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The effect of the random drift on the evolutionary prisoner’s dilemma game is studied on regular lattices. A new evolutionary rule
is proposed, which stochastically combines the deterministic rule with the random drift rule. It is found that the random drift has
an effect on the evolutionary dynamics depending on the values of the temptation-to-defect 𝑏 and the probability 𝑝 of the random
drift. When the random drift occurs with low probabilities, which interests us more, a phenomenon of the Matthew effect on the
evolution of cooperation is found. Explanations of this phenomenon are deduced through the analysis on the dynamics and pattern
formations of the PDG system.

1. Introduction

Since the introduction of evolutionary game theory by Smith
and Price [1, 2], one of the important issues is to understand
the emergence and evolution of cooperation [3–6]. Among
the many games, the most studied example is the prisoner’s
dilemma game (PDG), as it provides a simple example of
the difficulties of cooperation [7–10]. The standard PDG is
described by the following set of rules. When two players
play a PDG, each of them can choose to cooperate (C) or
defect (D). Each player will gain a payoff depending jointly on
his choice and the opponent’s choice. A cooperator receives
𝑅 when playing with a cooperator and 𝑆 when playing with
a defector while a defector earns 𝑃 when playing with a
defector, and 𝑇 against a cooperator, with 𝑇 > 𝑅 > 𝑃 > 𝑆.
Given this payoff ordering, in a well-mixed (unstructured)
population where each agent interacts with all other agents
(or a representative sample of the population composition),
defectors are fitter and thus the fraction of cooperators
asymptotically vanishes.

However, cooperation is widespread in many biological,
social, and economic systems [11, 12]. One of the proposed
mechanisms to explain this phenomenon is network reci-
procity [13, 14]. For example, early pioneering work on the

PDG in two-dimensional square lattices made the observa-
tion that, unlike in unstructured populations, cooperators
and defectors can coexist in the lattice indefinitely [15, 16].
Simply said, the clustering of cooperators in the lattice could
provide high enough fitness to the cooperator nodes exposed
to invasion, to the extent of preserving cooperators from
evolutionary extinction, even when defection is favoured by
the one-shot (two-players) game analysis [17]. A recent and
powerful approach to studying such questions is provided by
evolutionary graph theory [18].

All the gamemodels incorporate some kind of evolution-
ary dynamics, which also play a crucial role in the results.
As for [15, 16], the well-known promotion of cooperation
enforced by spatial lattices is linked to a particular best-takes-
over update rule, in which each individual node plays with its
immediate neighbours each time step accumulating a payoff;
then it updates its strategy by imitating the one of the highest
payoff in its neighbourhood, including itself.

The best-takes-over update rule is a nonstochastic imita-
tion strategy. However, for real dynamical systems, external
disturbances or system errors are generally inevitable. There-
fore, it is worth considering the dependence of the promotion
of cooperation on the evolutionary rules and its robustness
against perturbations. Indeed, previouswork has pursued this
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Figure 1: The frequency of cooperators, 𝜌
𝑐
, as a function of the

temptation-to-defect 𝑏 in an evolutionary PDG on both 20 ∗ 20 and
100 ∗ 100 regular 8-neighbored lattices with periodic boundary
conditions.

enquiry [19–21], replacing the deterministic update strategy
with some stochastic imitative rules, finding greatly reduced
cooperation levels.

In these gamemodels, players are viewed as rational, who
update their strategy by copying, within certain constraints,
the strategy of those others that are doing better, or in game
theoretical terms that are obtaining higher payoffs from the
game. Then, what difference will be there in the evolution
of cooperation if players occasionally behave irrationally,
updating strategy with no concern of their payoffs. In this
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Figure 2: The frequency of cooperators as a function of the proba-
bility 𝑝 in an evolutionary PDG on 20 ∗ 20 and 100 ∗ 100 regular
8-neighbored lattices with periodic boundary conditions.

paper, we will explore this problem by combining the best-
takes-over rule with the random drift reproduction rule in
the prisoner’s dilemma game.

2. The Model

We study the PDGwith pure strategies: the players can either
defect (D) or cooperate (C).The same as in [15, 16], players are
disposed on two-dimensional square lattices, and each player
interacts only with its nearest neighbors and collects profits
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Figure 3:The dynamics of the PDG system with or without the influence of the random drift on a 20 ∗ 20 regular lattice. The temptation-to-
defect is 𝑏 = 1.65. All the simulations start from the same random initial configuration.

depending on the payoff parameters. Following common
studies, the PDG is rescaled such that it depends on a single
parameter; that is, the parameters are chosen to be 𝑅 = 1,
𝑃 = 𝑆 = 0, and𝑇 = 𝑏, representing the advantage of defectors
over cooperators (or the temptation-to-defect). After each
round, the players are allowed to inspect their neighbors’
payoffs and, according to the comparison, determine their
strategies to adopt in the next round. Two alternative update
rules determining the transformation of each player’s strategy
are described below.

(I) Best-takes-over: in each generation, an individual
node imitates the strategy of one of its neighbors
(including the node itself) that received the highest
payoff in the last round. The best-takes-over rule is a
deterministic rule according to which the individual
with the highest gain in a given neighborhood repro-
duces with certainty.

(II) Random drift: whenever an individual node 𝑖 is
updated, one neighbor 𝑗 is drawn at random among
all its neighbors (including node 𝑖 itself), and node 𝑖
imitates the strategy of node 𝑗 with certainty regard-
less of the payoff of node 𝑖 or 𝑗 in the last round.
Thus, for the random drift update rule, reproduction
ability or fitness is not correlated with payoff but is
correlated with the proportion of one strategy in the
neighborhood.

To investigate how the random drift affects evolutionary
games, we propose a new evolutionary rule which stochasti-
cally combines the deterministic rule with the random drift
rule. A parameter of probability 𝑝 ∈ [0, 1] is used in the

choosing of the two alternative rules. That is, in each genera-
tion, an individual node updates its strategy by the best-takes-
over rule with probability 1 − 𝑝 and by the random drift rule
with probability 𝑝.

Our simulations are carried out on the regular 8-neigh-
bored square lattices. Initially, the cooperative and defective
strategies are randomly distributed among the players with
equal probability 1/2. A synchronous updating scheme is
adopted. Equilibrium frequencies of cooperators are obtained
by averaging over 1000 generations after a transient time of
50000 generations. Each data point results from an average
over 100 realizations of the initial conditions.

3. Results and Discussion

Figure 1 shows the varying frequency of cooperation versus
temptation-to-defect 𝑏 on 20∗20 and 100∗100 regular lattice,
respectively. 𝜌

𝑐
represents the density of cooperators. The

randomdrift update rule is employed with different probabil-
ities 𝑝, where 𝑝 = 0 means the pure deterministic imitative
dynamics. As shown in Figure 1, the randomdrift has obvious
influence on the evolution of cooperation. Moreover, the
influence depends on the value of the parameter 𝑏.

Despite the huge gap of the two lattices in size, the sim-
ulation results are qualitatively similar. In the following, we
mainly analyze the results on the 20∗20 lattice as an example.
Based on the different influence of the randomdrift, the range
of parameter 𝑏 can be roughly divided into three regions.The
first region is the small value region 𝑏 ∈ (1, 1.35). In this
parameter region, the phenomenon of stochastic resonance
is observed. For small temptation-to-defect 𝑏, the frequency
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Figure 4: The pattern formation of the PDG system without the influence of the random drift on a 20 ∗ 20 regular lattice. The temptation-
to-defect is 𝑏 = 1.65. Color code: cooperators blue, defectors red.

of cooperation is high under the pure best-takes-over mech-
anism. However, it is still raised when the random drift is
applied with small probabilities, even to an all-C state. The
second parameter region is the moderate value region 𝑏 ∈
(1.35, 1.57). In this region, whether the random drift favours
cooperation depends on the value of the probability 𝑝. When
the random drift update rule is applied with probability 𝑝 =
1%, the density of cooperators is higher than the one with
the pure deterministic rule. However, when the probability
rises to 𝑝 = 10%, the frequency of cooperation decreases
lower than the deterministic one. 𝑏 ∈ (1.57, 2.2) is the large
parameter region. In this region, the evolutionary survival
of cooperators is hindered by the random drift update rule.
In particular, the parameter region 𝑏 ∈ (1.8, 2) is worth of
more attention. It is the chaotic parameter region under
the deterministic mechanism, where the cooperators and
defectors can coexist indefinitely; see [16] for details. As the
random drift is applied, the chaotic evolution of the dynamic
system is broken down, leading to an all-D state.

To have a more clear knowledge of the influence of the
randomdrift on the evolution of cooperation, the variation of
𝜌
𝑐
as a function of the probability 𝑝 is given in Figure 2.

Because of the qualitatively similarity, we still focus on
the results of the 20 ∗ 20 lattice. The three values of the
temptation-to-defect 𝑏 are from the three parameter regions
mentioned above. As shown in Figure 2, for all the three val-
ues of 𝑏, the randomdrift is not favourable to themaintenance
of cooperation when the probability 𝑝 is large enough. In
particular, an all-D state prevails to form a flat valley in each
of the three curves. When 𝑝 reaches 100%, the equilibrium
frequency of cooperation fluctuates around the original fre-
quency (50%). It is because, in this situation, the PDG evolves
entirely under the random drift mechanism, for which
payoffs of nodes do not count and the chance of survival for
cooperators and defectors are equal. In the case 𝑏 = 1.65, the
frequency of cooperation decreases monotonously with the
increasing probability 𝑝 of the random drift. In the case 𝑏 =
1.2 or 𝑏 = 1.4, where 𝑏 is relatively small, an earlier raised and
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Figure 5:The pattern formation of the PDG system with the influence of the random drift on a 20∗ 20 regular lattice. 𝑏 = 1.65 and 𝑝 = 10%.
Color code: cooperators blue, defectors red.
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Figure 6:The dynamics of the PDG system with or without the influence of the random drift on a 20 ∗ 20 regular lattice. The temptation-to-
defect is 𝑏 = 1.2. All the simulations start from the same random initial configuration.

later decreased frequency of cooperation is found. Similar
results are found on the 100 ∗ 100 lattice.

Thus, in fact, the random drift has an influence on the
evolutionary PDG depending on the values of the tempta-
tion-to-defect 𝑏 and the probability 𝑝. When 𝑝 is high, which
means that the random drift occurs frequently, it tends to

depress cooperation for all values of 𝑏.When the randomdrift
occurs only with low probabilities, which interests us more,
a conclusion can be drawn as follows: when the temptation
for players to defect is relatively small, with cooperators
prevailing in the original PDG, the applied random drift
tends to further enhance cooperation; under the opposite
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Figure 7: The pattern formation of the PDG system without the influence of the random drift on a 20 ∗ 20 regular lattice. The temptation-
to-defect is 𝑏 = 1.2. Color code: cooperators blue, defectors red.

conditions which is cooperation unfavourable, the random
drift tends to further depress cooperation. In other words,
for the cases with small 𝑝, the effect of the random drift on
the evolution of cooperation is the so-called Matthew effect,
which makes the rich richer.

How come this kind of Matthew effect arises when the
random drift is applied to the deterministic imitative mech-
anism with small probability? The dynamics and the pattern
formation of the PDG system may shed light on the explana-
tion.

Setting 𝑏 = 1.65 and starting from the same initial distri-
bution of cooperators, Figure 3 displays the dynamics of the
PDG system with and without the influence of the random
drift on the 20 ∗ 20 lattice. Under the pure deterministic
imitation mechanism, the system settles at a period 2 oscil-
lator after a short-term fluctuation as shown in Figure 3(a).
In Figure 3(b), when the random drift update rule is applied
with a probability 𝑝 = 10%, the cooperation is obviously
suppressed and the system soon converges to an all-D state.

The corresponding pattern formations of the above two
evolutionary processes are displayed in Figures 4 and 5,
respectively. Figure 4(a) shows the initial pattern formation
of the PDG system, in which cooperators and defectors
randomly distributed in the lattice with equal probability. At
the second time generation, the density of cooperators drops
dramatically due to the high temptation to defectors. After
that, the frequency of cooperators grows up gradually for the
reason that the square shapedC-clusters can survive and even
grow in this region of parameter 𝑏, as displayed in Figures

4(b)–4(f). At last, the system regularly switches between
two different pattern formations as shown in Figures 4(g)–
4(i), corresponding to the period 2 oscillator in Figure 3(a).
As for Figure 5, although starting from the same initial
configuration, cooperators vanish soon. From Figure 5(b) to
Figure 5(c), one node (node (7, 17)) of a 2×2 square shapedC-
cluster turns to a defector due to the effect of the randomdrift,
which leads to the breakdown of the entire square shaped C-
cluster and eventually to the extermination of all cooperators.

The dynamics of the PDG system with temptation-to-
defect 𝑏 = 1.2 is displayed in Figure 6. Under the deter-
ministic imitative mechanism, the dynamical system quickly
settles at a period 2 oscillator with a high average equilibrium
frequency of cooperators.When the randomdrift update rule
is employed with a probability 𝑝 = 1%, the phenomenon of
intermittent period oscillations appears in the dynamics,
where the period oscillators become unstable due to the
influence of the randomness. Finally, the system reaches an
all-C state.

Figures 7 and 8 illustrate the dynamics of Figure 6 with
pattern formations. As shown in Figures 7(c)–7(f), for the
small value of 𝑏, defectors can only survive and remain stable
in straight or oblique lines. At the same time, as shown at
the bottom-left parts of Figures 7(c)–7(f), a single defector
(1𝐷) will grow to form a 3 × 3 square shaped 𝐷-cluster (9𝐷)
and then return to a single defector (1𝐷) in the next time
generation, which explains the period 2 oscillation of the
dynamical system in Figure 7. However, when the random
drift is applied with probability 𝑝 = 1%, both the stable lines
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Figure 8: The pattern formation of the PDG system with the influence of the random drift on a 20 ∗ 20 regular lattice. 𝑏 = 1.2 and 𝑝 = 1%.
Color code: cooperators blue, defectors red.

and the 1𝐷 → 9𝐷 → 1𝐷 oscillators of defectors can be
violated by the randomness, resulting in the enhancement of
cooperators.

At the beginning, the two systems have similar pattern
formations as shown in Figures 7(a)–7(c) and Figures 8(a)–
8(c). Figures 8(d)–8(f) show a process of the breakdown of a
line shaped 𝐷-cluster. In Figure 8(d), node (13, 10) and node

(14, 10) form a line shaped 𝐷-cluster, which is stable under
the deterministicmechanism.Due to the randomdrift update
strategy, node (13, 11), a neighbour of this line shaped 𝐷-
cluster, turns from a cooperator to a defector. Then an arrow
shaped𝐷-cluster is formed in Figure 8(e), which is vulnerable
under the deterministic imitativemechanism and eaten up by
cooperators as shown in Figure 8(f). Figures 8(g)–8(l) display
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the vanishing of a 1𝐷 → 9𝐷 → 1𝐷 oscillator of defectors.
In Figures 8(g)–8(i), a 1𝐷 → 9𝐷 → 1𝐷 oscillator of
defectors is shown at the upper center. In Figure 8(j), affected
by the randomness, the square shaped 𝐷-cluster turns to a
line shaped 𝐷-cluster with two defectors instead of a single
defector, which terminates the 1𝐷 → 9𝐷 → 1𝐷 oscillation
of defectors. After that, the line shaped 𝐷-cluster remains
stable for several time generations until it turns to an arrow
shaped𝐷-cluster and vanishes in the next time generation as
shown in Figures 8(k)–8(l).

Now we are ready to explain the Matthew effect of the
random drift on the evolutionary PDG. Despite the popula-
tion of its opponent, some particular shaped C-clusters and
𝐷-clusters can survive and maintain under the determinis-
tic imitative mechanism. However, these equilibrium states
strictly depend on the shapes of these clusters and thus are
vulnerable to disturbance. The randomness brought by the
employed random drift update rule can change the shapes of
these clusters, leading to the breakdown of these clusters and
the phenomenon of the Matthew effect.

4. Conclusions

Evolutionary dynamics are affected by population structure
and update rules. Spatial or network structure facilitates the
clustering of strategies, which represents amechanism for the
evolution of cooperation. However, whether the evolutionary
dynamics is robust to disturbance deserves further studies. In
this paper, the problem is explored by combining the deter-
ministic imitative rule with the random drift reproduction
rule in the prisoner’s dilemma game on regular lattices. It
is found that the employed random drift has an effect on
the evolutionary dynamics depending on the values of the
temptation-to-defect 𝑏 and the probability 𝑝. We are more
interested in the cases where the random drift occurs only
with lowprobabilities.Then, the randomdrift has an apparent
Matthew effect on the evolution of cooperation: when the
temptation for players to defect is relatively small, with
cooperators prevailing in the original PDG, the applied
random drift tends to further enhance the frequency of
cooperators; under the opposite conditions which is cooper-
ation unfavourable, the random drift tends to further depress
cooperation. Analysis on the dynamics and pattern formation
of the PDG system implies that the advantage brought by the
clustering of strategies is diluted by the random drift, leading
to the phenomenon of the Matthew effect.
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