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We revisit the derivation of a nonlocal problem modelling temperature distribution due to power generation using thermoelectric
effect. The problem has nonlocal coefficients in reaction and convection terms rather than diffusion term, which makes the problem
more interesting. In this paper, we prove that the nonlocal problem has a unique decreasing solution when electric current induced

by the thermoelectric effect is small enough.

1. Introduction

Consider a boundary value problem

y"+)L2p(y)—Ad—ayy' =0, for0<x<l,
o4 M)

yO) =yuw, yO=yo Yu>yc>0.
Here y = y(x), @« = «(y), and the prime " indicates deriva-
tive with respect to x. When A is constant, (1) is a usual
nonlinear convection-reaction-diffusion equation. However,
in this paper, A is a nonlocal coefficient given by
YH
a(y)dy
A=— b )
([p(y)dx+y)

for some positive constant p. Note that A is nonlocal due to

the integral Iol p(y(x))dx which depends on the solution y.
There are extensive literatures on nonlocal problems, but
the nonlocality can be different for each problem. Usually it
refers to nonlocal diffusion such as the fractional Laplacian
(see, e.g., [1-5]), but some problems contain a nonlocal diffu-
sivity, which is in the coefficient of the usual Laplacian term
[6-9]. Also there is a problem having a nonlocal boundary
condition [10]. However our problem (1)-(2) has a nonlocal

convection-reaction term, which is another type of nonlocal-
ity. Even more interestingly, the presence of A* indicates that
nonlocality is nonlinear.

Problem (1)-(2) models temperature distribution under
thermoelectric effect, which refers to direct conversion
between electricity and thermal energy [11-14]. When there is
temperature difference, it induces voltage and electric current
because charge carriers move and diffuse from hot side to cold
side (which is called Seebeck effect). On the other hand, the
charge carriers also carry kinetic energy so that there is a flow
of kinetic energy or thermal current when there is electric
current (which is called Peltier effect).

The thermoelectric effect is applicable to electric power
generation and solid state cooling [12, 14]. For example,
with an advantage of small size and long time stability in
extreme condition, it has been applied for power generation
in spacecraft, as a form of a radioisotope thermoelectric
generator (RTG). Also it can increase the system efficiency
of vehicles by harvesting the waste heat. Our problem (1)-
(2) models the power generation; the temperature difference
between boundary points induces electric current, and the
heat generated by the electric current alters the temperature
distribution. The nonlocal coefficient A in (2) represents the
induced electric current.

For the application of thermoelectric technology, under-
standing of thermal properties is essential. There have been



many studies using numerical (see, e.g., [15, 16]) and analyt-
ical [12, 13, 17, 18] approaches to calculate the temperature
distribution and energy conversion efliciency or to find
new thermoelectric parameters. However, to the best of our
knowledge, few have paid attention to the mathematical
analysis of the nonlocal PDE (1)-(2).

In this paper, we revisit the modelling of (1)-(2) and prove
its well-posedness for some particular cases. Furthermore,
we prove that the solution has no interior maximum; that is,
the temperature distribution is monotonic when the electric
current density is small enough. For a wide class of PDEs
along the heat equation, the monotonicity of solutions (which
is physically obvious) can be explained by the maximum
principle. But in our problem, the maximum principle does
not hold and, surprisingly, our result shows that there can
be an interior maximum temperature when the physical
property of thermoelectric material is very good; for example,
the thermoelectric figure of merit is very large.

2. Modelling

The thermoelectric effect has been well known among physi-
cists [11]. But the derivation of problem (1)-(2) is not easily
accessible in the literature, so we revisit the derivation in this
section.

2.1. Derivation in Physical Quantities. The electrical current
density J and the thermal current density J< are generated
if there is electromotive force such as electric field € or
temperature gradient VI'. More precisely, their quantitative
relations are

J=0(e-aVT),

(3)
J = 1] - VT,

where o, «, II, k, and T are electric conductivity, Seebeck
coeflicient, Peltier coefficient, thermal conductivity, and the
absolute temperature, respectively. Here o, «, I1, and « can
be 3 by 3 tensors, but to simplify model we assume that they
are scalar quantities. We also assume that they depend on the
temperature only:

o=0(T),
a=a(T),
(4)
I=Tua(T),
k=x(T),

where the third relation, II = Ta, can be justified by
Onsager’s relation [11, 19]. If the electrical current density is
nonvanishing, there will be an electrical power dissipation €],
acting as a heat source. Hence by the energy conservation law,
local energy density u satisfies

ou Q _ .
E+V-] =€-]J. (5)
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Furthermore, the time derivative of the local energy density
is written as du/0t = C(0T/0t), where C is the heat capacity
of a thermoelectric material and T is the temperature therein.

We have derived so far

oT

C§=—V-]Q+e-],
€=pJ+aVT, (©)
J? = aJ - kVT,

where p = 1/0 is resistivity. Hence, combining them,

c%#-vmn—w®+@hwwy1
ol T vy - , (7)
= pIf =T (VT ) = oT (¥ -])
+V - (kVT).

Because charge carrier is not generated in the material, V-J =
0 and

01 2 da
il ~T==(VT-D+V- (VI 8
Cat plll lT( ) (xVT). (8)

Now we need boundary conditions. Here we consider
power generation by a thermoelectric material, which is
operated by imposing hot-side temperature T;; and cold-side
temperature T at the boundary:

Tx=0)=Tgy,

9)
T(x=1L)=Te

where L is the length of the thermoelectric material.

Finally, to determine the electric current density J, we
integrate the second equation in (6) to obtain

J pJ-dr = J (e —aVT) - dr. (10)

Since J = J is assumed to be a constant scalar, the left-hand
sideis J j' pdx and the right-hand side is —Aw—j adT, where
Ay is avoltage drop. When the resistance outside the material
is fixed as R, the voltage drop is equal to JAR,,,. Therefore
we have

ext*

] J pdx = —JAR - Joch. o)

Note that I odT is a constant.
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2.2. Nondimensionalization. Assuming that C and « are con-
stant, we nondimensionalize the equation by introducing the
following dimensionless parameters:

T
N
E_ X
AL
— K
t=———t,
C(A/L)
5= p (12)
R A/L
A/L’R
A=J(/) ),
kAT
_ AT
& = —,
KRrefA/L

where AT = Ty — T; and R, is a reference resistance. Then
the first equation in (6) becomes

a_y_)ﬁ—_,\d_a a_y az_y

= + . 13
ot dy” 9% 9% )
Also the nonlocal equation (11) becomes
L*/A Te/AT
A J 5% = ) J ady, (14)
0 Ty /AT

wherey = (L2 [A)(Rey/R,ep)- And the boundary condition (9)
becomes

_ Ty
= 0 = —,
y(x=0) AT

E_L2 _ Te
Y\*¥T 4 ) ar

In summary, omitting the bars in X, £, p, and @, we have a
nonlocal initial-boundary value problem:

(15)

doa
Vi = Yex + AP (¥) - A@m,

ey
(Jop (v ) dx +y) (16)
y(O0,8)=yy, yoLt)=ys, V>0,

y(x,0)=y,(x), for0<x<l,

where [ := L*/A, yy := Tyy/AT, and y, := Tc/AT.

3. Well-Posedness of Stationary Problems

When there is no temporal change in the solution, (16)
reduces to the following nonlocal boundary value problem:

da
" /\2 B Yd Izo’
y +Ap(y) 57

e a0)dy 17)
([p(y ) dx+y)

y(0) = yp

yD=ye, yYu>yc>0.

Since the resistivity p is positive, the reaction term A*p,
which corresponds to the Joule heating, is also positive, so
there is a heat source in the domain. Our thermoelectric
power generation system is limited to the case when y > 0,
meaning that there is no power source other than the ther-
moelectric material. Note that A and « have the same sign.
Physically, there are two types of thermoelectric materials:
one is p-type thermoelectric material with positive charge
hole carrier (« > 0) and the other is n-type thermoelectric
material with negative charge electron carrier (« < 0). To
simplify arguments, we only consider the p-type case where
a > 0; thereby the current flows from hot side to cold side
(A >0).

Most thermoelectric materials are degenerated semicon-
ductors and therefore their resistivities are increasing with
respect to the temperature. But the Seebeck coefficient « can
be concave if there is bipolar effect. To simplify the situation,
we assume that there is no bipolar effect and the resistivity p
and the Seebeck coefficient o are constant or linear.

In this section, for those particular cases, we will prove
the well-posedness of the nonlocal problem (17) and give
some sufficient smallness conditions on A to guarantee that
the solution is decreasing in space.

3.1. When p and o Are Constants. If we assume that p(y) = p,
and «(y) = «, the nonlocal boundary value problem (17)
becomes local and linear:

y"+/\2p0:0, A:oco—yH_yC,
pol +v (18)
yO =yp yD=yo Yu>yc>0.

If we let y, = y; — ¥o» an exact solution is
5 A*pyl
y) =202 (2R XA iy 19)
2 2 l
Note that y, is equal to 1 if we consider the dimensional
quantities. But in order not to lose mathematical generality,
we assume that y, can be arbitrarily positive. It is easy to

verify that there is no interior maximum if and only if
Apl® <2y, (20)

To understand the physical meaning of (20), we consider
the corresponding physical quantities and obtain a condition



between material property and thermoelectric power gener-
ation resistance:

oc_2< 2(1+1)?
pK (TH_TC))

where I is the ratio of the external to the internal resistance.
Note that the left-hand side is a pure material parameter
determined by «, p, and «x, but the right-hand side is a
pure device parameter determined by I' and temperature
difference. Also note that the value in the left-hand side is the
definition of Z value in thermoelectrics. The thermoelectric
figure of merit ZT,,, where T,, = (Ty + T)/2, estimates
the system efficiency: large ZT,, means high efficiency [13].
Now consider a thermoelectric system operating between
Ty = 500K and T = 300K, assuming that the system is
designed to have maximum output power; that is, I = 1.
Then there is no interior maximum if and only if ZT,, is less
than 16. Hence it is difficult to observe interior maximum in
common thermoelectric power generation systems because
the world highest thermoelectric figure of merit ZT is 2.6
[20]. However, it is remarkable that there can be interior
maximum if a better thermoelectric material with high ZT
value is developed. Since the thermoelectric properties are
slowly varying function of T, the physical meaning of (21) will
be almost similar for real world.

(21)

3.2. When p Is Constant and o Is Linear. Assume that p(y) =
po and a(y) = oy + ¢, y where py, oy > 0 and o} > 0. Then the
nonlocal problem (17) becomes local but nonlinear:

!

¥ +2%py = Ay yy' =0,

I < 23 )
A - — )
(P()l + y) ) + 2 (yH + yC) (22)
yO0) =yy, yL)=yo yu>yc>0.

To show that there is a unique solution under smallness con-
dition, we use a classical well-posedness result [21, Theorem
3.7].

Theorem 1 (well-posedness of a nonlinear boundary value
problem). Consider a nonlinear boundary value problem

Y @)+ f(xy ),y (x) =0,

(23)
y(©=yd)=0.
Suppose that f(x, y, y') are continuous on
-4M,, 4M
y y
[0, x [-M,, M, | x[ l T] (24)
and satisfy a Lipschitz condition
| (o yiomn) = f (%3 35))|
(25)

<Ky -yl + Ky |31 - ¥
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there. Let
My := max |f (x,0,0)|,
My i= max|f (x 3. y')] (26)

o 4M,
for |y|§My, |y'ST, x € [0,1].

Then if
2
B:= K + Kl <1 (27)
8 2
and either
M, M,P
g <M,(1-B) or 5];( <M, (28)
then problem (23) has one and only one solution y(x) such that
ly ()] < M,
4M
' Gl s =7 (29)
for x € [0,1].

The proof is based on the contraction mapping principle
applied to the Green function representation of solutions.
Using this theorem, we can show that there is a unique solu-
tion of (22).

Proposition 2 (existence of a decreasing solution). Suppose
that

1 3
5 Al oyl <Z}’A + yH) <1

. (30)
A pol + 5 Aoy lys (s +4ye) < 29,
Then there is a unique solution of (22) such that
[y () -s@) < 2,
|y () =5 ()] < yZ—A (31)

for x € [0,1],

where s(x) == (yy(l — x) + ycx) /1. Furthermore, the solution
is decreasing in x (hence there is no interior maximum).

Proof. Let w be a solution of (22). Then
¥ (x) = w(x) —s(x) (32)

satisfies (23) with f(x, y, ') :== A*py — A, (y + s)(y' + s').
Suppose that |y| < M, and |y'| < 4My/l. Then we can
easily verify that the Lipschitz condition (25) holds for K| =
|/\|oc1(4M}, + yp)/land K, = I/chxl(My + y5). Hence

1
B = E|)t|oclz(zz\4y+%+yH>,
5 4M},+yA (33)
My =2 p0+|)\|(x1(My+yH) — )
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If we choose M, := y,/4, then, by the assumption, f < 1

and M fl2 /8 < M,,. Hence the first conclusion follows from
Theorem 1.
From the conclusion on the bound of y' in Theorem 1,

2]y ] = ' 0 - )] =

w’(x)+% .

(34)
Therefore w'(x) < 0 and the solution is decreasing. O

Note that when «; = 0, the conditions in Proposition 2
are reduced to the exact condition (20) in the previous
section.

3.3. When p Is Linear and « Is Constant. If we assume that
p(y) = py and a(y) = «,, where p;, &, > 0, the nonlocal
boundary value problem (17) becomes linear:

Y +Xpy =0,
!

A (Pl J y (x)dx + V) =& Yas (35)
0

YO =y yO=yor yu>yc>0.

With a given nonnegative A, the boundary value problem
without the nonlocal condition on A has an exact solution if

p=Ap </l

Yo — ygcosul .
y(xA) = ﬁ sin px + ypy cos pUx. (36)
Integrating the solution yields

! - 1
J y (s A)dx = Yo~ YOS (1 - cospul)
0 psin ul

(37)

sin pl

+y .

"o

Due to sin pl in the denominator of the first term, the integral
diverges to co as 4 T m/l. Furthermore, by comparison

principle, the solution y(x; A) increases strictly as y increases.

Therefore, J‘Ol y(x;A)dx is strictly increasing to co as A T
o/ (\/piD).

So the left-hand side of the second equation in (35) strictly
increases from 0 to co as A increases from 0 to 7/(+/p;]).
Therefore there is one and only one A satisfying the second
equation, which proves the unique existence.

Since y"' = —A%p, y < 0, the solution is decreasing if and
only if y'(0) < 0. From the exact solution, this condition is
equivalent to

7S < cos (Avprl). (38)
YH

We summarize the result.

Proposition 3. There is a solution of (35). If \*p,1* < n?, the

solution is unique. Furthermore, if (38) holds, the solution is
decreasing in x.

3.4. When p and o Are Linear. Assume that p(y) = p, y and
a(y) = ay + oy y, where p;, &, > 0 and ; > 0. Then problem
(17) becomes

¥+ Xpy = Aayyy' =0,
1 «
Al A Ly(x)dxw =yA(<xo+7(yH+yc)>, (39)

yO =y yD=yo yu>yc>0.

With a given small nonnegative A, we can show that there is
a unique, decreasing solution of the boundary value problem
without the second equation. Then the decrease of the solu-
tion guarantees that a A satisfying the second equation is
unique.

Theorem 4 (existence of a decreasing solution). Let
Agi= {A : %)szllz . %mg(im +yH> < 1},
1
Aji= {/\ : Z/\Zpllz (ya +4yy) (40)

1
Ao lyy (ya+4yy) < ZyA} ,

and A" == sup A g N A ;. If

. o
A (%)’Al + A) > Ya (“o + ?1 (yu + )’C)>’ (41)

there is a unique solution of (39) with a A < A*. Furthermore,
the solution is decreasing in x and satisfies

[y = sG] < 22,
' 0= ()| < 22, (42)
for x € [0,1],
where s(x) := (yy(l = x) + ye)/L.

Proof. First we disregard the second equation in (39) and
prove that there is a unique, decreasing solution with a given
nonnegative A < A*. The proof is almost the same as the one
of Proposition 2. Let w be a solution of (39), disregarding the
second equation. Then y(x) := w(x) — s(x) satisfies (23) with
fo 9, 9") = Ap(y +5) = Ay (v + 5) (3 +s'). Suppose that
[yl < M, and |y'| < 4My/l. Then we can verify that the
Lipschitz condition (25) holds for K, = A*p, + Aoy (4M,, +
ya)/land K, = Aa; (M, + yp). Hence

B = é)tzpll2 + %Aall <2My + }LyA + yH>,
M; = Ap, (My + )’H) (43)

+ A, (My+yH)<w>.



If we choose M, := y,/4, then, because A € AgN Ay, B <
1 and M flz/S < M,,. Hence well-posedness follows from

Theorem 1. Also from the conclusion on the bound of y' in
Theorem 1,

yZ—A 2|y (x)| =

w' (x)+yl—A

, (44)

which implies that w'(x) < 0 and the solution is decreasing.

Now it suffices to prove there is a unique A < A* with
which the second equation in (39) holds. Because fol y(x)dx >
(1/2)y,l,as A T A", the left-hand side of the second equation
in (39) is bounded below by A*((p,/2)y,I + y). Hence, by
the assumption (41), there isa A < A" satisfying the second
equation. Uniqueness of such A can be proven by comparison
principle. Let y;, y, be solutions of (39) with A = A,7,,
respectively. If A, < A, < A", the solutions y, and y, are
decreasing in x. Define Z[y] := —y" = Ap,y + A o py.
Then Z[y,] = 0 and

Z[y,] = (Aé - )ﬁ) Py — (A=A y,y, 20, (45)

Hence y, > y,. But due to the second equation in (39),

1 1
Ay (m L ¥, (x)dx + y) =\ <P1 L ¥ (x)dx + Y)

I
<\ <p1 L ¥, (x)dx + y)
(46)

which implies A, < A,. Therefore A; = A,, which proves the
uniqueness of A. O

Remark 5. When a; = 0, the condition A € A 4 in Theorem 4
reducesto A*p,I* < 8, which is a stronger assumption than the

condition A’p,I* < 7* in Proposition 3. Also the condition
A € A ; reduces to

4
M <1- %)ﬁpl{ (47)

Yt yald
which is a stronger assumption than condition (38) because

)’C<yc+yA/4<1 L0202 < cos (Ay/pil (4
Yo o Yo% 2 < . 8)

Remark 6. In the previous section, we observed that

'[é y(x; A)dx diverges to co as A increases. This observation
suggests that the same can happen to (39). If then, condition
(41) is not necessary to guarantee the existence of a solution.
Hence the divergent behavior of the integral needs further
investigation.

4. Conclusions

When the resistivity p and the Seebeck coeflicient « are
constant or linear, we have found some sufficient smallness
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conditions on the electric current A which ensures that the
nonlocal problem (17) has a unique decreasing solution. Also
if the condition does not hold, a solution can have interior
maximum, which is physically surprising. The fact can draw
attention of engineers designing a thermoelectric system.

When both p and « are linear, we needed an ad hoc
condition to guarantee the existence of a solution, but it seems
not necessary. Eliminating the ad hoc condition and proving
the existence and uniqueness for arbitrary A will be a further
interest.
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