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We investigate a slow diffusion equation with nonlocal source and inner absorption subject to homogeneous Dirichlet boundary
condition or homogeneous Neumann boundary condition. Based on an auxiliary function method and a differential inequality
technique, lower bounds for the blow-up time are given if the blow-up occurs in finite time.

1. Introduction

Our main interest lies in the following slow diffusion equation
with nonlocal source term and inner absorption term:
(x,t) € A% (0,t7), (1)

u, = A" +uf J uldx - ku’,
Q

u(x,0)=uy(x) >0, x¢ Q, (2)

subject to homogeneous Dirichlet boundary condition

u=0, (x,t) € 0Q x (0,t7), (3a)

or homogeneous Neumann boundary condition

du

=0, (x,t) € 0Q x (0,t7), (3b)
ov

where O ¢ R” is a bounded domain with smooth boundary
0Q, Q is the closure of Q, m > Lp=0,g>0,s>1L,p+g>
max {m, s}, k > 0, vis the unit outer normal vector on 0Q), and
t* is the possible blow-up time. By the maximum principle,
it follows that u(x,t) > 0 in the time interval of existence.
In the present investigation we derive a lower bound for the
blow-up time t* when Q ¢ R for the solutions that blow up.

Equation (1) describes the slow diffusion of concentration
of some Newtonian fluids through porous medium or the
density of some biological species in many physical phenom-
ena and biological species theories. It has been known that

the nonlocal source term presents a more realistic model for
population dynamics; see [1-3]. In the nonlinear diffusion
theory, there exist obvious differences among the situations
of slow (m > 1), fast (0 < m < 1), and linear im = 1)
diffusions. For example, there is a finite speed propagation
in the slow and linear diffusion situation, whereas an infinite
speed propagation exists in the fast diffusion situation.

The bounds for the blow-up time of the blow-up solutions
to nonlinear diffusion equations have been widely studied in
recent years. Indeed, most of the works have dealt with the
upper bounds for the blow-up time when blow-up occurs.
For example, Levine [4] introduced the concavity method,
Gao et al. [5] employed the way of combining an auxiliary
function method and comparison method with upper-lower
solutions method, and Wang et al. [6] used the regularization
method and an auxiliary function method. However, the
lower bounds for the blow-up time are more difficult in
general. Recently, Payne and Schaefer in [7, 8] used a differ-
ential inequality technique and an auxiliary function method
to obtain a lower bound on blow-up time for solution of
the heat equation with local source term under boundary
condition (3a) or (3b). Specially, Song [9] considered the
lower bounds for the blow-up time of the blow-up solution to
the nonlocal problem (1)-(2) when m = 1 and p = 0, subject
to homogeneous boundary condition (3a) or (3b); for the case
k = 0, we refer to [10].

Motivated by the works above, we investigate the lower
bounds for the blow-up time of the blow-up solutions to



the nonlocal problem (1)-(2) with homogeneous boundary
condition (3a) or (3b). Actually, it is well known that if p +
q > max{m, s} and the initial value is large enough, then the
solutions of our problem blow up in a finite time; one can see
[11]. Unfortunately, our results are restricted in R? because of
the best constant of a Sobolev type inequality (see [12]).

This paper is organized as follows. In Section 2, we estab-
lish problem (1)-(2) with homogeneous Dirichlet boundary
condition (3a). Problem (1)-(2) with homogeneous Neumann
boundary condition (3b) is considered in Section 3.

2. Blow-Up Time for Dirichlet Boundary
Condition

In this section, we derive a lower bound for t* if the solution
u(x,t) = 0 of (1)-(3a) blows up in finite time t*.

Theorem 1. Let u(x,t) be a classical solution of (1)-(3a) with
p +q > max{m, s}; then a lower bound of the blow-up time for

any solution which blows up in L?*87Y porm (n > max {2, (1/
(p+g-1)})ist™ > 1/(2A[;1(0)]2), where A is a suitable positive
constant given later and n(0) = fQ ug(‘o 7D gy,

Proof. Define an auxiliary function of the form

n(t) = L WP g (4)
with
n > max {Z,ﬁ} (5)

Taking the derivative of #(t) with respect to t gives
) =n(p+q-1) JQ WPy dx
=n(p+q-1)
% J un(p+q71)—1
o
X <Aum +uf j uldx - kus> dx
Q
=n(p+q-1) J WP A g
o
+n(p+q-1) J PP g J uldx
Q Q
-nk(p+q-1) j WP g
o
=-mn(p+q-1)[n(p+q-1)-1]

x J un(p+q—1)+m—3lvu|2dx
Q

+n(p+q- I)J u"(P+q_1)+P_lde uldx
0 0
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-nk(p+q-1) J M pra-rsl gy
Q

_amn(prg-1)[n(prg-1)-1]
n(p+q-1)+m-1

a1y /012
XJ 'Vu(n(p+q Dtm 1)/2| dx
Q

+n(p+q-1) J- u P g J- uldx
0 0

-nk(p+q-1) J- ypra-rs=l g,
Q
(6)

where V is the gradient operator.

The application of Holder inequality to the second term
on the right hand side of (6) yields

J uldx
Q

< |Q|1—(q/(n+1)(p+q—l))

>

q/(n+1)(p+q-1)
« <j u(n+1)(p+q—1)dx>
Q

(7)
J un(p+q—1)+p—ldx
Q

< |Q|q/(n+1)(p+q—1)

(n+1)(p+g-1) (n(p+g-1)+p-1)/((n+1)(p+q-1))
X <j u ptq dx) ’
Q

where |Q)| denotes the volume of Q).
By (7), it follows from (6) that

amn(p+q-1)[n(p+q-1)-1]
[n(p+q-1)+m-1]

_ _ 2
XJ' |Vu(n(p+q D4m 1)/2' dx
Q

() < -

(8)
+n(p+q-1)1Q J yDpra-) g
Q
—nk(p+q-1) J WAl gy
Q
Let
_ . pta-l _ m-—1 _ s—-1
v=u , m —p+q—1’ —P+‘1‘1’ 9)
then
n(t) = J V'dx, (10)
Q
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and (8) can be written in the from

dmn(p+q-1)[n(p+q-1)-1]
[n(p+q-1)+m-1]’

7)< -
x J |Vv("+m1)/2|2dx+n(p+q— )]0 (11)
Q

X J VI dx —nk (p+q-1) I V.
0 o

Now we seek a bound for f v*"!dx in terms of 77 and the
first and third terms on the rigﬁt in (11). First, the application
of Holder inequality yields

J Vn+1d.x
Q

s (2n+3m,—4)/(2n+3m, —45)
< (J Y dx) (12)
Q

(4-40)/(2n+3m,—49)
X (J V(6n+3m1)/4dx> e
Q

Using the following Sobolev type inequality (see [12]):

(L |0|ﬁdx>l/ﬁ < C(L Vo)’ dx)w, (13)

with 8= 6,y = 2,and ¢ = 423727723 we obtain

+1
J VTdx
Q

s (2n+3m,—4)/(2n+3m,—46)
< (J Y dx)
Q

) L2\
X |:C3/ (J v"dxj |Vv("+m1)/ | dx) ]
Q Q

Then for some positive constant g, to be determined it
follows that

+1
J Vidx
a

< C6(1—6)/(2n+3m1 —46)

(4-496)/(2n+3m,;—49)

(14)

o (‘u14(1—8)/(2n+3m174) JQ S0

PN
x [y1<JQ Vidx JQ |Vv("+m1)/ | dx) ]

Next, we use the fundamental inequality

)(2n+3m1 —4)/(2n+3m, —49)
(4-49)/(2n+3m,;—49)

(15)

T T
a,'a,’> <ra; +na, a,a >0, r,r,>0, )
1

rtr,=1,

to obtain

J’ vn+ldx
Q

< 66(1—5)/(2n+3m1—45)

« [ 2n+3my —4 _(41-5)/(2n+3m,~4))
2n+3m, —40 (17)

4(1-8)
2n+ 3my — 40

L2\
X <J v"dxj |Vv("+m1)/ | dx) ]
Q Q

Note the fact that, for some positive constant y,,

[(L V"dX>3] ( L |Vv<n+m1),2|zdx>s/4

1 303 2
< —3<J v”dx) + ﬁj |Vv("+m1)/2| dx.
4" \a 4 Ja

X J Vdx +
Q

1/4

(18)

Substituting inequality (18) into (17) gives
J Sy < (S0 @nidm-4)
Q

o { 2n+3my — 4 _(4(1-8)/(2n+3m, -48))

2n+3m, — 40"

4(1-9)m
2n+ 3m, — 40

1 3
X [—(J v"dx>
4>\ o
3, (nmy) /2|2
+ —= |Vv ! . dx| t.
4 Ja

Then, by applying inequality (19), it follows from (11) that

n+0
X dx +
L v x (19)

11’ (t) < {3‘[,{2(:6(15)/(2}’&3"1145)
L A=0umn(p+q-1)Q]
2n+3m; - 46

_4mn(P+q—1)[n(P+q—1)—1]}
[n(p+q-1)+m-1]’

2 _ _
« J 'Vv(n+m1)/2’ e 4 51~/ @ne3m,~48)
Q

(1—5)#1ﬂ(P+q—1)IQIJ Y
T nt 3m, - 48) iy} <9de>



(1-8)/(2n+3m, —45)# —4(1-8)/(2n+3m,;—4)
1

+ [

y (2n+3m, —-4)n(p+q-1)Q|
2n+3m; — 46

-nk(p+q-1) ] L V*dx.

(20)

We next choose y; to make the coeflicient of _[Q V'dx
vanish and then choose p, to make the coefficient of

_[Q |V+m)/2)2 45 vanish. It follows that

10 < Aln®), 2
with
A = (S0 ne3m,-40) 1Q1(1-8)(p+q- 1). (22)
(2n + 3m, — 46) u,?
Integrating inequality (21) from 0 to t gives
1

noF  op -

from which we derive a lower bound for ¢*:
re (24)

2A[1(0)]

This completes the proof of Theorem 1. O

3. Blow-Up Time for Neumann Boundary
Condition

In this final section, we discuss a lower bound for ¢* if the
solution u(x,t) of (1), (2), and (3b) is blow-up in finite time
£
Theorem 2. Let u(x,t) be a classical solution of (1), (2), and
(3b) with p+q > max{m, s}; then a lower bound of the blow-up
time for any solution which blows up in L"P*1™) norm ist* >
j:((;)(dE/(K2§(3(”+1))/(”+4_3m1) + K, &%), where K, and K, are
suitable positive constants given later, respectively, and n(0) =
WP g

Q70 :
Proof. We estimate _[Q yEr3m) gy in inequality (14). In a
similar way to the process of the derivation of (3.3) in [10],
we have

J 2@rm)2) g
Q

1 3 (@ntm,)/2
< 33T |:2—p0 JQ v dX
2 d 12
+(n+m1)( "'Po)([ v”dx)
4py Q

(25)

3/2

x (J |Vv(n+m1)/2|2>1/2] )
Q
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where p, = minyox;v;, d* = maxgx;x;, i = 1,2,3,and v; is
the ith component of the unit outer normal vector v on 0Q.
By virtue of Holder inequality, we get

2n+m,;)/2 1/2 1/2
J v dx < <J v”dx) (J v"”"ldx)
Q Q Q
(n+m,)/(n+1) \ /2
< <|Q|(1—ml)/(n+1)<J 1}n+1dx) )

Q
1/2
x(J V”dx> .

Q

(26)

Substituting inequality (26) into (25) yields

J Va/z((2n+m1 )/2)dx
Q

(m4m,) (1) \ 1/2
< L3 |Q|<1—m1)/<n+1)<J v"“dx)
3% | 2p Q

1/2
X (I v”dx)
Q

. (2n+my)(d+ Po)(J' Vndx)”z
4po Q

) 1/2 3/2
x (J |Vv("+m1)/2| dx) ] )
Q

(27)
Applying the following inequality:
(@ +ay)" <2°(a," +ay),

ap,a, >0, s> 1, (28)

we conclude that
J 2Cnm)2) g
Q

3/2

< 220 3\ QP-m) 4G 1)

S Sl 5, 19
3 Po

1 3(n+m;)/4(n+1)
X (J v dx)
Q

X <L V”dx>3/4 . 9312 ( (2n+m;)(d+py) )s/z

3/ 4po

y <J Vn)3/4<J |vv(n+ml)/2|2dx>3/4'
Q Q

(29)
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Applying inequality (16), we obtain

j BI@mm)D) g
Q 2p

3/2
2203\ QoA
- 33/4

« 3(”*’”‘1)61] Ly
4(n+1) Q

2213\ QR U-m)/atn1)
+ 3574\ 2, 19]]
3 Po

n+4—3My  3(nem,)/(n+4-3m,)
4(n+1) !

3(n+1)/(n+4-3m,) 23/2
o[ e i
Q 4 x 33/4

(2nm)(d+p) "
d )

4po

3
X 0273<J v”dx)
o

+3><23/2 (2n+m;)(d+py) 32
4 x 334 4p,

x 0, J |Vv("+m1)/2|2dx,
Q

(30)

where 0, and 0, are arbitrary positive constants.
Recalling (12) and applying inequality (16) again, for a
suitable constant y;, we obtain

J Sy < 2n+3my -4 _(41-8)/(2n+3m,-4))
Q

T 2n+3m —48

4-46

— 31
2+ 3m, — 4017 (31

X J Vdx +
Q

« J Gnedm) /4 g
Q

By applying (30), it follows from (31) that

Jvnﬂdxs 2n+3m; —4 .
Q 2n+ 3m; — 49

—(4(1-8)/(2n+3m,—4))

1-6 23/2< 3 )3/2

X v"+6dx + — N\ —
JQ 21+ 3m; — 46 334\ 2p,

_ 3(n+m
y |Q|3(1 my)[4(n+1) ( 1)91M3 JQ S

n+1

3/2
+ &ﬁ(i) ! Q1) /AreD
21+ 3m,; — 46 334\ 2p,

x n+4- 3m1 01 —-3(n+m,)/(n+4-3m,)
n+1

3(n+1)/(n+4-3m,)
X M3<J v"dx)
Q

L 1-8 2R (Cnem)(drp))”
2n + 3m, — 46 33/4 4p,

- 3 3(1-6) 232
6 3(] "d) _3(=0) 27
T2 )V ) T o 3m, — 40 3

(2n+m,) (d+p) \"
g )

4po

2
X U0, JQ |VV("+'”1)/2| dx.

(32)
Taking
1 53/2 3/2
T N
2n+ 3my — 46 334\ 2p,
(33)
3(n+m
% |Q|3(1—m1)/4(n+1) (n+ . 1)61[/{3 >0,
then combining (32) with (11) gives
2
7 () <K, J |Vv("+ml)/2| dx
Q
3(n+1)/(n+4-3m;)
" K2<L vidx) (34)

3
+K3(J v"dx) +K4J V*dx,
0 o

where
1 31-98) 27
Ko 2n+ 3m, — 43 334

. ((Zn +my) (d+ py) )3/2

4py

K,

xusn(p+q-1)1Q|
_Amn(p+q-1)[n(p+q-1)-1]
[n(p+q-1)+m-1]°

1 3(1-9) 23/2< 3 )3/2
27 Ky 2n+3m, — 46 334\ 2p,

« | Q1+ Em)4rD) n+4-3m
n+1

% 01 —3(n+m1)/(n+4—3m1)‘u3n (P +q- 1) ,



1 18 2P(Cenem)(d+p)\”
> Ky 2n+3m, — 40 334 4p,
x w0, n(p+q-1)1Q1,

K oo L 2H3m—d aa-s)/@nism )
YT Ky 2n+3m, —48"°

xn(p+q-1)|Q|-nk(p+q-1).
(35)

We can make K, and K, vanish by taking suitable y, 8,, and
0,; then we have

7], (t) < K2n3(n+1)/(n+4—3m1) + K3}’]3. (36)
Integrating inequality above from 0 to ¢ gives

n(t)
[ J. dE

1(0) KZE3(n+1)/(n+4—3m1) +K3€3)

(37)

from which we derive a lower bound for t < ¢*; namely,

t* > ” d 38
= 7(0) k2£3(n+1)/(n+4—3m1) +K3E3' ( )

This completes the proof of Theorem 2. O
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