𝑝1 , 𝑝2 )]
= −𝐹4 < 0.
𝜕𝑝12

(26)

Using (26), we know that 𝐸[𝜋𝑚1 (𝑝1 , 𝑝2 )] is concave in 𝑝1 .
Setting (25) to zero and solving it, we can easily have (24), so
Proposition 4 is proven.
Proposition 5. When the two manufacturers play Stackelberg
game and manufacturer 1 is the game leader, manufacturer 2’s
∗
) is
optimal retail price (denoted as 𝑝𝑠2
∗
= 𝐹1 −
𝑝𝑠2

𝐹2 𝐹3
,
𝐹4

(27)

where 𝐹1 , 𝐹2 , 𝐹3 , and 𝐹4 are defined as in Propositions 3 and 4.
Proof. By Propositions 3 and 4, we can easily see that
Proposition 5 holds.

4. Numerical Studies

where
(1 + 𝛾) 𝐸 [̃
𝑎] + 𝐸 [̃𝑐2 𝛽̃2 ] + 𝐸 [̃𝑐2 𝛽̃22 ]
,
𝐹1 =
2 (𝐸 [𝛽̃ ] + 𝐸 [𝛽̃ ])
2

22

𝐸 [𝛽̃21 ]
.
𝐹2 =
2 (𝐸 [𝛽̃2 ] + 𝐸 [𝛽̃22 ])

(23)

Proof. Using (21), we know that the expected profit
𝐸[𝜋𝑚1 (𝑝1 , 𝑝2 )] is concave in 𝑝1 for given 𝑝2 . Setting
(19) to zero and solving it, we can easily have (22), so
Proposition 3 is proven.
Proposition 4. When the two manufacturers play Stackelberg
game and manufacturer 1 is the game leader, manufacturer 1’s
∗
) is given as
optimal retail price (denoted as 𝑝𝑠1
∗
=
𝑝𝑠1

𝐹3
,
𝐹4

(24)

where 𝐹3 = (1 + 𝛽)𝐸[̃
𝑎] + 𝐸[̃𝑐1 𝛽̃1 ] + 𝐸[̃𝑐1 𝛽̃11 ] − 𝐸[̃𝑐1 𝛽̃12 ]𝐹2 −
̃
̃
𝐸[𝛽12 ]𝐹1 , 𝐹4 = 2𝐸[𝛽1 ] + 2𝐸[𝛽̃11 ] + 2𝐸[𝛽̃12 ]𝐹2 , and 𝐹1 , 𝐹2 are
given as in Proposition 3.

Because the optimal pricing strategy obtained in this paper
is in a very complicated form, especially the 𝛼-optimistic
value and 𝛼-pessimistic value of fuzzy variable contained in
the results, we have to use numerical examples to compare
the results obtained from the above three different decision
scenarios and to study the behavior of firms facing changing
environment. Although in the following only a particular
set of data is reported, we actually have conducted some
computational experiments from which similar observations
have been obtained.
In this section, we compare the analytical results obtained
from the above three different decision scenarios using
numerical approach and study the behavior of the two firms
facing changing decision environment. Using the analytical
results obtained from the above three different decision
scenarios, we can easily see that the expressions of the optimal
retail prices and maximum expected profits under different
decision scenarios.
Here, we consider two manufacturers of a consumer
electronics manufacturing industry in China, the data used
in the following numerical example are from them, which
satisfies or closely satisfies the assumptions of this paper.
These data have been appropriately manipulated, for example,
standardization and non-dimensionalization, before being
employed, which satisfies or closely complies with certain
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assumptions of this research. We think these data can represent the real-world condition as closely as possible due to
the difficulty of accessing the actual industry data.
The relationship between linguistic expressions and triangular fuzzy variables for manufacturing cost, primary
demand, and price elasticity are often determined by experts’
experiences, as shown in Table 1.
Consider the case where the manufacturing costs 𝑐̃1 and
𝑐̃2 are high (̃𝑐1 is about 8, 𝑐̃2 is about 16), the primary demand
𝑎̃ is large (̃
𝑎 is about 850), price elasticities 𝛽̃1 , 𝛽̃2 , 𝛽̃11 , 𝛽̃12 ,
̃
̃
𝛽21 , and 𝛽22 are all sensitive (𝛽̃1 is about 6, 𝛽̃2 is about 7, 𝛽̃11 is
about 9, 𝛽̃12 is about 7, 𝛽̃21 is about 6, and 𝛽̃22 is about 8), and
𝛽 = 0.6, 𝛾 = 0.7. Using Table 1, 𝑐̃1 = (6, 8, 9), 𝑐̃2 = (14, 16, 19),
𝑎̃ = (650, 850, 950), 𝛽̃1 = (3, 6, 8), 𝛽̃2 = (5, 7, 9), 𝛽̃11 =
(6, 9, 11), 𝛽̃12 = (5, 7, 8), 𝛽̃21 = (4, 6, 8), and 𝛽̃22 = (7, 8, 9)
are all triangular fuzzy variables. By using Definition 7 [19],
the expected values are
𝐸 [̃𝑐1 ] =

6+2×8+9
= 7.75,
4

𝐸 [̃𝑐2 ] =

14 + 2 × 16 + 19
= 16.25,
4

𝐸 [̃
𝑎] =

650 + 2 × 850 + 950
= 825,
4

3+2×6+8
𝐸 [𝛽̃1 ] =
= 5.75,
4
5+2×7+9
𝐸 [𝛽̃2 ] =
= 7,
4

(28)

6 + 2 × 9 + 11
𝐸 [𝛽̃11 ] =
= 8.75,
4
𝐸 [𝛽̃12 ] =

5+2×7+9
= 7,
4

𝐸 [𝛽̃21 ] =

4+2×6+8
= 6,
4

It follows from Definition 5 [19] that the 𝛼-optimistic value
and 𝛼-pessimistic value of 𝑐̃1 , 𝑐̃2 , 𝑎̃, 𝛽̃1 , 𝛽̃2 , 𝛽̃11 , 𝛽̃12 , 𝛽̃21 , and
𝛽̃22 are, respectively,

𝐿
𝛽̃1𝛼
= 6 + 3𝛼,
𝐿
𝛽̃12𝛼
= 5 + 2𝛼,
𝑈
= 9 − 𝛼,
𝑐̃1𝛼
𝑈
𝛽̃1𝛼
= 8 − 2𝛼,
𝑈
𝛽̃12𝛼
= 9 − 2𝛼,

𝐿
𝑐̃2𝛼
= 14 + 2𝛼,
𝐿
𝛽̃2𝛼
= 5 + 2𝛼,
𝐿
𝛽̃21𝛼
= 4 + 2𝛼,
𝑈
𝑐̃2𝛼
= 19 − 3𝛼,
𝑈
𝛽̃2𝛼
= 9 − 2𝛼,
𝑈
𝛽̃21𝛼
= 8 − 2𝛼,

Linguistic expression
High (about 8)
Medium (about 5)
Low (about 2)
High (about 16)
Manufacturing cost 𝑐̃2
Medium (about 9)
Low (about 4)
Large (about 850)
Primary demand 𝑎̃
Small (about 300)
Very sensitive (about 11)
̃
Price elasticity 𝛽1
Sensitive (about 6)
Very sensitive (about 10)
̃
Price elasticity 𝛽2
Sensitive (about 7)
Very sensitive (about 14)
̃
Price elasticity 𝛽11
Sensitive (about 9)
Very sensitive (about 10)
̃
Price elasticity 𝛽12
Sensitive (about 7)
Very sensitive (about 9)
̃
Price elasticity 𝛽21
Sensitive (about 6)
Very sensitive (about 11)
Price elasticity 𝛽̃22
Sensitive (about 8)
Manufacturing cost 𝑐̃1

Triangular fuzzy
variable
(6, 8, 9)
(4, 5, 6)
(1, 2, 4)
(14, 16, 19)
(7, 9, 13)
(2, 4, 6)
(650, 850, 950)
(200, 300, 350)
(9, 11, 13)
(3, 6, 8)
(8, 10, 11)
(5, 7, 9)
(12, 14, 16)
(6, 9, 11)
(8, 10, 11)
(5, 7, 8)
(7, 9, 12)
(4, 6, 8)
(8, 11, 14)
(7, 8, 9)

Using Lemmas 3 and 4 [19], we have 𝐸[̃𝑐1 𝛽̃1 ] = 56.3333,
𝐸[̃𝑐1 𝛽̃11 ] = 69.0833, 𝐸[̃𝑐1 𝛽̃12 ] = 55.2500, 𝐸[̃𝑐1 𝛽̃21 ] = 47.5000,
𝐸[̃𝑐1 𝛽̃22 ] = 62.5000, 𝐸[̃𝑐2 𝛽̃2 ] = 115.4167, 𝐸[̃𝑐2 𝛽̃11 ] =
144.2500, 𝐸[̃𝑐2 𝛽̃12 ] = 115.4167, 𝐸[̃𝑐2 𝛽̃21 ] = 99.1667,
1
𝐸[̃𝑐 𝛽̃ ] = 130.8333, (1/2) ∫ (̃𝑐𝑈 𝑎̃𝐿 + 𝑐̃𝐿 𝑎̃𝑈)𝑑𝛼 = 6320.8,
2 22

1

0

1𝛼 𝛼

1𝛼 𝛼

𝑈 𝐿
𝐿 𝑈
and (1/2) ∫0 (̃𝑐2𝛼
𝑎̃𝛼 + 𝑐̃2𝛼
𝑎̃𝛼 )𝑑𝛼 = 13279. Using the analytical
results obtained in this paper, the corresponding numerical
results are tabulated in Tables 2 and 3, respectively.

Discussions. From Tables 2 and 3, we can have the following
results.

7+2×8+9
𝐸 [𝛽̃22 ] =
= 8.
4

𝐿
= 6 + 2𝛼,
𝑐̃1𝛼

Table 1: Relation between linguistic expression and triangular fuzzy
variable.

𝑎̃𝛼𝐿 = 650 + 200𝛼,
𝐿
𝛽̃11𝛼
= 6 + 3𝛼,
𝐿
𝛽̃22𝛼
= 7 + 𝛼,

𝑎̃𝛼𝑈 = 950 − 100𝛼,
𝑈
𝛽̃11𝛼
= 11 − 2𝛼,
𝑈
𝛽̃22𝛼
= 9 − 𝛼.
(29)

(1) The expected profit of the whole supply chain in CD
model is the biggest one among the three pricing
models, and the expected profit of the whole supply
chain in NG model is the bigger one between the
two decentralized pricing models. Moreover, both
manufacturer 1 and manufacturer 2 achieve their own
higher expected profits in NG model followed by SG
model. This indicates that the NG game involving two
manufacturers is more beneficial to the whole supply
chain than their Stackelberg game; similarly, the NG
game involving two manufacturers is more beneficial
to each manufacturer than their Stackelberg game.
From which one can see that the leader does not have
the advantage to achieve higher expected profit in SG
model, the whole supply chain and each manufacturer
are better off when no channel member in a dominant
position. This means that the leadership between the
two manufacturers reduces profits of the whole supply
chain and each manufacturer.
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Table 2: The optimal expected profits under different decision cases.
Scenario
CD model
NG model
SG model

𝐸[𝜋𝑐 ]
370580
26494
25292

𝐸[𝜋𝑚1 ]

𝐸[𝜋𝑚2 ]

13915
13297

12580
11995

Table 3: Optimal decisions of retail prices under different decision
cases.
Scenario
CD model
NG model
SG model

𝑝1∗
116.2764
38.4315
33.0081

𝑝2∗
41.8494
47.2720
48.3567

(2) Table 3 tells us that the complementary product 1
achieve the highest retail price in CD model followed
by NG model and achieves the lowest retail price in
SG model. This seems counter-intuitive and needs our
further exploration in the future. On the other hand,
the complementary product 2 achieve the highest
retail price in SG model followed by NG model and
achieves the lowest retail price in CD model, which is
consistent with our intuitions.

5. Some Concluding Comments
We analyze the pricing decisions for two complementary
products under three different decision cases. As a benchmark to evaluate channel decision in different decision cases,
we first develop the pricing model in centralized decision
case and derive the optimal retail prices. We then establish
the pricing models in two decentralized decision cases (e.g.,
NG model and SG model) and give the optimal retail prices.
Finally, we provide comparison of the expected profits and
optimal pricing decisions of the whole supply chain and each
supply chain members. Some interesting insights into the
economic behavior of firms are established in this paper.
However, our results are based upon some assumptions
about the pricing models of complementary products. Thus,
several extensions to the analysis in this paper are possible.
First, this paper considers a case with linear-demand function
in a single-period, one can study the case with other forms
of demand function in multiple periods. Second, we assumed
that both the two manufacturers have symmetric information
about costs and demands. So, an extension would be to
consider the supply chain with information asymmetry, such
as asymmetry in cost information and demand information.
Third, we can also consider the coordination of the supply
chain under linear or isoelastic demand with symmetric and
asymmetric information.

Appendix
Preliminary on Fuzzy Set
For the preliminary on fuzzy set used in this paper, see
Appendix 1 in [14].
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