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For an undirected complex networkmade upwith vertices and edges, we developed a fast computing algorithm that divides vertices
into different groups by maximizing the standard “modularity” measure of the resulting partitions. The algorithm is based on a
simple constrained power method which maximizes a quadratic objective function while satisfying given linear constraints. We
evaluated the performance of the algorithm and compared it with a number of state-of-the-art solutions. The new algorithm
reported both high optimization quality and fast running speed, and thus it provided a practical tool for community detection
and network structure analysis.

1. Introduction

Many real-world complex systems can be formulated as net-
works, with entities represented by vertices and relationships
represented by edges. With wide important applications in
world wide web, social networks, biological networks, com-
munication networks, and so forth, research on networks has
attracted significant recent work in different fields, includ-
ing computing sciences, applied mathematics, theoretical
physics, biological sciences, and social sciences, as well as
engineering disciplines [1, 2].

Among various aspects of networks that need to be
investigated, we are particularly interested in the automatic
detection of community structures therein. That is, “how
many communities are there and what are the member-
ships” for each vertex [3]. Such community structures are
commonly believed to exist in networks: vertices tend to
cluster in groups with dense edge connections while the
edge connections are sparser between vertices from different
groups. This phenomenon is analog to the human being’s
society where people fall into different groups based on
mutual connection. The ability to find and analyze such
groups has proved to be invaluable in understanding many
important properties of real-world networks [1, 2].

To automate the process of community detection in
complex networks, a well-known technique is often adopted
through maximizing the “modularity” measure proposed by
Girvan and Newman [4]. This model quantifies the quality
of a particular vertex partition of a network with a single
numeric value. People have shown via a variety of both
simulated and empirical evaluations that larger modularity
values are correlated with better vertex grouping qualities,
and thereforemaximizing the value provides a principledway
in detecting the communities of a complex network.

Unfortunately, maximizing the modularity value for a
given network is usually computationally hard and involves
prohibitive complexity even for small-sized networks. Thus,
approximation methods have to be sought to ensure the
tractability of the solutions. In this paper, we propose a
spectral relaxation-based method which reports both high
optimization quality and fast running speed.

This paper is organized as follows. Firstly, we briefly
review three topics which are essential to the development
of our work: the modularity model, the power method,
and the projected power method. Secondly, we propose a
spectral method for fast modularity optimization based on
the projected power method. Finally, we show our evaluation
results with improved results, and draw the conclusion.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 804381, 6 pages
http://dx.doi.org/10.1155/2014/804381



2 Mathematical Problems in Engineering

2. Preliminaries

2.1. Modularity Model. Modularity quantifies the quality of
a given division of a network into communities. Good
divisions, which have high modularity values, are those with
dense edge connections between the vertices within a com-
munity but sparse connections between vertices in different
communities. Consider an undirected graph = {𝑉, 𝐸}, where
𝑉 = {V

1
, . . . , V

𝑛
} is a set of vertices and 𝐸 is a set of edges

connecting pairs of vertices. Let𝑤
𝑖𝑗
give the number of edges

(orweights) between two vertices V
𝑖
and V
𝑗
.We further denote

𝑑
𝑖
= ∑
𝑗
𝑤
𝑖𝑗
as the degree of vertex V

𝑖
and 𝑚 = (1/2)∑

𝑖
𝑑
𝑖
as

the number of edges in the graph.
For a candidate partition of the vertices into com-

munities, the modularity is defined to be the portion of
the edge connections within the same community minus
the expected portion if the connections were distributed
randomly. Assuming that the degree 𝑑

𝑖
associated with each

vertex V
𝑖
is preserved, under uniform random selection the

expected number of edges between V
𝑖
and V

𝑗
is 𝑑
𝑖
𝑑
𝑗
/2𝑚.

Thus, the observed number minus the expected number is
𝑏
𝑖𝑗
= 𝑤
𝑖𝑗
− 𝑑
𝑖
𝑑
𝑗
/2𝑚. Summing over all vertex pairs within the

same group, the modularity, denoted by 𝑄, is given by [4]

𝑄 =

1

2𝑚

∑

𝑖𝑗

𝑏
𝑖𝑗
𝛿 (𝑐
𝑖
, 𝑐
𝑗
) , (1)

where 𝑐
𝑖
denotes the group membership of V

𝑖
and 𝛿(𝑐

𝑖
, 𝑐
𝑗
) is

one if 𝑐
𝑖
= 𝑐
𝑗
and zero otherwise.

The value of𝑄 lies in the range [−1, 1]. It is positive when
the observed connections within the same group exceed
the expected, and negative otherwise. Given a larger than
expected portion of connections, it is natural to infer the
presence of an underlying group structure. One can search
for community structures precisely by looking for graph
divisions that have large modularity values.

Unlike most other clustering models, which require a
prior setting of partition numbers or group sizes [5], maxi-
mizing the modularity score gives the partition number and
the group size automatically without manual intervention.
This measure also allows the possibility that no good division
of a network exists, corresponding to the case that the
modularity value is zero and cannot be increased by any
division of vertices.

2.2. Power Method. Given a matrix 𝐴, the classical power
method (also known as the Von Mises iteration) computes
the dominant eigenvalue (the eigenvalue with the largest
absolute value) and its associated dominant eigenvector very
efficiently [6]. Starting with a vector V0, which may be an
approximation to the dominant eigenvector or a random
vector, the method iteratively computes

V𝑘+1 =
𝐴V𝑘





𝐴V𝑘


. (2)

That is, at each iteration, the vector V𝑘 is multiplied by the
matrix 𝐴 and then normalized. The sequence of vectors
V𝑘(𝑘 = 0, 1, . . .) converges to the dominant eigenvector under

certain assumptions which are often trivial to assume in
practice.

When the matrix𝐴 is positive definite, all eigenvalues are
positive. The dominant eigenvector is also the maximizer to
a quadratic optimization problem

max
V

V𝑇𝐴V subject to : ‖V‖ = 1. (3)

Applying the power method actually provides a fast solution
to this optimization problem.

2.3. Projected Power Method. For a positive definite matrix
𝐴, we study a general constrained quadratic optimization
problem

max
V

V𝑇𝐴V subject to : ‖V‖ = 1, 𝐺V = 𝑐. (4)

Due to the existence of the linear constraints (expressed by
𝐺V = 𝑐) on the solution vector, this problem cannot be solved
by the standard power method any more.

In previous work, we developed a fast projected power
method to solve this constrained optimization problem [7, 8].
Given the current estimate V𝑘, we stretch it by multiplying
with 𝐴 and project it to the hyperplane 𝐺V = 𝑐. After
renormalization, we have the next estimate V𝑘+1. Letting 𝑃 =

𝐼 − 𝐵

𝑇
(𝐵𝐵

𝑇
)

−1

𝐵, 𝑛
0
= 𝐵

𝑇
(𝐵𝐵

𝑇
)

−1

𝑐, and 𝛾 = √
1 − ‖𝑛

0
‖

2, this
update rule can be expressed as

V𝑘+1 = 𝛾
𝑃𝐴V𝑘





𝑃𝐴V𝑘


+ 𝑛
0
. (5)

3. Spectral Community Detection

3.1. A Spectral Relaxation Method. Maximizing 𝑄 has been
proved NP-hard. The required computation for optimal
solution grows exponentially with the size increase of the
network [9]. Therefore, researchers have sought approximate
solutions to ensure the tractability when the network grows
large [3, 4, 10–15]. In practice, a spectral relaxation method is
widely used, which runs fast and obtains reasonable empirical
optimization qualities [3].

The standard spectral relaxation method starts from a
simple case where the vertices are divided into just two
groups. One can define 𝑠

𝑖
= ±1 to indicate the group

membership of V
𝑖
, yielding

𝑄 =

1

4𝑚

∑

𝑖𝑗

𝑏
𝑖𝑗
𝑠
𝑖
𝑠
𝑗
=

1

4𝑚

𝑠

𝑇
𝐵𝑠, (6)

where 𝐵 is a modularity matrix with elements 𝑏
𝑖𝑗
(𝑖, 𝑗 =

1, . . . , 𝑛) and 𝑠 is a column vector with elements 𝑠
𝑖
(𝑖 =

1, . . . , 𝑛).
The vector 𝑠 can be expressed as a linear combination of

the normalized eigenvectors 𝑢
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where𝜆
𝑖
is the eigenvalue of𝐵 associatedwith the eigenvector

𝑢
𝑖
.
Assume that the eigenvalues are labeled nonincreasingly,

𝜆
1
≥ ⋅ ⋅ ⋅ ≥ 𝜆

𝑛
. Maximizing 𝑄 requires the assignment

vector 𝑠 to concentrate as much weight as possible in the
terms involving the leading (largest algebraic) eigenvalue. If 𝑠
were unconstrained, this could be achieved by simply setting
𝑠 proportional to the leading eigenvector 𝑢

1
. But with the

binary “±1” constraints, 𝑠 cannot be chosen freely, which
makes the optimization process difficult.

Fortunately, there is a convenient approximation heuristic
available, which we refer to as conventional rounding. Ignor-
ing the inconvenient fact that it is not possible to make 𝑠
perfectly parallel to 𝑢

1
, one simply divides the vertices into

two groups according to the signs of each element of 𝑢
1
. That

is,

𝑠
𝑖
= {

+1, 𝑢
1𝑖
> 0,

−1, otherwise,
(8)

where 𝑢
1𝑖

denotes the 𝑖th element of 𝑢
1
. Although this

heuristic is straightforward, it has often been found to give
good results in practice.

Now, the problem is to seek the leading eigenvector 𝑢
1
. In

fact, the modularity matrix 𝐵 has a special structure that can
be exploited to efficiently compute the leading eigenvector
𝑢
1
via the classical power method very efficiently. As 𝐵 is

generally not positive definite, and we study thematrix 𝐵+𝜆𝐼
instead, where 𝐼 is the identity matrix. As long as we choose a
sufficiently large 𝜆 > |𝜆

𝑛
|, thematrix𝐵+𝜆𝐼 is positive definite

and has the same set of eigenvectors as 𝐵. We compute the
dominant eigenvector by the power method for this positive
definite matrix, which turns out to be exactly the same as 𝐵’s
leading eigenvector.

This simple two-way partitionmethod can be extended to
multiway partitions recursively.That is, using successive two-
way partitions that divide the networks into subnetworks, the
division process is continued on each subnetwork until no
further increases in 𝑄 can be found.

This spectral method gives a broad partition of the
network vertices. In practice, the grouping results need to
be further refined by locally exchanging vertices between
different groups using the Kernighan-Lin algorithm [16].
Given two groups of vertices, the refinement proceeds as
follows. Successively, find the vertex that, when moved to
the other group, obtains the largest increase in 𝑄, or the
smallest decrease if no increase exists. Repeatedly, make such
moves, ensuring that each vertex is moved only once. When
all vertices have been moved, search all intermediate states to
find the division that obtained the largest 𝑄 value. Starting
again from this state, repeat the exchange process, until no
further improvement is possible for 𝑄 value.

As reported in [3], this combination gives good results on
many open networks and has become a standard community
detection method for small- to medium-sized networks.

For even larger networks, unfortunately, this method is
still not applicable. The major difficulty lies in the refinement
process. Although computing the leading eigenvector (by
power method) is very fast, exchange heuristics is much

slower. The complexity of the refinement can often be 𝑂(𝑛3)
for a network with 𝑛 vertices, which is not feasible for large
networks. It is highly desired if we can find a spectral method
that avoids the refinement process.

3.2. AConstrained PowerMethod. Note that the conventional
rounding strategy is based on the signs of the leading eigen-
vector elements, regardless of their magnitudes (absolute
values). However, the elements with different magnitudes
contribute differently to𝑄, and therefore affect the confidence
in the rounding decisions. For example, if 𝑢

1𝑖
has a large

magnitude, then 𝑠
𝑖
will have a significant influence on 𝑢𝑇

1
𝑠 in

the objective, and we would be more confident in inferring
its rounded value. However, if the magnitude is small, 𝑠

𝑖
’s

contribution to the objective is less evident, and one would
be less confident to make the rounding decision. In this latter
case, we would like to postpone the rounding decision to a
later phase.

Based on this idea, we propose a successive rounding
method that only rounds variables with top magnitudes.
That is, unlike conventional rounding that makes the entire
partition decision in a single batch, we propose to recover
more accurate community structure incrementally, using a
strategy that we will refer to as iterative rounding.

At the beginning, we have the same problem, max
𝑠
𝑠

𝑇
𝐵𝑠,

as the conventional spectral method in Section 3.1.We simply
use the power method and get the leading eigenvector.
Then, rather than deploying conventional rounding, we only
round the elements with sufficiently large magnitudes, or a
portion of elements with the largest magnitudes, into binary
decisions.

After the first iteration, we left a residual problem to
solve. Now, suppose 𝑠 = (

𝑠
1

𝑠
2
), where 𝑠

1
denotes the rounded

elements that are held fixed (as either “+1” or “−1”) and 𝑠
2

contains the unrounded elements yet to be set. Our problem
now becomes

max
𝑠
2

(

𝑠
1

𝑠
2

)

𝑇

𝐵(

𝑠
1

𝑠
2

)

subject to : 𝑠
1𝑖
= +1 or − 1 ∀𝑖,

(9)

where 𝑠
1𝑖

denotes the 𝑖th element of 𝑠
1
and the index 𝑖

traverses all elements that have been fixed.
This is a constrained quadratic optimization problem that

can be solved by our projected power method in Section 2.3.
Actually, by exploiting the special structure of this problem,
the iterative update rule of 𝑠

2
can be further simplified as

𝑠

𝑘+1

2
=

𝐵
22
𝑠

𝑘

2
+ 𝐵
21
𝑠
1






𝐵
22
𝑠

𝑘

2
+ 𝐵
21
𝑠
1






, (10)

where 𝐵
11
, 𝐵
12
, 𝐵
21
, and 𝐵

22
are four submatrices of the

modularity matrix 𝐵.
We call the proposedmethod constrained powermethod.

This update occurs in a similar manner as in the classical
power method. When 𝐵

21
𝑠
1
= 0, the constrained power

method reduces exactly to the power method.
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Here, we omit the detailed derivation of the constrained
powermethod from the projected powermethod. Instead, we
can explain this update rule from a more intuitive viewpoint.

Our objective is to maximize ( 𝑠1𝑠
2
)

𝑇

(

𝐵
11
𝐵
12

𝐵
21
𝐵
22

) (

𝑠
1

𝑠
2
). Note

that 𝑠𝑇
1
𝐵
11
𝑠
1
holds constant and needs not be considered and

𝐵

𝑇

12
= 𝐵
21
. Equivalently, we need to maximize

𝐿 = 𝑠

𝑇

2
𝐵
22
𝑠
2
+ 2𝑠

𝑇

2
𝐵
21
𝑠
1
, (11)

with respect to 𝑠
2
subject to certain normalization constraint.

We apply gradient-based method to maximize 𝐿 by
iteratively updating 𝑠

2
along the gradient direction and

renormalizing it.The convergence is guaranteed and achieved
when the gradient ∇𝐿 is parallel to the current 𝑠

2
, or ∇𝐿 =

2𝛾𝑠
2
, where 𝛾 is a scalar number. Then, we have 𝑠

2
= (𝐵
22
𝑠
2
+

𝐵
21
𝑠
1
)/𝛾. We can force 𝛾 = ‖𝐵

22
𝑠
2
+ 𝐵
21
𝑠
1
‖ considering

the normalization constraint on 𝑠
2
, which reveals exactly the

same update rule as in our constrained power method.
Given the relaxed solution of 𝑠

2
produced by the con-

strained power method, we again only round those elements
in 𝑠
2
that have large magnitude. After this partial rounding,

we left another residual problem sharing the same structure.
The constrained power method and iterative rounding are
applied successively for each residual problem. The process
is terminated once 𝑠

2
becomes empty; hence, all vertex

grouping decisions have been made.
As can be seen from our evaluation results, by applying

this iterative rounding strategy, it is no longer needed to apply
the time-consuming local exchange heuristic for refinement
while still with comparable, if not improved, optimization
quality. And the computational time is highly reduced.

Similar to the conventional spectral method, this iterative
rounding-based spectral method can also be extended to
multiway partitions trivially and we omit the discussion.

4. Evaluations

We systematically evaluated the proposed iterative rounding-
based spectral method (IR) and compared its performance
with the conventional rounding-based spectralmethod (CR),
simulated annealing (SA) [15], the linear programming
method (LP) [10], and a multilevel optimization method
(ML) [14], which have achieved state-of-the-art optimization
quality in different applications. In a series of experiments we
observed the following:

(i) when comparing spectral method with conventional
rounding, our proposed method reports significantly
improved optimization quality, while only with rea-
sonable computational overhead;

(ii) when comparingwith other state-of-the-artmethods,
our proposed method reports comparable accuracy,
but with significantly improved running speed.

4.1. Comparison with Conventional Rounding. The evalua-
tions were conducted on all fourteen networks contained in
a standard benchmark collection from Newman’s personal
website. These benchmark networks cover a variety of appli-
cation areas and are briefly described in Table 1. The size of

Table 1: Networks used in evaluations.

Network Source
Karate (34) Friendship of 34 members in a club [17]
Dolphins (62) Frequent associations of dolphins [18]
Lesmis (77) Character interactions in a book [19]

Polbooks (105)
Copurchase of politics books from
http://www.amazon.com/
(http://www.orgnet.com/)

Adjnoun (112) Adjacency of adjs and nouns net [3]
Football (115) US college football games in 2000 [4]
Polblogs (1224) Hyperlinks of US politics weblogs [20]
Netsci (1461) A coauthorship net [3]
Power (4941) A power grid topology net [21]
Hepth (7610) A coauthorship net [22]
Astroph (16046) A coauthorship net [22]
Condmat (16264) A coauthorship net [22]

Internet (22963) Snap shot of internet
(http://www.routeviews.org/)

Table 2: Modularity values by spectral methods.

Networks CR IR
Karate .371/.393/.420 .372/.417/.420
Dolphins .390/.491/.519 .403/.526/.526
Lesmis .361/.532/.550 .381/.551/.560
Polbooks .445/.467/.521 .457/.523/.527
Adjnoun .191/.243/.308 .214/.298/.308
Football .376/.493/.599 .400/.601/.605
Polblogs .424/.424/.425 .426/.426/.426
Netsci .131/.671/.908 .496/.953/.954
Power .062/.898/.924 .491/.933/.934
Hepth .034/.739/.812 .455/.829/.839
Astroph .195/.586/ .417/.725/
Condmat .210/.677/ .453/.823/
Internet .301/.419 .370/.620/

these networks varies significantly, from the smallest “karate”
network with 34 vertices to the largest “internet” network
with more than twenty thousand vertices.

To compare conventional rounding and iterative
rounding-based spectral methods, we collected two-way
partition results and multiway partition results (with and
without exchange heuristics). In two-way partitions, we
divided each network into two partitions and checked the
𝑄 value obtained by CR and IR, respectively. In multiway
partitions, we experimented the case where the two-way
partitions are repeated until no further increase of 𝑄 is
possible. We recorded the results both with refinement by
exchange heuristics and without refinement.

Table 2 lists the results of CR and IRondifferent networks.
Each item has three 𝑄 values (𝐴, 𝐵, and 𝐶), where 𝐴 is for
two-way partitions, 𝐵 is for multiway partitions, and 𝐶 is
for multiway partitions refined by exchange heuristics. For
networks with over 10, 000 vertices, we were unable to obtain
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the refined results on our computer in the running time limit
(ten hours), and thus were omitted.

From the results, we can see that the effectiveness of the
new rounding strategy is fully demonstrated. Our proposed
method often reports significantly improved results over the
conventional rounding method. On two-way partitions, for
small networks, both methods reported comparable𝑄 values
and the improvement from iterative rounding is not large. On
the smallest “karate” network with 34 vertices, the improve-
ment is only slight, from 0.371 to 0.372. However, on larger
networks, the improvements are much more significant. One
example is on the “hepth” network with 7, 610 vertices, where
the conventional rounding result is 0.034 while the iterative
rounding achieves a modularity score of 0.455.

On multiway partitions, similar to the two-way partition
case, the improvement is particularly significant on large
networks. For example, on the “karate” network, the increase
is only from 0.393 to 0.417, while on the larger “hepth”
network, it becomes 0.739 to 0.829; and on the largest
“internet” network, the improvement is from 0.419 to 0.620.

On refined multi-way partitions, both methods success-
fully detected the partition structure with 𝑄 = 0.420 which
is known to be optimal. On “adjnoun” network, the two
methods obtained equivalent results after refinement. On all
the other nine networks where the exchange heuristic was
applicable, iterative rounding achieved improved 𝑄 values.

Not like conventional rounding, iterative rounding bene-
fits much less from exchange heuristics. On the other hand,
on eight out of eleven networks, the iterative rounding’s
multiway results alone (without refinement) are better than
the conventional rounding’s results with refinement, further
exhibiting the effectiveness of iterative rounding. For large
networks, we can apply the iterative rounding-based spectral
method, avoiding the expensive refinement process, and we
can still expect to have good partition quality.

4.2. Comparison with Other Methods. Besides conventional
rounding-based spectral method, we also compared our
method with a number of recent network partition algo-
rithms that achieved state-of-the-art optimization quality.
These algorithms include simulated annealing (SA) [15],
linear programming relaxation (LP) [10], andmultilevel local
search (ML) [14]. When applicable, we also list the solutions
of a number of networks that are already known to be optimal
in literature [10].

The results are listed in Table 3. Comparing with the
optimal results, we can see that, out of six networks with
known optimal values, our method successfully obtained
five optimal values, with only one result on “dolphins”
network slightly lower than the optimal value.The other three
algorithms also had similar performances on these six small
networks.

On large networks with more than 1, 000 vertices, we
were unable to finish the experiments of simulated annealing
and linear programming relaxation due to their prohibitive
computational requirements and only compared the results
with the multilevel optimization algorithm. On most of the
networks, the new method reported improved results. Only

Table 3: Modularity values by different methods.

Networks IR SA LP ML OPT
Karate .420 .420 .420 .420 .420
Dolphins .526 .528 .529 .528 .529
Lesmis .560 .560 .560 .557 .560
Polbooks .527 .527 .527 .527 .527
Adjnoun .308 .308 .308 .308 .308
Football .605 .605 .605 .600 .605
Polblogs .426 .426
Netsci .954 .959
Power .934 .931
Hepth .839 .825
Astroph .725 .720
Condmat .823 .814
Internet .620 .607

on “netsci” network, the multilevel optimization method
found better solutions than ours.

4.3. Running Time. We recorded the running time of the
two spectral methods (multiway without refinement) and the
multilevel optimization method on networks with more than
1,000 vertices.The experiments were carried out underMAT-
LAB environment running on an Intel Xeonworkstationwith
32GB RAM.

The results are shown in Figure 1. From these results, we
can see that the two spectralmethods run fast and both solved
the largest network (“internet”) partition problemwithin two
minutes. Comparatively, iterative rounding is approximately
3 to 8 times slower than conventional rounding, given the
additional time required to solve the residual problems.
Considering the significantly improved quality of network
partitions brought by iterative rounding, especially on large
networks, this is an acceptable cost for practical applications.

When comparing with the multilevel optimization
method, the spectral methods exhibited their significant
improvement in running speed. On the largest “internet”
network, both methods are more than ten times quicker.

5. Conclusion

Complex network analysis has attracted significant research
attention recently. This paper investigates the community
detection problem in complex network analysis. Our work
proposed a fast iterative rounding-based spectral method
to maximize the modularity value of network community
partitions. Comparing with state-of-the-art solutions, the
new method reported improved results in both optimization
quality and running time.

The key to our work is the development of a constrained
power method. The method is a special instance of the
projected power method and optimizes a certain type of
constrained quadratic functions effectively with guaranteed
convergence. Besides community detection and modularity
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Figure 1: Running time on different networks.

maximization, we anticipate the method to be useful in a
broader area of applications.

Our current work mainly focuses on the undirected
networks. Actually, the proposed algorithm can be modified
easily for community detection problem in directed and other
networks [23]. An empirical evaluation along this line will be
part of our future work.

Considering the wide applications of the modularity
model, the proposed method is also expected to be applied
in other problems related to complex network analysis,
for example, in high dimensional data analysis which was
revealed by our most recent work [24, 25].
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